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ABSTRACT. We formulate and establish a generalization of Kollar’s injectivity theorem for
adjoint bundles twisted by suitable multiplier ideal sheaves. As applications, we generalize
Kollar’s torsion-freeness, Kollar’s vanishing theorem, and a generic vanishing theorem
for pseudo-effective line bundles. Our approach is not Hodge theoretic but analytic,
which enables us to treat singular Hermitian metrics with nonalgebraic singularities. For
the proof of the main injectivity theorem, we use L2-harmonic forms on noncompact
Kahler manifolds. For applications, we prove a Bertini-type theorem on the restriction of
multiplier ideal sheaves to general members of free linear systems.
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1. INTRODUCTION

The Kodaira vanishing theorem [Kod] is one of the most celebrated results in com-
plex geometry, and it has been generalized to several significant results; for example, the
Kawamata—Viehweg vanishing theorem, the Nadel vanishing theorem, Kollar’s injectivity
theorem (see [F9, Chapter 3]). Kodaira’s original proof is based on the theory of harmonic
(differential) forms, and has currently been developed to two approaches from different per-
spectives: One is the Hodge theoretic approach, which is algebro-geometric theory based
on Hodge structures and spectral sequences. The other is the transcendental approach,
which is an analytic theory focusing on harmonic forms and L*-methods for 0-equations.
These approaches have been nourishing each other in the last decades.

As is well known, the Kawamata—Viehweg vanishing theorem plays a crucial role in
the theory of minimal models for higher-dimensional complex algebraic varieties with only
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mild singularities. Now some generalizations of Kollar’s injectivity theorem allow us to
extend the framework of the minimal model program to highly singular varieties (see [AT],
(5, [E], [£1], K9], [F3), (6], [£7], [FN], [F9), [E10], [E19], [ET3], [FT3). The reader
can find various vanishing theorems and their applications in the minimal model program
in [EY, Chapters 3 and 6]. Kolldr’s original injectivity theorem, which is one of the most
important generalizations of the Kodaira vanishing theorem, was first established by using
the Hodge theory (see [Koll]). The following theorem, which is a special case of [EY,
Theorem 3.16.2], is obtained from the theory of mixed Hodge structures on cohomology
with compact support.

Theorem 1.1 (Injectivity theorem for log canonical pairs). Let D be a simple normal
crossing divisor on a smooth projective variety X and F' be a semiample line bundle on X.
Let s be a nonzero global section of a positive multiple F®™ such that the zero locus s~*(0)
contains no log canonical centers of the log canonical pair (X, D). Then the map

xs: H(X,Kx®D®F) = H(X,Kx ® D® F¥")
induced by ®s s injective for every i. Here Kx denotes the canonical bundle of X.

The Hodge theoretic approach for Theorem I is algebro-geometric. For the proof, we
first take a suitable resolution of singularities and then take a cyclic cover. After that, we
apply the F;-degeneration of a Hodge to de Rham type spectral sequence coming from the
theory of mixed Hodge structures on cohomology with compact support. In this proof,
we do not directly use analytic arguments; on the contrary, we have no analytic proof for
Theorem . This indicates that a precise relation between the Hodge theoretic approach
and the transcendental method is not clear yet and is still mysterious. There is room for
further research from the analytic viewpoint. In this paper, we pursue the transcendental
approach for vanishing theorems instead of the Hodge theoretic approach.

Enoki, which improves Kollar’s original injectivity theorem to semipositive line bundles on
compact Kéhler manifolds as an easy application of the theory of harmonic forms. After
Enoki’s work, several authors obtained some generalizations of Kollar’s injectivity theorem
from the analytic viewpoint, based on the theory of L?-harmonic forms (see, for example,
[Exl], [T3], [O3], [F4], [E5], [MaST], [MaS2], and [MaS4]). Based on the same philosophy,
it is natural to expect Theorem I to hold in the complex analytic setting. However, as
we mentioned above, there is no analytic proof for Theorem II. Difficulties lie in that the
usual L2-method does not work for log canonical singularities, and that no transcendental
methods are corresponding to the theory of mixed Hodge structures (see [MaS8, Nd, LRW|
for some approaches). The transcendental method often provides some powerful tools not
only in complex geometry but also in algebraic geometry. Therefore it is of interest to
study various vanishing theorems and related topics by using the transcendental method.

In this paper, by developing the transcendental approach for vanishing theorems, we
prove Kollar’s injectivity, vanishing, torsion-free theorems, and a generic vanishing theo-
rem for Kx ® F'® J(h), where K is the canonical bundle of X, F' is a pseudo-effective
line bundle on X, and [J(h) is the multiplier ideal sheaf associated with a singular Her-
mitian metric h. More specifically, this paper contains three main contributions: The first
contribution is to prove a generalization of Kollar’s injectivity theorem for adjoint bundles
twisted by suitable multiplier ideal sheaves (Theorem [Al). The second contribution is to
establish a Bertini-type theorem on the restriction of multiplier ideal sheaves (Theorem
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). Theorem IO provides a useful tool and enables us to use the inductive argument
on dimension. The third contribution is to deduce various results related to vanishing
theorems as applications of Theorem IO and Theorem [, (Theorems B, O, O, E, and
[H). Since we adopt the transcendental method, we can formulate all the results for singu-
lar Hermitian metrics and (quasi-)plurisubharmonic functions with arbitrary singularities.
This is one of the main advantages of our approach in this paper. The Hodge theoretic
approach explained before does not work for singular Hermitian metrics with nonalgebraic
singularities. Furthermore, we sometimes have to deal with singular Hermitian metrics
with nonalgebraic singularities for several important applications in birational geometry
even when we consider problems in algebraic geometry (see, for example, [Si], [Pa], [DHP],
[GM], and [[LP]). Therefore, it is worth formulating and proving various results for singular
Hermitian metrics with arbitrary singularities although they are much more complicated
than singular Hermitian metrics with only algebraic singularities.

1.1. Main results. Here, we explain the main results of this paper (Theorems A, B, O, O,
B, B, and Theorem [CI0). Theorem A and Theorem I play important roles in this paper,
and other results follow from Theorem A and Theorem IO (see Proposition 9). We first
recall the definition of pseudo-effective line bundles on compact complex manifolds.

Definition 1.2 (Pseudo-effective line bundles). Let F' be a holomorphic line bundle on a
compact complex manifold X. We say that F' is pseudo-effective if there exists a singular
Hermitian metric » on F with v/—=10,(F) > 0. When X is projective, it is well known
that F' is pseudo-effective if and only if F' is pseudo-effective in the usual sense, that is,
F®™ @ H is big for any ample line bundle H on X and any positive integer m.

The first result is an Enoki-type injectivity theorem.

Theorem A (Enoki-type injectivity). Let F' be a holomorphic line bundle on a compact
Kahler manifold X and let h be a singular Hermitian metric on F'. Let M be a holomorphic
line bundle on X and let hys be a smooth Hermitian metric on M. Assume that

V=10, (M) >0 and —1(On(F)—1t6,,(M))>0
for somet > 0. Let s be a nonzero global section of M. Then the map
xs: H'(X,Kx @ F® J(h)) = H(X,Kx ® F® J(h) ® M)

induced by ®s is injective for every i, where Kx is the canonical bundle of X and J(h) is
the multiplier ideal sheaf of h.

Remark 1.3. Let L be a semipositive line bundle on X, that is, it admits a smooth
Hermitian metric with semipositive curvature. Let F = L®™ and M = L®* for positive
integers m and k. Then we obtain Enoki’s original injectivity theorem (see [Exl, Theorem
0.2]) from Theorem Al

In the case of M = F, Theorem A has been proved in [MaS4] under the assumption
supy |s|n, < oo. This assumption is a natural condition to guarantee that the multiplication
map xs is well-defined. However, for our applications in this paper, we need to formulate
Theorem [ for a different (M, hy;) from (F, k). This formulation, which may look slightly
artificial, is quite powerful and can produce applications, but raises a new difficulty in
the proof: the set of points x € X with v(h,x) > 0 is not necessarily contained in a
proper Zariski closed set, although such a situation was excluded in [MaS4] thanks to
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the assumption supy |s|, < oo, where v(h,x) denotes the Lelong number of the local
weight of h at . Compared to [MaS4], Theorem @A is novel in the technique to overcome
this difficulty (see Section B for the technical details), and further, it will be generalized
to certain noncompact manifolds along with other techniques (see [MaSH]). Note that
Theorem [Al can be seen as a generalization not only of Enoki’s injectivity theorem but also
of the Nadel vanishing theorem. In Section B, we will explain how to reduce Demailly’s
original formulation of the Nadel vanishing theorem (see Theorem [ below) to Theorem
[A for the reader’s convenience.

Theorem 1.4 (Nadel vanishing theorem due to Demailly: [D2, Theorem 4.5]). Let V' be
a smooth projective variety equipped with a Kahler form w. Let L be a holomorphic line
bundle on 'V and let hy, be a singular Hermitian metric on L such that /=10y, (L) > cw
for some € > 0. Then

H(V,Ky®L® J(hy)) =0
for every i > 0, where Ky is the canonical bundle of V' and J(hy) is the multiplier ideal
sheaf of hr,.

A semiample line bundle is always semipositive. Thus, as a direct consequence of The-
orem [Al, we obtain Theorem B, which is a generalization of Kollar’s original injectivity
theorem (see [Kolll).

Theorem B (Kollar-type injectivity). Let F' be a holomorphic line bundle on a compact
Kdhler manifold X and let h be a singular Hermitian metric on F such that /—10,(F) >
0. Let N1 and Ny be semiample line bundles on X and let s be a nonzero global section of
N,. Assume that NP ~ N5 for some positive integers a and b. Then the map

xs: H(X,Kx @ FR J(h)®@ N;) = H(X,Kx ® F® J(h) ® N1 ® Ny)

induced by ®s is injective for every i, where Kx is the canonical bundle of X and J(h) is
the multiplier ideal sheaf of h.

Remark 1.5. (1) Let X be a smooth projective variety and (F,h) be a trivial Hermitian

from Theorem B.
(2) For the proof of Theorem B, we may assume that b = 1, that is, Ny ~ N* by replacing
s with s*. We note that the composition

H(X,Kx®F® J(h)@N) =5 H(X,Kx @ F® J(h) @ N, @ N,)

><sb_1

s H(X,Kx ® F® J(h)® N, ® NJ)
is the map xs® induced by ®s°.

Theorem O is a generalization of Kollar’s torsion-free theorem and Theorem D is a
generalization of Kollar’s vanishing theorem (see [Koll, Theorem 2.1]).

