ON VANISHING THEOREMS FOR NON-COMPACT ANALYTIC
SPACES

OSAMU FUJINO

ABSTRACT. In this paper, we explain some vanishing theorems for non-compact complex
analytic spaces. We see that Nakano’s vanishing theorem on weakly 1-complete complex
manifolds is very useful.

1. VANISHING THEOREMS FOR NON-COMPACT ANALYTIC SPACES
Let us start with Nakano’s vanishing theorem on weakly 1-complete complex manifolds.

Theorem 1.1 (Nakano’s vanishing theorem). Let X be a weakly 1-complete complex
manifold and let £ be a Nakano positive vector bundle on X. Then, we have

H (X, wx ®&)=0
for every i > 0. In particular, for every c € R, we see that
H (X, wx®E&)=0
holds for every i > 0.

As a special case of Theorem [, we have:

Corollary 1.2 (Kodaira vanishing theorem for weakly 1-complete complex manifolds).
Let X be a weakly 1-complete complex manifold and let L be a positive line bundle on X.
Then H(X,wx ® L) = 0 holds for every i > 0. In particular, we have H(X,,wx®L) =0
for every i > 0.

If X is compact in Corollary T2, then the statement is nothing but Kodaira’s original
vanishing theorem. For various geometric applications, the following corollary of Theorem
[T may be useful.

Corollary 1.3. Let m: X — Y be a proper morphism of complex analytic spaces such that
X is smooth. Let € be a Nakano positive vector bundle on X. Then Rim, (wx ® £) = 0
holds for every ¢ > 0.

For the minimal model theory for projective morphisms between complex analytic
spaces (see [En2]), we need:

Corollary 1.4 (Relative Kodaira vanishing theorem). Let m: X — Y be a projective
morphism of complex analytic spaces. Let L be a m-ample line bundle on X. Then
Rim, (wx ® L) = 0 holds for every i > 0.
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Once we establish Corollary [, there is no difficulty to prove the relative Kawamata—
Viehweg vanishing theorem for projective morphisms between complex varieties, which
will play a crucial role in the theory of minimal models (see [En2]).

Theorem 1.5 (Kawamata—Viehweg vanishing theorem for projective morphisms of com-
plex varieties). Let X be a smooth complex variety and let m: X — Y be a projective
morphism of complex varieties. Assume that D is an R-divisor on X such that D 1is
m-nef and w-big and that Supp{D} is a simple normal crossing divisor on X. Then
R7,Ox(Kx + [D]) =0 for every i > 0.

One of the main purposes of this paper is to make the following vanishing theorem for
weakly 1-complete complex analytic spaces, which is mainly due to Fujiki and Hironaka,
more accessible.

Theorem 1.6 (Fujiki’s vanishing theorem, see [EK, Theorem N'|). Let X be a weakly
1-complete complex analytic space and let S be a coherent sheaf on X. Let L be a positive
line bundle on X. Then, for every c € R, there exists a positive integer mg such that

H(X,S®L" M) =0
holds for i > 1, m > myg, and for every semipositive line bundle M on X.
We give an important remark on Theorem 8. .

Remark 1.7. Hironaka contributed to the formulation and the proof of Theorem I[@. In
[Fk], Fujiki wrote:

The author learned the formulation of this theorem and the idea of its

proof from Prof. Hironaka.

For Hironaka’s contribution, see also [Nall, §3. Comments].
As an obvious application of Theorem @, we have:

Theorem 1.8 ([Kl, Theorem 2.1)). Let X be a weakly 1-complete complex analytic space
and let S be a coherent sheaf on X. Let L be a positive line bundle on X. Then, for every
c € R, there exists a positive integer ko such that there exist finitely many global sections
of S ® LE* over some open neighborhood of X, which generate S @ LZ* there for every
k> k.

Hence, we have the following embedding theorem, which is a generalization of Kodaira’s
embedding theorem. When X is compact, Theorem [ is Grauert’s generalization of

Kodaira’s embedding theorem (see [G] and [Nd, Theorem 8.5.8]).

Theorem 1.9 (Embedding theorem, Hironaka). Let X be a weakly 1-complete complex
analytic space and let L be a positive line bundle on X. We take some ¢ € R and consider
X.. Then there exists a positive integer mq such that for every m > mg we can find finite
elements g, -+, on of HO(X,, LE™) which embed X. as a locally closed analytic subspace
of PN with L™ ~ &*Opn (1), where ®: X, — PV is the induced embedding.

