VARIATION OF MIXED HODGE STRUCTURE AND ITS
APPLICATIONS
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ABSTRACT. We treat generalizations of Kollar’s torsion-freeness, vanishing theorem, and
so on, for projective morphisms between complex analytic spaces as an application of
the theory of variations of mixed Hodge structure. The results will play a crucial role in
the theory of minimal models for projective morphisms of complex analytic spaces. In
this paper, we do not use Saito’s theory of mixed Hodge modules.
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1. INTRODUCTION

We will establish the following theorem, which is an analytic generalization of [EET,
Theorems 7.1 and 7.3]. Note that f: (X,D) — Y is assumed to be algebraic in [FET].
Our approach in this paper is slightly different from the one in [FFT] (see Remark I3
below). We also note that we do not use Saito’s theory of mixed Hodge modules (see

[Sall, [Sa2], [Sa3], [Sad], [FFS], and [Sah]) in this paper.

Theorem 1.1 (Canonical extensions of Hodge bundles, see [FET, Theorems 7.1 and
7.3]). Let (X, D) be an analytic simple normal crossing pair such that D is reduced and
let f: X =Y be a proper surjective morphism onto a smooth complex variety Y. Assume
that every stratum of (X, D) is dominant onto Y. Let ¥ be a normal crossing divisor on
Y such that every stratum of (X, D) is smooth over Y* := Y\ X. We put X* := f~}(Y™),
D* := D|x+, and d :== dim X — dimY . If we assume that every stratum of (X, D) is a
Kdhler manifold in addition, then we have:

(1) R*(f|x-\p*)iRx=\p+ underlies a graded polarizable variation of R-mized Hodge
structure on Y* for every k.
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We put

V¥ = R*(flx\p*)IRx-\p- @ Oy~

for every k. The Hodge filtration and the weight filtration on V. are denoted by F and
L respectively. Moreover the lower canonical extension of V. is denoted by "Ve.. The
weight filtration L on V¥. is extended to 'V by Ly, ("VE.) ='L,,(VE.) for every m. Then
we have the following:

(ii) There exists a unique finite decreasing filtration F' on 'WE. such that
o FP("VE )|y« ~ FP(VE.), and
o Gi%, Grk ("VE.) is a locally free Oy-module of finite rank
for every k,m,p.
(iii) R¥f.Ox(—D) is isomorphic to
Gr%(lvd:i) — FO(lvd:i)/Fl (lvd:i)
for every i. In particular, R4~ f,Ox(—D) is locally free for every i.
(iv) R'fuwx v (D) is isomorphic to
(G1%("VE) " = Homo, (G ('VET), Oy)

for every i. In particular, R' f.wx/y (D) is locally free for every i.

For the precise definition of upper and lower canonical extensions in Theorem I, see
[EET, Remark 7.4]. In Theorem I, X may be reducible, and we are mainly interested in
the case where X is reducible. By Theorem [, we can use the Fujita—Zucker-Kawamata
semipositivity theorem in the complex analytic setting.

Theorem 1.2 (Semipositivity). In Theorem I, we further assume that every local mon-
odromy on the local system R*(f x\p* )R x\p+ around ¥ is unipotent. Let ¢: V — X
be any morphism from a projective variety V. Then ¢*R' fiwx/y (D) is a nef locally free
sheaf on V.

In order to prove Theorem [, we will establish:

Theorem 1.3 (Weight spectral sequence). Let (X, D) be an analytic simple normal cross-
ing pair such that D s reduced and let f: X — Y be a proper morphism between complex
analytic spaces. We assume that Y is a smooth complex variety and that there ezists a
normal crossing divisor ¥ on Y such that every stratum of (X, D) is dominant onto Y,
and smooth over Y \ ¥. If we assume that every stratum of (X, D) is a Kdhler manifold
i addition, then we have a spectral sequence:

EY = P R'f.05 = R"£.0x(-D),
S
where S runs through all (dim X —p)-dimensional strata of (X, D), such that it degenerates
at FEy and its E-differential dy splits.

By combining Theorem [=3 with Takegoshi’s results (see [1]), we can prove:

Theorem 1.4 (Torsion-freeness and vanishing theorem). Let (X, D) be an analytic simple
normal crossing pair such that D is reduced and let f: X — Y be a projective morphism
between complex analytic spaces. We assume that Y is a complex variety and that every
stratum of (X, D) is dominant onto Y. Then we have the following properties.

(i) (Torsion-freeness). R f.wx (D) is a torsion-free sheaf for every q.
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(ii) (Vanishing theorem). Let w:Y — Z be a projective morphism between complex
analytic spaces and let A be a w-ample line bundle on Y. Then

R, (A® RIf.wx (D)) =0
holds for every p > 0 and every q.

Of course, Theorem I is a generalization of Kollar’s torsion-freeness and vanishing
theorem (see [Koll]) for reducible complex analytic spaces. We make a remark on the
relationship between [FET] and this paper.

Remark 1.5. In [FFT), we have already treated Theorems [Tl and T4 when X and Y are
algebraic and f: X — Y is projective. Roughly speaking, in [FET, §6], we first establish
Theorem T4 when X is quasi-projective and f: X — Y is algebraic. Then, by using it,
we prove Theorem I under the assumption that X and Y are algebraic and f: X — Y
is projective in [FET, §7]. When X is quasi-projective, we can use the theory of mixed
Hodge structures. Hence we can obtain desired vanishing theorems and torsion-freeness
without using the theory of variations of mixed Hodge structure (for the details, see [En3,
Chapter 5]). In this paper, we will directly prove Theorems [Tl and I3 with the aid of
some results established for Kéhler manifolds (see [1]). Then, we will prove Theorem 4
as an application. Theorem is new even when X and Y are algebraic and f: X — Y
is projective.

By using Theorem 4, we have:

Theorem 1.6 (see [FnY, Theorem 3.1]). Let (X, D) be an analytic simple normal crossing
pair such that D is reduced and let f: X — 'Y be a projective morphism between complex
analytic spaces. Then we have the following properties.

(i) (Strict support condition). Every associated subvariety of R?f.wx (D) is the f-
image of some stratum of (X, D) for every q.

(i) (Vanishing theorem). Let m:Y — Z be a projective morphism between complex
analytic spaces and let A be a m-ample line bundle on Y. Then

Rfm, (A® R fuwx (D)) =0

holds for every p > 0 and every q.

(iii) (Injectivity theorem). Let L be an f-semiample line bundle on X. Let s be a
nonzero element of H°(X, LZ*) for some nonnegative integer k such that the zero
locus of s does not contain any strata of (X, D). Then, for every q, the map

xs: RUf, (wx(D) ® LZ) — Rf, (wx(D) ® L)
induced by ®s 1s injective for every positive integer [.

Note that Theorem [@ was first obtained in [En9, Theorem 3.1] under a weaker as-
sumption that f: X — Y is Kahler by using Saito’s theory of mixed Hodge modules.
Theorems T4 and [C8 are the main results of [End]. Although they may look artificial
and technical, they are very useful and indispensable for the study of varieties and pairs
whose singularities are worse than kawamata log terminal (see [Al], [En3, Chapter 6],
[Em6|, [Fn7], [Enld], [EnT], and so on). In [FnY], we showed that Theorems [0 and [
follow from Theorem I8 (i) and (ii). Note that Theorem [@ (iii) is an easy consequence
of Theorem I8 (i) and (ii). Hence this paper gives an approach to Theorems [C1 and [
without using Saito’s theory of mixed Hodge modules.



4 OSAMU FUJINO AND TARO FUJISAWA

Theorem 1.7 (see [FnY, Theorem 1.1]). Let (X, A) be an analytic simple normal crossing
pair such that A is a boundary R-divisor on X. Let f: X — Y be a projective morphism
to a complex analytic space Y and let £ be a line bundle on X. Let q be an arbitrary
nonnegative integer. Then we have the following properties.

(i) (Strict support condition). If L — (wx + A) is f-semiample, then every associated
subvariety of R1f.L is the f-image of some stratum of (X, A).

(ii) (Vanishing theorem). If L — (wx + A) ~g f*H holds for some mw-ample R-line
bundle H on'Y, where m:Y — Z is a projective morphism to a complex analytic
space 7, then we have RPm,RIf.L =0 for every p > 0.

Theorem 1.8 (Vanishing theorem of Reid-Fukuda type, see [Fn9, Theorem 1.2]). Let
(X, A) be an analytic simple normal crossing pair such that A is a boundary R-divisor
on X. Let f: X - Y and 7w: Y — Z be projective morphisms between complex analytic
spaces and let L be a line bundle on X. If L — (wx + A) ~g f*H holds such that H is
an R-line bundle, which is nef and log big over Z with respect to f: (X, A) =Y, onY,
then RPm,RIf,L = 0 holds for every p > 0 and every q.

