
Lemma 0.1 ([Kaw, Lemma 4]). Let f : X1 → X2 be a birational
morphism of smooth complete varieties and let D1 and D2 be simple
normal crossing divisors on X1 and X2, respectively. We assume that
D1 = Suppf ∗D2. Then we have

Rf∗OX1(−D1) ' OX2(−D2).

Proof. Note that D1 = dεf ∗D2e for 0 < ε � 1. Therefore, by the rela-
tive Kawamata–Viehweg vanishing theorem, we have Rif∗OX1(KX1 +
D1) = 0 for every i > 0. Since (X2, D2) is dlt and KX2 +D2 is Cartier,
we see that

KX1 + D1 = f ∗(KX2 + D2) + E

for some effective f -exceptional Cartier divisor E on X1. Thus, we
obtain f∗OX1(KX1 + D1) ' OX2(KX2 + D2). This means that

Rf∗OX1(KX1 + D1) ' OX2(KX2 + D2).

By Grothendieck duality, we have

Rf∗OX1(−D1) ' RHom(Rf∗OX1(KX1 + D1),OX2(KX2))

' Hom(OX2(KX2 + D2),OX2(KX2))

' OX2(−D2).

This is the desired quasi-isomorphism. �
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