CONE THEOREM AND MORI HYPERBOLICITY

OSAMU FUJINO

ABSTRACT. We discuss the cone theorem for quasi-log schemes and the Mori hyperbol-
icity. In particular, we establish that the log canonical divisor of a Mori hyperbolic
projective normal pair is nef if it is nef when restricted to the non-lc locus. This answers
Svaldi’s question completely. We also treat the uniruledness of the degenerate locus of an
extremal contraction morphism for quasi-log schemes. Furthermore, we prove that every
fiber of a relative quasi-log Fano scheme is rationally chain connected modulo the non-qlc
locus.
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1. INTRODUCTION

This paper gives not only new results around the cone theorem and Mori hyperbolic-
ity of quasi-log schemes but also a new framework and some techniques to treat higher-
dimensional complex algebraic varieties based on the theory of mixed Hodge structures. It
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also shows that the theory of quasi-log schemes is very powerful even for the study of log
canonical pairs. We note that this paper heavily depends on [ETI, Chapter 6] and [F14].

In his epoch-making paper [Md], Shigefumi Mori established the following cone theorem
for smooth projective varieties.

Theorem 1.1 (Cone theorem for smooth projective varieties). Let X be a smooth projec-
tive variety defined over an algebraically closed field.

(i) There are countably many (possibly singular) rational curves C; C X such that
and L L
NE(X) =NE(X)xgys0+ Y Rso[Cy]-
J
(ii) For any € > 0 and any ample Cartier divisor H on X,

NE(X) = NE(X) (s semyz0 + ) Roo[Ci].

finite
In particular, we have:

Theorem 1.2. Let X be a smooth projective variety defined over an algebraically closed
field. Assume that there are no rational curves on X. Then Kx is nef.

Precisely speaking, Mori proved the existence of rational curves on X under the as-
sumption that Kx is not nef (see Theorem ) by his ingenious method of bend and break.
Then he obtained the above cone theorem for smooth projective varieties (see Theorem
). For the details, see [Md], [KM, Sections 1.1, 1.2, and 1.3], [D], [Kol], [Ma, Chapter
10], and so on.

From now on, we will work over C, the complex number field. Our arguments in this
paper heavily depend on Hironaka’s resolution of singularities and its generalizations and
several Kodaira type vanishing theorems. Hence they do not work over a field of charac-
teristic p > 0. Let us recall the notion of Mori hyperbolicity following [LZ] and [S].

Definition 1.3 (Mori hyperbolicity). Let (X, A) be a normal pair such that A is effective.
This means that X is a normal variety and A is an effective R-divisor on X such that
Kx + A is R-Cartier. Let W be an lc stratum of (X, A). We put

U:=W\ {(WﬂNlc(X,A))UUW'},

W/
where W’ runs over lc centers of (X, A) strictly contained in W and Nle(X, A) denotes
the non-lc locus of (X, A), and call it the open lc stratum of (X, A) associated to W. We
say that (X, A) is Mori hyperbolic if there is no non-constant morphism
Fi AU
for any open lc stratum U of (X, A).

The following theorem is a generalization of Theorem 2 for normal pairs and is an
answer to [S, Question 6.6].

Theorem 1.4. Let X be a normal projective variety and let A be an effective R-divisor
on X such that Kx + A is R-Cartier. Assume that (X,A) is Mori hyperbolic and that
Kx + A is nef when restricted to Nle(X, A). Then Kx + A is nef.

Theorem 4 follows from the following cone theorem for normal pairs. We can see it as
a generalization of Theorem I for normal pairs.
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Theorem 1.5 (Cone theorem for normal pairs). Let (X, A) be a normal pair such that A
15 effective and let m: X — S be a projective morphism between schemes.

(i) Then
NE(X/S) = NE(X/S)(xx+a)20 + NE(X/S) oo + Z R;

j
holds, where R;’s are the (Kx + A)-negative extremal rays of NE(X/S) that are
rational and relatively ample at infinity. In particular, each R; is spanned by an

integral curve C; on X such that w(C}) is a point.
(ii) Let H be a m-ample R-divisor on X. Then

NE(X/S) = NE(X/S)(xy+a+mz0 + NE(X/S)_oc + Y _ R,
finite
holds. L
(iii) For each (Kx + A)-negative extremal ray R; of NE(X/S) that are rational and
relatively ample at infinity, there are an open lc stratum U; of (X, A) and a non-
constant morphism
fji Al — Uj
such that C;, the closure of f;(A') in X, spans R; in N1(X/S) with

More generally, we establish the following cone theorem for quasi-log schemes. We note
that Theorem 3 is a very special case of Theorem [G.

Theorem 1.6 (Cone theorem for quasi-log schemes). Let [X,w| be a quasi-log scheme and
let m: X — S be a projective morphism between schemes.

(i) Then
NE(X/S) = NE(X/S)uso+ NE(X/S)-oc + > _R;
J
holds, where R;’s are the w-negative extremal rays of NE(X/S) that are rational
and relatwely ample at infinity. In particular, each R; is spanned by an integral

curve C; on X such that w(C;) is a point.
(ii) Let H be a w-ample R-line bundle on X. Then

NE(X/S) = NE(X/S)w+mzo + NE(X/S) oo+ Y R;
finite

holds. L
(ili) For each w-negative extremal ray R; of NE(X/S) that are rational and relatively

ample at infinity, there are an open qlc stratum U; of [X,w] and a non-constant

morphism

fit A — U;
such that C;, the closure of fj(A') in X, spans R; in N1(X/S) with
0< —w- Cj < 2d1mU]

We make a remark on U; in Theorem .

Remark 1.7. In Theorem I8 (iii), let v, be the extremal contraction morphism associ-
ated to R;. Then the proof of Theorem A shows that U; is any open glc stratum of [ X, w]
such that ¢, : U; — ¢g,(U;) is not finite and that ¢g,: W1 — @g (WT) is finite for every
qle center W of [X,w] with W1 C U;, where U is the closure of U; in X.

The main ingredients of the proof of Theorem I8 are the following three results.
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Theorem 1.8. Let X be a normal variety and let A be an effective R-divisor on X such
that Kx + A is R-Cartier. Let m: X — S be a projective morphism onto a scheme S.
Assume that (Kx + A)|nus(x,a) 25 nef over S, where Nklt(X, A) denotes the non-kit locus
of (X,A), and that Kx + A is not nef over S. Then there exists a non-constant morphism

Fi A — X\ NKIt(X, A)

such that wo f(A') is a point and that the curve C, the closure of f(A') in X, is a (possibly
singular) rational curve with

0<—(Kx+A)-C<2dimX.

We prove Theorem [C8 with the aid of the minimal model theory for higher-dimensional
algebraic varieties mainly due to [BCHM]. Theorem 9 is a slight generalization of [FLH,
Theorem 1.1, where [X,w] is a quasi-log canonical pair. In Theorem [9, [X,w]| is not
necessarily quasi-log canonical.

Theorem 1.9. Let [X,w| be a quasi-log scheme such that X is irreducible. Let v: Z — X
be the normalization. Then there exists a proper surjective morphism f': (Y' By/) — Z
from a quasi-projective globally embedded simple normal crossing pair (Y', By:) such that
every stratum of Y' is dominant onto Z and that

(Z,l/*w,fli (YlaBY’) — Z)
naturally becomes a quasi-log scheme with Nqklt(Z,v*w) = v~ Naklt(X,w). More pre-
cisely, the following equality
V*Iqult(Z,V*w) = Iqul‘c(X,o.J)
holds, where Ingu(xw) and Ingai(zyw) are the defining ideal sheaves of Nqklt(X,w) and
Naklt(Z, v*w) respectively.
Theorem [0 is similar to [FTH, Theorem 1.1]. The proof of Theorem IO needs some

deep results on basic sle-trivial fibrations obtained in [FT4] and [FET]]. Therefore, Theorem
T3 depends on the theory of variations of mixed Hodge structure (see [FE] and [FES]).

Theorem 1.10. Let [X,w| be a quasi-log scheme such that X is a normal quasi-projective
variety. Let H be an ample R-divisor on X. Then there exists an effective R-divisor A on
X such that

KX + A ~R W+ H
and that

Nklt(X, A) = Ngklt(X, w)

holds set theoretically, where NKIt(X, A) denotes the non-klt locus of (X, A). Furthermore,
if [X,w] has a Q-structure and H is an ample Q-divisor on X, then we can make A a
Q-divisor on X such that

KX —|— A ~Q w —|— H

holds.
When X is a smooth curve, we can take an effective R-divisor A on X such that
KX + A ~R W
and that

Nklt(X, A) = Ngklt(X, w)
holds set theoretically. Of course, if we further assume that [X,w] has a Q-structure, then
we can make A an effective Q-divisor on X such that

KX + A ~Q w
holds.



CONE THEOREM AND MORI HYPERBOLICITY 5

Let us briefly explain the idea of the proof of Theorem @ (iii), which is one of the
main results of this paper. We take an w-negative extremal ray R; of NE(X/S) that are
rational and relatively ample at infinity. Then, by the contraction theorem, there exists a
contraction morphism ¢ := g, : X — Y over S associated to R;. We take a glc stratum W
of [X,w] such that ¢: W — (W) is not finite and that ¢: WT — (W) is finite for every
ale center WT with W1 C W. By adjunction, W’ := W U Nqle(X,w) with w|y~ becomes a
quasi-log scheme. Hence we can replace [ X, w]| with [W’ w|y~]. By using Theorem [, we
can reduce the problem to the case where X is a normal variety. By Theorem IO, we see
that it is sufficient to treat normal pairs. For normal pairs, by Theorem I8, we can find
a non-constant morphism

fit Al — X\ Ngklt(X, w)
with the desired properties.

