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Motivations
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BCHM

LR, BCHM Z#RD3E 3.
EE 2 (BCHM)

e X, Y: quasi-projective algebraic varieties

e 1: X — Y: projective morphism

e (X,A): Q-factorial KLT such that A: n-big

e C >0suchthat Ky + A+ C: m-nef and (X, A + C): KLT
= we can run the (Kx + A)-MMP/Y with scaling of C

= we finally get a minimal model/Y or a Mori fiber space
structure/Y

FE2DIGHELTROEEZ X %,



BCHM

EI2 3 (BCHM)
e X, Y: quasi-projective algebraic varieties,
e m: X — Y: projective morphism,
e (X,A): KLT,
Assume that
e Ais n-big and Ky + A is n-pseudo-effective, or
e Ky + Ais n-big
"
(1)
(2) Kx + A: m-big = (X, A) has a log canonical model over Y
(3) if Kx + A is Q-Cartier, then

(X, A) has a minimal model over Y

R(X/Y, Kx + A) := (P n.0x(Lm(Kx + A)))

meN

is finitely generated as an Oy-algebra



Comments on BCHM
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How to set up
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|IE 4
e X, Y: complex analytic spaces
e m: X — Y: projective morphism
e W: Stein compact subset of Y such that I'(W, Oy) is noetherian



Main results

EIE 5 (I 2 OfFEML)

e X, Y, m: X —> Y,and W: as in 5%7E 4

e (X,A): KLT, A: n-big

e X: Q-factorial over W

e C > 0suchthat Kx + A + C is KLT and m-nef over W
= we can run the (Kx + A)-MMP with scaling of C over Y

Hence we have a finite sequence of flips and divisorial contractions
overY

(X, A) =: (X0, Ag) -=> -+ - (X, Aj) > -+ > (X, Ar)

as usual such that (X,,, A,,) is @ minimal model/Y or has a Mori
fiber space structure/Y

Note that each step exists only after shrinking Y around W suitably.



EIE 6 (FIE 3 DfEML)

e X,Y,7m: X —> Y,and W: as in E27E 4, and (X, A): KLT
Assume that

e Ais n-big and Ky + A is m-pseudo-effective, or

e Ky + Ais m-big
—

(1) (X, A) has a minimal model over some open neighborhood of
w

(2) Kx + A: m-big = (X, A) has a log canonical model over some
open neighborhood of W

(3) if Kx + A is Q-Cartier, then

R(X/Y, Kx + A) := (P m.0x(Lm(Kx + A)))

meN

is a locally finitely generated graded Oy-algebra



m-nef over W

BRI BRETIIFHREAENEL S, X, A) IFKLT £=1F
LC &9 5%,

EE 7 (m-ampleness over W)

Kx + Ais m-ample over W

? (Kx + A1, is ample for every w € W
e

< Kx + A is m-ample over some open neighborhood of W

& 8 (m-nefness over W)

Kx + Ais m-nef over W
? (Kx + A)lg1(y) is nef for every w e W
e

= Kx + A is m-nef over some open neighborhood of W



Conjectures

Q- GEC e g g

S48 9 (nef M openness)

Let 7: X — Y be a projective morphism between complex analytic
spaces. Let (X, A) be an LC pair. If (Ky + A)|-1(p) is nef, then

Kx + A is m-nef over some open neighborhood of P.

553D L—mMRBICUATOFRAEZI 5N B,

FARA10 (TN R > AFEDNFHA)

Let 7: X — Y be a projective morphism between complex analytic
spaces. Let (X, A) be an LC pair. If (Kx + A)|-1(p) is nef, then

Kx + A is m-semiample over some open neighborhood of P.
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Stein compact subsets

UTF. BRE4 TREBRAZAAVNT FEEBREZR TV,

EF 11 (Stein compact subsets)

A compact subset K of a complex analytic space is called Stein
compact if it admits a fundamental system of Stein open
neighborhoods.