Theorem C (Kollar-type torsion-freeness). Let f: X — Y be a surjective morphism from
a compact Kahler manifold X onto a projective variety Y. Let F' be a holomorphic line
bundle on X and let h be a singular Hermitian metric on F such that /—10,(F) > 0.
Then

R'f.(Kx @ F ® J(h))
is torsion-free for every i, where Kx is the canonical bundle of X and J(h) is the multiplier

tdeal sheaf of h.
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Theorem D (Kollar-type vanishing theorem). Let f: X — Y be a surjective morphism
from a compact Kdhler manifold X onto a projective variety Y. Let F' be a holomorphic
line bundle on X and let h be a singular Hermitian metric on F such that \/—_1@h(F) > 0.
Let N be a holomorphic line bundle on X. We assume that there exist positive integers a
and b and an ample line bundle H on'Y such that N®* ~ f*H®*  Then we obtain that

H(Y,Rf(Kx ® F® J(h)®@ N)) =0

for every i > 0 and j, where Kx is the canonical bundle of X and J(h) is the multiplier
ideal sheaf of h.

Remark 1.6. (1) If X is a smooth projective variety and (F, h) is trivial, then Theorem O
is nothing but Kollar’s torsion-free theorem. Furthermore, if N ~ f*H, thatis,a =b=1,
then Theorem D is the Kollar vanishing theorem. For the details, see [Koll, Theorem 2.1].
(2) There exists a clever proof of Kolldr’s torsion-freeness by the theory of variations of
Hodge structure (see [A]).

(3) In [MaS6], the second author obtained a natural analytic generalization of Kollar’s
vanishing theorem, which corresponds to the case where h is a smooth Hermitian metric
and contains Ohsawa’s vanishing theorem (see [02]) as a special case.

(4) In [ET5], the first author proved a vanishing theorem containing both Theorem I and
Theorem D as special cases, which is called the vanishing theorem of Kollar-Nadel type.

By combining Theorem D with the Castelnuovo-Mumford regularity, we can easily ob-
tain Corollary 4, which is a complete generalization of [H3, Lemma 3.35 and Remark
3.36]. The proof of [Hd, Lemma 3.35] depends on a generalization of the Ohsawa—Takegoshi
L? extension theorem. We note that Horing claims the weak positivity of f.(Kx/y ® F)
under some extra assumptions by using [Hd, Lemma 3.35]. For the details, see [Hd, 3.H
Multiplier ideals].

Corollary 1.7. Let f: X — Y be a surjective morphism from a compact Kdahler manifold
X onto a projective variety Y. Let F be a holomorphic line bundle on X and let h be a
singular Hermitian metric on F such that /=10, (F) > 0. Let H be an ample and globally
generated line bundle on Y. Then

Rf.(Kx®F®J(h) ® H®™

is globally generated for everyi > 0 and m > dimY + 1, where Kx is the canonical bundle
of X and J(h) is the multiplier ideal sheaf of h.

As a direct consequence of Theorem [, we obtain Theorem [E. See Definition I8 for the
definition of GV-sheaves in the sense of Pareschi and Popa and see [Sd, Theorem 25.5 and
Definition 26.3] for the details of GV-sheaves.

Theorem E (GV-sheaves). Let f: X — A be a morphism from a compact Kihler manifold
X to an Abelian variety A. Let F' be a holomorphic line bundle on X and let h be a singular
Hermitian metric on F' such that /—10,(F) > 0. Then

Rf(Kx®F®J(h))

is a GV-sheaf for every i, where Kx is the canonical bundle of X and J(h) is the multiplier
ideal sheaf of h.
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Definition 1.8 (GV-sheaves in the sense of Pareschi and Popa: [PP]). Let A be an Abelian
variety. A coherent sheaf F on A is said to be a GV-sheaf if

codimp;o(4){L € Pic’(A) | H'(A,F® L) # 0} > i
for every 1.

The final one is a generalization of the generic vanishing theorem (see [GL]], [Ha], [PP]).
The formulation of Theorem H is closer to [Ha]| and [PP] than to the original generic
vanishing theorem by Green and Lazarsfeld in [GL].

Theorem F (Generic vanishing theorem). Let f: X — A be a morphism from a compact
Kdhler manifold X to an Abelian variety A. Let F' be a holomorphic line bundle on X and
let h be a singular Hermitian metric on F such that /—10,(F) > 0. Then

codimpo 4y {L € Pic®(A) | H(X, Kx ® F @ J(h) ® f*L) # 0} > i — (dim X — dim f(X))

for every i > 0, where Kx is the canonical bundle of X and J(h) is the multiplier ideal
sheaf of h.

The main results explained above are closely related to each other. The following propo-
sition, which is also one of the main contributions in this paper, shows several relations
among them. From Proposition 9, we see that it is sufficient to prove Theorem [Al. The
proof of Proposition 9 will be given in Section @.

Proposition 1.9. We have the following relations among the above theorems.

(i) Theorem [A implies Theorem [B.

(ii) Theorem B is equivalent to Theorem [ and Theorem .
(iii) Theorem [ implies Theorem .
(iv) Theorem [ and Theorem B imply Theorem [A.

A key ingredient of Proposition 9 is the following theorem, which can be seen as a
Bertini-type theorem on the restriction of multiplier ideal sheaves to general members of
free linear systems. Theorem [CT0 enables us to use the inductive argument on dimension.
We remark that G in Theorem [0 is not always an intersection of countably many Zariski
open sets (see Example BI0). The proof of Theorem 10, which is quite technical, will be
given in Section B

Theorem 1.10 (Density of good divisors: Theorem B8). Let X be a compact complex
manifold, let A be a free linear system on X with dimA > 1, and let ¢ be a quasi-
plurisubharmonic function on X. We put

G:={H € A H is smooth and J(¢|g) = T (¢)|u}
Then G is dense in A in the classical topology, that is, the FEuclidean topology.

Although the above formulation is sufficient for our applications, it is of independent
interest to find a more precise formulation. The following problem, posed by Sébastien
Boucksom, is reasonable from the viewpoint of Berndtsson’s complex Prekopa theorem
(see [Bé]).

Problem 1.11. In Theorem IID, is the complement A\ G a pluripolar subset of A?

All the results explained above hold even if we replace Kx with Kx ® E, where E is
any Nakano semipositive vector bundle on X. We will explain Theorem [CI2 in Section B.
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Theorem 1.12 (Twists by Nakano semipositive vector bundles). Let E be a Nakano
semipositive vector bundle on a compact Kdhler manifold X. Then Theorems [A, B, [, [0,
A, [, Theorem [I.4, Corollary [T, and Proposition [ hold even when K x is replaced with
Ky ®FE.

In this paper, we assume that all the varieties and manifolds are compact and connected
for simplicity. We summarize the contents of this paper. In Section B, we recall some
basic definitions and collect several preliminary lemmas. Section B is devoted to the proof
of Theorem IT0. Theorem IO plays a crucial role in the proof of Proposition Y. In
Section A, we prove Proposition 9 and Corollary 4, and explain how to reduce Theorem
2 to Theorem Al By these results, we see that all we have to do is to establish Theorem
Al In Section B, we give a detailed proof of Theorem @Al In the final section: Section B, we
explain how to modify the arguments used before for the proof of Theorem IT2.

After the authors put a preprint version of this paper on arXiv, some further general-
izations of Theorem A have been studied in [MaS3], [CDM], [ZZ], and a relative version
of Theorem 10 has been established in [FT6], by developing the techniques in this pa-
per. See [I&], [F5], [MaSH|, [CDM)], [ET6] for some injectivity, torsion-free, and vanishing
theorems for noncompact manifolds.
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for Young Scientists (A) #17H04821, Grant-in-Aid for Scientific Research (B) # 21H00976,
and Fostering Joint International Research (A) f19KK0342 from JSPS.

2. PRELIMINARIES

We briefly review the definition of singular Hermitian metrics, (quasi-)plurisubharmonic
functions, and Nadel’s multiplier ideal sheaves. See [D3] for the details.

Definition 2.1 (Singular Hermitian metrics and curvatures). Let F' be a holomorphic line
bundle on a complex manifold X. A singular Hermitian metric on F' is a metric h which
is given in every trivialization 6: F|o ~ Q x C by

[€ln = 16(&)]e™* on &,

where ¢ is a section of F on 2 and ¢ € L (Q) is an arbitrary function. Here L{ .(Q) is

the space of locally integrable functions on €2. We usually call ¢ the weight function of the
metric with respect to the trivialization 6. The curvature of a singular Hermitian metric

h is defined by
V=10, (F) := 2/~100¢,

where ¢ is a weight function and v/—100¢ is taken in the sense of currents. It is easy to
see that the right-hand side does not depend on the choice of trivializations.

The notion of multiplier ideal sheaves introduced by Nadel plays an important role in
the recent developments of complex geometry and algebraic geometry.
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Definition 2.2 ((Quasi-)plurisubharmonic functions and multiplier ideal sheaves). A func-
tion u: {2 — [—00,00) defined on an open set 2 C C™ is said to be plurisubharmonic if

e 1 is upper semicontinuous, and

e for every complex line L C C", the restriction u|ony, to L is subharmonic on QN L,
that is, for every a € Q and £ € C" satisfying || < d(a, 2°), the function u satisfies
the mean inequality

2m
u(a) < i/ u(a + €“¢) db.
2 Jo

Let X be a complex manifold. A function ¢: X — [—00,00) is said to be plurisubhar-
monic on X if there exists an open cover {U,; }ic;r of X such that |y, is plurisubharmonic
on U; (C C") for every i. We can easily see that this definition is independent of the
choice of open covers. A quasi-plurisubharmonic function is a function ¢ which is locally
equal to the sum of a plurisubharmonic function and of a smooth function. If ¢ is a
quasi-plurisubharmonic function on a complex manifold X, then the multiplier ideal sheaf

J(p) C Ox is defined by
LU, J(¢) =A{f € Ox(U)||f[*e™ € L,.(U)}

for every open set U C X. Then it is known that J () is a coherent ideal sheaf (see, for
example, [D3, (5.7) Lemma]). Let S be a complex submanifold of X. Then the restriction
J(¢)|s of the multiplier ideal sheaf J () to S is defined by the image of J () under the
natural surjective morphism Oy — Og, that is,

T(@)ls = T(p)/T(¢) N Ls,

where Zg is the defining ideal sheaf of S on X. We note that the restriction J(¢)|s does
not always coincide with J(¢) ® Os = J(¢)/ T (¢) - Ls.