Remark 1.10. In [NaZ, §21], Nakano wrote that Theorem [™9 was first obtained by Hi-
ronaka. For Hironaka’s contribution to the theory of weakly 1-complete complex analytic
spaces, see also Remark 4.

As an easy consequence of Theorem U, we have a metric characterization of ample
line bundles on compact complex analytic spaces.
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Corollary 1.11. Let X be a compact complex analytic space and let L be a line bundle
on X. Then L s positive if and only if L is ample.

We close this section with Fujita’s vanishing theorem. We will see that it is also a
corollary of Theorem [B.

Theorem 1.12 (Fujita’s vanishing theorem). Let X be a projective scheme over C and
let L be an ample line bundle on X. Let F be a coherent sheaf on X. Then there exists
a positive integer m(F, L) such that H (X, F @ L @ M) =0 fori >0, m > m(F, L),
and for every nef line bundle M on X.

For the details of Fujita’s vanishing theorem, see, for example, [Fnl, Section 3.8].

2. BASIC DEFINITIONS

We are mainly interested in singular complex analytic spaces. Here, we will only explain
some basic definitions necessary for understanding theorems in Section 0. For the details,
see [D2, Chapter IX. §2.].

Definition 2.1 (Strictly plurisubharmonic and plurisubharmonic functions). Let V' be an
analytic subspace of an open subset U in C". A smooth function ¢ on V' is by definition
the restriction on V' of some smooth function ¢ defined on an open neighborhood U’ of
V in U. An R-valued smooth function ¢ on V is said to be strictly plurisubharmonic
(resp. plurisubharmonic) on V if there is a smooth function ¢ as above such that it is
strictly plurisubharmonic (resp. plurisubharmonic) in the usual sense.

By Definition 2, we can define smooth (strictly) plurisubharmonic functions on com-
plex analytic spaces. For the details, see [D2, Chapter IX. (2.5) Definition and (2.6)
Lemma).

Definition 2.2 (Weakly 1-complete complex analytic spaces). Let X be a complex ana-
lytic space. If there exists an R-valued smooth function ¥ on X which is plurisubharmonic
such that X, := {z € X | U(x) < ¢} is relatively compact in X for every ¢ € R, then X
is said to be weakly 1-complete. We call ¥ an exhaustion function of X.

Of course, if X is smooth in Definition 272, then X is called a weakly 1-complete complex
manifold. We note that every compact analytic space is weakly 1-complete by definition.
We also note that every closed analytic subspace of a weakly 1-complete complex analytic
space is weakly 1-complete.

Remark 2.3 (Pseudoconvex complex manifolds). In some literature (see, for example,
DT, (8.6) Definition| and [D2, Chapter VIII. (5.1) Definition]), a weakly 1-complete
complex manifold is called a weakly pseudoconvexr complex manifold. We note that a
compact complex manifold is automatically a weakly 1-complete complex manifold.

We will freely use the following remark in Section B without mentioning it explicitly.

Remark 2.4. Let X be a weakly 1-complete complex analytic space with an exhaustion
function W. As in Definition P22, we put

Xe={re X |¥(z)<c}
We set ¥, := (¢ — ¥)~!. Then X, is a weakly 1-complete complex analytic space and ¥,
is an exhaustion function on X,. In this case, for every ¢ < ¢, we have

Xo={zeX |V r)<d}={reX.|V(r) <(c—¢) '}
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Let f: Y — X be a proper morphism of complex analytic spaces. Then f*W is a
smooth plurisubharmonic function on Y. It is obvious that

Yo={yeY | f Uy <c=f1X)

holds for every ¢ € R. In particular, Y. is compact since f is proper. This means that YV
is a weakly 1-complete complex analytic space with an exhaustion function f*W.

Let us recall the definition of positive and semipositive line bundles on singular complex
analytic spaces. It is indispensable in order to understand Fujiki’s vanishing theorem (see
Theorem [H).

Definition 2.5 (Positive and semipositive line bundles). Let X be a complex analytic
space and let £ be a line bundle on X. Assume that £ is defined by the system of
transition functions {f.s} with respect to some open covering U = {U,} of X. In this
situation, a metric on £ is given by the system of R.q-valued functions h = {h,}, where
each h, is a smooth function defined on U,, such that h, = W}LB holds on U, NUg. If

— log hy, is strictly plurisubharmonic (resp. plurisubharmonic) on U, for every «, then £
is said to be positive (resp. semipositive).