We also treat an ampleness criterion for Mori hyperbolic normal pairs. It is a general-
ization of [S, Theorem 7.5].

Theorem 1.11 (Ampleness criterion for Mori hyperbolic normal pairs). Let X be a normal
projective variety and let A be an effective R-divisor on X such that Kx + A is R-Cartier.
Assume that (X, A) is Mori hyperbolic, (Kx + A)|nie(x,a) i ample, and Kx + A is log big
with respect to (X, A). Then Kx + A is ample.

Theorem I is a very special case of the ampleness criterion for quasi-log schemes
(see Theorem MIM). We omit the precise statement of Theorem IT1 here since it looks
technical. We note that Kx + A is nef by Theorem I since (X, A) is Mori hyperbolic
and (Kx 4+ A)|nie(x,a) is ample. Therefore, Kx + A is nef and log big with respect to
(X, A) in Theorem ITT. Hence we can see that Kx + A is semi-ample with the aid of the
basepoint-free theorem of Reid-Fukuda type (see [FT0]). Then we prove that Kx + A is
ample.

By using the method established for the proof of Theorem B, we can prove the following
theorems. Note that Theorems [CT2, 13, and 14 are free from the theory of minimal
models. Theorem T2 is a generalization of Kawamata’s famous theorem (see [K3|).

Theorem 1.12. Let [X,w] be a quasi-log scheme and let ¢: X — W be a projective
morphism between schemes such that —w is p-ample. Let P be an arbitrary closed point
of W. Let E be any positive-dimensional irreducible component of o' (P) such that E ¢
X_w. Then E is covered by (possibly singular) rational curves { with

0< —w-£<2dimFE.
In particular, E is uniruled.

For the reader’s convenience, let us explain the idea of the proof of Theorem [T2. We
take an effective R-Cartier divisor B on W passing through P such that E' is a glc stratum
of [X,w+¢*B]. Let v: E — E be the normalization. By adjunction for quasi-log schemes,
Theorems [9, 10, and so on, for any ample R-divisor H on E, we obtain an effective
R-divisor Ag 5 on E such that

I/*w + H ~R KE—F AE,H

holds. This implies that C' - Kz < 0 holds for any general curve C on E. Thus, it is
not difficult to see that E is covered by rational curves (see [MM]). Our approach is
different from Kawamata’s original one, which uses a relative Kawamata—Viehweg vanish-
ing theorem for projective bimeromorphic morphisms between complex analytic spaces.
Kawamata’s approach does not work for our setting.

As a direct consequence of Theorem T2, we have:
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Theorem 1.13 (Lengths of extremal rational curves). Let [X,w] be a quasi-log scheme and
let m: X — S be a projective morphism between schemes. Let R be an w-negative extremal
ray of NE(X/S) that are rational and relatively ample at infinity. Let pr: X — W be the
contraction morphism over S associated to R. We put

d = mindim F,
E

where E runs over positive-dimensional irreducible components of gpgl(P) forall P e W.
Then R is spanned by a (possibly singular) rational curve ¢ with

0< —w-£<2d.

If (X, A) is a log canonical pair, then [ X, K x+A] naturally becomes a quasi-log canonical
pair. Hence we can apply Theorems T2 and I3 to log canonical pairs. Note that
Theorems T2 and T3 are new even for log canonical pairs (see also Corollary IZ73). We
can prove the following result on rationally chain connectedness for relative quasi-log Fano
schemes.

Theorem 1.14 (Rationally chain connectedness). Let [X,w] be a quasi-log scheme and
let m: X — S be a projective morphism between schemes with m1,0x ~ Og. Assume that
—w 1is ample over S. Then w=Y(P) is rationally chain connected modulo 7=(P) N X_
for every closed point P € S. In particular, if further 7=1(P) N X_o = 0 holds, that is,
(X, w] is quasi-log canonical in a neighborhood of 7=1(P), then n=(P) is rationally chain
connected.

Let us see the idea of the proof of Theorem IId. We assume that 7= '(P) N X_, # 0
for simplicity. By using the framework of quasi-log schemes, we construct a good finite
increasing sequence of closed subschemes

Z,l = NQIC(X,UJ) C ZO g Z1 g _,C,_ Zk

of X such that 77*(P) C Z after shrinking X around 7—'(P). It is well known that
if (V,A) is a projective normal pair such that A is effective and that —(Ky + A) is
ample then V' is rationally chain connected modulo Nklt(V,A) (see [HM] and [BP]). By
this fact, adjunction for quasi-log schemes, Theorems T4, I, and so on, we prove that
Zi 1 N~ L(P) is rationally chain connected modulo Z; N7~ (P) for every —1 <i < k — 1.
Since Z, N7 Y (P)=7"Y(P) and Z_; N7 ' (P) = 7 1(P) N X_, we obtain that 7! (P)
is rationally chain connected modulo 7=}(P) N X _.

Theorems B, T2, and 14 are closely related one another. Let us see these theorems
for extremal birational contraction morphisms of log canonical pairs. Let (X,A) be a
projective log canonical pair and let R be a (Kx + A)-negative extremal ray of NE(X).
Assume that the contraction morphism pr: X — W associated to R is birational. We take
a closed point P of W such that dim ¢j'(P) > 0. Then Theorem 14 says that ¢, (P)
is rationally chain connected. However, Theorem T4 gives no informations on degrees
of rational curves on ¢5'(P) with respect to —(Kx + A). On the other hand, Theorem
T2 shows that every irreducible component of j'(P) is covered by rational curves £
with 0 < —(Kx + A) - £ < 2dim ' (P). In particular, every irreducible component of
the exceptional locus of ¢g is uniruled. Note that the rationally chain connectedness of
o 1(P) does not directly follow from Theorem II2. Theorem @ (see also Theorem [3)
shows that there exist a rational curve C' on X and an open lc stratum U of (X, A) such
that ¢r(C) is a point and that the normalization of C'N U contains Al

We pose a conjecture related to [[LZ, Theorem 3.1].
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Conjecture 1.15. Let [X,w| be a quasi-log scheme and let m: X — S be a projective
morphism between schemes such that —w is m-ample and that

7 Naklt(X,w) — 7(Ngklt(X, w))
is finite. Let P be a closed point of S such that there exists a curve CT C 7~ 1(P) with
Noklt(X,w) N CT s 0. Then there exists a non-constant morphism

frA' — (X \ Ngklt(X,w)) N7 ' (P)
such that C, the closure of f(A') in X, satisfies C' N Nqklt(X,w) # 0 with
0<—w-C<1.

In this paper, we solve Conjecture I3 under the assumption that any sequence of klt
flips terminates.

Theorem 1.16 (see Theorem [@A). Assume that any sequence of kit flips terminates after
finitely many steps. Then Conjecture L3 holds true.

For the precise statement of Theorem 1B, see Theorem I4. In a joint paper with
Kenta Hashizume (see [FH]), we will prove the following theorem, which is a very special
case of Conjecture T4, by using some deep results in the theory of minimal models for
log canonical pairs obtained in [H2].

Theorem 1.17 (see [EH]). Let X be a normal variety and let A be an effective R-divisor
on X such that Kx + A is R-Cartier. Let m: X — S be a projective morphism onto a
scheme S such that —(Kx + A) is m-ample. We assume that

7 Nklt(X, A) — 7(Nklt(X, A))
is finite. Let P be a closed point of S such that there exists a curve CT C 7= 1(P) with
Nklt(X, A)NCT #£ (). Then there exists a non-constant morphism

frA' — (X \ NKkIt(X,A)) N7 H(P)
such that the curve C, the closure of f(A') in X, is a (possibly singular) rational curve
satisfying C N NkIt(X, A) # 0 with
0<—(Kx+A)-C<1.

Although Theorem [T7 looks very similar to Theorem R, the proof of Theorem T4
is much harder. By using Theorem T4, we will establish:

Theorem 1.18 (see [FH]). Conjecture I3 holds true.

As an application of Theorem IR, we will prove the following statement in [FH], which
supplements Theorem @ (iii).

Theorem 1.19 (see [FH]). Let [X,w| be a quasi-log scheme and let m: X — S be a
projective morphism between schemes. Let R; be an w-negative extremal ray of NE(X/S)
that are rational and relatively ample at infinity and let pr, be the contraction morphism

associated to R;. Let U; be any open qlc stratum of [X,w] such that og,: U; — ¢g,(U;)
is not finite and that g, : Wi — goRj(WT) is finite for every qlc center W1 of [ X, w] with
wt C Fj, where FJ is the closure of Uj in X. Let P be a closed point of pg,(U;). If
there exists a curve C1 such that goRj(CT) =P, CT ¢ U;, and C' C Uj, then there exists a
non-constant morphism
fir AY — Ujn Rl (P)
such that C;, the closure of f;(A) in X, spans R; in N1(X/S) and satisfies C; ¢ U; with
0< —w- Cj < 1.
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We note that Theorem ITI9 is a generalization of [LZ, Theorem 3.1]. In this paper,
we prove the following simpler statement for dlt pairs for the reader’s convenience since
Theorems T2, T8, and 19 are difficult. Theorem is much weaker than Theorem
[CT9. However, it contains a generalization of [LZ, Theorem 3.1].