In this paper, we do not prove Theorems [C4 and I"8. For the details of Theorems 4
and X, see [EnY]. Although the motivation of the first author is obviously the minimal
model theory for projective morphisms between complex analytic spaces, we do not treat
the minimal model program in this paper. We recommend that the interested reader looks
at [EnR], [EnT0], [Fnll], and so on. Theorems 1 and I8 have already played a crucial
role in [FnT0] and [EnTT], where we established the fundamental theorems of the theory of
minimal models for projective morphisms between complex analytic spaces. Anyway, by
this paper, [EnT0] and [FnTT] become free from Saito’s theory of mixed Hodge modules.
The relationship between [FnY] and this paper is as follows.

Remark 1.9. In [FES, Corollary 1 and 4.7. Remark] (see [Fn4, Theorem 2.6]), we con-
structed a weight spectral sequence of mixed Hodge modules. It is much more general
than Theorem M3 in some sense. By combining it with Takegoshi’s results (see [[1]), we
proved Theorems A, I, [, and so on, in [FnY]. From the Hodge theoretic viewpoint,
one of the main ingredients of this paper is Steenbrink’s result obtained in [St1] and [SE2].

We look at the organization of this paper. In Section B, we will briefly explain basic
definitions and results necessary for this paper. In Subsection E71, we will explain some
useful lemmas on analytic simple normal crossing pairs. In Subsection 222, we will briefly
review Kollar’s package in the complex analytic setting. Section B is the main part of this
paper, where we will prove Theorems I and 3. We will also see that a generalization
of the Fujita—Zucker—-Kawamata semipositivity theorem holds in the complex analytic
setting (see Theorem ). In Section @, we will prove Theorem 4. In Section B, we will
prove Theorem [H. Section B is a supplementary section, where we will explain a new
construction of the rational structure for the cohomological Q-mixed Hodge complex in
[St2]. We hope that it will help the reader understand [Stl] and [St2].

Acknowledgments. The authors thank Yuta Kusakabe very much for answering their
questions. The first author was partially supported by JSPS KAKENHI Grant Numbers
JP19H01787, JP20H00111, JP21H00974, JP21H04994. The second author was partially
supported by JSPS KAKENHI Grant Number JP20K03542.

In this paper, every complex analytic space is assumed to be Hausdorff and second-
countable. Note that an irreducible and reduced complex analytic space is called a complex
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variety. We will freely use the basic results on complex analytic geometry in [BS] and
().
2. PRELIMINARIES

In this section, we will collect some basic definitions. Let us start with the definition
of analytic simple normal crossing pairs.

Definition 2.1 (Analytic simple normal crossing pairs). Let X be a simple normal cross-
ing divisor on a smooth complex analytic space M and let B be an R-divisor on M such
that the support of B + X is a simple normal crossing divisor on M and that B and X
have no common irreducible components. Then we put D := B|x and consider the pair
(X, D). We call (X, D) an analytic globally embedded simple normal crossing pair and
M the ambient space of (X, D). If the pair (X, D) is locally isomorphic to an analytic
globally embedded simple normal crossing pair at any point of X and the irreducible
components of X and D are all smooth, then (X, D) is called an analytic simple normal
Crossing pair.

When (X, D) is an analytic simple normal crossing pair, X has an invertible dualizing
sheaf wyx. We usually use the symbol Kx as a formal divisor class with an isomorphism
Ox(Kyx) ~ wy if there is no danger of confusion. We note that we can not always define
K globally with Ox(Kx) ~ wyx. In general, it only exists locally on X.

The notion of strata plays a crucial role.

Definition 2.2 (Strata). Let (X, D) be an analytic simple normal crossing pair as in
Definition 271. Let v: X¥ — X be the normalization. We put

This means that © is the union of 1D and the inverse image of the singular locus of X.
We note that X" is smooth and the support of © is a simple normal crossing divisor on
XV, If W is an irreducible component of X or the v-image of some log canonical center
of (X¥,0), then W is called a stratum of (X, D).

Remark 2.3. In this paper, D is always assumed to be reduced. Hence, © in Definition
22 is a reduced simple normal crossing divisor on X”. We do not need Q-divisors nor
R-divisors in this paper.

We recall Siu’s theorem on complex analytic sheaves, which is a special case of [Si,

Theorem 4]. We need it for Theorem [8 (i) and Theorem @74 (i).

Theorem 2.4. Let F be a coherent sheaf on a complex analytic space X. Then there
exists a locally finite family {Y;}ier of complex analytic subvarieties of X such that

AASSOX’;,C («Faz) = {px,la cee 7pw,7'(m)}
holds for every point x € X, where py.1, ..., Pe @) are the prime ideals of Ox . associated
to the irreducible components of the germs Y; , of Y; at x with x € Y;. We note that each
Y; is called an associated subvariety of F.

Definition 2.5 (Relatively nef, ample, and big line bundles). Let f: X — Y be a pro-
jective morphism of complex analytic spaces and let £ be a line bundle on X. Then we
say that
e Lis f-nefif L-C > 0 holds for every curve C' on X such that f(C) is a point,
and
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o Lis f-ampleif L|;-1(,) is ample in the usual sense for every y € Y.

We further assume that f: X — Y is a projective surjective morphism of complex vari-
eties. Then we say that

o L is f-big if there exists some positive real number c such that rank f,£%™ > c¢-m¢?

holds for m > 0, where d = dim X — dim Y.
We need the notion of nef locally free sheaves in Theorem 2.

Definition 2.6 (Nef locally free sheaves). Let £ be a locally free sheaf of finite rank on
a projective variety V. If Op,, (£)(1) is nef, that is, Op,,(£)(1) - C' > 0 holds for every curve
C on Py (€), then & is called a neflocally free sheaf on V.

A nef locally free sheaf is sometimes called a semipositive vector bundle or a semipositive
locally free sheaf in the literature.

2.1. Lemmas on analytic simple normal crossing pairs. In this subsection, we will
collect some useful lemmas on analytic simple normal crossing pairs. We will repeatedly
use these lemmas in subsequent sections.

Lemma 2.7 (see [Fn9, Lemmas 2.13 and 2.15]). Let (X, D) and (X', D) be simple normal
crossing pairs such that D and D' are reduced. Let g: X' — X be a projective bimero-
morphic morphism. Assume that there exists a Zariski open subset U of X such that
g: U := g Y(U) — U is an isomorphism and that U (resp. U') intersects every stratum of
(X, D) (resp. (X', D). Then R'g.Ox =0 and R'g.Ox/(Kx: + D') =0 for every i > 0,
and g*OX/ >~ OX and g*OX/(KX/ + D/> ~ O)((KX -+ D) hold.

Proof. By [EnY, Lemma 2.15], we have R'g,Ox: = 0 for every i > 0 and ¢.Ox ~ Ox.
Since D and D’ are reduced, we can easily check that

(2.1) Kx +D' =g*(Kx+ D)+ E

holds for some effective g-exceptional Cartier divisor £ on X’ and that D’ = g_' D holds.
By (), we have g.Ox/(Kx + D) ~ Ox(Kx + D). By [FnY, Lemma 2.13], we obtain
Rig.Ox/(Kx: + D') =0 for every i > 0. We finish the proof. O

Lemma 2.8 (see [FnY, Lemma 5.1]). Let (X, D) be an analytic simple normal crossing
pair such that D is reduced and let f: X — 'Y be a projective morphism between complex
analytic spaces. Let L be a Cartier divisor on X. We take an arbitrary point P € Y.
Then, after shrinking Y around P suitably, we can construct the following commutative
diagram:

7> M

such that
(i) ty: Y — A™ is a closed embedding into a polydisc A™ with vy (P)=0¢€ A™,
(ii) (Z,Dz) is an analytic globally embedded simple normal crossing pair such that Dz

18 reduced,
(iii) M is the ambient space of (Z, Dz) and is projective over A™,
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(iv) there exists a Cartier divisor Ly on Z satisfying
Lz = (Kz + Dz) = p"(L — (Kx + D)),

pOz(Lz) ~ Ox(L), and R'p.Oz(Lz) =0 for every i > 0,

(v) p(W) is a stratum of (X, D) for every stratum W of (Z, Dy),

(vi) there exists a Zariski open subset U of X, which intersects every stratum of X,
such that p is an isomorphism over U,

(vil) p maps every stratum of Z bimeromorphically onto some stratum of X, and
(viii) for any stratum S of (X, D), there exists a stratum W of (Z,Dy) such that S =

p(W).
Proof. The proof of [FnY, Lemma 5.1], where we allow D to be a boundary R-divisor,
works without any modifications. 0

Lemma 2.9 (see [EnY, Lemma 2.17)). Let (X, D) be an analytic globally embedded simple
normal crossing pair such that D is reduced and let M be the ambient space of (X, D). Let
C' be a stratum of (X, D), which is not an irreducible component of X. Let o: M' — M
be the blow-up along C and let X' denote the reduced structure of the total transform of
X on M'. We put

KX’ —+ D/ = g*(KX + D),
where g := o|x,. Then we have the following properties:

(i) (X', D’) is an analytic globally embedded simple normal crossing pair such that D’
is reduced,
(ii) M' is the ambient space of (X', D'),
(iii) g.Oxr =~ Ox holds and R'g.Ox = 0 for every i > 0,
(iv) the strata of (X, D) are exactly the images of the strata of (X', D'), and
(v) o7XC) is a mazimal (with respect to the inclusion) stratum of (X', D), that is,
o~ Y(C) is an irreducible component of X'.