In this short paper, we do not define Nakano positive vector bundles explicitly since
the definition is somewhat complicated. The following lemma, which easily follows from
the definition of Nakano positive vector bundles, seems to be sufficient for our almost all
applications.

Lemma 2.6. Let X be a complexr manifold, let £ be a vector bundle on X, and let L be a
a positive line bundle on X. Let U be a relatively compact open subset of X. Then there
exists a positive integer mqg such that £ Q@ L™ @ M is Nakano positive on U for every
m > mg and for every semipositive line bundle M on X.

Proof. Once we understand the definition of Nakano positive vector bundles (see, for
example, [DI, (6.9) Definition] and [D2, Chapter VII. (6.3) Definition]), we have no

—

difficulty in checking this statement. O

3. PROOF OF THEOREMS AND COROLLARIES

In this section, we will prove theorems and corollaries in Section M. Let us look at the
proof of Nakano’s vanishing theorem: Theorem Il

Proof of Theorem 1. This statement is well known as Nakano’s vanishing theorem. For
the details, see, for example, [DT, (9.1) Nakano vanishing theorem| and [D2, Chapter
VIII. (5.5) Theorem]. We take an exhaustion function ¥ of X such that X. = {z € X |
U(z) < ¢} and put ¥, = (c—¥)~'. Then we can easily see that X, is a weakly 1-complete
complex manifold with an exhaustion function ¥, (see Remark 24). Hence we get the
desired vanishing theorem on X.. 0

Remark 3.1. Kodaira established the foundation of the theory of compact complex
manifolds. Nakano generalized Kodaira’s results for non-compact complex manifolds (see,
for example, [Na2]). On the other hand, Demailly generalized Hormander’s techniques
(see, for example, [DT] and [D2]). Hence, Nakano’s approach is more differential geometric
than Demailly’s. The author feels that the treatment of Theorem I in [DT] and [D2] is
simpler than the one in [Na2].

Corollaries T2 and I3 are almost obvious by Theorem I
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Proof of Corollary 3. This is a special case of Theorem 1. We note that a line bundle
L is positive if and only if it is Nakano positive. 0

Proof of Corollary 3. We take any point P € Y. Then we can find an arbitrary small
Stein open neighborhood U of P in Y and a strictly plurisubharmonic exhaustion function
U on U. Then 771(U) is a weakly 1-complete complex manifold with an exhaustion
function 7*W. By Theorem I, H' (7' (U),wy ® £) = 0 for every i > 0. This implies
that Rim, (wx ® £) = 0 holds for every i > 0. This is what we wanted. O

For the proof of Corollary I and Theorem G, we prepare a very important lemma.

Lemma 3.2. Let m: Y — X be a projective morphism of complex analytic spaces, let L
be a positive line bundle on X, and let N be a w-ample line bundle on'Y . Let U be any
relatively compact open subset of X. Then there exists a positive integer mqy such that
N @ T LE™ is positive on 7 (U) for every m > my.

Proof. We take a positive integer k such that N®* is very ample over some open neigh-
borhood of U. By replacing N~ with A®* and shrinking X around U suitably, we may
assume that A is very ample over X. Then, by the proof of [FK, Lemma 2], we get a
desired positive integer mg. For the details, see [FK, Lemma 2. 0]

Let us prove Corollary [.

Proof of Corollary [[4. We use the same notation as in the proof of Corollary I=3. On
U, e ¥ is a positive metric on the trivial line bundle Op. We take some ¢ € R such
that P € U.. By Lemma B3, the line bundle £ is positive on 7 1(U,). Hence we have
Hi (7 Y U.),wx ®L) = 0 for every i > 0 by Corollary 2. This implies R'm, (wx ® £) =0
for every 7 > 0. O

Proof of Theorem 4. 1t is not difficult to prove this theorem by using Corollary [,
Kawamata’s covering trick, and so on. The reader can find all the details in [Nayi, §3].
Hence we omit the details here. 0

From now on, we will prove Theorem IG. Let us start with the following very important
lemma.

Lemma 3.3. Let X be a complex variety and let S be a coherent sheaf on X. Let L be a
positive line bundle on X. We put T := Ty UT;, where Ty is the singular locus of X and
Ty :={x € X | S is not locally free at x}. Let U be any relatively compact open subset of
X . Then, after shrinking X around U suitably, we can construct a commutative diagram

y 2.7

N

X
satisfying the following properties:
(i) h: Z — X is the normalization,
(i) g is a finite composite of blow-ups,
(iii) Y is smooth,
(iv) f is an isomorphism over X \ T,
(v) f*S/T(f*S) is locally free, where T'(f*S) is the torsion part of f*S, and
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(vi) there exists an effective Cartier divisor E on'Y such that Oy (—FE) is f-ample,
Oy (—E) ® f*L® is positive for some integer a > 0, and g(E) = h™'(T) holds set
theoretically.