We have already used J(h) in theorems in Section [I.

Definition 2.3. Let F' be a holomorphic line bundle on a complex manifold X and let h
be a singular Hermitian metric on F. We assume /—10;(F) > ~ for some smooth (1, 1)-
form v on X. We fix a smooth Hermitian metric ho, on F. Then we can write h = hooe™ 2
for some ¢ € Ll _(X). Then v coincides with a quasi-plurisubharmonic function ¢ on X
almost everywhere. We define the multiplier ideal sheaf [J(h) of h by J(h) := J(¢).

We close this section with the following lemmas, which will be used in the proof of
Theorem @Al in Section B.

Lemma 2.4 ([OT, Proposition 1.1]). Let w and & be positive (1, 1)-forms on an n-dimensional
complex manifold with & > w. If u is an (n,q)-form, then |u|%dVz < |u|?dV,,. Further-
more, if u is an (n, 0)-form, then |u2 dVz = |u|? dV,,. Here |u|, (resp. |u|z) is the pointwise
norm of u with respect to w (resp. w) and dV,, (resp. dV) is the volume form defined by
dV, == w"/n! (resp. dVz = w"/n!).

Proof. This lemma follows from simple computations. Thus, we omit the proof. U

Lemma 2.5. Let p: Hi — Ha be a bounded operator (continuous linear map) between
Hilbert spaces Hy, Ha. If {wi}32, weakly converges to w in Hy, then {p(wg)}32, weakly
converges to p(w).
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Proof. By taking the adjoint operator ¢*, for every v € H,y, we have

(o(wn), V), = Cwr, 07 (V) gy, = (w, 07 (V) = (P(w), v}y,
This completes the proof. U

Lemma 2.6. Let L be a closed subspace in a Hilbert space H. Then L is closed with respect
to the weak topology of H, that is, if a sequence {wy}32, in L weakly converges to w, then
the weak limit w belongs to L.

Proof. By the orthogonal decomposition, there exists a closed subspace M such that L =
M. Then it follows that w € M+ = L since 0 = (wy, v),, — (w, v),, for any v e M. O

3. RESTRICTION LEMMA

This section is devoted to the proof of Theorem 10 (see Theorem BM), which will play
a crucial role in the proof of Proposition 9. The following lemma is a direct consequence
of the Ohsawa—Takegoshi L? extension theorem (see [T, Theorem]).

Lemma 3.1. Let X be a complex manifold and let © be a quasi-plurisubharmonic function
on X. We consider a filtration

F,CF,1C---CFH CF:=X,
where F; is a smooth hypersurface of F;_1 for every i. Then we obtain that
J(elr) € I(elp_i)lp C - C T(elrn)lr C T(@)n
Proof. This immediately follows from the Ohsawa-Takegoshi L? extension theorem.  [J
The following lemma is a key ingredient of the proof of Theorem 10 (see Theorem B8).

Lemma 3.2. Let X and ¢ be as in Theorem ITI0. Let H; be a Cartier divisor on X for
1 <i < k. We assume the following condition:

& The divisor Zle H; is a simple normal crossing divisor on X. Moreover, for every
1<iy<ig<---<iy<kandany P € H;NH,N---0NH;, the set { fi,, fir,-+ , [i,}
is a reqular sequence for Ox p/J (¢)p, where f; is a (local) defining equation of H;
for every i.
Furthermore, we assume that J(p|p,) = J()|r, holds, where F; := Hy N HyN--- N H;
for 1 <i < k. Then for every j, the equality J(p|r;) = T (¥)|r, holds on a neighborhood
of Fy in Fj.

Before we prove Lemma B™, we make some remarks to help the reader understand
condition .

Remark 3.3. (1) Let (A, m) be a local ring and let M be a finitely generated (nonzero)
A-module. Let {xy,...,z,} be a sequence of elements of m. We put My = M and
M; = M/xyM + -+ x;M. Then {xy,...,x,} is said to be a regular sequence for M if
XTip1: M; — M; is injective for every 0 < ¢ < r — 1.

(2) Condition # in Lemma B2 does not depend on the order of {Hy, Hy, - -, Hy} (see,
for example, [MaH, Theorem 16.3] and [AKI, Chapter III, Corollary (3.5)]).

(3) Let F be a coherent analytic sheaf on a compact complex manifold X. Then there
exists a finite family {Y;};c; of irreducible analytic subsets of X such that

Assoy, (Fe) = {Pats- s Par() )
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where P, 1,...,Par() are prime ideals of Ox , associated to the irreducible components of
the germs x € Y; (see, for example [Man, (I1.6) Lemmal). Note that Y; is called an analytic
subset associated with F. In this paper, we simply say that Y; is an associated prime of F
if there is no risk of confusion. Then condition # is equivalent to the following condition:

e The divisor ), H; is a simple normal crossing divisor on X. Moreover, for every
1 <4y <ig<--- <9y <4 <k, the divisor H;, contains no associated primes of

OX/j(90> and OHilﬂ"'ﬁHil_l/j<‘p) Hin--NH;_q -
(4) (83) below may be helpful to understand condition &. We put H;,..; := H; N---N
H; forevery 1 <14y <--- <1, <k. Then we can inductively check that
0— j(@) Hi .4 ® OH¢14»4¢l71 (_Hiz) - &7(90) Hipoip_y - j(@) H;, .. — 0
is exact and that
0— (OHilmil_l/j(@) Hil‘,.il_l) ® Om,, .., (—Hy)

(3.1)
— OHi1~-~i171 /\7(30> Hipooip_y — OHzlzl/j((p)

is also exact (see (B33) and (B3) in the proof of Lemma B2).

Hyoyy — 0

Proof of Lemma 3. By condition #, the morphism ~ in the following commutative dia-
gram is injective.

0 J(p) @ Ox(—H,) . J () Coker v —= 0
B
0 OX(_Hl) OX OH1 ——0

(0x/T(¢)) ® Ox(—Hy) — Ox /T (¢)

0 0

Therefore  is also injective. This implies that Coker & = J(p)|g, by definition. Thus, we
obtain the following short exact sequence:

0= J(p) @ Ox(—Hi) = T(¢) = T (@), = 0.
We also obtain the following short exact sequence:
0= (Ox/T(9)) ® Ox(=H1) = Ox/T(¢) = On, /T (¢)|m — 0

by the above big commutative diagram. Similarly, by condition #, we can inductively
check that

(3.3) 0= J(@)|r ®@Op(=Hi1) = T(@)|r = T(@)|ry, — 0
and
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are exact for every 1 <i < k—1. For 0 <1: < k—1, we consider the following commutative
diagram:

0——J(0lr) ® Op,(=Hiy1) —= T (0)|r, ® Op,(=H;y1) — Coker b; ® Op,(—H;11) —0
a; idi
0 I(¢lr) T@x Cokerb, 0
Coker a; “ T ()|
0 0.

The assumption J(¢|r,) = J(p)|r, implies that J(¢|p_,)|lr, = J(p)|r holds by
j(¢|Fk) - j(90|Fk_1)|Fk c - C ‘-7((10>|Fk in Lemma B1. If \7(90|Fz> Fip1 — j(@) Fiyp O
a neighborhood of Fj, in F; i, then ¢; is surjective on a neighborhood of Fj in Fj; by
the definition of J(¢|r,)|r,,.- Then d; is also surjective on a neighborhood of Fj in Fj
by the above big commutative diagram. By Nakayama’s lemma, Cokerb; is zero on a
neighborhood of Fy in F;. This implies that J(¢|r) = J(¢)|r, on a neighborhood of F,
in F;. Thus, we obtain that J(¢|r_,)|r, = J(¢)|r on a neighborhood of Fj, in F; since we
have J(¢lr) C T(¢|lr_)|r C J(p)|r by Lemma B, By repeating this argument, we
see that J(¢|r,) = J(¢)|F, on a neighborhood of Fy in Fj for every j. This is the desired
property. Il

Lemma 3.4. Assume that {Hy,--- , H,,} satisfies condition & in Lemma 3. Let H,,.q

be a smooth Cartier divisor on X such that Zf:{l H; is a simple normal crossing divisor
on X and that H,,,1 contains no associated primes of

Ox/J(p) and Owu,nnm, /T ()1, 0enm,
forevery 1 <iy <---<iy <m. Then {Hy, -+, Hy, Hyni1} also satisfies condition #.
Proof. This is obvious from Remark B33 (3). O

Lemma 3.5. Let Ay be a sublinear system of a free linear system A on X with dim Ag > 1.
Assume that {Hy,-- - , Hp,} satisfies condition & in Lemma B3. We put

Fo:={D € Ny |{H1, -+, Hp, D} satisfies &}.

Then Fq is Zariski open in Ng. In particular, if Fo is not empty, then it is a dense Zariski
open set of Ag.

Moreover, we assume that there exists Dy € Fy such that J(plyv) = T ()|v, where V
is an irreducible component of Hy N --- N Hy,, N Dy. Let D be a member of Fy such that
V' is an irreducible component of Hy N ---N H,, N D. Then J(¢|p) = T (¢)|p holds on a
netghborhood of V' in D.

Proof. We put
F:={D e A|{Hy,--- ,H,, D} satisfies &}.
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Then by Remark B33 (3) and Lemma B4, it is easy to see that F is a dense Zariski open
set in A since A is a free linear system on X. Therefore, Fy = F N Aq is Zariski open in
Ay. By Lemma B, the equality J(¢|p) = J(¢)|p holds on a neighborhood of V' in D if
D € Fy and V is an irreducible component of H; N---N H,, N D. We note that we do not
need the compactness of X in the proof of Lemma B2. Therefore, we can shrink X and
assume that V. =H; N---N H,, N D in the above argument. O

The following theorem (see Theorem [I0) is one of the key results of this paper.

Theorem 3.6 (Density of good divisors: Theorem [TI0). Let X be a compact complex
manifold, let A be a free linear system on X with dimA > 1, and let ¢ be a quasi-
plurisubharmonic function on X. We put

G:={H € A| H is smooth and J(¢|g) = T (¢)|u}
Then G is dense in A in the classical topology.

Proof. We may assume that ¢ #Z —oo. Throughout this proof, we put f := &, : X —
Y := f(X) C PV. Note that N = dim A. We divide the proof into several steps.

Step 0 (Idea of the proof). In this step, we will explain an idea of the proof.

A general member H of A is smooth by Bertini’s theorem, and it always satisfies that
J(plg) € J(¢)|lg by Lemma Bl Hence, the problem is to check that the opposite
inclusion holds for any member of a dense subset in A.