Theorem 1.20. Let (X, A) be a dit pair and let 7: X — S be a projective morphism
between schemes. Let R; be a (Kx + A)-negative extremal ray of NE(X/S) and let o,
be the contraction morphism associated to R;. Let U; be any open lc stratum of (X, A)
such that or,: U; — ¢, (U;) is not finite and that g, : W' — @r,(WT) is finite for every
lc center WT of (X, A) with WT C Uj, where 7] is the closure of U; in X. If there exists
a curve Ct such that goRj(C’T) is a point, C' ¢ U;, and C' C Uj, then there erists a
non-constant morphism
fit A — U;
such that C;, the closure of f;(A') in X, spans R; in N1(X/S) and satisfies C; ¢ U; with
0<—w-C; <1

Although we need some deep results on the minimal model program for log canonical
pairs in [HT] in the proof of Theorem 20, the proof of Theorem is much simpler than
that of Theorems [CT4, T8 and 19 in [FH| and will help the reader understand [FH].

Finally, we make a conjecture on lengths of extremal rational curves (see [Ma, Remark-
Question 10-3-6]).

Conjecture 1.21. If g : U; — ¢g,(U;) is proper in Theorem A (iii), where @g; is
the contraction morphism associated to R;, then there exists a (possibly singular) rational
curve C; C U; which spans R; in N1(X/S) and satisfies
O<—W'Cj§dj—|—1
with
d; = Hgn dim F,

where E runs over positive-dimensional irreducible components of (¢r,|v,)” (P) for all

The following remark on Conjecture =211 is obvious.

Remark 1.22. We use the same notation as in Conjecture TZI. If @r, : U; — @g,(U;) is
proper in Theorem A (iii), we can make C; satisfy

0< —w- Cj < Zdj
by Theorem IT2.

Of course, we hope that the following sharper estimate
0<—w-¢<dmFE+1
should hold true in Theorem T2

We briefly look at the organization of this paper. In Section B, we recall some basic
definitions and results. Then we treat the notion of uniruledness, rationally connectedness,
and rationally chain connectedness. In Section B, we treat some basic definitions and results
on normal pairs and then discuss dlt blow-ups for quasi-projective normal pairs. In Section
A, we briefly review the theory of quasi-log schemes and prepare some useful and important
lemmas. In Section B, we give a detailed proof of Theorem 9. Theorem 9 plays a crucial
role since a quasi-log scheme is not necessarily normal even when it is a variety. In Section
B, we quickly explain basic sle-trivial fibrations. The results in [ET4] make the theory of
quasi-log schemes very powerful. In Section [d, we prove a very important result on normal
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quasi-log schemes, which is a slight generalization of [FT4, Theorem 1.7]. In Section B, we
prove Theorem IO by using the result explained in Section [d. Hence Theorem IO heavily
depends on some deep results on the theory of variations of mixed Hodge structure. In
Section 8, we prove Theorem 8. Note that Theorem 8 was essentially obtained in [LZ]
and [S] under some extra assumptions. In Section M, we prove Theorems 4, IH, and 8.
We note that Theorem 3 is a special case of Theorem [CA. In Section [, we discuss an
ampleness criterion for quasi-log schemes. As a very special case, we prove Theorem Il
In Section [, we treat Theorems 12 and [T3. They are generalizations of Kawamata’s
famous result for quasi-log schemes. In Section I3, we prove Theorem T4, which is well
known for normal pairs. In Section [, we discuss several results related to Conjecture

[13.

Acknowledgments. The author was partially supported by JSPS KAKENHI Grant
Numbers JP16H03925, JP16H06337. He thanks Kenta Hashizume very much for many
useful comments and suggestions.

2. PRELIMINARIES

We will work over C, the complex number field, throughout this paper. In this paper, a
scheme means a separated scheme of finite type over C. A variety means an integral scheme,
that is, an irreducible and reduced separated scheme of finite type over C. Note that Z, Q,
and R denote the set of integers, rational numbers, and real numbers, respectively. We also
note that Q-¢ and R are the set of positive rational numbers and positive real numbers,
respectively.

2.1. Basic definitions. We collect some basic definitions and several useful results. Let
us start with the definition of Q-line bundles and R-line bundles.

Definition 2.1 (Q-line bundles and R-line bundles). Let X be a scheme and let Pic(X) be
the group of line bundles on X, that is, the Picard group of X. An element of Pic(X) ®zR
(resp. Pic(X) ®z Q) is called an R-line bundle (resp. a Q-line bundle) on X.

In this paper, we write the group law of Pic(X)®zR additively for simplicity of notation.
The notion of R-Cartier divisors and Q-Cartier divisors also plays a crucial role for the
study of higher-dimensional algebraic varieties.

Definition 2.2 (Q-Cartier divisors and R-Cartier divisors). Let X be a scheme and let
Div(X) be the group of Cartier divisors on X. An element of Div(X)®zR (resp. Div(X)®z
Q) is called an R-Cartier divisor (resp. a Q-Cartier divisor) on X. Let A; and Ag be R-
Cartier (resp. Q-Cartier) divisors on X. Then Ay ~g Ay (resp. Ay ~g Ay) means that Ay
is R-linearly (resp. Q-linearly) equivalent to As. Let f: X — Y be a morphism between
schemes and let D be an R-Cartier divisor on X. Then D ~p ; 0 means that there exists
an R-Cartier divisor G on Y such that D ~p f*G.

The following remark is very important.

Remark 2.3 (see [FT1, Remark 6.2.3]). Let X be a scheme. We have the following group
homomorphism

Div(X) — Pic(X)
given by A — Ox(A), where A is a Cartier divisor on X. Hence it induces a homomorphism
dx: Div(X) ®z R — Pic(X) ®z R.
Note that
Div(X) — Pic(X)
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is not always surjective. We write
A+ L ~g B+ M
for A, B € Div(X) ®z R and £, M € Pic(X) ®z R. This means that
dox(A)+ L =05x(B)+ M

holds in Pic(X) @z R. We usually use this type of abuse of notation, that is, the confusion
of R-line bundles with R-Cartier divisors. In the theory of minimal models for higher-
dimensional algebraic varieties, we sometimes use R-Cartier divisors for ease of notation
even when they should be R-line bundles.

On normal varieties or equidimensional reduced schemes, we often treat R-divisors and
Q-divisors.

Definition 2.4 (Operations for Q-divisors and R-divisors). Let X be an equidimensional
reduced scheme. Note that X is not necessarily regular in codimension one. Let D be an
R-divisor (resp. a Q-divisor), that is, D is a finite formal sum ) .d;D;, where D; is an
irreducible reduced closed subscheme of X of pure codimension one and d; is a real number
(resp. a rational number) for every i such that D; # D, for ¢ # j. We put

D= =YD, D*=%dD, D =3D, and [D] =Y [d]D,
di=1

d;<c d;<c %

where c¢ is any real number and [d;]| is the integer defined by d; < [d;] < d; + 1. Similarly,
we put
D>C = Z dzDZ and DZC = Z dzDz
di>c d;>c
for any real number ¢. Moreover, we put |D| = —[—D] and {D} = D — | D].

Let D be an R-divisor (resp. a Q-divisor) as above. We call D a subboundary R-divisor
(resp. Q-divisor) if D = D=! holds. When D is effective and D = D=! holds, we call D a
boundary R-divisor (resp. Q-divisor).

We further assume that f: X — Y is a surjective morphism onto a variety Y. Then we
put

D'= Y d;D; and D"=D-D"
f(D)CY
and call D the vertical part and D" the horizontal part of D with respect to f: X — Y,
respectively.

Since we mainly treat highly singular schemes, we give an important remark.

Remark 2.5. In the theory of minimal models, we are mainly interested in normal quasi-
projective varieties. Let X be a normal variety. Then, for K = Z,Q, and R, the homo-
morphism

a: Div(X) ®z K — Pic(X) ®z K
is surjective and the homomorphism

B: Div(X) ®z K — Weil(X) ®z K

is injective, where Weil(X) is the abelian group generated by Weil divisors on X. We
usually use the surjection o and the injection [ implicitly. In this paper, however, we

frequently treat highly singular schemes X. Hence we have to be careful when we consider
a: Div(X) ®z K — Pic(X) ®z K and : Div(X) ®z K — Weil(X) ®7 K.

Let us recall the following standard notation for the sake of completeness.
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Definition 2.6 (N'(X/S), N1(X/S), p(X/S), and so on). Let m: X — S be a proper
morphism between schemes. Let Z;(X/S) be the free abelian group generated by integral
complete curves which are mapped to points on S by m. Then we obtain a bilinear form

-: Pic(X) x Z1(X/S) = Z,

which is induced by the intersection pairing. We have the notion of numerical equivalence
both in Z;(X/S) and in Pic(X), which is denoted by =, and we obtain a perfect pairing

NY(X/S) x Ni(X/S) — R,
where
NY(X/S) ={Pic(X)/ =} ®zR and N (X/S)={Z,(X/S)/ =} @zR.
It is well known that
dimg N'(X/S) = dimg N, (X/S) < oo.
We write
p(X/S) = dimg N*(X/S) = dimg N;(X/95)
and call it the relative Picard number of X over S. When S = SpecC, we usually drop
/ Spec C from the notation, for example, we simply write N;(X) instead of N;(X/ SpecC).

We will freely use the following useful lemma without mentioning it explicitly in the
subsequent sections.

Lemma 2.7 (Relative real Nakai-Moishezon ampleness criterion). Let m: X — S be a
proper morphism between schemes and let L be an R-line bundle on X. Then L is m-ample
if and only if LY™Z.Z > 0 for every positive-dimensional closed integral subscheme Z C X
such that w(Z) is a point.