Proof. The proof of [Fn9Y, Lemma 2.17], where we allow D to be a boundary R-divisor,
works without any modifications. 0

2.2. Complex analytic generalization of Kollar’s package. Here, let us briefly re-
view Kollar’s package (see [Kol] and [Ko?Z]) in the complex analytic setting. We recom-
mend that the interested reader looks at [N3, Chapter V. 3.7. Theorem| and []].

Theorem 2710 is a variant of Takegoshi’s vanishing theorem (see [[IJ, Theorem IV Rela-
tive vanishing Theorem]). We note that it is well known when f: X — Y is a projective
morphism of algebraic varieties.

Theorem 2.10 (Vanishing theorem). Let f: X — Y and n: Y — Z be projective surjec-
tive morphisms between complex varieties such that X is smooth. Let M be a line bundle
onY. Assume that M is w-nef and w-big over Z. Then

(2.2) R, ( M ® Rif.wx) =0
holds for every p > 0 and every q. In particular, if further @ is bimeromorphic, then
(2.3) RPm R f.wx =0

holds for every p > 0 and every q.
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Proof. The vanishing theorem (E2) is more or less well known to the experts. For the
details, see, for example, [Fn2, Corollary 1.5]. Note that (23) is a special case of (22).
This is because the trivial line bundle on Y is m-nef and 7-big when 7 is bimeromorphic.

O

Lemma P11 is an easy consequence of Theorem PZ7T0.

Lemma 2.11. Let f;: X; — Y be a projective surjective morphism of complex varieties
such that X; is smooth for every 1 <i < k. Let m: Y — Z be a projective bimeromorphic
morphism between complex varieties. We put

k
F =P R frwx,,

=1

where q; is some nonnegative integer for every i. Let G be a coherent sheaf on'Y . Assume
that G is a direct summand of F. Then RPm,G = 0 holds for every p > 0. In particular,
G 1s a direct summand of

k k
T F = @W*Rq"fi*wxi ~ @ R%(m o f;)swx,.
i=1 i=1

Proof. 1t is sufficient to prove that RPm,R% f;,wx, = 0 holds for every p > 0. Hence, this
lemma is an easy consequence of Theorem PTT. U

Theorem E-T2 below is a special case of Takegoshi’s torsion-freeness (see [[1I, Theorem
IT Torsion freeness Theorem|). When f: X — Y is a projective surjective morphism

between projective varieties, it is nothing but Kollar’s famous torsion-freeness (see [Kaoll,
Theorem 2.1 (i)]).

Theorem 2.12 (Torsion-freeness). Let f: X — Y be a projective surjective morphism of
complex varieties such that X is smooth. Then RIf.wx s torsion-free for every q.

When f: X — Y is algebraic, Theorem PZT3 below was first obtained independently by
Kollar (see [Ko2, Theorem 2.6]) and Nakayama (see [N2, Theorem 1]). When f: X — Y

is a projective morphism of smooth complex varieties, it was obtained by Moriwaki (see
[Md, Theorem (2.4)]).

Theorem 2.13 (Hodge filtration, see [T, Theorem V Local freeness Theorem (ii)] and
[N3, Chapter V, 3.7. Theorem (4)]). Let f: X — Y be a proper surjective morphism
between smooth complex varieties and let 3 be a normal crossing divisor on Y such that
[ is smooth over Y* :=Y \ ¥. We assume that X is a Kdihler manifold. Then R?f.wx/y
15 locally free and 1s characterized as the upper canonical extension of the corresponding
bottom Hodge filtration on Y™ for every q.

We make a remark on the proof of Theorem Z-T3.

Remark 2.14. One of the main ingredients of [N2] is Steenbrink’s result established in
[St1] and [St2] (see [N2, Theorem 3]). Although it was explicitly stated only for projective
morphisms, it also holds for proper morphisms from Kéhler manifolds (see Remark B2
below). Hence the argument in [N2] works for Kéhler manifolds with the aid of [T]. We
recommend that the interested reader looks at [NI, Conjectures 7.2 and 7.3] and [N2].
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3. ON VARIATIONS OF MIXED HODGE STRUCTURE

In this section, we will prove Theorems [, T2, and 3. Our approach to Theorem
T (ii)-(iv) here is different from [FET] (see also [EmfA, Section 13]) because we do not
assume that (X, D) is projective over Y in this section. We use the terminologies in [FFT,
Section 4].

Let us start with the proof of Theorem [T (i).

Proof of Theorem I (i). The proof is almost the same as the proof of Theorem 4.15 of
[EET]. Here we briefly recall several constructions and results in [FET, Section 4], which
is necessary for the proof of Theorem I (ii)—(iv) and Theorem 3.

Let f: (X, D) — Y be as in Theorems [0 and 3. Let

X:UXZ- and D = UD)\
i€l AEA

be the irreducible decompositions of X and D, respectively. Fixing orders < on A and I,
we put

DinX;= [ DwnDuN---NDyNXNX,Nne--NX,

Ao<AL <<
10<i1<---<iy

for k,1 > 0 (see [EFT, 4.14]). Here we use the convention

Dy=D;nNXy= [ DsxnNDyN---NDy,
A <AL <<

Xi=DnX= [J] Xu,nXyn--nX
10<iy<---<1i]

for k,1 > 0. By setting
(X,D):=(DNX)u\Dp= [ DinX,

k+l+1=n
>0

we obtain an augmented semisimplicial variety ¢: (X, D), — X. Note that (X, D), is
the disjoint union of all the strata of (X, D) of dimension dim X — n for all n € Z~y. We

set f, :== fen: (X, D), = Y for every n. Then f, is smooth over Y* =Y \ X. Then the
complex €,Rx p), is given by

(E*R(XvD)O)n = (€n>*R(X,D)n = @Ranlflle
>0

with the Cech type morphism § as the differential. Note that this complex is the single
complex associated to the double complex obtained by deleting the first vertical column
of the double complex in [FET, p.626, 4.14], and by replacing Q with R. Then we have
quasi-isomorphisms

ZIRX\D i> (0 — RX — IRl)o i> RDl g o '> i g*R(XvD)o

from the double complex in [FET] mentioned above, where i denotes the open immersion
X\ D — X. By setting

0 n<-—-m

Lin(e.R(x,),)" =
(eRex.0).) {(en>*R<x,D>n neom
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a finite increasing filtration L is defined on £,R(xp),. We have the relative de Rham
complex Q(x p),/v for the morphism fe: (X, D), — Y. Then the complex €, x,p), /v is
given by

n n—=k
(eQx,pyu/y)" = @( 1)U Dy, v
k>0

with the differential 5+ (—1)*d on (ek)*Q?)sz)k Jy» Where ¢ denotes the Cech type morphism

for (X, D), and d denotes the differential of the relative de Rham complex Qx p,,v. By
setting

Lin(e.Qx.000v)" = EP (e)- O byy

k>—m
FP(e.Qx,p)av)" = @ (€n)- Q?XkD e/ Y
0<k<n-p

a finite increasing filtration L and a finite decreasing filtration F' on €,8(x p),/y are
defined. The canonical morphism R(x p), — Ox p), induces a morphism of complexes
L: 5*R(X7D), — g*Q(X,D)./Y-
By setting
K = ((Kg,L),(Ko,L, F),«)
= ((Rf*é“*R(X’D)., L), (Rf*€*Q(X7D)./y, L, F), Rf*[/)
(see [EET, 4.1]), we obtain a triple K consisting of

e a complex of R-sheaves K on Y equipped with a finite increasing filtration L,

e a complex of Oy-modules Kp» on Y equipped with a finite increasing filtration L
and a finite decreasing filtration F,

e a morphism of filtered complexes of R-sheaves a: (Kg, L) = (Ko, L)

satisfying the following:
(3.1.1) There exists a quasi-isomorphism R(f|x\p)Rx\p =~ K.
(3.1.2) There exists a quasi-isomorphism Gry, Ko ~ Rf.e,QF (X.D). /Y[ pl. for every p.
In particular, Rf,Ox(—D) ~ G} Ko.
(3.1.3) For every m € Z,

Grk K = (Gr% Kg, (Grk Ko, F), Gr% a)
@ fS RS ( (fS)*QS/Y[m]’F)7R(f5>*bs[m]>’
s

where S runs through all (dim X + m)-dimensional strata of (X, D) and ¢g is
the composite Rg < Cg — Qg/y.