Lemma B33 will play a crucial role in the proof of Theorem .

Proof of Lemma [Z3. Let h: Z — X be the normalization. By [R|, 3.5. Theorem|, we can
take a proper bimeromorphic morphism p: Z' — X such that p is an isomorphism over
X\ T and that p*S/T(p*S) is locally free, where T'(p*S) is the torsion part of p*S. Let
g1: Z1 — Z be the blow-up along the ideal 7, where J is the defining ideal sheaf of
h=Y(T) on Z. Let T be the graph of Z' --» Z;. By applying the flattening theorem (see
[Hi, Corollary 1 and Definition 4.4.3]) to I' — Z; and using the desingularization theorem
(see, for example, [BM, Theorem 13.3]), after shrinking X around U suitably, we get a
finite sequence of blow-ups Z < Z1 < Zy + .-+ < Z,, =: Y such that Y is smooth,
f:Y — X factors through Z’, and g: Y — Z is an isomorphism over Z \ h~!(T). Since
g: Y — Z is a finite composite of blow-ups, we can construct an effective Cartier divisor
E on Y such that Oy (—FE) is g-ample with g(F) = h™!(T) after shrinking X suitably.
Since h is finite, Oy (—F) is f-ample. Therefore, by Lemma B2, we can take a positive
integer a such that Oy (—F) ® f*L%* is positive after shrinking X suitably again. By
construction, f: Y — X factors through Z’. Therefore, we can check that f*S/T(f*S)
is locally free. Thus, Y — Z — X has all the desired properties. O]

For the proof of Theorem [CA, we prepare the following easy two lemmas.
Lemma 3.4. Let
(3.1) 08 =8 —8—0

be a short exact sequence of coherent sheaves on X . If Theorem @ holds true for Sy and
S3 (resp. 81 and Sy), then it also holds true for Sy (resp. Ss).

Proof. This is obvious. It is sufficient to consider the long exact sequence in cohomology
induced by (BI). O

Lemma 3.5. Let
(3.2) 0—-8 =8 —>8—8—0

be an exact sequence of coherent sheaves on X. If Theorem @ holds true for Sy, Sy and
Sy, then it also holds true for Ss.

Proof. We split (B2) into the following two short exact sequences:

(3.3) 028 —-8—-8—=0
and
(34) O—)Sl—>83—)84—>0.

By assumption and (B33), we see that Theorem I8 holds true for &’ (see Lemma B4).
Then, by Lemma B4 and (B4), we obtain that Theorem I8 holds for Ss;. This is what
we wanted. O

Lemma 3.6. Let X be a weakly 1-complete complex manifold and let A be a positive

line bundle on X. Then, for every ¢ € R, there exists some positive integer m such that
H(X., A®™) #£ 0.
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Proof. We take an arbitrary point P € X.. Let f: Y — X be the blow-up at P. Then we
have wy >~ f*wx ® Oy((n — 1)E), where n = dim X and E ~ P"! is the f-exceptional
divisor on Y. Note that Y is a weakly 1-complete complex manifold. We can take some
positive integer m such that

w{eﬁ_l ® ffAY" @ Oy (—E) ~ f* (A®m ® W?é_l) ® Oy (—nkE)

is positive on Y, (see Lemmas 28 and B2). Hence, by Corollary T2, H'(Y,, f*A®™ ®
Oy(—FE)) = 0 for every i > 0. We note that f.Oy(—FE) ~ mp holds, where mp is the
ideal sheaf corresponding to P. Therefore, we have H'(X,, A®™ @ mp) = 0 since it is a
subspace of H(Y,, f*A®™® Oy (—F)) = 0. This implies that the natural restriction map

HO(XC, A®m) — A% ® Ox/mp ~C
is surjective. In particular, H°(X,, A*™) # 0. We finish the proof. O
Let us prove Theorem [A.

Proof of Theorem I_d. We use induction on n := dim Supp S. If n = 0, then it is obvious.
From now on, we assume that Theorem @ holds in the lower dimensional case.

