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Abstract

In this note, we give a short remark on Section 4 of [2].

1 Remark

In Section 4 of [2], the lemma on two filtrations [1, Propositions (7.2.5) and
(7.2.8)] (see also [3, Theorem 3.12]) was used several times (explicitly stated
at p. 608, the proof of Lemma 4.5, p. 610, Remark 4.6, p. 618, Step 1 of the
proof of Lemma 4.10 and p. 623, the proof of Lemma 4.12, and implicitly
used at p. 611, the proof of Lemma 4.8). However, there are missing points
in the arguments.

Let K be a complex, W a finite increasing filtration on K and F a finite
decreasing filtration on K. In order to apply the lemma on two filtrations
for the spectral sequence

(Ep,q
r (K,W ), Frec),

it is necessary to discuss about the E0-terms. More precisely, it has to be
checked that the strictness of the filtration F on the complex GrWm K holds
true for all m. Here we will explain how to check this strictness for the
case of Lemma 4.10 of [2] mentioned above. For the other cases, the similar
arguments are valid.

In Step 1 of the proof of Lemma 4.10, the bifiltered complex

(Rf∗ΩX•/∆(logE•), L, F )

∗Osaka University, fujino@math.sci.osaka-u.ac.jp
†Tokyo Denki University, fujisawa@mail.dendi.ac.jp

1



is studied. Thus the strictness of the filtration F on the complex

GrLmRf∗ΩX•/∆(logE•)

has to be checked for all m. Under the canonical isomorphism

GrLmRf∗ΩX•/∆(logE•) ≃ Rf∗GrLmΩX•/∆(logE•)

≃ Rf−m∗ΩX−m/∆(logE−m)[m],

the filtration F coincides with the filtration induced from the stupid filtration
on ΩX−m/∆(logE−m) denoted by F again. Therefore it suffices to prove the
strictness of the filtration F on Rf−m∗ΩX−m/∆(logE−m). The strictness of F
on Rf−m∗ΩX−m/∆(logE−m) is equivalent to the E1-degeneracy of the spectral
sequence Ep,q

r (Rf−m∗ΩX−m/∆(logE−m), F ). We note that the morphism of
Er-terms

dr : E
p,q
r (Rf−m∗ΩX−m/∆(logE−m), F )

−→ Ep+r,q−r+1
r (Rf−m∗ΩX−m/∆(logE−m), F )

is zero on ∆∗ for all p, q and for all r ≥ 1 because X−m −→ ∆ is smooth and
projective over ∆∗. On the other hand,

Ep,q
1 (Rf−m∗ΩX−m/∆(logE−m), F ) = Rp+qf−m∗ GrpF ΩX−m/∆(logE−m)

= Rqf−m∗Ω
p
X−m/∆(logE−m),

is a locally free O∆-module of finite rank by [4, (2.11) Theorem]. Therefore
the morphism of E1-terms d1 is zero on the whole ∆ for all p, q. Inductively
on r, we obtain that Ep,q

r (Rf−m∗ΩX−m/∆(logE−m), F ) is a locally free O∆-
module of finite rank and that dr is zero on the whole ∆ for all p, q and for
all r ≥ 1. Thus the E1-degeneracy is proved.
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