We consider a triple, consisting of the spectral sequences and a morphism between them,
EPU(K, L) =(EP(Kg, L), (E}*(Ko, L), F), E2(a))

= ELI(K, L) = (B8 (KR, L), (EZ (Ko, L), F), EXf (a)),
where F' on EPY(Kp, L) denotes the inductive filtration (la filtration récurrente in [DT,

(1.3.11)]) and F on ER(Kp, L) is the filtration induced from F' on HP(Kp) via the
isomorphism EP4 (Ko, L) ~ Grfp HP™(Kg). The morphism of F,-terms is denoted by

dy(K, L) = (dp*(Kg, L), d}*(Ko, L)) : EPU(K, L) — EF™7 (K, L).

(3.2)
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Since every stratum S is a Kahler manifold and fg is smooth over Y*, the isomorphism
in implies the following:

(3.3.1) EP9(K,L)|y- is a polarizable variation of R-Hodge structure of weight ¢ for all
p,q and r > 1.

(3.3.2) The spectral sequence (B2) degenerates at Es-terms on Y™*, in other words,
dP9(K, L)|y- = 0 for all p,q and r > 2.

3.3) (E3"(Ko, L), F)ly- = (EL! (Ko, L), F)|y~ for all p, q.

) ((H*(Kg), LIk]), (H*(Kp), LIk, F), H*(«))|y~ is a graded polarizable variation
of R-mixed Hodge structure on Y* for all k.

(3.3.5) Gre HY(Ko)|y- ~ H*(Gr% Ko)|y- for all a, k.
(3.3.6) Gr% EPY( Ko, L)|y+ ~ EPY(Gry Ko, L)

The proof of these properties are left to the reader (cf. [D2, Scholie (8.1.9) and Proposition
(7.2.8)]).

By , we have Rk(f X*\D*)!RX\D ~ Hk(KR) Y*, which 1mphes V}k/;‘* >~ Hk(K@> vy
for all k. By using these isomorphism, we introduce filtrations L on R*(f x=\p*)IRx\p
and VE., F on V. and obtain a graded polarizable variation of R-mixed Hodge structure

(R*(flx-\p- R xvps LIK]), (VE., L[], F))
on Y* as desired. Here we note that we have an isomorphism
(3.4) Gr% VE, ~ R¥£.0x(=D)|y-
for every k by [3.1.2] and [3.3.5). O

Next, we will prove Theorem 3.

y+ for all a,p,q and r > 0.

Proof of Theorem 3. We use the notations and terminologies in the proof of Theorem
[0 (i). We will prove that the spectral sequence

(3.5) EPYGrY Ko, L) = EPT(GrY). Ko, L)

associated to the filtered complex (Gr% Ko, L) satisfies the desired properties. The mor-
phisms of E,.-terms are denoted by

d?9(Gr'ly Ko, L): EP9(Gry Ko, L) — EX7+(Gry, Ko, L).
By [3.1.3], the spectral sequence (B3) satisfies
EY(Gr}, Ko, L) ~ H?*(Gr", G}, Ko)
(3.6) ~ HPT(GrY Grfp Kp) ~ @Rq(fg)*OS,
S

where S runs through all (dim X — p)-dimensional strata of (X, D), and
EPT(Grl Ko, L) ~ HPY(Gr% Ko) ~ RPYf,Ox(—D).

Thus it suffices to prove that (B3) degenerates at Fy-terms and d8?(Grl. Ko, L) split for

all p, q.
We consider the spectral sequence (B2) again. Note that we have

(3.7) Gr% (Ko, L)|y+ = d?*(G1% Ko, L)

Y*
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for all p, ¢, r under the isomorphism in [3.3.6). In the abelian category of the polarizable
variations of R-Hodge structure of weight ¢ on Y*, we temporarily set

P9 = (1B (1%, F))
= Image(EPY(K, L)|y~ — EPTY(K, L)|y.) € EPTY(K, L)|y-
for p,q € 7Z. Because the category of the polarizable variations of R-Hodge structure of
weight ¢ is semisimple, we have a direct sum decomposition
EPU(K, L)|y~ ~ ESY(K,L)|y- & [P @ [P
as polarizable variations of R-Hodge structure, under which d"?( K, L)|y~ is identified with
the composite of the natural morphisms EV9(K, L)|y+ — IP7 and P9 < EVYY(K L)|y-
for all p,q. In particular, we have
(3.8) (EP(Ko, L), F)ly+ =~ (E5*(Ko, L), F)ly- @ (I, ", F) @ (15", F)
as filtered Oy+-modules. Moreover, we consider the lower canonical extensions of
EVY (Ko, L)|y«, I3, EYY (Ko, L)
for all p, g and denote them by
"EYY(Ko, L)|y~,"15,'"EY (Ko, L)

respectively. The filtrations F on EVY (Ko, L)|y+, I5?, and EY?(Ko, L)|y+ can be uniquely
extended to the filtrations on their lower canonical extensions by applying Schmid’s nilpo-
tent orbit theorem (see [Sd, (4.12)]). Here we emphasize that F' on these lower canonical
extensions are the filtrations by subbundles. Then the isomorphism (B3R) is extended to
an isomorphism

(39)  (EY(Ko,L)ly-, F) ~ (B} (Ko, L)|y-, F) & (‘I ", F) & (147, F)

by the uniqueness properties of the lower canonical extensions and of the filtrations by
subbundles (cf. [EFT, Corollary 5.2]). Under the identification (89), the composite of the
morphisms (‘EPY (Ko, L)|y+, F) — ("I5%, F) and (‘157 F) — (‘EY™(Ko, L)|y+, F) gives
us the morphism

Y*

Y *

‘it (B (Ko, L)y, F) = ((BY™M (Ko, L)|y+, F)
with the property (‘d)"?)|y+~ = dV (Ko, L)
By (B®) and

EY (Ko, L)|y~ =~ @ RY(fs)«S2s/v
5

v+ for all p,q.

yr o @(Rq(fs)*Rs)|Y* ® Oy,
s

where S runs through all (dim X — p)-dimensional strata of (X, D) as before, we have the
isomorphism

(3.10) Grih('EPY (Ko, L)|y+) ~ EYY(Gr% Ko, L),

whose restriction to Y* coincides with the canonical isomorphism in [3.3.6), by the dual
of Theorem ET3. In particular, E}?(Gr) Ko, L) is a locally free Oy-module of finite rank
for all p, g. Under the identification (BI), we have

(3.11) Gri(*dp?) = di(Gr'% Ko, L)
by Lemma BT below, because
G (‘' dP )y = Gl di (Ko, L)

v = d(Gr% Ko, L)

Y*
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under the isomorphism in by (BZ) and because
EY*(Gry: Ko, L), Giy.('EY* (Ko, L)|y-)

are locally free Oy-modules of finite rank for all p,q. By (BI1), and the decomposition
(89), the morphism d}?(Gr% Ko, L) splits and

EPY(Gr% Ko, L) ~ Gr%(‘E? (Ko, L)|y-)

for all p,q. In particular, E5?(Gr% Ko, L) is a locally free Oy-module of finite rank for
all p,q. Since

dP1(Grh Ko, L)|y- = Gt d?4(Kp, L)
for r > 2 by (B822) and [3.3.2], we inductively obtain
dP1(GrY. Ko, L) =0

for r > 2 by using Lemma BT below. In other words, the spectral sequence (B33) degen-
erates at FEy-terms. O

ye =0

The following elementary lemma, used in the proof above, will be constantly used in
this section.

Lemma 3.1. Let F and G be locally free Oy -modules of finite rank on'Y and ¢, F — G

morphisms of Oy-modules. If ply- = ¥|y+, then p = 1. In particular, if |y~ = 0 then
@ =0.
Proof. 1t is obvious. O

In order to prove Theorem I (ii)—(iv), we recall results in [SE1] and [St2] in a slightly
generalized form.