If dim A = 1, that is, A is a pencil, then a member H of A is a fiber of the morphism f =
®,: X — P! at a point P € P'. By Fubini’s theorem, we have J(¢|s-1(p)) D T (©)|s-1(p)
for almost all P € P'. This is the desired statement when dim A = 1. In general, we have
H, N Hy # () for two general members H; and Hy of A. For this reason, we choose H; and
H, suitably (see Step B and Step B), take the blow-up Z — X along H; N H,, and reduce
the problem to the pencil case (see Step H).

Step 1. In this step, we will prove the theorem when dimY = 1.
Let v, ...,1¥n be a basis of HO(PY, Opn(1)). We put

W ={(y,[ag:---:an]) €Y x PN |agho(y) + - -+ + antbn(y) =0} C Y x PV

and consider the following commutative diagram:

XX xPVN —= X

RN

HsY xPVN —=Y

\ l”
PN
where 2" < X x PV — X is the base change of Z — Y xPY - Y by f: X =Y, py

is the second projection, and m = ps|s. We can easily see that there exists a nonempty

Zariski open set U of PV such that 7 and f are étale and smooth over U, respectively.
We note that A = f*|Opn(1)| by construction. Let H be a member of A corresponding
to a point of U. Then H is smooth and J(¢|x) C J(¢)|mg holds by Lemma BT. On the

other hand, by applying Fubini’s theorem to (7w o f)~}(U) — U, the opposite inclusion
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J(@)|lg € J(¢|u) holds for almost all H € A. This means that G is dense in A in the
classical topology.

Step 2. In this step, we will prove the following preparatory lemma.

Lemma 3.7. Let Dy and Dy be two members of A such that { D1, Do} satisfies condition #
i Lemma B2. Let Py be the pencil spanned by Dy and Ds. Then, for almost all D € Py,
the member D is smooth, {D} satisfies condition &, and J(p|p) = T (¢)|p holds outside
DN Ds.

Proof of Lemma [37. Let A; be a hyperplane in PV such that D; = f*A;, and pr: PN --» P!
be the linear projection from the subspace A; N Ay = P¥~2. Then the meromorphic map
X --» P! associated with Py is the composition of f: X — PV and pr: PN --» PL.
Since the blow-up of PV along A; N A, gives an elimination of the indeterminacy locus of
pr: PN ——s P! the blow-up p: Z — X along D; N D, satisfies the following commutative
diagram:

7z P x =2 pN

| 7
X ¢ s b
P
By applying Fubini’s theorem to ¢: Z — P!, we obtain that J (p*¢|,-1(q)) = T (0" )|~

for almost all Q@ € P'. Lemma B3 implies that {D} satisfies condition # for almost all
D € Py. The desired properties follow since p is an isomorphism outside Dy N Ds. O

Step 3. In this step, we will find a smooth member H of A such that J(¢|g) = J(©)|u
and that {H} satisfies condition &.

From now on, we assume that dim A > 2 and that the statement of Theorem B8 holds
for lower dimensional free linear systems. We put [ := dimY . By Step [, we have a smooth
member H of A with the desired properties when [ = 1. Therefore, we may assume that
[ > 2. We take two general hyperplanes B; and By of PY. We put D; := f*B; and
Dy := f*B,y. By Lemma B72, we can take a hyperplane A; of PV such that X, := f*A; is
smooth, { X} satisfies condition #, and J(¢|x,) = J(¢)|x, outside Dy N Dy. Let A|x, be
the linear system on X defined by fi: X; = X N f71(A) - Y NA C A = PV~1 that
is, the set of pull-backs of the hyperplanes in A; = PN~ by f,. By construction, we have
dim A|x, = dim A — 1. Thus, we see that

{H € A| X; N H is smooth and J(¢|x,nx) = T (¢|x,)|xinm}

is dense in A in the classical topology by the induction hypothesis. Then we can take
general hyperplanes As, Az, -+, A; of PV such that dim(4; N---NA4;NY) =0 and that
F7HQ) is smooth and

(3.5) T (@l1@) = T(elx)-10)

for every @ € A;N---NA;NY by using the induction hypothesis repeatedly. Without loss
of generality, we may assume that f~1(Q)ND;N Dy =0 for every Q € Ay N---NANY.
Since

j(@l)ﬁ) - j(90)|X1
holds outside Dy N D,

(3.6) T (elx)l1@ = T (@)@
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holds for every @Q € A;N---N A;NY. Therefore, we have

T (@l1@) = T(elx)lr10) = T (@)@

for every Q € Ay N---NA NY by (BH) and (BH). We may assume that {X; =
frAL, ffAg, -+ f* A} satisfies condition #. We take one point P of A;N---NA;NY and
fix Ag,---, A;. By applying Lemma B to the linear system

Ao :={D e A|f'(P)c D},
we see that
Fo:={D € Ao |{D, f*Ag,- -+, fFA} satisfies &}
is Zariski open in Ag. Note that Fy is nonempty by X; = f*A; € Fy. By the latter

conclusion of Lemma B4, we have:

Lemma 3.8. Let A, be a general hyperplane of PN passing through P. We put X, := f*A,.
Then J(¢|x,) = T (¢)|x, holds on a neighborhood of f~1(P) in X,.

Let m: X’ — X be the blow-up along f~*(P) and let Blp(PY) — PV be the blow-
up of PV at P. The induced morphism a: X’ — Blp(P") and the linear projection
v: PN ——s PV from P € P satisfy the following commutative diagram.

X —= X
|1
o Y

We put f':= foaand Y’ := f/(X’). By applying the induction hypothesis to f': X’ —
Y’ C PN~1, we can take a general hyperplane A of PV~! such that f"*A is smooth and that

(3.7) T (7 plp-1()) = T (@ Q)| p-1(a)-
Let Ay be the hyperplane of PV spanned by P and A. Then we can see that
(3.8) {f*Ay,--+ , fFA, H = fAg}

satisfies condition # since A is a general hyperplane of PV~ We see that J(p|y) =
J ()| by (B20) and Lemma BR, and that {H} satisfies condition & by (B=). Therefore
this H has the desired properties.

Step 4. In this final step, we will prove that G is dense in A in the classical topology.
We will use the induction on dim X. If dim X = 1, then dimY = 1. Therefore, by Step [,
we see that G is dense in A in the classical topology. Therefore, we assume that dim X > 2.
If dimY =1, then G is dense by Step . Thus, we may assume that dim A > dimY > 2.
By Step B, we can take a smooth member Hy of A such that J(¢|n,) = J(¢)|n, and that
{Hy} satisfies condition #. By applying the induction hypothesis to A|g,, we see that

G :={H' € A| Hyn H' is smooth and J(¢|gynn) = T (@l #,)|Honm }
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is dense in A in the classical topology. Since A is a free linear system, we know that
{H" € AN|{Hy, H'} satisfies #}
is a nonempty Zariski open set in A. Therefore,
G":={H' € G'|{Hy, H'} satisfies #}
is also dense in A in the classical topology. We note that

T (plaonnr) = T (elao) monnr = T (@) Honm
for every H' € G’ since J(¢|n,) = J(¢)|n,. Therefore, we obtain that

(3.9) T (Plonm) = T (@lu) | Honm = T (0) | HonE!

for every H' € G”. By the latter conclusion of Lemma B3, (B9) indicates that J(¢|p/) =
J(¢)|g on a neighborhood of Hy N H' in H' for every H' € G”. We consider the pencil
Py spanned by Hy and H' € G”, that is, the sublinear system of A spanned by H, and
H'. Let D be a general member of Py. Then by Lemma B3, {Hy, D} satisfies # and
J(¢lp) = J(¢)|p holds on a neighborhood of Hy N H' in D. Hence, by Lemma B7, we
say that almost all members of Py, are contained in G. By this observation, we obtain
that G is dense in A in the classical topology.

Thus, we obtain the desired statement. O

The following examples show that G in Theorem [0 (Theorem B8) is not always Zariski
open in A, or even an intersection of countably many nonempty Zariski open sets of A

Example 3.9. We put
- 1
z) = 2% log |z — —
e) = 32 g
for z € C. Then it is easy to see that ¢(z) is smooth for |z| > 2. By using a suitable
partition of unity, we can construct a function ¢(z) on P! such that p(z) = ¥(z) for |z| < 3
and that o(z) is smooth for |z| > 2 on P!. We can see that ¢ is a quasi-plurisubharmonic
function on P!. Since the Lelong number v(p,1/n) of ¢ at 1/n is 27" for every positive
integer n, we see that J(p) = Op: by Skoda’s theorem (see, for example, [D3, (5.6)
Lemma]). Therefore J(p)|p = Op for every P € P!. On the other hand, we have
¢(1/n) = —oo for every positive integer n. If P = 1/n for some positive integer n, then

J(¢|lp) = 0. Thus

G:={H € [On()|[T(pln) = T(¢)|n}
is not a Zariski open set of |Op1(1)| (~ P').

Example 3.10. We put K := {z € C||z| < 1}. Let {w,}°, be a countable dense subset
of K and let {a, }22,; be positive real numbers such that >~  a, < co. We put

P(z) = Zan log |z — wy,|
n=1

for z € C. Then we see that

e ¢ is subharmonic on C and ¥ # —o0,
e ) = —o0 on an uncountable dense subset of K, and
e 1) is discontinuous almost everywhere on K.
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For the details, see [Ra, Theorem 2.5.4]. By using a suitable partition of unity, we can
construct a function ¢(z) on P! such that ¢(z) = 1(2) for |z] < 3 and that ¢(z) is smooth
for |z| > 2 on P!. Then we can see that ¢ is a quasi-plurisubharmonic function on P!. In
this case,

G:={H € |Op(D)[T(¢ln) = T(#)|n}
can not be written as an intersection of countably many nonempty Zariski open sets of
|Op1 (1)].

As a direct consequence of Theorem B8, we have:

Corollary 3.11 (Generic restriction theorem). Let X be a compact complex manifold and
let ¢ be a quasi-plurisubharmonic function on X. Let A be a free linear system on X with
dimA > 1. We put

H:={H € G| H contains no associated primes of Ox /T ()},

where

G:={H € A|H is smooth and J(p|g) = T(©)|u}
as in Theorem Bd. Then H is dense in A in the classical topology. Moreover, the following
short sequence

(3.10) 0= J(p) @ Ox(=H) = T(¢) = T(¢lu) = 0

is exact for any member H of H.