7FE 12 (Stein spaces)
X: Stein space

& H'(X,¥) = 0 for every coherent sheaf ¥ and for every i > 0
equiv



fHRE 13
K: compact subset of a Stein space X

K := {x € X : |f(x)| < sup|f(z)| for every f e I'(X, OX)}
€K

Kisthe holomorphically convex hull of K
-

K: Stein compact subset of X



fl 14 (Cantor set)

e X={zeC||7 <2}

e C: Cantor set. Note: C c [0, 1] c X.
Then C is a Stein compact subset of X.

Unfortunately,
Ox(C) =T(C,0x) = lim (U, Ox)
ccU

is not noetherian.



Siu’s theorem

EIE 15 (Siu)
Let K be a Stein compact subset of a complex analytic space X.
Then Ox(K) = I'(K, Oyx) is noetherian if and only if

(%) K N Z has only finitely many connected components for any
analytic subset Z which is defined over an open neighborhood
of K.

Note that the Cantor set C has infinitely many connected
components.

(%) plays a crucial role!

AR 16
If K is a compact semianalytic subset, then K always satisfies (x).



How to formulate analytic MMP

e 1: X — Y: projective morphism of complex analytic spaces
e W: compact subset of Y

e Z1(X/Y;W): free abelian group generated by the projective
integral curves C on X such that 7(C) is a point of W

We can consider the following intersection pairing
Pic (77! (U)) X Zi(X/ Y: W) —> Z

as usual, where U is an open neighborhood of W.
We put N
A(U, W) := Pic(x™' (1)) / =

and

1 . e T Ad
A XY, W):= h_r)n AU, W)
wcU

In general, A'(X/Y; W) is not finitely generated!



Nakayama’s finiteness

EI2 17 (Nakayama)
e m: X — Y: projective morphism of complex analytic spaces
e W: compact subset of Y

Assume that

(%) W N Z has only finitely many connected components for any
analytic subset Z which is defined over an open neighborhood
of W.

= AL(X/Y; W) is a finitely generated abelian group
(%) is very important!



How to formulate analytic MMP, 2

When A (X/Y; W) is finitely generated, we can put

N'X/Y: W) := AYX/Y; W)@z R

and define the Kleiman—Mori cone
NE(X/Y; W),

and so on.

We can formulate and prove Kleiman’s ampleness criterion and the
cone and contraction theorem under the assumption that
AY(X/Y: W) is a finitely generated abelian group.
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EIE 18
e (X, A): an analytic SNC pair, A: a boundary R-divisor
e f: X — Y: aprojective morphism of complex analytic spaces
e /[: aline bundle on X
e ¢: an arbitrary non-negative integer
——
(i) (Strict support condition). If £ — (wx + A) is f-semiample, then

every associated subvariety of R?f, L is the f-image of some
stratum of (X, A).

(i) (Vanishing theorem). If £ — (wx + A) ~g f*H holds for some
m-ample R-line bundle H on Y, where n: Y — Z is a projective
morphism to a complex analytic space Z, then we have
RPr. Rif. L =0 forevery p > 0.
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Algebraic vs Analytic

RBSRECERZZSHREOBICIIKREIBEND B,

f 19 (Serre)

Let C be an elliptic curve and let & be the rank two vector bundle
on C which is defined by the unique non-splitting extension

0->0c—>E—->0Oc—0

C* x C* is a complex manifold which is Stein, where C* = C \ {0}.
We have the following two compactifications of C* x C*:

Pc(8) =5C* x CXW P! x P!

Note that P¢(&) is not bimeromorphically equivalent to P! x P!.
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20 (FNVHVR)

e X,Y,m: X — Y,and W: as in &€ 4

e (X,A): LC
Assume that the abundance conjecture holds for projective LC
pairs in dimension n.
-
If Kx + Ais m-nef over Y and dim X < n, then Kx + A is
m-semiample over some open neighborhood of W.

AR 21
Kx + A 13“ R-;o)i%é‘id/\ l/ﬂ%IEh\ﬂZ‘Eo
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