For the details of Lemma P71, see [FM]. In the theory of quasi-log schemes, we mainly
treat highly singular reducible schemes. Hence Lemma P71 is very useful in order to check
the ampleness of R-line bundles.

2.2. Uniruledness, rationally connectedness, and rationally chain connected-
ness. In this subsection, we quickly recall the notion of uniruledness, rationally connect-
edness, rationally chain connectedness, and so on. We need it for Theorems T2, I"T3, and
[CTA. For the details, see [Kall, Chapter IV.]. We note that a scheme means a separated
scheme of finite type over C in this paper. Let us start with the definition of uniruled
varieties.

Definition 2.8 (Uniruledness, see [Kall, Chapter IV. 1.1 Definition]). Let X be a variety.
We say that X is uniruled if there exist a variety Y of dimension dim X — 1 and a dominant
rational map

P'xY -——» X.

Although the notion of rationally connectedness is dispensable for Theorem T4 we
explain it for the reader’s convenience.

Definition 2.9 (Rationally connectedness, see [Kall, Chapter IV. 3.6 Proposition]). Let
X be a projective variety. We say that X is rationally connected if for general closed points
x1,T9 € X there exists an irreducible rational curve C' which contains x; and x».

The following lemma is almost obvious by definition.

Lemma 2.10. Let X --» X' be a generically finite dominant rational map between vari-
eties. If X is uniruled, then X' is also uniruled. Furthermore, we assume that X --+ X' is
a birational map between projective varieties. Then X s rationally connected if and only
if X' is rationally connected.
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Let us define rationally chain connectedness for projective schemes.

Definition 2.11 (Rationally chain connectedness, see [Kol, Chapter IV. 3.5 Corollary
and 3.6 Proposition]). Let X be a projective scheme. We say that X is rationally chain
connected if for arbitrary closed points x1,z5 € X there is a connected curve C' which
contains z; and x9 such that every irreducible component of C' is rational.

Note that X may be reducible in Definition PZZI1I. For projective varieties, we have:

Lemma 2.12. Let X be a projective variety. If X is rationally connected, then X is
rationally chain connected.

Proof. This follows from [Koll, Chapter IV. 3.6 Proposition]. O
We need the following definition for Theorem IT4.

Definition 2.13 ([HM, Definition 1.1]). Let X be a projective scheme and let V' be any
closed subset. We say that X is rationally chain connected modulo V' it
(1) either V' =) and X is rationally chain connected, or
(2) V # 0 and, for every P € X, there is a connected pointed curve 0,00 € C with
rational irreducible components and a morphism hp: C' — X such that hp(0) = P
and hp(oo) € V.

We close this subsection with a small remark.

Remark 2.14. Let X be a singular normal projective rationally chain connected variety.
Then the resolution of X is not always rationally chain connected. Hence the notion of
rationally chain connectedness is more subtle than that of uniruledness and rationally
connectedness (see Lemma 2710).

3. ON NORMAL PAIRS

In this section, we collect some basic definitions and then discuss dlt blow-ups for normal
pairs. Note that the results on dlt blow-ups discussed in Subsection B2 are new. For the
details of normal pairs, see [BCHM)], [F6], and [ETI]. Let us start with the definition of
normal pairs in this paper.

Definition 3.1 (Normal pairs). A normal pair (X, A) consists of a normal variety X and
an R-divisor A on X such that Kx + A is R-Cartier. Here we do not always assume that
A is effective.

We note the following definition of exceptional loci of birational morphisms between
varieties.

Definition 3.2 (Exceptional loci). Let f: X — Y be a birational morphism between
varieties. Then the exceptional locus Exc(f) of f: X — Y is the set

{z € X| f is not biregular at z}.

3.1. Singularities of pairs. Let us explain singularities of pairs and some related defini-
tions.

Definition 3.3. Let X be a variety and let E be a prime divisor on Y for some birational
morphism f: Y — X from a normal variety Y. Then E is called a divisor over X.

Definition 3.4 (Singularities of pairs). Let (X, A) be a normal pair and let f: Y — X
be a projective birational morphism from a normal variety Y. Then we can write

Ky = f*(Kx +A)+ > a(E,X,A)E
E
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with
f (ZQ(E, X, A)E) = —A,
E

where E runs over prime divisors on Y. We call a(F, X, A) the discrepancy of E with
respect to (X,A). Note that we can define the discrepancy a(E, X, A) for any prime
divisor F over X by taking a suitable resolution of singularities of X. If a(E, X, A) > —1
(resp. > —1) for every prime divisor £ over X, then (X, A) is called sub log canonical
(resp. sub kawamata log terminal). We further assume that A is effective. Then (X, A)
is called log canonical and kawamata log terminal (lc and klt, for short) if it is sub log
canonical and sub kawamata log terminal, respectively.

Let (X,A) be a log canonical pair. If there exists a projective birational morphism
f:Y — X from a smooth variety Y such that both Exc(f) and Exc(f) U Supp f, 1A
are simple normal crossing divisors on Y and that a(E, X, A) > —1 holds for every f-
exceptional divisor E on Y, then (X, A) is called divisorial log terminal (dlt, for short).

Let (X, A) be a normal pair. If there exist a projective birational morphism f: Y — X
from a normal variety Y and a prime divisor £ on Y such that (X, A) is sub log canonical
in a neighborhood of the generic point of f(F) and that a(F, X, A) = —1, then f(F) is
called a log canonical center (an lc center, for short) of (X,A). A closed subvariety W
of X is called a log canonical stratum (an lc stratum, for short) of (X, A) if W is a log
canonical center of (X, A) or W is X itself.

Although it is well known, we recall the notion of multiplier ideal sheaves here for the
reader’s convenience.

Definition 3.5 (Multiplier ideal sheaves and non-lc ideal sheaves). Let X be a normal
variety and let A be an effective R-divisor on X such that Kx + A is R-Cartier. Let
f:Y — X be a resolution with

Ky + Ay = f"(Kx + 4)
such that Supp Ay is a simple normal crossing divisor on Y. We put
J(X,A) = f.O0y(=[Ay]).

Then J (X, A) is an ideal sheaf on X and is known as the multiplier ideal sheaf associated
to the pair (X, A). It is independent of the resolution f: Y — X. The closed subscheme
Nklt(X, A) defined by J(X,A) is called the non-kit locus of (X, A). It is obvious that
(X, A) is kawamata log terminal if and only if J(X,A) = Ox. Similarly, we put

Inee(X,A) = £.Ox(—|Ay] + AF)

and call it the non-lc ideal sheaf associated to the pair (X,A). We can check that it is
independent of the resolution f: Y — X. The closed subscheme Nlc(X, A) defined by
JInpe (X, A) is called the non-lc locus of (X, A). It is obvious that (X, A) is log canonical
if and only if Inpo(X,A) = Ox.

By definition, the natural inclusion

J(X,A) C Inne(X, A)
always holds. Therefore, we have
Nle(X,A) C Nklt(X, A).

For the details of J(X,A) and JxLc(X, A), see [F4], [E6, Section 7], and [I, Chapter
9]. In this paper, we need the notion of open lc strata.
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Definition 3.6 (Open lc strata). Let (X, A) be a normal pair such that A is effective.
Let W be an lc stratum of (X, A). We put

U:=W\ {(WﬂNlc(X,A)) U UW’} :
bt

where W' runs over lc centers of (X, A) strictly contained in W, and call it the open lc
stratum of (X, A) associated to W.

3.2. DIt blow-ups revisited. Let us discuss dlt blow-ups. We give a slight generalization
of [FTT, Theorem 4.4.21]. Here we use the theory of minimal models mainly due to [BCHMI].
Let us start with the definition of movable divisors.

Definition 3.7 (Movable divisors and movable cones, see [ETI, Definition 2.4.4]). Let
f: X =Y be a projective morphism from a normal variety X onto a variety Y. A Cartier
divisor D on X is called f-movable or movable over Y if f.Ox (D) # 0 and if the cokernel
of the natural homomorphism

f*1.0x(D) = Ox(D)
has a support of codimension > 2.
We define Mov(X/Y) as the closure of the convex cone in N'(X/Y") generated by the nu-

merical equivalence classes of f-movable Cartier divisors. We call Mov(X/Y') the movable
coneof f: X =Y.

The following lemma is a very minor generalization of [F11, Lemma 2.4.5].

Lemma 3.8 (Negativity lemma). Let f: X — Y be a projective birational morphism
between normal varieties. Let E be an R-Cartier R-divisor on X such that — f.E is effective
and E € Mov(X/Y'). Then —E is effective.

Proof. We take a resolution of singularities of X. Then we may assume that X is smooth.
We write £ = E, — E_ such that F, and E_ are effective R-divisors and have no common
irreducible components. By assumption, F, is f-exceptional. Hence the proof of [FT1,
Lemma 2.4.5] works without any changes. Therefore, we obtain that £, = 0, equivalently,
—F is effective. O

By Lemma BR, we can prove the existence of dlt blow-ups for quasi-projective normal
pairs. We note that A is assumed to be a boundary R-divisor in [ETI, Theorem 4.4.21].

Theorem 3.9 (DIt blow-ups). Let X be a normal quasi-projective variety and let A =
> diA; be an effective R-divisor on X such that Kx + A is R-Cartier. In this case, we
can construct a projective birational morphism f:Y — X from a normal quasi-projective
variety Y with the following properties.

(i) Y is Q-factorial.

(i) a(E, X,A) < —1 for every f-exceptional divisor E on'Y.