Step 1. In this step, we will reduce the proof to the case where X is a variety and S is a
torsion-free coherent sheaf on X. The reduction argument in this step is very well known
(see, for example, the proof of [Enll, Theorem 3.8.1]). We will explain it here for the sake
of completeness.

Let Nx be the nilradical of Ox. By shrinking X around X, suitably, we fave NE = 0
for some positive integer k. We consider the following short exact sequence:

0= NS = NiS = NSNS — 0.

Then, by Lemma B4, we can reduce the proof to the case where X is reduced since
N )k{lS and NtS/N )i(JrlS are supported on X,oq for every . Hence we can assume that
X is reduced. Let X = X' U---U X" be its decomposition into irreducible components
after shrinking X around X, suitably. Let Z be the defining ideal sheaf of X' on X. We
consider the short exact sequence

0—>Z8 -8 —S/IS — 0.

The outer terms of the above short exact sequence are supported on X2 U ---U X* and
X1 respectively. By induction on the number of irreducible components and Lemma B4,
we can reduce the proof to the case where X is irreducible. Thus, from now on, we can
assume that X is a variety. Finally, we consider the short exact sequence:

0—->T(S)—>S—=>S/T(S)—0,

where T'(S) is the torsion part of S. Since dim Supp 7'(S) < n = dim X, we can reduce
the proof to the case where S is torsion-free by induction on n and Lemma B. We finish
the proof of Step .

Hence, from now on, we assume that X is a variety and S is a torsion-free coherent
sheaf on X. We take some d > ¢. We put U := X; and use Lemma B=3. We replace X
with Xy, for 0 < ¢ < 1. Then we get a proper bimeromorphic morphism f: Y — X
from a complex manifold Y. Note that Y is weakly 1-complete by construction.

Step 2. In this step, we will prove that Theorem I8 holds true for f.(f*S ® Oy (—kE))
for some positive integer k.
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Let ¥ be a smooth exhaustion function of X. Then Y is a weakly 1-complete complex
manifold with an exhaustion function f*W¥. The line bundle Oy (—F) ® f*L£%* is positive
(see Lemma B3). Since f*S/T(f*S) is locally free, we can find a positive integer k such
that

(3.5) H(Y,, f*S/T(f*S) ® Oy (—kE) @ f* L% @ M') =0

for every ¢ > 0 and for every semipositive line bundle M’ on Y by Lemma 28 and
Theorem [I. Since T'(f*S) is torsion, we may assume that

(3.6) H (Y, T(f*S) ® Oy(—kE) @ f*L%** o M') =0

for every ¢ > 0 and for every semipositive line bundle M’ on Y. Since Oy (—FE) is f-ample,
we may further assume that

(3.7) R'f. (f*S® Oy(—kE)) =0

on X, for every i > 0 (see, for example, [BS, Chapter IV. Theorem 2.1]). Hence, by (B3),
(BM), and (B7), we have

HY(X,, . (f*S ® Oy (—kE)) @ L @ M)
~ H(Y,, [*S ® Oy(—kE) @ f* L% ® f*M) =0

for every ¢ > 0 and for every semipositive line bundle M on X. This means that Theorem
8 holds for f. (f*S ® Oy(—kE)).

Step 3. In this step, we will prove that Theorem I8 holds true for f, f*S.
We use the positive integer k obtained in Step B. We consider the exact sequence

(3.8) 0T = [fSROy(—kE) — f*S =T, —0

induced by the natural map f*S®0Oy(—kE) — f*S, where T; and T3 are torsion coherent
sheaves on Y. We split (B) into the following two short exact sequences:

(3.9) 07T — f*S®0y(—kE) - ST =0

and

(3.10) 08— S =T, — 0.

By (B3), we obtain

(3.11) 0—=T— fi(ffS®Oy(—kE)) = £.8T = T4 = 0
for some torsion coherent sheaves 73 and 7, on X. By (B0), we have
(3.12) 0= f.ST— f.f'S—T—0

for some torsion coherent sheaf 75 on X. Since 73 and 7, are torsion coherent sheaves
on X, by Lemma B3, (B, and the result in Step B, we see that Theorem @ holds for

f.ST. Hence Theorem I8 holds true for f,f*S by Lemma B4 and (BI2) since T; is a
torsion coherent sheaf on X. This is what we wanted.