Proof. 1t is easy to see that
{H € A| H contains no associated primes of Ox/J(¢)}

is a nonempty Zariski open set of A since A is a free linear system on X. Therefore H is
dense in A in the classical topology by Theorem B8 (see Theorem [10).
Let H be a member of H. Then we obtain the following commutative diagram (see also
(82)).
0—J(p) ® Ox(—H) = J(p) — Cokera —=0

|

0 Ox(—H) Ox On 0
As in the proof of Lemma B, we obtain Cokera = J(¢)|g. Since H € H C G, we have
J(@©)|lg = T(p|g). Therefore, we obtain the desired short exact sequence (B10). O

We will use Corollary BT in Step B in the proof of Proposition 9 (see Section @). We
close this section with a remark on the multiplier ideal sheaves associated with effective
Q-divisors on smooth projective varieties.

Remark 3.12 (Multiplier ideal sheaves for effective Q-divisors). Let X be a smooth
projective variety and let D be an effective Q-divisor on X. Let S be a smooth hypersurface
in X. We assume that S is not contained in any component of D. Then we obtain the
following short exact sequence:

(3.11) 0= J(X,D)® Ox(—S5) = Adjs(X,D) — J(S,Dl|s) — 0,

where J (X, D) (resp. J (S, D|g)) is the multiplier ideal sheaf associated with D (resp. D|g).
Note that Adjgq(X, D) is the adjoint ideal of D along S (see, for example, [L3, Theorem
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3.3]). If S is in general position with respect to D, then we can easily see that Adjg(X, D)
coincides with J(X, D). Let H be a general member of a free linear system A with
dim A > 1. Then we can easily see that

(3.12) J(H,D|g) = J(X,D)|n

holds by the definition of the multiplier ideal sheaves for effective Q-divisors (see, for
example, [L2, Example 9.5.9]).

By this observation, if X is a smooth projective variety and ¢ is a quasi-plurisubharmonic
function associated with an effective Q-divisor D on X, then G in Theorem B8 (see The-
orem [I0) and H in Corollary BT are dense Zariski open in A by (BI2). Moreover, we
can easily check that (B0) in Corollary BT holds for general members H of A by (B=).

4. PROOF OF PROPOSITION 9

In this section, we prove Proposition [C9 and explain how to reduce Corollary "4 and
Theorem T4 to Theorem D and Theorem A, respectively.

Proof of Proposition 4. Our proof of Proposition [T consists of the following six steps:

Step 1 (Theorem A = Theorem B). Since N; is semiample, we can take a smooth
Hermitian metric h; on Nj such that /=10, (N;) > 0. We put hy := hl{/a. Then

V—=1(Op, (F @ Ny) — t04,(N,)) > 0

for 0 < t < 1. It follows that J(hhy) = J(h) since h; is smooth. Therefore, by Theorem
@A, we obtain the injectivity in Theorem B.

Step 2 (Theorem B = Theorem 0). We assume that R’ f,(Kx ® F® J(h)) has a torsion
subsheaf. Then we can find a very ample line bundle H on Y and 0 # ¢t € H°(Y, H) such
that

a: Rf(Kx®@F®J(h)) = Rf(Kx®F®J(h)®H
induced by ®t is not injective. We take a sufficiently large positive integer m such that

Kera @ H®™ is generated by global sections. Then we have H°(Y,Kera ® H®™) # 0.
Without loss of generality, by making m sufficiently large, we may further assume that

(4.1) HY(Y,Rif(Kx @ F@ J(h)) @ H®™) =0
and
(4.2) HP(Y,Rf.(Kx ® F® J(h)) @ H*"*') =0

for every p > 0 and ¢ by the Serre vanishing theorem. By construction,

(4.3) H°(Y,R'f.(Kx ® F®J(h))® H*™) — H(Y,R' f.(Kx ® F ® J(h)) @ H®")

induced by « is not injective. Thus, by (£, (A2), and (E=3), we see that
H(X,Kx®@F®Jh)® ffH*) - H(X,Kx @ F® J(h) ® f*H®™)

induced by ®f*t is not injective. This contradicts Theorem B. Therefore R f,(Kx ® F ®
J(h)) is torsion-free.
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Step 3 (Theorem B = Theorem D). We use the induction on dimY". If dimY = 0, then
the statement is obvious. We take a sufficiently large positive integer m and a general
divisor B € |H®™| such that D := f~!(B) is smooth, contains no associated primes
of Ox/J(h), and satisfies J(h|p) = J(h)|p by Theorem B (see Theorem [I0) and
Corollary BT. By the Serre vanishing theorem, we may further assume that

(4.4) H(Y,Rf(Kx ® F®J(h)®@ N)® H*™) =0

for every ¢ > 0 and j. By Corollary BT and adjunction, we have the following short exact
sequence:

w5 05 Kx®FoJ(h) &N = Kx®FeJ(h) &N o f*Ho™

Since B is a general member of |H®™|, we may assume that B contains no associated
primes of R/ f.(Kx ® F @ J(h) ® N) for every j. Hence, by (E3), we can obtain

0= RAKx@F®Jh)®N)—= Rf(Kx®F®J(h)oN)eH™
— RIf.(Kp® F|p ® J(h|p) ® N|p) = 0
for every j. By using the long exact sequence and the induction on dim Y, we obtain
HY Rf(Kx@F2Jh)@N))=H(Y,Rf(Kx ® F® J(h) @ N) @ H*™)
for every ¢ > 2 and j. Thus we have
(4.6) H(Y Rf(Kx®F®Jh)®@N))=0

for every i > 2 and j by (B4). By Leray’s spectral sequence, (£4), and (E8), we have the
following commutative diagram:

HY(Y, 8N HTY X Kx®@ F® J(h) @ N)

| ]
HYY,87 @ H®™)—— HITYX Kx ® F® J(h) ® N @ f*H®™)
for every j, where &7 stands for R/ f,(Kx @ F®J (h)® N). Since 3 is injective by Theorem
B, we obtain that « is also injective. By (B4), we have
HY (Y, R f(Kx ® F® J(h)®@ N)® H®™) =0
for every j. Therefore, we have H*(Y, R/ f.(Kx ® F @ J(h) ® N)) = 0 for every j. Thus,

we obtain the desired vanishing theorem in Theorem D.

Step 4 (Theorems 0 and O = Theorem B). By replacing s and Ny with s*™ and N5™
for some positive integer m (see also Remark [3), we may assume that Ny is globally
generated. We consider

f::(I)|N2|ZX—)Y

Then N, ~ f*H for some ample line bundle H on Y and s = f*t for some t € H(Y, H). We
take a smooth Hermitian metric hy on Ny such that /=104, (N7) > 0. Then =160, (F®
Ni) >0 and J(hhy) = J(h). By Theorem 0, we obtain that

Rf.(Kx®F®J(h)® N;)
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is torsion-free for every i. Therefore, the map
RfKx®@F®Jh)@N) = Rf(Kx®F®Jh)®N)®H
induced by ®t is injective for every i. By Ny ~ f*H, we see that
(4.7) H°(Y,R'f.(Kx®@F®Jh)® N)) = H(Y,Rf.(Kx ® F® J(h) @ N1 @ N,))
induced by ®t is injective for every i. By Theorem [, (£=7) implies that
H(X,Kx®@F®J(h)@N,) = H(X,Kx @ F® J(h) @ Ny ® Ns)
induced by ®s is injective for every 1.

Step 5 (Theorem O = Theorem H). The following lemma implies that R’ f,(Kx ® F ®
J (h)) is a GV-sheaf by [Sd, Theorem 25.5] (see also [Hal and [PP]). For simplicity, we put
FI =R f(Kx ®F® J(h)) for every j.

Lemma 4.1. For every finite étale morphism p: B — A of Abelian varieties and every
ample line bundle H on B, we have

(4.8) H'(B,H®@p*F) =0
for every i >0 and j.

Proof of Lemma 1. We put Z := B x4 X. Then we have the following commutative
diagram.

(4.9) Z7-1-X

|

B——=A

p
By construction, ¢ is also finite and étale. Therefore, we have ¢*Kx = Kz and ¢*J(h) =
J(¢*h). By the flat base change theorem,
PR(EKx®F®J(h) ~Rg(Kz ¢ F®J(qh).

By Theorem O, we obtain the desired vanishing (A=R). d

Step 6 (Theorems O and B = Theorem H). By Theorem O, we have 7/ := R/ f,(Kx ®
F® J(h)) =0 for j > dim X — dim f(X). We consider the following spectral sequence:

B} = HP(A, F'®@ L) = H" (X, Kx ® F @ J(h) © f*L)

for every L € Pic”(A). Note that F7 is a GV-sheaf for every j and that 77 = 0 for
j > dim X —dim f(X). Then we obtain

codimpo(4){L € Pic’(A) | H'(X, Kx ® F ® J(h) ® f*L) # 0} > i — (dim X — dim f(X))
for every ¢ > 0.
We completed the proof of Proposition 9. O

We prove Corollary 7 as an application of Theorem [.
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Proof of Corollary [I77 (Theorem [D —> Corollary 7). By Theorem D, we have
HY(Y,R'f.(Kx @ F® J(h)) @ H®™ ) =0
for every p > 1,4 > 0, and m > dimY + 1. Thus, the Castelnuovo-Mumford regularity

(see [LT, Section 1.8]) implies that R'f,(Kx ® F @ J(h)) ® H®™ is globally generated for
every 1 > 0 and m > dimY + 1. O

We close this section with a proof of Theorem "4 based on Theorem [Al for the reader’s
convenience.

Proof of Theorem (Theorem [A = Theorem [[.4). Let A be an ample line bundle on
V. Then there exists a sufficiently large positive integer m such that A®™ is very ample and
that H(V, Ky ® L ® J(hr) ® A®™) = 0 for every i > 0 by the Serre vanishing theorem.
We can take a smooth Hermitian metric hy on A such that /=10, (A) is a smooth
positive (1,1)-form on V. Therefore, we have /—160,m(A®™) > 0. By the condition
V=16, (L) > ew, we see that /—1(O, (L) — tOm(A®™)) > 0 for some 0 < t < 1. We
take a nonzero global section s of A®™. By Theorem [, we see that

xs: H(V,Ky @ L® J(hy)) = H(V,Ky ® L ® J(hy) ® A®™)
is injective for every . Thus, we obtain that H(V, Ky @ Lo J (hr)) = 0 for every i > 0. [

5. PROOF oF THEOREM Al

In this section, we will give the proof of Theorem [Al

Theorem 5.1 (Theorem A). Let F (resp. M) be a line bundle on a compact Kdhler
manifold X with a singular Hermitian metric h (resp. a smooth Hermitian metric hyy)
satisfying

V=104, (M) > 0 and vV—10,(F) — bv/—10y,,(M) > 0 for some b > 0.
Then for a (nonzero) section s € H*(X, M), the multiplication map induced by ®s

xs: H(X,Kx ® F® J(h)) ——— HY(X,Kx ® F ® J(h) @ M)

is injective for every q. Here K is the canonical bundle of X and J(h) is the multiplier
tdeal sheaf of h.

