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Proposition 1. Let X be a complex manifold. Let p, q be smooth non-

negative functions on X such that ¢ # 0 almost everywhere. Assume
that

Vol(X,w) = / 1dV,, < o0
X
and

/dewgc
x q

holds for some constant C' > 1, where dV,, is a volume form on X. Let

U C X be any open set of X and dV,,, a volume form on U such that
AV, < CydV,, for some constant Cy > 1. Then, we have

1
/ log <§) AV, < - + CyVol(X, w)(log Cy + log C).
U

Moreover, let a; be a smooth nonnegative function on X for1l <1

such that a; # 0 almost everywhere for 1 <i < k —1. We put ag
and a = ay. Assume that

<k

I
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/ Clz'+1de <C
X

Qa;

holds for 0 <i <k —1. Then

1
E/ logadV,, < - + CyVol(X,w)(log Cy + log C).
U
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The arguments in this note are indispensable when we obtain local uniform supre-
mum norm estimates from the global L?-estimates. I like intrinsic formulations.
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Proof. By Jensen’s inequality,

P v, /p dv,,
] Pl __%rwr v YYey
/U 8 (q) Vol(U,wy) — 8 v q Vol(U, wy)
1 p
_ | -dV,,
VOI(U,WU)) * Og/U qg Y

1 D
<log(—)+1o /—c v,
g(Vol(U,ww) & leq

) 4 logCy +1logC
Vol(U,wU))+Og utlogl,

where Vol(U, wy) = [;;1dV,,, < co. Therefore, we have

p 1
log ( = <Vol log ( <
/U e <Q) oy Vol(U, ) o8 (Vol(U, wv))

+ Vol(U, wy)(log Cyy 4 log C).
Lemma 2. We consider g(z) = xzlog (L) for > 0. Then g(z) <
g(2) =% for any x > 0. Moreover, g(z) > 0 for x <1, g(1) =0, and
g(x) <0 for x > 1. We note that g(x) — 0 as x — 0.

Proof. We have g(r) = —zlogz and ¢'(z) = —logz — 1. Thus, we
obtain the desired properties. O

Therefore, we obtain
1
/ log <§) AV, < B + CyVol(X, w)(log Cy + log C).
U

The latter statement is obvious. ]

Theorem 3. In Proposition 1, we further assume that log a is a quasi-
psh function. Let'Y be a relatively compact open set of X. Then there
exists a positive constant C' such that

sup 1 loga(z) < C' < oc.
zeY k

Proof. Let W, € U, € X be relatively compact open sets of X for
1 < a < N. Assume that Y C ngl W, and U, can be seen as a
domain in C" for any «, where n = dim X, and £ can be trivialized
on each U,. Let dV,, be the Euclidean volume form on U, C C". We
note that we can assume that dV,_, < C,dV,, on U, for some constant
Cy > 1 (if we need, we can shrink U,). Take a point x € Y. Then
there is an « such that x € W,. On each U,, we can further assume
that loga = u, + vo, Where u, is a psh function and v, is a smooth
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function. For every xz € W, there exists an open polydisk U, whose
center is x such that U, € U, and

Vol(Uy,,ws) :/ 1dV,,, = Cy.

Note that the positive constant Cy is independent of x € W,. By the
sub-mean-value property of u,, we have

1 1
W) < —— | wpdV, = — | wugdV,..
tal®) < ST /U“ © T Co Sy, e

Note that .
Eva(x) <)

for any z € W, and
1
Ve ade SC
i |, v < c.

for any U,, where C; and C5 are positive constants independent of x
and U,. Thus, we obtain

1 1 1
P loga(z) = Eua(x) + Eva(x)
1
< -
S uadV,, + C
1
< k—CO/UIlogadea%—CH-i-Cz
1 /1
< - (g + CoVol(X, w)(log Cy + log C)) + 01+ G
0
= C“

Thus we have )
sup —loga(z) < C*.
TEW,,
Then we obtain the upper bound C’ = max, C* < oo. O

Remark 4. Let £ be a holomorphic line bundle on X and h a smooth
hermitian metric on £. Let s; be a holomorphic section of £ on X for

1 < j <. Then log 22:1 |s;]7 is a quasi-psh function on X, where
|sj|p is the pointwise norm of s; with respect to h. For geometric
applications, we use Theorem 3 for a = Zé’:l |s;]2.
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