Step 4. In this step, we will prove that Theorem @ holds true for S. More precisely, we
will construct the following short exact sequence:

(3.13) 0= ff'S=>SLY -C—0,

where [ is some positive integer.
Once we obtain (B13), by Lemma B4, we see that Theorem A holds for S ® L&' since
C is a torsion sheaf on X and Theorem @ holds for f,f*S by Step B. Thus, Theorem
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A holds for S. Hence it is sufficient to construct (BL3). We consider the following short
exact sequence:

(3.14) 0=S— ff'S—>T =0

induced by the natural map & — f,f*S. By construction, 7" is a torsion coherent sheaf
and Supp 7" is contained in T" in Lemma B33. Let A be the sheaf of annihilators of 7.
Let f: Y %5 Z "5 X be as in Lemma B3. We put

CONdx = Homox(h*(’)z, Ox) C Ox

and call it the conductor ideal sheaf on X. It is also an ideal sheaf on Z. We write it as
condz when we view the conductor ideal sheaf as an ideal sheaf on Z. Since Oy (—F) ®
f*L% is positive on Yy, we can find a non-zero global section ¢ of Oy (—b E) @ f*L£Z%
on Yy for some positive integer b; by Lemma BH. We can see ¢ as a global section of
9:0y (=01 F) ® h*L®% on Z;. We write it as ¢z when we view ¢ as a global section
of g.Oy(=b1E) @ h*L®®1. Since Z is normal, g,0y(—bE) is an ideal sheaf on Z. We
note that g(E) = h~'(T) by construction. Hence, there exists a positive integer by such
that ¢ € HO(Zeype, h*LEP2 @ condy) for 0 < € < 1 by the Nullstellenzatz (see, for
example, [Nd, Theorem 6.4.20]). Therefore, we can see gp?b“’ as a global section ¢x of
L£29%102 @ condy on X.... Since ¢ € HO(Yy, Oy (=0 E) @ f*L%%®1) ox vanishes along
T = f(E) over some open neighborhood of X.. By the Nullstellenzatz (see, for example,
[Nd, Theorem 6.4.20]) again, we can find a sufficiently large positive integer b3 such that

Wb = 80?21;3 € HO(X,, L3t @ A).

By taking ®, we get the following commutative diagram:

(3.15) 0 ) fof*S T 0
l@dz lm) l@@o

0—=SRLY —= £, SRLY —=T QLN —=0

from (BI4), where | = abbybs. Thus we get a short exact sequence:

0= £ S SeL 5C—0
from (B3). This is what we wanted.

We finish the proof of Theorem [G. O

Proof of Theorem 8. This is an easy application of Theorem [B. For the details, see
the proof of [Kl, Theorem 2.1|. Note that the argument in [K| is well known to algebraic
geometers. 0

Proof of Theorem Q. The following argument is more or less well known to algebraic
geometers (see [Ha, Chapter II. Section 7]). Hence we will omit some details. We put
S = Ox and use Theorem IT8. Then there exists a positive integer ky such that £&* is
generated by finitely many global sections over some open neighborhood of X,. We take
P,Q € X.. Let mp (resp. mg) be the ideal sheaf corresponding to P (resp. Q). We take
some d > c. By Theorem [CH, we may assume that the evaluation map

(316) HO(Xd,,C(X)k) —>£®k®0)(/mp@£®k®0x/m@
is surjective for every k > kq. By Theorem G again, we may assume that
(3.17) H(Xy,mp ® L) — mp/m3 @ LZF
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is surjective for every k > ko. By (B18), (8I7), and the compactness of X., we can find
a positive integer mq with the desired properties (see also [Ha, Chapter II. Proposition
7.3]). OJ

Corollary T is obvious by Theorem 9.

Proof of Corollary T11. If £ is ample, then it is easy to see that L is positive. On the
other hand, if £ is positive, then £ is ample by the embedding theorem: Theorem 9.
We note that every compact analytic space is automatically weakly 1-complete. 0

We prove Theorem as an application of Theorem I@.

Proof of Theorem I12. We can see X as a complex analytic space by Serre’s GAGA. By
Corollary I, £ is positive. Since X is compact, by Theorem @, we can find mg such
that HY(X,F ® L™ @ M’) = 0 holds for i > 0, m > myg, and for every semipositive
line bundle M’ on X. Let M be a nef line bundle. Then £ ® M is ample. This
means that £ ® M is positive. Hence it is obviously semipositive. Therefore, we have
H(X,FQ L@ L& M) =0 for i >0 and m > mg. Thus, it is sufficient to put
m(]:,[,) ::m0—|—1. |:|
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