Proof of Theorem B2 ( Theorem [A). The proof can be divided into four steps.

Step 1. Throughout the proof, we fix a Kahler form w on X. For a given singular
Hermitian metric h on F, by applying [DPS, Theorem 2.3] to the weight of h, we obtain
a family of singular Hermitian metrics {h.}1sc0 on F with the following properties:

(a) he is smooth on Y. := X \ Z., where Z, is a proper closed analytic subset on X.
(b) he < her < h holds on X when &' > &” > 0.
(c) J(h) =T (h:) on X.
(d) V=16, (F) > by/—164,,(M) — ew on X.
Here property (d) is obtained from the assumption /=10,(F) > by/—10y,,(M).

The main difficulty of the proof is that Z. may essentially depend on e, compared to
[MaS4] in which Z. is independent of €. To overcome this difficulty, we consider suitable
complete Kéhler forms {w. 5}s-¢ on Yz such that w, s converges to w as 6 — 0. To construct
such complete Kahler forms, we first take a complete Kahler form w. on Y. with the
following properties:
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e w, is a complete Kahler form on Y.
® w.>wonY,..
e w. =+/—100V. for some bounded function ¥, on a neighborhood of every p € X.

See [E4, Section 3] for the construction of w.. For the Kéhler form w, s on Y. defined to be
We s i=w ~+ ow, for € and § with 0 < § < ¢,

it is easy to see the following properties hold:

(A) wes is a complete Kahler form on Y. = X \ Z. for every § > 0.
(B) w.s > w on Y; for every § > 0.
(C) ¥+ 6. is a bounded local potential function of w, s and converges to ¥ as § — 0.

Here W is a local potential function of w. The first property enables us to consider harmonic
forms on the noncompact Yz, and the third property enables us to construct the de Rham-—
WEeil isomorphism from the 0-cohomology on Y. to the Cech cohomology on X.

Remark 5.2. In the proof of Theorem BT, we actually consider only a countable se-
quence {e}p2, (resp. {0,}72,) conversing to zero since we need to apply Cantor’s diagonal
argument, but we often use the notation & (resp. d) for simplicity.

For the proof, it is sufficient to show that an arbitrary cohomology classn € H1(X, Kx®
F® J(h)) satisfying sn =0 € H(X, Kx ® F® J(h) ® M) is actually zero. We represent
the cohomology class n € HY(X,Kx ® F ® J(h)) by a d-closed F-valued (n, q)-form u
with ||u||5.. < 0o by using the standard de Rham—Weil isomorphism

Kerd: L3} (F)nw = Lz (F)nw

Ima: L?Q’;]_l(F)h,w — Lq(@é;](F%,w ‘

Here 0 is the densely defined closed operator defined by the usual d-operator and L?Z’SI(F Vhw

I

HI(X,Kx ® F & J(h))

is the L?-space of F-valued (n,q)-forms on X with respect to the L:norm || e ||, defined
by

LIl = /X o 2, dVL,

where dV,, ;= w"/n! and n := dim X. Our purpose is to prove that u is d-exact (namely,
u € Imd C L3} (F)nw) under the assumption that the cohomology class of su is zero in
HI(X,Kx® F® J(h)® M).

From now on, we mainly consider the L*-space L{3{(Yz, )i . ; of F-valued (n, ¢)-forms
on Y; (not X) with respect to h. and w. s (not h and w). For simplicity we put

L) (Fes = Lisy (Y, F)n,

The following inequality plays an important role in the proof.
(5.1) ||

In particular, the norm ||u|. s is uniformly bounded since the right hand side is independent
of €, 6. The first inequality follows from property (b) of h., and the second inequality follows
from Lemma P74 and property (B) of w.s. Strictly speaking, the left hand side should be
l|luly. |5, but we often omit the symbol of restriction. Now we have the following orthogonal
decomposition (for example see [MaS4, Proposition 5.8]).

Ll (F)es =1md @ HIJ(F) & Imd, .

wep and e les =l @ fln s

les < llullnw. s < llullnew < oo,
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Here 5:75 is (the maximal extension of) the formal adjoint of the d-operator and HIS(F)
is the set of harmonic F-valued (n, ¢)-forms on Y, namely

HIH(F) = {w € L!(F)es | Ow = 0 and 3_ 5w = 0}.

Remark 5.3. The formal adjoint coincides with the Hilbert space adjoint since w. s is
complete for § > 0 (see, for example, [D4, (3.2) Theorem in Chapter VII]). The d-operator
also depends on h. and w. s in the sense that the domain and range of the closed operator
0 depend on them, but we abbreviate 55,5 to 0.

The F-valued (n,q)-form u (representing 7) belongs to Lg;](F )e.s by (BD), and thus u
can be decomposed as follows:

(5.2) u = Ow. s+ u.5 for some w.s € Domd C L'&’g_l(F)eﬁ and u. 5 € H§(F).

Note that the orthogonal projection of u to Im 5:,5 must be zero since u is 0-closed.

Step 2. The purpose of this step is to prove Proposition b4, which reduces the proof to
the study of the asymptotic behavior of the norm of su. ;. When we consider a suitable
limit of u. s in the following proposition, we need to carefully choose the L?-space since
the L*-space L5} (F)zs depends on € and 6. We remark that {e}.~0 and {0}s>0 denote

countable sequences converging to zero (see Remark 62). Let {dy}s,~0 denote another
countable sequence converging to zero.

Proposition 5.4. There ezist a subsequence {6,}72, of {0}s>0 and o= € Lisi(F)p. o with
the following properties:
e For any e,00 > 0, as 6, tends to 0,

Ue 5, converges to a. with respect to the weak L2-topology in L?Q")](F )e.do-

o For any e > 0,

el o < lim flocfles < lm flucs, |5, < [luflaew
50—0 6, —0
Remark 5.5. The weak limit o, does not depend on ¢y, and the subsequence {0, }52; does
not depend on € and dy.

Proof of Proposition p-4. For given €,y > 0, by taking a sufficiently small § with 0 < § <
09, we have

(5:3) e slle0 < Mteslles < Nulles < llullne.

The first inequality follows from w,. 5 < w, 5, and Lemma 24, the second inequality follows
since u. s is the orthogonal projection of w with respect to ¢,d, and the last inequality
follows from (B). Since the right hand side is independent of §, the family {u.s}so is

uniformly bounded in L?Q")J(F )e.s,- Therefore, there exists a subsequence {6, }52; of {d}s-0

such that u. s, converges to a. s, with respect to the weak L?-topology in L?ﬁ?(F)e,éo This
subsequence {6,}>°, may depend on ¢, dy, but we can choose a subsequence independent
of them by applying Cantor’s diagonal argument.

Now we show that o, s, does not depend on §y. For arbitrary ¢, d; with 0 < ) < &(,
the natural inclusion L(5J(F).g — L) (F)e5 is a bounded operator (continuous linear

map) by || ®|l.sz < || ®|lcs;, and thus u. s, weakly converges to a.gs in not only L?Q’;’(F)E%
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but also L?Q’SJ(F )5,58 by Lemma P3. Therefore, it follows that a. s = a. s since the weak
limit is unique.
Finally, we consider the norm of a.. It is easy to see that

HO‘EHE,EO < lim ||u€,§I/H57§O < lim Hue,SuHsﬁu < HUHh,w‘
6, —0 6, —0

The first inequality follows since the norm is lower semicontinuous with respect to the
weak convergence, the second inequality follows from w. 5, > w.s,, and the last inequality
follows from (B33). Fatou’s lemma yields

2 2 . 2 T 2
ol = [l oV i [ i Vi, = 1 a2,
= So—0JY, do—0
These inequalities lead to the desired estimate in the proposition. Il

For simplicity, we use the same notation {u.s}s~o for the subsequence {u.s,}>°, in
Proposition 5E4. We fix gy > 0 and consider the weak limit of a. in the fixed L?-space
L5y (F)h.,w- For a sufficiently small & > 0, we have

HO‘EHhEO,w < laellnew < llullhw

by property (b) and Proposition b4. By taking a subsequence of {a.}.~o, we may assume
that a. weakly converges to some a in Li(F)n., w-

Proposition 5.6. If the weak limit o is zero in L?é?(F)ha()»W? then the cohomology class n
is zero in H(X, Kx @ F @ J(h)).

Proof of Proposition 8. For every 6 with 0 < § < §y, we can easily check

u—u.s5 € Imd in L’(’Q’SI(F)&(; CcImo in L?Z")J(F)&(;O

from the construction of u. ;. As 6 — 0, we obtain
u—a. € Imad in L?Z’?(F)&(;O

by Lemma 28 and Proposition 4. We remark that Im J is a closed subspace (see [MaS4,
Proposition 5.8]). On the other hand, we have the following commutative diagram:

— n Ker n ~
Ker 0 in Li5{(F)es L o5 of Ligy (F)e,s — HI(X,Kx® F® J(h))
m 1

Ji =\ fa

Kerd in L{;!(F)p. o —— Kerd in LI (F)p., o —— If;—? of L5 (F ).y w-
Here j;, jo are the natural inclusions, ¢;, g2 are the natural quotient maps, and fi, fo
are the de Rham—Weil isomorphisms (see [MaS4, Proposition 5.5] for the construction).
Strictly speaking, f is an isomorphism to HY(X, Kx ® F ® J(h.)), but which coincides
with H9(X, Kx ® F® J(h)) by property (c). To check that j, is well-defined, we have to
see that Ow = 0 on Y, if Ow = 0 on Y.. By the L2-integrability and [D4, (7.3) Lemma,

Chapter VI, the equality Ow = 0 can be extended from Y; to X (in particular Yz,). The
key point here is the L*-integrability with respect to w (not we s).
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Since jo(u—a.) weakly converges to j»(u—a) and the d-cohomology is finite dimensional,
we obtain

ll_{% Ga(u — ac) = 2(u — a) = g2(u)
by Lemma P73 and the assumption o = 0. On the other hand, it follows that G(u—a:) =0
from the first half argument. Hence, we have go(u) = 0, that is, v € Im0 C L{5](F)n. -

From ¢y(u) = 0, we can prove the conclusion, that is, u € Imd C L?Z’g(F Jhw- Indeed,
we can obtain ¢3(u) = 0 (which leads to the conclusion) by the following commutative
diagram:

= . n q2 Kel"g n ~ ~
Ker 0 in Lis§ (F)hyw — -1 of L5y (F)heg — HI(X,Kx @ F @ J(he,))

_ . Kerd ~ .
Ker 0 in L"’q(F)hw B l_ of L"’q(F)hw ;>H‘1(X, Kx®F® j(h)).
(2) ’ Imd ) ’ f3

i

At the end of this step, we prove Proposition b7.
Proposition 5.7. If we have

lim lim ||Su€,5||h£hhlvws,5 =0,
e—006—0

then the weak limit o is zero. In particular, the cohomology class n is zero by Proposition
4.