Definition 3.2. Let f: X — Y be a surjective morphism of smooth complex varieties
and ¥ a simple normal crossing divisor on Y. We assume that E = (f*X),q is a simple
normal crossing divisor on X. For such f, we set

Qﬁf/y(log E) = Coker(f*y-(logX) — Q% (log E))

and

%y (log E) = /\ Oy (log E)
for every p. An f~'Oy-differential d: Qf /Y(log E)— Qggﬁ,(log E) can be uniquely defined
by the commutative diagram
Q(log B) —— QO )y (log E)

| K

O (log B) —— 94 (log B),

where the horizontal arrows are the canonical surjections induced from the surjection
QY (log E) — Qﬁ(/y(log E). Thus we obtain a complex of f~'Oy-modules Qx,y (log E),
which is called the relative log de Rham complex of f.

Lemma 3.3. Let f: X — Y be a proper surjective morphism from a Kdhler manifold X
to a smooth complex variety Y. Assume that there exists a smooth divisor ¥ on'Y such
that

(3.12.1) f is smooth over Y* =Y \ &,
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(3.12.2) E = (f*Y)eq s a simple normal crossing divisor on X having finitely many
wrreducible components, and

(3.12.3) Qg(/y(log E) is a locally free Ox-module of finite rank.
Then we have

RFf.Qx )y (log E) ~ Y(R* f.Qx/v(log B)|y+) = '(Oy- @ (R* f.Cx)
for all k, where '(-) stands for the lower canonical extension as before. In particu-
lar, ka*QX/y(log E) is a locally free Oy-module of finite rank for all k. Moreover,
RF f*Qg(/Y(log E) is also a locally free Oy -module of finite rank, and the stupid filtration
(filtration béte in DT, (1.4.7)]) F' on Qx/y(log E) induces the natural ezact sequence
(313) 0= R*L.F""Qx )y (log E) — R* f.F"Qx)y(log E) — R*f,Q% | (log E) = 0
for all k,p.

Proof. We may assume Y = AF with the coordinates ti,...,#;, and ¥ = {t; = 0}. For
any x € F/, we can take local coordinates x1,...,x, centered at x on X with

f*tl — xclu . ill';ll

for some ay,...,a; € Zso by [3.12.2). We set f; = f*t; for i = 2,... k. On the other
hand, we have the canonical exact sequence

(3.14) 0= f*Qy(logX), ® C(z) = Qx(log E), ® C(z) = Qy,y (log E), ® C(z) — 0,

v+)

where C(z) denotes the residue field at x, because 2 sy (log E) is alocally free Ox-module
of rank dim X — dim Y by [3.12.1) and [3.12.3]. Under the isomorphisms

dt
O (log %) y—l ® @ Oy dt;),

I
d i
Ql (log E) ~ @OX i (@ Oxdz;)
i=1+1
the morphism f*Q (log¥), ® C(z) — Q% (log E), ® C(z) is represented by the matrix
a ... al‘O ... 0

0 ... 0
(3.15) ] s

' | Oxy

(0)
0 ... 0

where ¢ and j run through 2,... k and [+ 1,...,n respectively. The exactness of (B14)
implies that the matrix (BT3) is of rank k&, and then we may assume

0
rank( fz()) =k—1
Oz 2<i<k, I+1<j<l+k—1
by changing the order of z;,4,...,z,. Replacing x;41,..., 21141 by fo,..., fr, We obtain
a new local coordinates (z1,...,2,) at x, under which the morphism f is given in the

form

(316) tl == l’clll tee I?lﬂfg = Ti+1y- - - ,tk = Tj4+k-1
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around x. We set f,: Xy — A = A x {s} by the Cartesian square
X, — X

o

A —— Y

for any s = (ta,...,t;) € A*1. Then X, is smooth, f, is smooth over A* = A\ {0}
and Supp f;1(0) is a simple normal crossing divisor on X, by the local description (BI8).
Hence R*(f,).Qx,/a(log(ENX;)) and Rk(fs)*Qggs/A(log(EﬂXs)) are locally free of finite
rank for every k,p by [SEl, (2.18) Theorem| and by [Sf2, (2.11) Theorem|. Therefore
R*f.Qx/y(log E) and R* Q% /Y(log E) are locally free Oy-modules of finite rank for all

k,p by the base change theorem. Once we know that ka*QX/y(log E) is locally free, it is
the lower canonical extension of its restriction to Y* =Y \ ¥ by [St1, (2.20) Proposition)].
Next, we consider the spectral sequence

(317) Ef’q(Rf*Qx/y(lOg E), F) = Ep+q(Rf*Qx/y(10g E)) = Rp+qf*Qx/y(10g E)
and denote the morphism of E,.-terms by
@ BPU(R Qv (log E), F) — BP9~ (Rf, Qv (log F), F)

for a while. Then d??|y« = 0 for all p,q and r > 1 because the restriction of this spectral
sequence to Y* degenerates at E;-terms. Since

EVI(RISx)y(log E), F) = RIf )y (log E)

is a locally free Oy-module of finite rank for all p, ¢, we have d}" = 0 for all p, ¢ by Lemma
B. This implies that

ESNRfSQxy(log E), F) ~ EPY(Rf.Qx/y(log E), F')

is locally free for all p,q and that d5? = 0 for all p,¢ by Lemma B again. Inductively,
we obtain d?? = 0 for all p,q and r > 1. Thus the spectral sequence (BZI7) degenerates
at Ej-terms, or equivalently, (BT13) is exact. O

Remark 3.4. In [Sf2], f; is assumed to be a projective morphism. However, we can
check that the proof of (2.11) Theorem in [St?] is also valid to a proper morphism from
a Kéhler manifold by using results in [PS, 1.2.5 Almost Kéhler V-manifolds]. See also
Theorem E9 below.

Corollary 3.5. In the situation of Lemma E3, we have the canonical isomorphisms
RFf.FPQy )y (log E) = FPR* f.Qx )y (log E),
RF£.O% Jy(log B) =~ Grf, RF£.Qx/y(log E)

for all k,p. In particular, FPRF f.Qx vy (log E) is a subbundle of R* f.Qx/y(log E).

Lemma 3.6. Let f: X — Y be a proper surjective morphism between smooth complex
varieties. Assume that there exists a smooth divisor > such that

e f is smooth over Y* =Y \ X, and
o = (f*Y)eq is a simple normal crossing divisor on X having finitely many irre-
ducible components.

Then there exists a closed analytic subset g C X with dim Yy < dimY — 2, such that
Q )y (log E) is locally free on f~1(Y "\ Xo).
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Proof. We may assume that X is irreducible. Let £ = Zfil E; be the irreducible decom-
position of £. For a nonempty subset I C {1,...,N}, we set E; = [,.; E;, which is
a smooth closed subvariety of X. If f(FE;) # 3, we set ¥; = f(E}), which is a closed
analytic subset of X. If f(E;) = X, then there exists a closed analytic subset 3; C 3 such
that f|g,: B — ¥ is smooth over X\ ¥;. We are going to check that the closed analytic

subset
EO = U E[
0#£Ic{1,...,N}

satisfies the desired property. We have ¥y # ¥, by definition. Therefore dim >, <
dimY — 2 because ¥ is irreducible. Then, it suffices to prove that Q% /Y(log E) is locally
free on f~1(Y'\3g). A point x € ENf~H(Y \ Xy) defines a nonempty subset I C {1,...,1}
by I ={i |z € E;}. Then z € E; and f(E;) = ¥. Take local coordinates zy,...,z,
and tq,...,t centered at x and f(x) on X and Y respectively, satisfying the following
conditions:

e X ={t;=0}onY, and

o f*t; =af' -} for some ay,...,a; € Zsy.
We set f; = f*t; for i = 2,..., k. Then E; = {z; = --- = 2; = 0} and the morphism
(flz,)* Q% — QF, is represented by the matrix

Afi
(axfj<0,...,0,.’l§'l+1,...

| m)
2<i<k,l+1<j<n

via the isomorphisms (f|g,)*Q% ~ @fﬁ Op, f*dt; and Qp ~ @} ., Op,dz;. Since
r € f~1(X\ X), the morphism f|z, is smooth at x. Then

rank <8f1 (0)) =k—1,
Ox; 2<i<k,l+1<j<n

which implies that the matrix (B7H) in the proof of Lemma B3 is of rank k. Therefore
the canonical morphism f*Q3 (log¥), ® C(z) — Q% (log E), ® C(x) is injective, by which
we conclude that QY sy (log E) is locally free around z. O

3.7. For the moment, we assume that there exist another semisimplicial variety Z, and
a morphism of semisimplicial varieties o: Z, — (X, D), satisfying the conditions

e 7, is smooth and Kahler,

e 0,: Z, — (X,D), is a projective surjective morphism,

e for g, :== fno, = fenon: Z, — Y, the divisor E,, := (¢g¥)eq is a simple normal
crossing divisor on 7, having finitely many irreducible components, and

e 0,: Z, — (X, D), is isomorphic over Y*

for every n € Z>y. We obtain an augmentation n: Z, — X by setting n = co. The relative
log de Rham complex of Z,, over Y is denoted by €2, /y (log E,,). Then {Q, /v (log E,) }nez-,
forms a complex on the semisimplicial variety Z,.