(iii) We put
A= " dif' N+ D> A+ Y B
0<d; <1 d;>1 E: f-exceptional

Then (Y, A") is dit and the following equality
Ky +Al= f{(Ex+A)+ > (a(E,X,A)+1)E

a(E,X,A)<—1
holds.

We only give a sketch of the proof of Theorem B since the proof of [FT1, Theorem
4.4.21] works by Lemma BS.
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Sketch of Proof of Theorem B. Let g: Z — X be a resolution such that Exc(g)USupp g; 1A
is a simple normal crossing divisor on X and g is projective. We write

Kz+£:g*(Kx+A)+F7

A= Z dig;lAi‘f‘Zg;lAri‘ Z E.
0<d;<1 d;>1 E: g-exceptional
We note that —g,F" is effective by construction. Then we apply the same argument as in
the proof of [FTT, Theorem 4.4.21], that is, we run a suitable minimal model program with
respect to (Z,A) over X. After finitely many steps, we see that the effective part of F'
is contracted. Note that all we have to do is to use Lemma BS instead of [ETI, Lemma

2.4.5]. O
When A is a boundary R-divisor, Lemma B0 is nothing but [S, Theorem 3.4].

where

Lemma 3.10. Let X be a normal quasi-projective variety and let A be an effective R-
divisor on X such that Kx + A is R-Cartier. Then we can construct a projective birational
morphism g: Y — X from a normal Q-factorial variety Y with the following properties.

(i) Ky + Ay = g"(Kx + A),

(ii) the pair
(Y, Ny =Y diDi+ ) DZ-)
di<1 di>1
is dlt, where Ay =), d;D; is the irreducible decomposition of Ay,
(iii) every g-exceptional prime divisor is a component of (A})=!, and
(iv) g ' NKklt(X, A) coincides with Nklt(Y, Ay) and Nklt(Y, A}) set theoretically.

By Theorem B, the proof of [S, Theorem 3.4] works without any changes even when A
is not a boundary R-divisor. We give a proof for the sake of completeness.

Proof of Lemma BI0. There exists a dlt blow-up a: Z — X with Kz 4+ Ay := o*(Kx+A)
satisfying (i), (ii), and (iii) by Theorem Bd. Note that (Z, A3') is a Q-factorial kawamata
log terminal pair. We take a minimal model (Z', A3!) of (Z, A3') over X by [BCHMI.

Then Kz + A3} ~g —Af} + o (Kx + A) is nef over X. Of course, we put Ay = ¢, Ay.
We take a dlt blow-up 8: Y — Z’ of (Z', A3} + Supp Ag,l) again by Theorem B9 (or [ETT,
Theorem 4.4.21]) and put g := o’ o 3: Y — X. It is not difficult to see that this birational
morphism ¢: Y — X with Ky + Ay := ¢"(Kx + A) satisfies the desired properties. It is
obvious that ¢g—! Nklt(X, A) contains the support of ﬁ*A%}. Since —B*Af} is nef over X,
we see that 3*A7/ coincides with g~' Nklt(X, A) set theoretically. O

For the details of the proof of Lemma B0, see [S, Theorem 3.4]. In [FH], Theorem B
and Lemma B0 will be generalized completely by using the minimal model program for
log canonical pairs established in [H2)].

4. ON QUASI-LOG SCHEMES

In this section, we explain some basic definitions and results on quasi-log schemes. For
the details of the theory of quasi-log schemes, we recommend the reader to see [FT11,
Chapter 6].
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4.1. Definitions and basic properties of quasi-log schemes. The notion of quasi-log
schemes was first introduced by Florin Ambro (see [A]) in order to establish the cone and
contraction theorem for (X, A), where X is a normal variety and A is an effective R-divisor
on X such that Kx + A is R-Cartier. Here we use the formulation in [ETI, Chapter 6],
which is slightly different from Ambro’s original one. We recommend the interested reader
to see [F12, Appendix A] for the difference between our definition of quasi-log schemes and
Ambro’s one.

In order to define quasi-log schemes, we use the notion of globally embedded simple
normal crossing pairs.

Definition 4.1 (Globally embedded simple normal crossing pairs, see [ET1, Definition
6.2.1]). Let Y be a simple normal crossing divisor on a smooth variety M and let B be
an R-divisor on M such that Supp(B + Y') is a simple normal crossing divisor on M and
that B and Y have no common irreducible components. We put By = B|y and consider
the pair (Y, By). We call (Y, By) a globally embedded simple normal crossing pair and M
the ambient space of (Y, By). A stratum of (Y, By) is a log canonical center of (M,Y + B)
that is contained in Y.

Let us recall the definition of quasi-log schemes.

Definition 4.2 (Quasi-log schemes, see [FTI, Definition 6.2.2]). A quasi-log scheme is a
scheme X endowed with an R-Cartier divisor (or R-line bundle) w on X, a closed subscheme
X_o € X, and a finite collection {C'} of reduced and irreducible subschemes of X such
that there is a proper morphism f: (Y, By) — X from a globally embedded simple normal
crossing pair satisfying the following properties:

(1) f*w ~R Ky + By.

(2) The natural map Ox — f.Oy([—(Bs')]) induces an isomorphism

Ix_.. — LOy([—(BsY)] = |BYY)),

where Zx__ is the defining ideal sheaf of X_ .
(3) The collection of reduced and irreducible subschemes {C'} coincides with the images
of the strata of (Y, By) that are not included in X_..

We simply write [X,w] to denote the above data
(X,w, f: (Y, By) = X)

if there is no risk of confusion. Note that a quasi-log scheme [ X w] is the union of {C'} and
X_ . The reduced and irreducible subschemes C' are called the g¢lc strata of [ X, w], X _
is called the non-glc locus of [X,w], and f: (Y, By) — X is called a quasi-log resolution of
[ X, w]. We sometimes use Ngle(X,w) or

Nqle(X,w, f: (Y, By) = X)

to denote X_ .. If a glc stratum C of [ X, w] is not an irreducible component of X, then it
is called a gle center of [ X, w].

We say that (X,w, f: (Y, By) = X) or [X,w] has a Q-structure if By is a Q-divisor, w is
a Q-Cartier divisor (or Q-line bundle), and f*w ~g Ky + By holds in the above definition.

In this paper, the notion of open glc strata is indispensable.

Definition 4.3 (Open glc strata). Let W be a glc stratum of a quasi-log scheme [X, w].
We put

U:=W\ {(Wﬂquc(X,w)) UUW’},
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where W' runs over glc centers of [X,w] strictly contained in W, and call it the open qlc
stratum of [ X, w] associated to W.

In Section [, we need the notion of log bigness. For the details of relatively big R-
divisors, see [F11, Section 2.1].

Definition 4.4 (Log bigness). Let [X,w] be a quasi-log scheme and let 7: X — S be a
proper morphism between schemes. Let D be an R-Cartier divisor (or R-line bundle) on
X. We say that D is log big over S with respect to [X,w] if D|w is big over m(W) for every
gle stratum W of [ X, w].

We collect some basic and important properties of quasi-log schemes for the reader’s
convenience.

Theorem 4.5 ([F11, Theorem 6.3.4]). In Definition -3, we may assume that the ambient
space M of the globally embedded simple normal crossing pair (Y, By) is quasi-projective.
In particular, Y is quasi-projective and f:Y — X is projective.

For the details of Theorem B3, see the proof of [ET1, Theorem 6.3.4]. In the theory of
quasi-log schemes, we sometimes need the projectivity of f in order to use the theory of
variations of mixed Hodge structure (see [FT4] and [FFL]). Hence Theorem B3 plays a
crucial role. The most important result in the theory of quasi-log schemes is as follows.

Theorem 4.6 ([FT1, Theorem 6.3.5]). Let [X,w] be a quasi-log scheme and let X' be the
union of X_, with a (possibly empty) union of some qlc strata of [X,w]. Then we have
the following properties.

(i) (Adjunction). Assume that X' # X_. Then X' naturally becomes a quasi-log
scheme with W' = w|x and X' . = X_«. Moreover, the qlc strata of [X', '] are
exactly the qlc strata of [X,w] that are included in X'.

(ii) (Vanishing theorem). Assume thatm: X — S is a proper morphism between schemes.
Let L be a Cartier divisor on X such that L — w is nef and log big over S with
respect to [X,w]|. Then R'm.(Zx @ Ox(L)) = 0 for every i > 0, where Zx is the
defining ideal sheaf of X" on X.

In this paper, we will repeatedly use adjunction for quasi-log schemes in Theorem E6Q
(i). We strongly recommend the reader to see the proof of [FT1, Theorem 6.3.5]. Here, we
only explain the main idea of the proof of Theorem B8 (i) for the reader’s convenience.