Proof of Proposition p.7]. In the proof, we compare the norm of u. s with the norm of su. ;.
For this purpose, we define Yg'g to be

Vi ={y €Yy | |slny, > 1/k at y}

for k> 0. Note the subset Y is an open set in Y;,. It follows that the restriction Oéa|y€%

also weakly converges to alyx in L?Q’;’(Yslz, F)p.,w since the restriction map L) (F)n. w —

g0’
the norm is lower semicontinuous with respect to the weak convergence, we obtain the
estimate for the L*-norm on Y

L?Q’SJ(Y’“ F)h., w 13 a bounded operator and a. weakly converges to a in Lg‘)’(F Jhey - Since

el|y

& hegw < lim [[ae|yx hegw < Lim [[aelyx p.
e—0 €

g0’ ‘}0 €0’
by property (b). By the same argument, the restriction U/575|y6k0 weakly converges to Oéa|y€%

in L?Q’;’(YE’;, F)c.s,, and thus we obtain

loellyvs 50 < lin e sllvs 50 < im e sl c.5

by Lemma 4. As §p — 0 in the above inequality, we have

hew < lim ||O‘6||Y5’378750 < lim ||u5,6||YS%,5,6
50—0 6—0

locllys
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by Fatou’s lemma (see the argument in Proposition 64). These inequalities yield

he w < lim lim ||U55||Yk -
0 £—0 60

oy,

On the other hand, it follows that

85 }@k ,65 85 Yk hEhM,QJE(; — 85 hshM,wg(;
[e sllyx e.0 < Kllsues < kllsuesll

since the inequality 1/k < |s]s,, holds on Y*. This implies that o = 0 on Y for an

arbitrary k> 0. From |J Y} =Y., \ {s =0}, we obtain the desired conclusion. 4
k>0

Step 3. The purpose of this step is to prove the following proposition:

Proposition 5.8.

lim (lslm 192 55te 6| hehng s = 0.

Proof of Proposition B8. In the proof, we will often use (B=3). By applying Bochner—
Kodaira—Nakano’s identity and the density lemma to u. s and su. s (see [MaS1, Proposition
2.8]), we obtain
(54) O = <<\/ _1@h5(F)AWg,6u575’ u57§>>875 _|‘ HD,*(SUE 6”8 kY
(5.5)

192 5t 5117 = {V=1On.py (F @ M)Ay, ;Sucs, stics)y,

where D[’; is the adjoint operator of the (1,0)-part of the Chern connection Dj_. Here we

+ || DZ

2
har,we 57

harwe s harwe,s

used the fact that u. s is harmonic and d(su. 5) = sOu. s = 0. Now we have

V=10, (F) > bv—10,,,(M) —cw > —cw > —cw, 5

by property (d) and property (B). Hence, the integrand g.s of the first term of (A4)
satisfies

(5.6) — €q|u5,5\§,5 < Ges = (V=104 (F) A 5Ues, Ue5)c 5

For the precise argument, see [MaS4, Step 2 in the proof of Theorem 3.1]. Then by (54),
we can easily see

1'1'_( s dV, D’*g>_11( Ew)
20550 /{gs,azO}g’éd o T IDestesles 2050 {gE,SSO}g’édve’é

<1imﬁ(5 U )
T e—=06—0 q {955<0}| E6|€6 We,s

< lim hIT(l) (5q||u55||55) = 0.

e—=046

Here we used (B33) in the last equality.
On the other hand, by /=10, (F) > by/—10y,,(M) — cw. 5, we have

<<" (—)hshM F®M)Aws 68u5 6y SUe 6>>h5h]\/[,w55
€q
<+t /||hMgE(sdw+ /||hM|u€5|55

(1 + b)sup\s|hM{/{

9o AViry + S up Isl3 sl
92,5620} X
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I*x /%

Furthermore, since D'; can be expressed as D5 = — * Ox by the Hodge star operator
with respect to w, 5, we have

/%

igh]\/[,w€75 = ||8D2f5u875||}215hM,w575 S Sl;{p |S|i21M||D5,6u875||§,6‘

1D 55Uz

The right-hand side of (B3) can be shown to converge to zero by the first half argument
and these inequalities. O

Step 4. In this step, we construct solutions v, 5 of the O-equation 57)575 = su, s with suitable
L?-norm, and we finish the proof of Theorem BE. The proof of the following proposition
is a slight variant of that of [MaS4, Theorem 5.9].

Proposition 5.9. There exist F-valued (n,q — 1)-forms w.s on Y. with the following
properties:

o Jw.5=1u— Ugg.

e limg o ||weslles can be bounded by a constant independent of €.

Before we begin to prove Proposition b9, we recall the content in [MaS4, Section 5] with
our notation. For a finite open cover U := {B;};c; of X by sufficiently small Stein open
sets B;, we can construct

fo5: Kerdin L5y (F)es — Kerpin CY(U, Kx @ F @ J(he))

such that f; s induces the de Rham-Weil isomorphism
. Ker 0

-_— ~ Kerp
n7q
(57) f€,5. —hng of L(Q) (F)e’g —_— Imu

Here CY(U,Kx ® F ® J(h.)) is the space of g-cochains calculated by U and p is the

coboundary operator. We remark that CY(U, Kx @ F ® J(h.)) is a Fréchet space with
respect to the seminorm pg, (o) defined to be

Py o (Bos V= [ Vi d
Kig...iq
for a relatively compact set K;, i, € B, i, := Bi, N---N B;, (see [MaS4, Theorem 5.3]).
The construction of f. s is essentially the same as in the proof of [MaS4, Proposition 5.5].
The only difference is that we use Lemma BT instead of [MaS4, Lemma 5.4] when we
locally solve the d-equation to construct f.;. Lemma ET2 will be given at the end of
this step. We prove Proposition b9 by replacing some constants appearing in the proof of
[MaS4, Theorem 5.9] with C. 5 appearing in Lemma BET2.

of CUU,Kx @ F @ J(he)).

Proof of Proposition 9. We put U.5 := u — u.5 € Imd C L;Y(F).s. Then there exist

(2)
the F-valued (n,q — k — 1)-forms Bfo’iik on By, 4, \ Z. satisfying

4 7 RE,o o
8/87, - E,(; B»L'O\Zg7

ey =B
! By =B

5{5’26@1,1} = /’l’{ fg;.iq,2}7
\ f€,5(U€,5) = N{ z%...iq,l}-
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Here 5
solutions (see the construction of f, 5 in [MaS4, Proposition 5.5]). For example, £ ? is the

i, 1s the solution of the above equation whose norm is minimum among all the

solution of 85 U.s on By, \ Z. whose norm || 610 5 i1s minimum among all the solu-

tions. In partlcular ||B ||56 < Cosl|Ussll%

L s < CosllUe, 5|| holds for some constant C. s
by Lemma bT2, Where C. s is a constant such that limg_,o CE,(; (is finite and) is independent
of e. Similarly, 57 is the solution of 955 = (8°° — %) on Bi,;, \ Z. and the norm

10%1 21 20

||6@011||65 = / |6@011 566“/65

Biyiq

1011

is minimum among all the solutions. In particular, |3

8 0
25 < Desll(857° — B5°)[12 5 holds
for some constant D, ; by Lemma bT2. Of course D, s is a constant such that lims_,q D, 5
(is finite and) is independent of €. Hence we have

1822 1les < DEZNBE = B2 es < 2027 DX U sllc5 < ACTE DY I

by (B33). From now on, the notation C; 5 denotes a (possibly different) constant such that
lims_,o C; 5 can be bounded by a constant independent of €. By repeating this process, we
have

185 3 125 < Cegllullfo

Moreover, by property (c), we have
s = FosUng) = {501, |} € CHU Ky © F 0 J(h)) = CHU Kx © F @ T (b))

Claim. There exist subsequences {e;}7>, and {3,}32, with the following properties:

® Oy 5, — Qe 0 mn Cq(u,KX &® F ® j(h)) as (Sg — 0.
o a0 oo inCIU,Kx®@F®J(h)) as e — 0.

Moreover, the limit ag o belongs to BI(U, Kx @ F ® J(h)) := Im p.

f t &0 of
e, OL @ component ags := o ig O

Proof of Claim. By construction, the norm ||a. |5, .,

ey = {0%0 iy } can be bounded by a constant C.s. Note that a.s can be regarded as a
holomorphic function on B;,._;, \ Z. with bounded L2-norm since it is a 0-closed F-valued
(n,0)-form such that [lacs|/p,, ., s < 0o (see Lemma P4). Hence a.s can be extended
from B;, i, \ Z: to Bj,., by the Riemann extension theorem. The sup-norm supy |a. s
is uniformly bounded with respect to ¢ for every K € B;,. ;, since the local sup-norm of
holomorphic functions can be bounded by the L?-norm. By Montel’s theorem, we can take
a subsequence {J,}72; with the first property. This subsequence may depend on €, but
we can take {0,}72; independent of (countably many) . Then the norm of the limit a. g
is uniformly bounded with respect to e since limy_o C.s can be bounded by a constant
independent of € (see Lemma BT2). Therefore, by applying Montel’s theorem again, we
can take a subsequence {e; }7° | with the second property. We remark that the convergence
with respect to the sup-norm implies the convergence with respect to the local L?-norm
Pk (®) (see [MaS4, Lemma 5.2]).