For an augmentation of a semisimplicial variety, we can define the direct image functor
as in [FET, 4.1, 4.2] (for the detail, see e.g. [D2, 5.1, 5.2], [PS, 5.1.2]). The complex
Re,Q(x.p), is isomorphic to €,8x p), defined in the proof of Theorem M (i) in the
derived category because ¢,: (X, D), — X is a finite morphism for all n. On the other
hand, we obtain a complex R1,Qz, v (log E,) on X. Here, we briefly recall the definitions
of this complex, of the finite increasing filtration L, and of the finite decreasing filtration F'
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on it. First, the complex Rn.(z, /v (log F,) is given as the total single complex associated
to the double complex

)
- (R(p):Qz,v(log )T ——  (R(ps1):822,,,/y(log Epi1))? —— -+

(~1)rd (~1)p+id

- —— (R(1):Qz,/v (log E,))*! — (R(Mp41):822,,, /v (log Epyq)) it —— -+

that is,
(Rn.Qz. v (log E))" = @ (R(1,).Qz,/v (log E,))" 7,

p

where R(1,).82,/y (log E,) is regarded as a genuine complez on X by using the Godement
resolutions (cf. [EF1, 4.1]). The filtrations L and F are defined by

Lon(Rn.Qz, v (l0g E))" = @D (R(1).Qz, v (log E,))" 7,

p>—m

F'(Rn.Sz, /v (log E.)) @FT (1p)+827, /v (log E3,))"~

for all m,n,r. Therefore we have
(3.18)  (Grly Ry v (10g B, F) = (R(1-n). Q. v (log E_) ), F)

in the derived category. Similarly, we have a filtered complex (Rn.Rz,,L) on X. The
composite of the canonical morphisms Ry, — Cz, — Qz, /v (log E,) induces a morphism
of filtered complexes (Rn.Rz,, L) = (Rn.8z, /v (log E,), L), which is denoted by ¢.

From the morphism o: Z, — (X, D),, we obtain a morphism of bifiltered complexes

(g*Q(XzD)O/Y7 L7 F) — (RT]*QZ./Y<lOg E’)? L? F)7
which induces a morphism
Gl’ﬁq GT% €*Q(X,D)./Y = (€—m)*O(X,D),m

(3.19) L
— R(N-m)O0z_,, ~ Gr,, Grp RSz, /v (log E,)

for all m. Because o,, induces the isomorphism Ox p), = R(0,)«O, for all n, we have
the isomorphisms

(Efm)*(’)(x,z)),m = R(&m)*o(x,p),m = R(&m)*R(Ufm)*Oz_m = R(nfm)*OZ_m

for all m. Therefore the morphism (8T9) is an isomorphism for all m in the derived
category, which implies

(3.20) (Gr% ..y L) 2= (Gry ROz (log B2, L)
in the filtered derived category.
Now, we complete the proof of Theorem I
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Proof of Theorem I (ii)—(iv). First, we prove (ii). The uniqueness of the filtration F' on
"VE, follows from [FET, Corollary 5.2]. Therefore we may work locally on Y. Then after
shrinking Y to a relatively compact open subset, we can take Z, and o,: Z, — (X, D),
in B by the theorem of resolution of singularities (see [BM, Section 13]). By Lemma B8,
there exists a closed analytic subset ¥y C ¥ with dim >y < dimY — 2 such that X\ X, is
a smooth divisor in Y\ X, and that Qj ,y (log E,) is locally free over g, (Y \ %) for all
n € Zso. By setting Y, :=Y \ Xy, we trivially have Y* C Yy C Y.
Now we set
K(log) = Rf.En.Sz, v (log E.)
equipped with the induced filtrations L and F'. Then we have

(3.21) (K(log), L, F)|y+ ~ (Ko, L, F)

Y*

because o, is isomorphic over Y*. We consider the spectral sequence

EP(K(log), L) = E**(K(log), L)

equipped with the inductive filtration F' on EP4(K (log), L) and denote the morphisms of
E,-terms by d??(K (log), L). Then d??(K (log), L)|y+ = 0 for all p,q and r > 2 by (B=21)
and [3.3.2].

By the exactness of (B313) over Yj, the morphism df /(K (log), L)|y, is strictly compatible
with the filtration F' on Ef?(K (log), L)|y, for all p,q. We have

(E7Y(K (log), L), F) ~= (R%(gp)+ 2z, v (log E), F)
by (BR), and then
(Ef’%K(lOg),L),F”YO = (lE?q(K(lOg)’L) Y*vF)|Y0 = (lEIILq(KO’ L) Y*vF)|Y0

by (B221), Lemma B33, and the uniqueness of the filtrations in [F'ET, Corollary 5.2]. Under
these isomorphisms,

d€7q(K(10g)a L>|Yo = (ld1177q>|Y0
by Lemma B because
d7*(K (log), L)|y+ = d(Ko, L)y~ = (')
by (B=ZT). Therefore di?(K (log), L)|y, is strictly compatible with F' and
(3'22) (Eg’q(K(log), L), F)|Yo = (lEg’q(K(?v L) Y=, F)|Y0

for all p,q by the decomposition (B™). Because d??(K(log), L)|y~ = 0 for r > 2, we
obtain d?4(K (log), L)|y, = 0 for » > 2 inductively by using Lemma BT as before. Thus
d?1(K (log), L)|y, is strictly compatible with F for all » > 0. Then the lemma on two
filtrations (see e.g. [D2, 7.2], [PS, Theorem 3.12]) implies

(3.23) (E5“(K(log), L), F)ly, =~ (Grt, H"* (K (log)), F)ly,
(3.24) H*(Gr1?, K(log))ly, ~ Gr'l Hk(K(log))|yO

Y*

for all k, p,q,r. Hence Grh, Grl H*(K(log))ly, is a locally free Oy,-module of fintie rank
and GrZ H*(K (log))|y, is the lower canonical extension of

Grk H*(K(log))|y~ ~ Gr2 H*(Ko)|y- ~ Grk VE.
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for all k,m,p by (B22) and (8223). Therefore H*(K (log))|y, is the lower canonical exten-
sion of

H*(K (log))|y~ ~ H*(Ko)|y- ~ VE.

for all k. Thus we obtain
(3.25) (H"(K(log)), L)y, ~ (‘V§-, L)y,

as filtered Oy,-modules by the uniqueness of the lower canonical extensions and of the
filtrations by subbundles. Via the isomorphism above, we obtain a filtration F on "VE, |y,
satisfying the two conditions in Theorem I (ii) on Yp. Then Lemma 1.11.2 in [K3]
together with Schmid’s nilpotent orbit theorem (see [Sd, (4.12)]) for each Gr” VE, implies
the conclusion of Theorem T (ii) on the whole Y.

Next, we will prove (iii). We return to the spectral sequence (BH). As already mentioned
in the proof of Theorem I3, EY(Gr) Ko, L) is a locally free Oy-module of finite rank
for all p,q. Because the spectral sequence (B3) degenerate at Es-terms by Theorem 23,
we have

Grl R f,O0x(=D) ~ EZ™H™ (G Ko, L) ~ E; ™™ (G1rY, Ko, L)

for all m, k. Thus Gr2 R*f,Ox(—D) is locally free of finite rank for all k,m, and then so
is R*f.Ox(—D). Now it suffices to prove that the isomorphism (84) can be extended to
an isomorphism

(3.26) Gro%.('VE.) ~ R f,Ox(-D)

for every k. The extension above is unique by Lemma B because Gri.(‘VE.) is also a
locally free Oy-module of finite rank by Theorem [ (ii). Therefore we may work in the
situation B70 as above. Then we already have the isomorphisms

(3.27) Gl (VE. )y, =~ Grl HE (K (log) Iy, ~ H* (G K (log)) Iy,

by (B224) and (B=ZH). On the other hand,

(3.28)  Gr} K(log) ~ Rf. Gry Rn.Qz, ;v (log E.) ~ Rf, Gt £.Qx.p). /v =~ Grl Ko
by (B220). Therefore we have

(3.29) Cr%("VE)y, ~ R f.Ox(—=D)ly,

by (B227), (B28) and [3.1.2], which gives an extension of the isomorphism (B4) over Yj.
Then the isomorphism (B=29) can be extended to the desired isomorphism (BZG) on the
whole Y because dim 3y < dim Y — 2 and because the both sides of (B28) are locally free
of finite rank on Y.

By Grothendieck duality (see [RRV]]), we obtain (iv) from (iii). O

The following theorem is an easy consequence of the proof of Theorem 3. We will use
it in the proof of Theorem 4.