Idea of Proof of Theorem [-g (i). By definition, X’ is the union of X_,, with a union of
some glc strata of [X,w] set theoretically. We assume that X’ # X_, holds. By [ET1,
Proposition 6.3.1], we may assume that the union of all strata of (Y, By) mapped to X’
by f, which is denoted by Y”, is a union of some irreducible components of Y. We put
Y” =Y — Y/, Ky// + By// = (KY + By)|y//7 and Kyl + By/ = (KY + By)|y/. We set
f" = fly» and f' = f|y.. Then we claim that

(X/,w’, fll (Y/, By/) — X/)

becomes a quasi-log scheme satisfying the desired properties. Let us consider the following
short exact sequence:

0 Opn([—(BEY] — [B3A] — Yhyn) > Ov([—(BsH)] - [B7))
— Oy/([=(B5)] = | By ]) — 0,
which is induced by
0 — Oyn(=Y'|yn) = Oy — Oy — 0.
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We take the associated long exact sequence. Then we can check that the connecting
homomorphism

0: fLOy([=(By)] = By ]) = RUfOyn([—(Byn)] = [ Byn] = Y'lyn)

is zero by using a generalization of Kollar’s torsion-freeness based on the theory of mixed
Hodge structures on cohomology with compact support (see [F11, Chapter 5]). We put

Ty 1= [1Oyu([~(BEh)] - | Bb] = Yly),

which is an ideal sheaf on X since Zx» C Zx__, and define a scheme structure on X’ by
Zx:. Then we obtain the following big commutative diagram:

0 0

0 —— fIOy([=(B5)| = [Byn] = Y'lyn) —=Ix

00— f.O0y([=(ByY)] = [By']) = Ix_., Ox Ox_.. —=0

0 ——= flO0v([=(By)] = [By/]) =Ix: , —= Ox) —=Ox,  —=0

0 0
by the above arguments. More precisely, by the above big commutative diagram,
Ix:, = [LOy([=(B5)] = [By/))
is an ideal sheaf on X’ such that Ox/Zx__ = Ox:/Zx: _. Thus we obtain that
(X", o' f (Y, By) = X)
is a quasi-log scheme satisfying the desired properties. U
As an obvious corollary, we have:

Corollary 4.7 ([FT1, Notation 6.3.10]). Let [X,w]| be a quasi-log scheme. The union of
X _ o with all gle centers of [X,w]| is denoted by Naklt(X,w), or, more precisely,

Noklt(X,w, f: (Y, By) = X).
If Ngklt(X,w) # X_, then
[Naklt (X, w), w|ngkie(x w)]
naturally becomes a quasi-log scheme by adjunction.

In the framework of quasi-log schemes, Ngklt(X, w) plays an important role by induction
on dimension. When Ngklt(X,w) = @), we have the following lemma.

Lemma 4.8 ([ET1, Lemma 6.3.9]). Let [X,w] be a quasi-log scheme with X_o, = ().
Assume that every qlc stratum of [X,w| is an irreducible component of X, equivalently,
Ngklt(X,w) = 0. Then X is normal.

For the proof of Lemma B8, see [ETI, Lemma 6.3.9]. It is convenient to introduce the
notion of quasi-log canonical pairs.
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Definition 4.9 (Quasi-log canonical pairs, see [FT11, Definition 6.2.9]). Let
(X,w, f: (Y,By) = X)
be a quasi-log scheme. If X_o, = (), then it is called a quasi-log canonical pair (glc pair,
for short).
By using adjunction, we can prove:

Theorem 4.10 ([ETT, Theorem 6.3.11 (i)]). Let [X,w| be a quasi-log canonical pair. Then
the intersection of two qlc strata is a union of qlc strata.

The following example is very important. Example BZ11 shows that we can treat log
canonical pairs as quasi-log canonical pairs. In some sense, Ambro introduced the notion
of quasi-log schemes in order to treat the following example (see [Al]).

Example 4.11 ([ETT, 6.4.1]). Let (X, A) be a normal pair such that A is effective. Let
f:Y — X be a resolution of singularities such that
Ky + By = f"(Kx + A)

and that SuppBy is a simple normal crossing divisor on Y. We put w = Kx + A. Then
Ky + By ~gr f*w holds. Since A is effective, [—(Bs!')] is effective and f-exceptional.
Therefore, the natural map

Ox = fOy([=(Bs)])
is an isomorphism. We put
Ix . = Inwe(X,A) = LOy([=(B5)] = | B)),
where JInpc(X, A) is the non-lc ideal sheaf associated to (X, A) in Definition BH. We put
M =Y xCand D = By xC. Then (Y, By) ~ (Y x {0}, By x {0}) is a globally embedded
simple normal crossing pair. Thus
(X7w7f: (YvBY) — X)

becomes a quasi-log scheme. By construction, (X, A) is log canonical if and only if [ X, w]
is quasi-log canonical. We note that C'is a log canonical center of (X, B) if and only if C
is a qglc center of [X,w]. We also note that X itself is a glc stratum of [ X, w].

Example ETT shows that [X, Kx + A] has a natural quasi-log scheme structure. In
general, however, [X, Kx + A] has many different quasi-log scheme structures.

Remark 4.12. In Example E11, we take an effective R-divisor A’ on X such that Ky +
A ~p Kx + A Let f': Y’ — X be a resolution of singularities such that
Ky + By = (f')"(Kx + A)
and that Supp By is a simple normal crossing divisor on Y’. Then
(quuf/: (Y/7BY') — X)
is also a quasi-log scheme since Ky+ + By ~g (f')*w. In this case, there is no correspon-
dence between glc strata of (X, w, f': (Y’, By:) — X) and lc strata of (X, A).
By combining Theorem B—10 with Example BZT1, we have:

Corollary 4.13 ([F6, Theorem 9.1 (2)]). Let (X,A) be a log canonical pair. Then the
intersection of two lc centers is a union of lc centers.

For the basic properties of quasi-log schemes, see [FT1 Chapter 6]. We also recommend
the reader to see [F5], which is a gentle introduction to the theory of quasi-log schemes.
In [E8], we establish that every quasi-projective semi-log canonical pair naturally becomes
a quasi-log canonical pair. Hence we can use the theory of quasi-log schemes for the study
of semi-log canonical pairs. For the details, see [ES].
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4.2. Kleiman—Mori cones. In this subsection, we discuss basic definitions and results
around Kleiman—Mori cones of quasi-log schemes. Let us start with the definition of
Kleiman—Mori cones.

Definition 4.14 (Kleiman—-Mori cones). Let m: X — S be a proper morphism between
schemes. Let NE(X/S) be the convex cone in N1(X/S) generated by effective 1-cycles on
X mapped to points by 7. Let NE(X/S) be the closure of NE(X/S) in N;(X/S). We
call it the Kleiman—Mori cone of m: X — S. As usual, we drop / Spec C from the notation
when S = Spec C.

Let us explain some basic definitions.

Definition 4.15 ([FTI, Definition 6.7.1]). Let [X,w] be a quasi-log scheme with the non-
qlc locus X . Let m: X — S be a projective morphism between schemes. We put

NE(X/S)_oo =Im (NE(X_/S) = NE(X/S)) .

We sometimes use NE(X/S)nqe(x/s) to denote NE(X/S)_o. For an R-Cartier divisor
(or R-line bundle) D, we define

Dso={z€ Ni(X/S)|D-z>0}.
Similarly, we can define D+, D<g, and D.,. We also define
Dt ={z€ N\(X/S)|D-z=0}.
We use the following notation
NE(X/S)pso = NE(X/S) N Do,
and similarly for > 0, <0, and < 0.
In order to treat the cone and contraction theorem, we need the following definition.

Definition 4.16 ([ET1, Definition 6.7.2]). An extremal face of NE(X/S) is a non-zero
subcone F' C NE(X/S) such that z,2" € F and 2 + 2’ € F imply that 2, 2" € F'. Equiva-
lently, F = NE(X/S)N H* for some 7-nef R-divisor (or 7-nef R-line bundle) H, which is

called a support function of F. An extremal ray is a one-dimensional extremal face.

(1) An extremal face F is called w-negative if F N NE(X/S),>0 = {0}.

(2) An extremal face F is called rational if we can choose a m-nef Q-divisor (or Q-line
bundle) H as a support function of F.

(3) An extremal face F is called relatively ample at infinity if FONE(X/S)_o, = {0}.
Equivalently, H|x__ is 7|x__-ample for any supporting function H of F.

The contraction theorem for quasi-log schemes plays an important role in this paper.

Theorem 4.17 (Contraction theorem, see [FT1, Theorem 6.7.3]). Let [X,w] be a quasi-log
scheme and let m: X — S be a projective morphism between schemes. Let R be an w-
negative extremal ray of NE(X/S) that is rational and relatively ample at infinity. Then
there exists a projective morphism pr: X — Y over S with the following properties.

(i) Let C be an integral curve on X such that w(C') is a point. Then pr(C') is a point
if and only if [C] € R, where [C] denotes the numerical equivalence class of C in
Ni(X/S).

(iii) Let L be a line bundle on X such that L -C =0 for every curve C with [C] € R.
Then there is a line bundle Ly onY such that L ~ ¢LLy.

Proof. Since R is relatively ample at infinity, pr: X_o — @r(X_) is finite. Hence
Lk is ¢r|x_.-generated for every m > 0. Therefore, this theorem is a special case
of [ETI, Theorem 6.7.3]. O
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Theorem BT is a generalization of the famous Kawamata—-Shokurov basepoint-free the-
orem.

4.3. Lemmas on quasi-log schemes. In this subsection, we treat useful lemmas on
quasi-log schemes. The first two lemmas were already proved in [ET0]. We will repeatedly
use Lemma B9 throughout this paper.

Lemma 4.18 ([F10, Lemma 3.12]). Let (X,w, f: (Y,By) — X) be a quasi-log scheme.
Then we can construct a proper morphism f': (Y', By:) — X from a globally embedded
simple normal crossing pair (Y', By/) such that

(i) f: (Y',By:) — X gives the same quasi-log scheme structure as one given by
f:(Y,By) — X, and
(i) every irreducible component of Y' is mapped by f' to X \ X_o, the closure of
X\ X_ o in X.
We give the proof for the sake of completeness.