It is easy to check the latter conclusion. Indeed, it follows that a.s = f.s(U.5) € Im
since U.; € Im 3 C Li5{(F)es and f. s induces the de Rham-Weil isomorphism. By [MaS4,

Lemma 5.7], the subspace Im g is closed. Therefore, we obtain the latter conclusion. [J
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Now, we construct solutions 7.5 of the equation py.s = a5 with suitable L?-norm.
For simplicity, we continue to use the same notation for the subsequences in Claim. By
the latter conclusion of the claim, there exists v € CT U, Kx ® F ® J(h)) such that
1y = . The coboundary operator

p: CMNUKx ® F® J(h) = BYU,Kx ® F® J(h)) = Imp

is a surjective bounded operator between Fréchet spaces (see [MaS4, Lemma 5.7]), and
thus it is an open map by the open mapping theorem. Therefore pu(Ag) is an open
neighborhood of the limit g in Im p, where Ag is the open bounded neighborhood of
in C™ YU, Kx @ F @ J(h)) defined to be

A ={BeCT'UEKx@F 0 J(h) | pry.., ,(B-7) <1}

for a family K := {K,-O”_Z-q_l} of relatively compact sets Ky, i, _, € Bj,.i,,- We have
aes € u(Ag) for sufficiently small £, > 0 since a.s converges to ago. Since Ag is
bounded, we can obtain 7. s € CT (U, Kx ® F ® J(h)) such that

e = ey and  prg o (76)° < Ok

for some positive constant C'x. The above constant C'x depends on the choice of K, ~,
but does not depend on ¢, .

By the same argument as in [MaS4, Claim 5.11 and Claim 5.13], we can obtain F-valued
(n,g—1)-forms w. s with the desired properties. The strategy is as follows: The inverse map
Jeo of f. s is explicitly constructed by using a partition of unity (see the proof of [MaS4,
Proposition 5.5] and [MaS4, Remark 5.6]). We can easily see that g.s(pv.s5) = 51)575 and
Ges(es) = Ues + 0.5 hold for some v, 5 and 7.5 by the de Rham-Weil isomorphism.
In particular, we have U.5 = O(v.s — Ue5) by fies = aes. The important point here is
that we can explicitly compute v. s and .5 by using the partition of unity, 55{;?%, and
7Yes. From this explicit expression, we obtain the L?-estimate for v 5 and . 5. See [MaS4,
Claim 5.11 and 5.13] for the precise argument. 4

Proposition 5.10. There ezist '@ M -valued (n,q—1)-forms v. s on Y. with the following
properties:

® 51)575 = SUe5-

o lims_,o ||V 5||hehpsw. s can be bounded by a constant independent of e.

Proof of Proposition BI0. Since the cohomology class of su is assumed to be zero in
Hi(X,Kx ® F® J(h) ® M), there exists an F' ® M-valued (n,q — 1)-form v such that
Ov = su and ||v||n., < 0o. For w, s satisfying the properties in Proposition 59, by putting
Ve i= —SW. 5 + v, we have 511275 = su. ;. Furthermore, an easy computation yields

12 sllmenns oes < ll5WeslInnasies + 101nchases < SUPIslnarlltweslles + 10 nnar s

By Lemma 4, property (b), and property (B), we have ||v||n.nyw. s < ||V|lnw < 00. This
completes the proof. U

The following proposition completes the proof of Theorem B (see Proposition 577).
Proposition 5.11.

iy 5 e

hehprwes — 0.
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Proof of Proposition bT1. For the solution v, s satisfying the properties in Proposition
A0, it is easy to see

lim m H SUe,5 H%Ls

. T~ ¥
e—06—0 h]vfzwa,(S - llm 11Hl <a€758u5767 U€’§>>h5hh17wa,5

e—06—0

. - | ¥
< lim lim Has 58u575Hh5hJV[7Wa 5 HUs,é HhshM,we 5
e—=056—0 ’ ’ ’
Proposition B8 and Proposition b0 assert that the right-hand side is zero. U

We close this step with the following lemma:

Lemma 5.12 (cf. [D1, 4.1 Théoreme]). Assume that B is a Stein open set in X such
that w.5 = V—100(¥ + 0W.) on a neighborhood of B. Then for an arbitrary o €
Kerd C Lis{(B\ Ze, F). 5, there exist B € L’é’;ﬁl(B \ Z.,F).s and a positive constant
C.s (independent of ) such that

ed3=a and |

. EC&(; (is finite and) is independent of ¢.
%

e < CesllalZs,

Proof of Lemma E12. We may assume € < 1/2 since 0 < ¢ < 1. For the singular Hermit-
ian metric H, 5 on F' defined by H, 5 := h.e~(¥+0%<) the curvature satisfies

_ 1
V —1@H€’6(F> = v/ _1®hE<F) =+ —183(\11 -+ 5‘115) > —cw + We.§ > (1 — 6)(,05,5 > 5&]&,5
by property (B) and /=10, (F) > —ew. The L*-norm ||a| g ;.. , With respect to H s
and w, s is finite since the function ¥ + ¢¥, is bounded and ||c|.s is finite. Therefore,
from the standard Lz—met@d for the d-equation (for example see [DT, 4.1 Théoreme]), we
obtain a solution [ of the d-equation 95 = « with

HB’ ?‘1575,(4)575 S 5”0{' ?{575,(4}5’5‘
Then we can easily see that
9 sup e~ (VHoe)
18125 < = —"—mmsay lellZs-
q infp e~ (¥+o¥e)
This completes the proof by property (B). O

Remark 5.13. In Lemma 6T2, we take a solution 3, € L?Q’;FI(B\ZE, F). s of the equation

0 = a. Then f is uniquely decomposed as follows:
Bo =P+ B2 for By € Kerd and B, € (Ker9)*.

We can easily check that £, is a unique solution of 93 = a whose norm is the minimum
among all the solutions.

Thus we finish the proof of Theorem Bl O
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6. TWISTS BY NAKANO SEMIPOSITIVE VECTOR BUNDLES

We have already known that some results for Kx can be generalized for Kx ® E, where
E is a Nakano semipositive vector bundle on X (see, for example, [T3d], [Md], and [FS]).
Let us recall the definition of Nakano semipositive vector bundles.

Definition 6.1 (Nakano semipositive vector bundles). Let E be a holomorphic vector
bundle on a complex manifold X. If E admits a smooth Hermitian metric hg such that
the curvature form /—10;,(E) defines a positive semi-definite Hermitian form on each
fiber of the vector bundle £ ® Ty, where Ty is the holomorphic tangent bundle of X, then
FE is called a Nakano semipositive vector bundle.

Example 6.2 (Unitary flat vector bundles). Let £ be a holomorphic vector bundle on a
complex manifold X. If F admits a smooth Hermitian metric hg such that (E, hg) is flat,
that is, v—10;,(E) = 0, then E is Nakano semipositive.

For the proof of Theorem IT2, we need the following lemmas on Nakano semiposi-
tive vector bundles. However, these lemmas easily follow from the definition of Nakano
semipositive vector bundles, and thus, we omit the proof.

Lemma 6.3. Let E be a Nakano semipositive vector bundle on a complex manifold X . Let
H be a smooth divisor on X. Then E|g is a Nakano semipositive vector bundle on H.

Lemma 6.4. Let q: Z — X be an étale morphism between complex manifolds. Let (E, hg)
be a Nakano semipositive vector bundle on X. Then (¢*E,q*hg) is a Nakano semipositive
vector bundle on Z.

Proposition 6.5. Proposition 2 holds even when Kx s replaced with Kx ® E, where E
18 a Nakano semipositive vector bundle on X.

Proof. By Lemma B33 and Lemma B4, the proof of Proposition I in Section @ works for
Kx ®E. O

Therefore, by Proposition B33 and the proof of Theorem 4 and Corollary 4 in Section
A it is sufficient to prove the following theorem for Theorem T2

Theorem 6.6 (Theorem A twisted by Nakano semipositive vector bundles). Let E be a
Nakano semipositive vector bundle on a compact Kahler manifold X. Let F' (resp. M) be
a line bundle on a compact Kdihler manifold X with a singular Hermitian metric h (resp. a
smooth Hermitian metric hyy) satisfying

V=10, (M) > 0 and /=10, (F) — by/—10y,,(M) > 0 for some b > 0.
Then for a (nonzero) section s € H*(X, M), the multiplication map induced by ®s
xs: H(X,Kx R EQ F® J(h)) —=— HY(X,Kx ® E® F @ J(h) ® M)
is injective for every q. Here Kx is the canonical bundle of X and J(h) is the multiplier
tdeal sheaf of h.
We will explain how to modify the proof of Theorem Bl for Theorem B8.

Proof. We replace (F, h.) with (E® F, hgh.) in the proof of Theorem B, where {h.}1sc0
is a family of singular Hermitian metrics on F' (constructed in Step ) and hg is a smooth
Hermitian metric on E such that /=10, (F) is Nakano semipositive. Then it is easy to
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see that essentially the same proof as in Theorem Bl works for Theorem B8 thanks to the
assumption on the curvature of E. For the reader’s convenience, we give several remarks
on the differences with the proof of Theorem Bl

There is no problem when we construct i, and w, ;. In Step B in the proof of Theorem
50, we used the de Rham—Weil isomorphism (see (6-74) and [MaS4, Proposition 5.5]), which
was constructed by using Lemma BT2. Since [DT, 4.1 Théoreme| (which yields Lemma
5T17) is formulated for holomorphic vector bundles, Lemma BT2 can be generalized to
(E® F,hgh.). From this generalization, we can construct the de Rham—Weil isomorphism

for EQ F

_ Ker 0 g o Ker
fa,g. m of L(Q) (E & F)hEhe,wg,a — Imu

In Step M, we used the orthogonal decomposition of Lg’;’(F )e.s, which was obtained from

the fact that Imd C Li5{(F)es is closed. To obtain the same conclusion for LiJ(E ®
F)nphew. 5, it is sufficient to show that C9(U, Kx ® E® F ® J(h.)) is a Fréchet space (see
[MaS4, Proposition 5.8]). We can easily check it by using the same argument as in [MaS4),
Theorem 5.3] for C****E_valued holomorphic functions.

The argument of Step B works even if we consider (E ® F, hgh.). In Step B, we need to

prove (BA), but it is easy to see

_€q|u576|]2lEhE,w5,5 S <V _1@h5 (F)Aws,6u5,57u576>hEhEaW5,6
<AV =101 (E @ F)Ay_ st s, Ue s)hphe w..s
since v/—10;,,(E) is Nakano semipositive. O

of ClU,Kx @ EQ F & J(h.)).

When F is Nakano semipositive and is not flat, there seems to be no Hodge theoretic
approach to Theorem BE& even if A is smooth.
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