Theorem 3.8. In Theorem I, for every i, there exists a finite filtration of locally free
sheaves

0=E CEC- CE =R fuwxy(D)
such that
/€]
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18 1somorphic to a direct summand of
le%
@ R f*wSB/Y7
finite

where « is a nonnegative integer and Sg is a stratum of (X, D), for every j.

Proof. By Theorem [[3, there exists a finite filtration of locally free sheaves
0=F 'CF ' C--CF T =R".0x(-D)
such that
d—i | d—i
FillF;

is isomorphic to a direct summand of

@ Rdiif * OSB )

finite

where S is a stratum of (X, D), for every j. We put
82 : HOm(/)Y(Oy/ l—]’ )

for every j. Then, by Grothendieck duality (see [RRV]), we obtain a desired filtration of
le*WX/Y<D)- O

We close this section with the proof of Theorem 2.

Proof of Theorem 3. This theorem is obvious by Theorem I (iv) and the Fujita—
Zucker-Kawamata semipositivity theorem. For the details of the Fujita—Zucker-Kawamata
semipositivity theorem, see, for example, [FFT, Section 5], [EFS, Corollary 2|, [FE2], and
so on. 0

We note that Theorems [Tl and 2 have already played a crucial role when f: (X, D) —
Y is algebraic. We recommend that the interested reader looks at [Fnd], [Enf5], [Fn6
[En7), [EFL], [FH], and so on.

1,

4. PROOF OF THEOREM T4

In this section, we will prove Theorem 4 by using Theorem BR. In Section B, we will
see that Theorem I3 follows from Theorem 4.

Proof of Theorem [[. In Step 0 and Step B, we will prove (i) and (ii), respectively.

Step 1. In this step, we will prove (i).

We take an arbitrary point P € Y. It is sufficient to prove (i) around P. By Lemma
2R, we may assume that (X, D) is an analytic globally embedded simple normal crossing
pair and that there exists the following commutative diagram:

X——M

YCL—Y> Am7

where M is the ambient space of (X, D), such that g is projective and 1y (P) =0 € A™.
By taking a suitable resolution of singularities of Y (see [BM), Sections 12 and 13]), there
exist a projective bimeromorphic morphism ¢: Y’ — Y from a smooth complex variety
Y’ and a simple normal crossing divisor ¥’ on Y’ such that every stratum of (X, D) is
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smooth over Y \ ¢/(¥’). Then, by taking a suitable resolution of singularities of M (see
[BM, Sections 12 and 13]) and applying Lemma P74, we may assume that

fox Ly sy

is a projective morphism. Hence we have the following commutative diagram:

X=—=X

f’l lf

Y —Y
P

such that every stratum of (X, D) is smooth over Y\ ¥’. By Theorem B, R flwx/y/(D)
is locally free and has a finite filtration as in Theorem BR. By Lemma 211, we see that
Rif.wx (D) = ¥ R:flwx (D) is torsion-free. This is what we wanted.

Step 2. In this step, we will prove (ii).

We take an arbitrary point P € Z. It is sufficient to prove (ii) around P. As in Step [,
after shrinking Z suitably, by Lemma 228, a suitable resolution of singularities (see [BM,
Sections 12 and 13]), and Lemma P74, we may assume that there exists the following
commutative diagram:

X=—X"—"—">M
|
Y — Y

]

qM

such that 1z (P) = 0 € A™. By Theorem BR and Lemma T, we can reduce the problem
to the case where X is smooth and D = 0. In that case, the desired vanishing theorem
follows from Theorem PI.

We finish the proof of Theorem 4. O

Remark 4.1. By the above proof, we see that Theorem 4 (ii) holds under a weaker
assumption that A is m-nef and 7-big over Z (see Theorem 2710).

5. PROOF OF THEOREM IO

In this section, we will prove Theorem @ by using Theorem 4. As we mentioned
before, Theorem [CA (iii) is an easy consequence of Theorem A (i) and (ii).

Proof of Theorem I@. In Step M, we will prove Theorem I8 (i). Then, in Steps & and B,
we will prove Theorem 8 (ii) and (iii), respectively.

Step 1. In this step, we will prove Theorem I8 (i).

By replacing Y with f(X), we may assume that f(X) =Y. Let P € Y be an arbitrary
point. It is sufficient to prove the statement after shrinking Y around P suitably. By
Lemma IZ8, we may assume that (X, D) is an analytic globally embedded simple normal
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crossing pair and that there exists the following commutative diagram:

X——M

1| Jon

Y(L—y> Am,

where M is the ambient space of (X, D), such that gy is projective and ¢y (P) =0 € A™.
By using Lemma P9 finitely many times, we can decompose X = X’ + X" as follows: X’

is the union of all strata of (X, D) that are not mapped onto irreducible components of
Y = f(X) and X" = X — X’. We put

Ky + Dy = (KX +D>’X’
and
Kx// +DX” = (KX —'—D)‘X// —X,’X”,

We note that (X", Dx») is an analytic globally embedded simple normal crossing pair
such that Dy~ is reduced and that every stratum of (X", Dx~) is mapped onto some
irreducible component of Y. We consider the following short exact sequence:

0— OXN(KX/I + _DXH) — OX<KX -+ D) — OX’<KX’ -+ -DX’) — 0.

By Theorem 4 (i), every associated subvariety of R1f,Ox»(Kx»+ Dxn) is an irreducible
component of Y for every q. Note that every associated subvariety of R?f,Ox/(Kx/+ Dx)
is contained in f(X’) for every g. Thus, the connecting homomorphisms

0: qu*OX/(KX/ + DX/> — RQ+1f*OX//(KX// + DXN)
are zero for all g. Hence we obtain the following short exact sequence
(51) 0— qu*OXN(KX// + DX//) — qu*OX<KX + D) — qu*OX/(KX/ + DX/) —0

for every ¢. By induction on dim f(X), every associated subvariety of R?f,Ox/(Kx+Dx:)
is the f-image of some stratum of (X', Dx/) for every q. Therefore, every associated
subvariety of RYf,Ox(Kx + D) is the f-image of some stratum of (X, D) for every ¢ by
(B).

Step 2. In this step, we will prove Theorem 8 (ii).

We may assume that f(X) =Y and mo f(X) = Z. Let P € Z be an arbitrary point. It
is sufficient to prove the desired vanishing theorem after shrinking Z around P suitably.
As in Step IO, by Lemma 8, we have the following commutative diagram:

X——M

WOfJ/ lfIM

ZCL—Z> Am,
where M is the ambient space of (X, D), such that gy, is projective and 1z(P) = 0 € A™.
By the same argument as in Step [0, we obtain
0— qu*OX//(KXH + DX//) — qu*OX<KX + D) — qu*OXI(KX/ + DX/) — 0

for every ¢. By applying Theorem I (ii) to every connected component of X" we see
that

Ror, (A R.Oxn(Kxo + D)) = 0
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holds for every p > 0. By induction on dim f(X), we obtain
R, (A® RUf,.Ox/(Kx + Dx/)) =0
for every p > 0. This implies
Rrm (A® R f.Ox(Kx + D)) =0
for every p > 0. This is what we wanted.

Step 3. In this step, we will prove Theorem [8 (iii).

Since we have already proved the strict support condition (see (i)) and the vanishing
theorem (see (ii)) in Steps 0 and B, respectively, the proof of [FnY, Theorem 3.1 (iii)]
works. Hence we obtain the desired injectivity in (iii).

We finish the proof of Theorem [G. O

Remark 5.1. Theorem @ (ii) holds under a weaker assumption that 4 is nef and log
big over Z with respect to f: (X, D) — Y. We can easily check it by the above proof
of Theorem A (ii) and Remark B71. We do not discuss the details here because we have
already known a more general statement, that is, the vanishing theorem of Reid—Fukuda
type (see Theorem [R).

6. SUPPLEMENT TO [Sf2]

In this section, we give a remark on the construction of the cohomological Q-mixed
Hodge complex ((Ag, W), (Ac, W, F)) in [St2, p.536]. More precisely, we will present a
new construction of (Ag, W) here. In the context of log geometry, such a construction is
originated in [SE3] and used in other articles (e.g. [FN], [Fs2] and so on). For the case
of a semistable reduction, a new construction of (Ag, W), which is similar to [S£3], is
given in [PS, 11.2.6 The Rational Structure|. (For the case of a semistable morphism over
the polydisc, see e.g. [FsT].) Here we will see that the construction in [Fs?] works in the
situation of [St2].