Proof. Let M be the ambient space of (Y, By). By taking some blow-ups of M, we may

assume that the union of all strata of (Y, By ) that are not mapped to X \ X_,, which
is denoted by Y is a union of some irreducible components of Y (see [F11, Proposition

=

6.3.1]). We put Y =Y —Y” and Ky~ + By» = (Ky + By )|y~». We may further assume that
the union of all strata of (Y, By ) mapped to X \ X_,,NX_ is a union of some irreducible
components of Y by [ETI, Proposition 6.3.1]. We consider the short exact sequence

0— Oyn(=Y') = Oy — Oy — 0.
We put A = [—(By')] and N = | By']. By applying ®Oy (A — N), we have
0= Oy(A=N-Y") = Oy(A—=N) = Oy/(A—N) = 0.
By taking R'f,, we obtain
0= fiOyn(A=N-Y") = f,Oy(A—N) = f.Oy/(A—N)
— R f.Oyn(A=N—-Y") = ---.
By [ETI, Theorem 5.6.2], no associated prime of R!f,Oyn(A — N —Y’) is contained in
F(Y')N X_. Note that
(A= N =Y")|y» — (Kyn +{Byn} + Bys = Y'lyn) = —(Ky» + Byn)
~r —(f W)y
Therefore, the connecting homomorphism
§: f.Oy/(A—N) = R f,.0yn(A—-N-Y")
is zero. This implies that
0= fiOyn(A—N-Y")>ZIyx  — f.Oy/(A—=N)—0

is exact. The ideal sheaf J = f,Oy»(A — N —Y") is zero when it is restricted to X_., be-
cause J C Zy__. On the other hand, J is zero on X'\ X_, because f(Y"”) C X_ . There-
fore, we obtain J = 0. Thus we have Zx___ = f.Oy/(A—N). So f' = fly: (Y, By:) = X,
where Ky + By, = (Ky + By)|y, gives the same quasi-log scheme structure as one given
by f: (Y, By) — X with the property (ii). O

By using Lemma BT8, we establish the following very useful lemma.

Lemma 4.19 ([ET0, Lemma 3.14)). Let [X,w| be a quasi-log scheme. Let us consider

XT =X\ X_o, the closure in X, with the reduced scheme structure. Then [XT,w'], where
wh = w|xt, has a natural quasi-log scheme structure induced by [X,w]. This means that
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(i) C is a qlc stratum of [X,w] if and only if C is a qlc stratum of [XT,w'], and
(i) Ingle(x.w) = Ingle(xtwt) holds.
We include the proof for the benefit of the reader.
Proof. Let Iy+ be the defining ideal sheaf of X7 on X. Let f’: (Y’ By:) — X be the

quasi-log resolution constructed in the proof of Lemma EI8. By construction, f': Y/ — X
factors through XT. Note that

IX—oo ~ iny/(A — N) ~ flOy/(—N)
and that
FIN)=X_oonf(Y)=X_onX!

set theoretically, where A = [—(Bs})] and N = | By} (see [ETH, Remark 6.2.10]). There-
fore, we obtain

IXT ﬂ IXiOO - IXT ﬂ f:‘OY/(—N,) - {0}
Thus we can construct the following big commutative diagram.

0 0

fiOy(A — N) == f.Oy:(A—N)

0 Iyt Ox Oxi —0
0 Tyt Ox__ Oyi ——0
0 0
Hence f': (Y, By:) — X gives the desired quasi-log scheme structure on [XT, wT]. O

By Lemmas BT8 and B-T9, we can abandon unnecessary components from f: (Y, By ) —
X. Lemma is almost obvious by definition.

Lemma 4.20. Let

<X7w7f: (Y7BY) — X)
be a quasi-log scheme and let B be an effective R-Cartier divisor on X, that is, a finite R<q-
linear combination of effective Cartier divisors on X. Let X' be the union of Nqle(X,w)
and all qlc centers of [X,w]| contained in SuppB. Assume that the union of all strata
of (Y, By) mapped to X' by f, which is denoted by Y’, is a union of some irreducible
components of Y. We put Y =Y —Y', Kyu+ Byn = (Ky + By)|y», and f" = flyn. We
further assume that

(Y”, BY// + (f//)*B)
15 a globally embedded simple normal crossing pair. Then
(Xow+ B, " (Y", By + (f')'B) = X)

1S a quasi-log scheme.

Proof. Since Ky + By ~g f*w, we have Ky~ + Byn ~g (f”)*w. Therefore, Ky» + By +
(f")*B ~g (f")*(w + B) holds true. By the proof of adjunction (see the idea of the proof
of Theorem B (i) and the proof of [ETI, Theorem 6.3.5 (i)]), we have

Iy = [!Oxo([=(Byn)] = | Byn] = Y'lyn),
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where Ty is the defining ideal sheaf of X’ on X. Note that the following key inequality
[=(By» + (f")'B)<"] = [(By» + (f")'B)”"] < [=(Byi)] — [ Byn] = Y|y
holds. Therefore, we put
Ingie(xwr8) = fLOyn([—(Byn + (f')'B)<'] = [(By» + (f")*B)”']) C Ix» € Ox
and define the closed subscheme Nqlc(X,w + B) of X by Znqie(xw+p). Then
(X,w+ B, f": (Y, By + (f")*B) = X)

is a quasi-log scheme. Let W be a reduced and irreducible subscheme of X. As usual, we
say that W is a gle stratum of [X,w + B] when W is not contained in Nqlc(X,w + B)
and is the f”-image of a stratum of (Y, By~ + (f”)*B). By construction, we have X’ C
Ngle(X,w + B). We note that (X,w+ B, f": (Y", By» + (f")*B) — X) coincides with
(X,w, f: (Y, By) — X) outside SuppB. O

By using Lemma E20, we can prove the following lemma.

Lemma 4.21. Let [X,w] be a quasi-log scheme and let G be an effective R-Cartier divisor
on X, that is, a finite Ryg-linear combination of effective Cartier divisors on X. Then, for
every 0 < ¢ < 1, [X,w+eG] naturally becomes a quasi-log scheme such that Naklt(X, w +
eG) = Naklt(X, w) holds. More precisely, Ingu(x wteG) = INgklt(xw) holds.

Note that Lemma B2 is almost obvious for normal pairs by the definition of multiplier
ideal sheaves.

Proof of Lemma [-Z1. Let f: (Y, By) — X be a proper morphism from a globally em-
bedded simple normal crossing pair (Y, By ) as in Definition 2. Let X’ be the union of
Nqle(X,w) and all gle centers of [X, w| contained in Supp G. By [ETI, Proposition 6.3.1]
and [Ko2, Theorem 3.35], we may assume that the union of all strata of (Y, By ) mapped to
X' by f, which is denoted by Y”, is a union of some irreducible components of Y. By [ET1],
Proposition 6.3.1] and [Ko2, Theorem 3.35] again, we may further assume that the union of
all strata of (Y, By ) mapped to Ngklt(X,w) by f, which is denoted by Z’, is a union of some
irreducible components of Y. By construction, Y’ < Z’ obviously holds. As in Lemma
, we put Y'=Y — Y/, Ky// + By// = (Ky —+ By)|yu, and f” = f|yu. By [P] ], PI‘OpO-
sition 6.3.1] and [Ko2, Theorem 3.35], we further assume that (Y, (f”)*G + Supp By~ ) is
a globally embedded simple normal crossing pair. By Lemma B20, we know that

(X,w+eG, " (Y, By +e(f")'G) = X)

is a quasi-log scheme for every e > 0. We put 2" =Y — 7', Kz» + Byzw = (Ky + By)|z»,
and h = f|z». Thus, by the proof of adjunction (see the idea of the proof of Theorem I@
(i) and the proof of [ETI, Theorem 6.3.5 (i)]), we have

Iqult(X,w) - h*OZ//(IV—(BEI%)—I - LBE/H - Z,|Z”)'
We note that
[—(BZ) = [Bzr] = Z'|zn = | Bzr]

holds by definition. On the other hand, by the proof of adjunction again (see the idea of
the proof of Theorem B8 (i) and the proof of [ETI, Theorem 6.3.5 (i)]),

Inguts(xXwieG) = hOzn([—(Bzr + eh*G)<'] — [(Bzr + eh*G)>' | — (2" = Y')|zv)
for every 0 < ¢ < 1. By direct calculation, for 0 < ¢ < 1,
(—(Byr +eh* @) = [(Byn +eh* Q)| = (Z' = Y)
= —|Bz]
= [=(Bz1)] = |Bzs] = Z'| 2.
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Hence we obtain
Iqult(X,w+eG) = Iqult(X,w) .
This means that
(X,w+eG, f": Y Byr +e(f")*G) = X)
is a quasi-log scheme with
Ngklt(X,w + eG) = Naklt (X, w)
for 0 < e < 1. We finish the proof of Lemma Z—21. Il

We need the following lemma in order to reduce some problems to the case where quasi-
log schemes have Q-structures.

