
ON FINITE GENERATION OF ADJOINT RINGS

OSAMU FUJINO

Abstract. In this short paper, we prove that adjoint rings are finitely generated even
in the complex analytic setting.

1. Finite generation of adjoint rings

The following theorem was first obtained in [DHP], whose argument is a complex ana-
lytic generalization of [CL]. When π : X → Y is a projective morphism between algebraic
varieties, Theorems 1.1 and 1.2 below are well known (see [BCHM, Corollary 1.1.9]). In
this paper, we see that they easily follow from [F]. In [F, Definition 2.23], we defined
locally finitely generated graded OX-algebras on a complex analytic space X. Similarly,
we can define locally finitely generated Nk-graded OX-algebras.

Theorem 1.1. Let X be a smooth complex variety and let π : X → Y be a projective
morphism of complex analytic spaces. Let B1, · · · , Bk be Q-divisors on X with ⌊Bi⌋ = 0

for all i such that the support of
∑k

i=1Bi is a simple normal crossing divisor on X. Let
A be a π-nef and π-big Q-divisor on X. We put Di = KX +A+Bi for every i. Then the
relative adjoint ring

R(X/Y,D1, · · · , Dk) :=
⊕

(m1,··· ,mk)∈Nk

π∗OX

(⌊∑
miDi

⌋)
is a locally finitely generated Nk-graded OY -algebra.

Although Theorem 1.2 is essentially equivalent to Theorem 1.1, the following formula-
tion may be useful for some applications.

Theorem 1.2. Let X be a normal complex variety and let π : X → Y be a projective
morphism of complex analytic spaces. Let B1, · · · , Bk be Q-divisors on X such that (X,Bi)
is divisorial log terminal for every i. Let A be a π-ample Q-divisor on X. We put
Di = KX + A+Bi for every i. Then the relative adjoint ring

R(X/Y,D1, · · · , Dk) :=
⊕

(m1,··· ,mk)∈Nk

π∗OX

(⌊∑
miDi

⌋)
is a locally finitely generated Nk-graded OY -algebra.

We make an easy remark.

Remark 1.3. If (X,Bi) is kawamata log terminal for every i in Theorem 1.2, then it is
sufficient to assume that A is π-nef and π-big. This is obvious by the proof of Theorem
1.2.
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In this paper, we will freely use [F]. We note that N denotes the set of non-negative
integers.

2. Proof of theorems

In this section, we will prove Theorems 1.1 and 1.2. Let us start with an easy lemma.

Lemma 2.1. Let X be a smooth complex variety and let L1, · · · ,Lk be line bundles on
X. We put E := L1 ⊕ · · · ⊕ Lk and consider the projective bundle f : Z := PX(E) → X
associated to E. Let Ti be the divisor on PX(E) associated to the quotient E → L1 ⊕ · · · ⊕
Li−1 ⊕ Li+1 ⊕ · · · ⊕ Lk for every i. Then

∑k
i=1 Ti is a simple normal crossing divisor on

Z such that

OZ

(
KZ +

k∑
i=1

Ti

)
≃ f ∗OX(KX)

holds.

Proof. We put Ei := L1 ⊕ · · · ⊕ Li−1 ⊕ Li+1 ⊕ · · · ⊕ Lk. Then we have Ti = PX(Ei) by

definition. It is almost obvious that
∑k

i=1 Ti is a simple normal crossing divisor on Z. We
set OZ(1) := OPX(E)(1) and OTi

(1) := OPX(Ei)(1). Then we consider the following short
exact sequence:

0 → OZ(1)⊗OZ(−Ti) → OZ(1) → OTi
(1) → 0.

By taking the pushforward by f , we obtain that

0 → f∗ (OZ(1)⊗OZ(−Ti)) → E → Ei → 0

is exact. This implies that f∗ (OZ(1)⊗OZ(−Ti)) ≃ Li and OZ(1)⊗OZ(−Ti) ≃ f ∗Li for
every i. We note that

OZ(KZ) ≃ f ∗OX(KX)⊗ f ∗ det E ⊗ OZ(−k)

since f : Z = PX(E) → X. Hence, we obtain

OZ(KZ) ≃ f ∗OX(KX)⊗OZ

(
−

k∑
i=1

Ti

)
.

This is what we wanted. □
For the proof of Theorem 1.1, we need the following lemma.

Lemma 2.2. Let X be a normal complex variety and let D1, · · · , Dk be Q-divisors on X.
Let π : X → Y be a projective morphism of complex analytic spaces. Let d be any positive
integer. Then the relative adjoint ring

A :=
⊕

(m1,··· ,mk)∈Nk

π∗OX

(⌊
k∑

i=1

miDi

⌋)
is locally finitely generated Nk-graded OY -algebra if and only if so is the truncation

A(d) :=
⊕

(m1,··· ,mk)∈Nk

π∗OX

(⌊
k∑

i=1

midDi

⌋)
.
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Proof. Although [F, Lemma 2.26] only treats N-graded OY -algebras, the proof of [F,
Lemma 2.26] works for this lemma. □
Let us prove Theorem 1.1. The proof given below is essentially the same as Aliter in

the proof of [BCHM, Corollary 1.1.9].