6.1. Let f: X — A be a proper surjective morphism from a smooth complex variety X

to the unit disc A satisfying the conditions

e f is smooth over A* = A\ {0}, and
e Supp f!(0) is a simple normal crossing divisor on X

as in [Sf2, (2.1) Notations]. Note that f~'(0) is not assumed to be reduced. We fix
N € Z-o, which is a multiple of all the multiplicities of the irreducible components of
Supp f~1(0), and consider the morphism o: A — A given by o(t) = V. We define X,
and fby the commutative diagram

N X XA A—>X
N\
\ lf

\
A A

where v is the normalization. We set £ = Supp ]?_1(0), which is an effective Cartier

divisor on X. The irreducible decomposition of E' is written in £ = Ui:l E;. The closed
immersion F; — X is denoted by a;.
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6.2. We recall the local description of X and f given in the proof of [Sf2, (2.2) Lemmal.
For any point of )Z, there exist an open neighborhood U in )N(, di,...,d € Z~y with
ged(dy, ..., di) =1, and e € Zso N (N}, d;Z) with N € eZ such that U and ﬂﬁ are de-
scribed by using dy, . . ., dg, e as follows. By setting ¢; := e/d; € Z~q and G := @le A
the kernel of the morphism

k k
G=@Pz/cZ> (bi,....b0x) = > dibi € ZfelL
i=1

=1

is denoted by H. The finite abelian group G acts on the polydisc A™ by

exp(2my/—1b;/¢;)y; for1 <i<k
(bly--'abk)'yi: .
Yi for k+1<i<n,

where (y1,...,y,) is the coordinate of A™. Then U ~ A"/H and f*t = Yp - Yg, where

t is the coordinate of A. Note that y; ---y; is H-invariant. Moreover, U = 7w(U) is
an open subset of X, and we also have U ~ A"/G and f*t = (y;---yr)Y. Here
we note that (y;---yx)" is G-invariant because N € eZ. The G-invariant functions
Yt Y Ykt - - - Yn glve us a coordinate on U.

From the local description above, X is trivially a V-manifold. We can easily see that
Ej; is a reduced Cartier divisor on X \ {J;; E;. Moreover, E; is locally irreducible at any

point because 7(E;) is an irreducible component of Supp f~!(0) and because Supp f~(0)
is a simple normal crossing divisor on X.

6.3. In the situation B, the log structure on X associated to the effective divisor F is
denoted by M, that is,

M =05 ﬂj*O}\E

in 7,0 R\E where j denotes the open immersion X \E — X. The abelian sheaf associated
to the monoid sheaf M is denoted by M®P. By using the fact that E; is locally irreducible,
a morphism of monoid sheaves M — (a;).Ng, can be defined by

(6.1) M =05N35.0% . 2a ordg/(a) € (a;)Ng,

*
X\E

for any i, where ordg, denotes the vanishing order of a holomorphic function on X along
the divisor E;. The direct sum of the morphisms (61) for all 7 induces a morphism

(6.2) M — B (a:).Z,,

i=1
which fits in an exact sequence
!
(6.3) 0— 0% = M® - P(a:).Zg,
i=1
by definition.

The following is a key lemma for the construction of (Ag, W).
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Lemma 6.4. We obtain the exact sequence

1
0= 0% ®2Q = M® @, Q — P(a:).Qp, — 0
i=1

by tensoring Q to (B33).

Proof. We may work in the local situation described in B2. Since y;* is H-invariant,
it gives us a holomorphic function on U for ¢ = 1,...,k. We may assume that E; =
Supp{y“ = 0} for 1 < i < kand E;NU = () for k+ 1 < i < [ by changing the
indices. Because Ej is the zero set of f*t = y;---yp on U \ U,;,;(E; N U), the image of
Yt € M C M# by the morphism (62) is (0,...,0,¢;,0...,0) € @ézl(aj)*ZEj, where ¢;

is on the i-th entry. Thus we obtain the conclusion. U

6.5. We briefly recall the constructions of the Koszul complexes and related objects in
[Es2]. For the detail, see [Fs?, Sections 1 and 2] (cf. [1], [S£3] and so on).

A morphism of abelian sheaves e: O — M® is defined as the composite of the
exponential map

Oz >aw ™Vl ¢ 0%
and the inclusion (9} — M?®. From the morphism e ® id: O ~ O ® Q — M?® ® Q,
1 € I'(X, Q) which is a global section of the kernel of e ® id, and a subsheaf O ® Q C
MeP ® QQ, we obtain a complex of QQ-sheaves on X

Kos(M) := Kos(e ® id; 0o; 1)
equipped with a finite increasing filtration W := W(O} ® Q) as in [Es?, Definition 1.8].
By replacing M# by O%, we obtain a complex, denoted by Kos((’)}(), by the same way
as above. The global section f*t € r()? , M) defines a morphism of complexes
(f*t)A: Kos(M) — Kos(M)[1],
which sends W,,, Kos(M)™ to W,,,11 Kos(M)"*! as in [Es2, (1.11) and (1.12)].
On the other hand, we have a morphism of complexes of QQ-sheaves
¥ Kos(M) — Q(log E)

as in [Es2, (2.4)], which preserves the filtration W on the both sides. Moreover, it can be
checked easily from the definition that the diagram

Kos(M) v, Q5 (log E)

(6.4) (f*t)Al JGA

Kos(M)[1] v Q5 (log £)[1]

is commutative, where § = f*(dt/t) € ﬁ%(log E).
For Kos(M) and ¢ above, we have the following lemmas.
Lemma 6.6. In the situation above, we set

Bk — H E,N---NE;

1k
1<iy << <l
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for k € Zy. Moreover, we set E©) = X. The natural morphism E®) — X is denoted by
a® for k € Zsy. Then we have an isomorphism

(a"™), Qg [—m] =~ Gr!¥ Kos(M)
for all m € 7Z.

Proof. We have an isomorphism

m

N\M® ©Q/0% ® Q) ® Kos(O%)[—m] ~ Gr)), Kos(M)

by [Es2, Proposition 1.10], and a quasi-isomorphism Qg — KOS(O}() by [Es2, Corollary
1.15]. Therefore we obtain the conclusion by Lemma B4. O

Lemma 6.7. In the situation above, we have the commutative diagram

2my/—1)"™e ~
(™), Qo [—m] EE (0,0 [~

(6.5) =| |

Gr!” Kos(M) — Gr' Q¢ (log E)
Gr¥ 4

where v is the natural morphism induced from the inclusion Q — Ogwm), the left verti-
cal arrow 1s the isomorphism in Lemma 6@, and the right vertical arrow is the residue
isomorphism in [St2, (1.18) Definition and (1.19) Lemmal. In particular, the morphism

Kos(M) ® C — Q¢ (log E)
induced by 1 is a filtered quasi-isomorphism with respect to W on the both sides.

Proof. The commutativity of the diagram (63) can be checked by the direct computation
from the definition of ¢ (cf. [Es2, (2.4)]). Then the latter conclusion follows from [St2,
(1.9) Corollary]. O

Once we obtain these two lemmas, it is more or less clear that the construction, parallel
to Ac in [SE1, (4.14) and (4.17)] and [SE2, (2.8)], works for Ag.

Definition 6.8. In the situation G, a filtered complex of Q-sheaves (Ag, W) on X is
defined by

Af = EB Kos(M)™*! /W, Kos(M)™H

q>0

WinAG = 6D W41 Kos(M)" /W, Kos(M)"

q=>0

with the differential —d — (f*t)A, where d denotes the differential of the complex Kos(M).
The direct sum of the morphisms of Q-sheaves

(2mv/=1)" 4 Kos(M)™ /W, Kos(M)" — Q% (log E) /W, Q% (log E)
gives us a morphism of Q-sheaves

Ay = EP Kos(M)" /W, Kos(M)" ' — @D 0 (log E) /W, QL (log E) = A,

q=0 q>0
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which is compatible with the differentials by the commutativity of the diagram (B4).
Thus we obtain a morphism of filtered complexes of Q-sheaves a: (Ag, W) — (Ac, W).
The Hodge filtration F' on Ac is defined by

FPAR = GB ﬁ}“(log E)/Wqﬁgi:l(log E)

0<g<n—p

as in [SET, (4.17)].

Theorem 6.9 (cf. [St2, (2.8)]). Let f: X — A be as in BEA. If we assume that X is
Kihler, then ((Ag, W), (Ac, W, F'), «) is a cohomological Q-mized Hodge complex on E.

Proof. By Lemmas 68 and B2, (Gr)Y Ag, (Gr)Y Ac, F),Gr!Y a) is identified with the direct
sum of the direct images of

(Q(=m = g)[=m — 24}, (pms20en[=m — 24], F[=m — q])

by the finite morphism a(™+24+Y for all ¢ > max(0, —m). Since X is an almost Kihler V-

manifold as in [PS, [.2.5] by the assumption for X being Kéhler, we obtain the conclusion
by Theorem 2.43 of [PS]. O
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