Proof of Theorem 1.1. The problem is local. Hence we take an arbitrary point P ∈ Y and
will replace Y with a small open neighborhood of P in Y freely. Let U be any relatively
compact open neighborhood of P in Y . By [KM, Proposition 2.36 (1)], we take a suitable
finite composite of blow-ups f : X ′ → X. Then, over some open neighborhood of U , we
can write

KX′ +B′
i = f ∗(KX +Bi) + Ei

such that B′
i and Ei have no common irreducible components, f∗B

′
i = Bi, f∗Ei = 0, and

SuppB′
i is smooth for every i. We may further assume that the support of

∑k
i=1B

′
i is a

smooth divisor. Then we have

R(X/Y,D1, · · · , Dk) ≃ R(X ′/Y,D′
1, · · · , D′

k)

over some open neighborhood of U , where we put D′
i := KX′ + f ∗A + B′

i for every i.
Therefore, by shrinking Y suitably and replacing X, Bi, A, and π : X → Y with X ′, B′

i,

f ∗A, and π ◦ f : X ′ → Y , respectively, we may assume that the support of
∑k

i=1Bi is
smooth. We take a positive integer d ≥ 2 such that dBi is integral for every i and that
dA is also integral. We put

E := OX(dB1)⊕ · · · ⊕ OX(dBk).

We consider the projective bundle f : Z := PX(E) → X associated to E . We take a global
section σi of OX(dBi) with (σi = 0) = dBi for every i. Then σ = (σ1, · · · , σk) is a global
section of E . By the natural surjection

f ∗E → OPX(E)(1) := OZ(1),

we obtain a global section σZ of OZ(1), that is, the image of f ∗σ. Let S be the divisor
corresponding to σZ on Z. Let Ti be the divisor on Z associated to the quotient

E → OX(dB1)⊕ · · · ⊕ OX(dBi−1)⊕OX(dBi+1)⊕ · · · ⊕ OX(dBk).

It is easy to see that T :=
∑k

i=1 Ti is a simple normal crossing divisor on Z as in Lemma
2.1.

Claim. The pair (Z, T + S/d) is divisorial log terminal. Moreover, the pair (Z, T + S/d)
is kawamata log terminal outside T .

Proof of Claim. We can directly check that the support of S is a simple normal crossing
divisor on Z and the coefficients of S/d is less than one. Hence (Z, T + S/d) is obviously
kawamata log terminal outside T . From now on, we will use induction on k to prove
that (Z, T + S/d) is divisorial log terminal. If k = 1, then the statement is obvious. By
adjunction and induction, for every j, we have(

KZ + T +
1

d
S

)∣∣∣∣
Tj

= KTj
+ (T − Tj)|Tj

+
1

d
S|Tj

and Claim holds true for (Tj, (T − Tj)|Tj
+ S|Tj

/d). By inversion of adjunction, we know
that (Z, T + S/d) is divisorial log terminal. This is what we wanted. We finish the
proof. □
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Let us go back to the proof of Theorem 1.1. We put

Γ :=
k∑

i=1

Ti + f ∗A+
1

d
S.

Then, by Lemma 2.1,

OZ(md(KZ + Γ)) ≃ OZ (mdf ∗(KX + A) +mS)

≃ OZ(m)⊗ f ∗OX(md(KX + A)).

Therefore, we obtain

f∗OZ(md(KZ + Γ)) ≃ Sm(E)⊗OX(md(KX + A)),

where Sm(E) denotes the mth symmetric product of E . Hence we have⊕
m∈N

(π ◦ f)∗OZ(md(KZ + Γ)) ≃
⊕

(m1,··· ,mk)∈Nk

π∗OX

(∑
mid(KX + A+Bi)

)
.

Thus, by Lemma 2.2, it is sufficient to prove that⊕
m∈N

(π ◦ f)∗OZ(md(KZ + Γ))

is a locally finitely generated graded OY -algebra. Since T is f -ample by construction and
every log canonical center of (Z, T + S/d) is dominant onto X by Claim, we can find an
effective Q-divisor ∆ on Z such that KZ + Γ ∼Q KZ + ∆ and that (Z,∆) is kawamata
log terminal after replacing Y with a suitable open neighborhood of P in Y . Therefore,
we obtain that ⊕

m∈N

(π ◦ f)∗OZ(md(KZ + Γ))

is a locally finitely generated graded OY -algebra by [F, Theorem 1.18] and Lemma 2.2
(see also [F, Lemma 2.26]). We finish the proof. □
We see that Theorem 1.2 easily follows from Theorem 1.1.

Proof of Theorem 1.2. We take an arbitrary point P ∈ Y . Throughout this proof, we will
freely shrink Y around P without mentioning it explicitly. By [KM, Proposition 2.43],
we can take an effective Q-divisor B′

i such that (X,B′
i) is kawamata log terminal with

Bi + A ∼Q B′
i + (1 − ε)A for every i, where ε is a small positive rational number. We

put D′
i := KX +(1− ε)A+B′

i and consider the relative adjoint ring R(X/Y,D′
1, · · · , D′

k).
Then R(X/Y,D1, · · · , Dk) and R(X/Y,D′

1, · · · , D′
k) have isomorphic truncation. Hence,

by Lemma 2.2, it is sufficient to prove the finite generation of R(X/Y,D′
1, · · · , D′

k). There-
fore, by replacing Bi and A with B′

i and (1−ε)A, respectively, we may assume that (X,Bi)
is kawamata log terminal for every i. We take a resolution f : X ′ → X such that

KX′ +B′
i = f ∗(KX +Bi) + Ei,

where B′
i and Ei have no common irreducible components, f∗B

′
i = Bi, and f∗Ei = 0. We

may further assume that the support of
∑k

i=1B
′
i is a simple normal crossing divisor on X ′.

Since (X,Bi) is kawamata log terminal, we have ⌊B′
i⌋ = 0. As in the proof of Theorem

1.1, by replacing (X,Bi), A, and π : X → Y with (X ′, B′
i), f

∗A, and π ◦ f : X ′ → Y ,

respectively, we may assume that ⌊Bi⌋ = 0, the support of
∑k

i=1Bi is a simple normal
crossing divisor, and A is π-nef and π-big. Thus, by Theorem 1.1, we obtain the desired
finite generation of R(X/Y,D1, · · · , Dk). We finish the proof. □
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