Lemma 4.22. Let (X,w, f: (Y,By) = X) be a quasi-log scheme. Then we obtain a Q-
divisor D; on'Y, a Q-line bundle w; on X, and a positive real number r; for 1 < i < k
such that

(i) Zf:l ri =1,

(i) Supp D; = Supp By, Di' = By', |D7'| = |By'], and [—(D7Y)] = [—(B§')] for

every 1,

(ill) w = Zle r,w; and By = Zle r;D;, and

(iv) (X,wi, f: (Y, D;) = X) is a quasi-log scheme with Ky + D; ~q f*w; for every i.
We note that

Ndle(X, w;) = Nqle(X, w)

holds for every i. We also note that W is a qlc stratum of [X,w] if and only if W is a glc
stratum of [X,w;] for every i.
Proof. Without loss of generality, we may assume that w is an R-line bundle. We put
By =, b;B;, where B; is a simple normal crossing divisor on Y for every j, bj, # bj, for
J1 # j2, and Supp Bj, and Supp Bj, have no common irreducible components for j; # j,.
We may assume that b; € R\ Q for 1 < j <l and b; € Q for j > [+ 1. We put

w = mezl apwp, where a, € R and wy, is a line bundle on X for every p. We can write

m

Ky + By = Zapf*wp
p=1
in Pic(Y) ®z R. We consider the following linear map
Y: RF™ — Pic(Y) @z R
defined by

m l
¢($1, Ce ,-Tl+m) = Z xaf*wa — me+535.
a=1 ps=1

We note that 1 is defined over Q. By construction,

A = w—l (Ky + Z b]B]>

J>I+1
is a nonempty affine subspace of R'*™ defined over Q. We put
P:=(ay,...,am,b1,...,b) € A.

We can take Pi,..., P, € ANQ"™ and rq,...,7, € Ry such that Zlen = 1 and

Zle r;P; = P in A. Note that we can make P, arbitrary close to P for every i. So we
may assume that P; is sufficiently close to P for every . For each P;, we obtain

(41) KY + Dz ~Q f*wi
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which satisfies (ii) by using . By construction, (i) and (iii) hold. By (&) and (ii),
(X,wi, [1 (Y. D;) = X)

is a quasi-log scheme with the desired properties for every i. Therefore, we get (iv). Il

5. PROOF OF THEOREM Y

In this section, we prove Theorem 9. In some sense, Theorem 9 is a generalization
of [FLH, Theorem 1.1].

Proof of Theorem IA. Let f: (Y, By) — X be a proper surjective morphism from a quasi-
projective globally embedded simple normal crossing pair (Y, By ) as in Definition B2 (see
Theorem B3H). By [FTI, Proposition 6.3.1], we may assume that Y is quasi-projective
and that the union of all strata of (Y, By) mapped to Ngklt(X,w), which is denoted
by Y”, is a union of some irreducible components of Y. We put Y/ = Y — Y” and
Ky 4+ By = (Ky + By)|y:. Then we obtain the following commutative diagram:

yicet,vy

rlo s

Vv — X
where ¢: Y’ = Y is a natural closed immersion and

v v _rox

is the Stein factorization of foc: Y’ — X. By construction, ¢: Y’ — Y is an isomorphism
over the generic point of X. By construction again, the natural map Oy — f./Oy- is an
isomorphism and every stratum of Y’ is dominant onto V. Therefore, p is birational.

Claim 1. V is normal.

Proof of Claim . Let w: V" — V be the normalization. Since every stratum of Y is
dominant onto V', there exists a closed subset X of Y’ such that codimy~ ¥ > 2 and that
7lo f:Y' —-» V™ is a morphism on Y’ \ . Let Y be the graph of 7=to f/: Y/ -—-» V",
Then we have the following commutative diagram:

y L.y

)

vV

where ¢ and f are natural projections. Note that ¢: Y — Y'is an isomorphism over
Y \ ¥ by construction. Since Y’ is a simple normal crossing divisor on a smooth variety
and codimy: ¥ > 2, the natural map Oy, — ¢.Oy is an isomorphism. Therefore, the
composition

Oy = 1.0pn = 1 [.0y = [1¢.05 ~ Oy
is an isomorphism. Thus we have Oy ~ 7,Oy«. This implies that V' is normal. l

Therefore, p: V' — X is nothing but the normalization v: Z — X. So we have the
following commutative diagram.

yicet,y
I’ f
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Claim 2. The natural map
a: Oz = fLOyv:([—(B5))])
is an isomorphism outside v~ Nqle(X, w).

Proof of Claim B. Note that v: Z — X is an isomorphism over X \ Ngklt(X,w) by Lemma
AR. Moreover, f': Y’ — Z is nothing but f: Y — X over Z \ v ! Ngklt(X,w) by
construction. Therefore, « is an isomorphism outside v~! Nqgklt(X,w). By replacing
X with X \ Nqle(X,w), we may assume that Nqle(X,w) = (. Hence the natural map
Ox — f.Oy([—(Bs)]) is an isomorphism. Therefore, we have f,Oy ~ Ox. Since Z is
normal and f/Oy-([—(Bs})]) is torsion-free, it is sufficient to see that « is an isomorphism
in codimension one. Let P be any prime divisor on Z such that P C v~! Ngklt(X,w).
We note that every fiber of f is connected by f.,Oy ~ Ox. Then, by construction, there
exists an irreducible component of By;' which maps onto P. Therefore, the effective divisor
[—(Bs!)] does not contain the whole fiber of f’ over the generic point of P. Thus, a is an
isomorphism at the generic point of P. This means that « is an isomorphism. Il

We put S := flOy:([—(Bs!)] — | Byt ] — Y"|y+). Then we have:
Claim 3. S is an ideal sheaf on Z.

Proof of Claim B. By definition, § is a torsion-free coherent sheaf on Z. By the proof of
[ET1, Theorem 6.3.5 (i)] (see also the idea of the proof of Theorem 8 (i)), we have

1.8 = f.Oy([—(By))] — By = Y"|yr) = Inguas(xw) € Ox.

Since v is finite,
vrv,S =+ S

is surjective. This implies that S is an ideal sheaf on Z. U
We put T := flOy:([—(Bs})] — | By}]). Then we have:
Claim 4. T is an ideal sheaf on Z.

Proof of Claim . Outside v~ Nqle(X,w), it is obvious that 7 = f.Oy+([—(Bs/)]) holds.
Therefore, we obtain 7 = Oy outside v~ ! Nqle(X,w) by Claim B. Since T is torsion-free
and Z is normal, it is sufficient to show that 7 is an ideal sheaf in codimension one. Let
@ be any prime divisor on X such that ) C Nqlc(X,w). We take a prime divisor P on Z
such that v(P) = Q.

If [—(Bs))] does not contain the whole fiber of f’ over the generic point of P, then the
natural map

a: Oz = flOy:([=(Bs)1)
is an isomorphism at the generic point of P since the natural map Oy — f.Oy: is an
isomorphism by construction. Then f/Oy([—(Bsi)] — |By/']) is an ideal sheaf at the
generic point of P.

If [—(B5))] contains the whole fiber of f” over the generic point of P, then S = T holds
over the generic point of P because [—(Bs')| and Y”]y» have no common irreducible
components. Therefore, 7 is an ideal sheaf at the generic point of P by Claim B

Hence 7T is an ideal sheaf on Z. This is what we wanted. U

By construction,
Ky + By ~p f*v*w
obviously holds. We can define Nqlc(Z, v*w) by the ideal sheaf f/Oy+([—(Bsi)] — | By ])
(see Claim #@). Hence
(Z,v'w, f": (Y',By)) = Z)
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naturally becomes a quasi-log scheme. By Claim B and its proof and [FT1, Propositions
6.3.1 and 6.3.2],

Inakie(zow) = JLOv ([=(B3)] = | By | = Y |yr)

satisfies
ViINgkit(Z,w) = INgklt(X w)-
Hence
(Z,v'w, " (Y',By)) = Z)
is a quasi-log scheme with the desired properties. U

6. ON BASIC SLC-TRIVIAL FIBRATIONS

In this section, we quickly explain basic slc-trivial fibrations. For the details, see [F14]
and [FET]. Let us start with the definition of potentially nef divisors.

Definition 6.1 (Potentially nef divisors, see [ET4, Definition 2.5]). Let X be a normal
variety and let D be a divisor on X. If there exist a completion XT of X, that is, X' is
a complete normal variety and contains X as a dense Zariski open set, and a nef divisor
D' on X' such that D = DT|x, then D is called a potentially nef divisor on X. A finite
Qso-linear (resp. Ry q-linear) combination of potentially nef divisors is called a potentially
nef Q-divisor (resp. R-divisor).

It is convenient to use b-divisors to explain several results on basic sle-trivial fibrations.
Here we do not repeat the definition of b-divisors. For the details, see [, 2.3.2 b-divisors|
and [ET4, Section 2].

Definition 6.2 (Canonical b-divisors). Let X be a normal variety and let w be a top
rational differential form of X. Then (w) defines a b-divisor K. We call K the canonical
b-divisor of X.

Definition 6.3 (Q-Cartier closures). The_ Q-Cartier closure of a Q-Cartier Q-divisor D
on a normal variety X is the Q-b-divisor D with trace

EY = f*D>
where f: Y — X is a proper birational morphism from a normal variety Y.
We use the following definition in order to state the main result of [ET4].

Definition 6.4 ([FT14, Definition 2.12]). Let X be a normal variety. A Q-b-divisor D of
X is b-potentially nef (resp. b-semi-ample) if there exists a proper birational morphism
X’ — X from a normal variety X’ such that D = Dy, that is, D is the Q-Cartier closure
of Dx/, and that Dy is potentially nef (resp. semi-ample). A Q-b-divisor D of X is Q-b-
Cartier if there is a proper birational morphism X’ — X from a normal variety X’ such
that D = Dy..

Roughly speaking, a basic slc-trivial fibration is a canonical bundle formula for simple
normal crossing pairs.

Definition 6.5 (Simple normal crossing pairs). We say that the pair (X, B) is a simple
normal crossing pairif (X, B) is Zariski locally a globally embedded simple normal crossing
pair at any point x € X.

We note that a globally embedded simple normal crossing pair is obviously a simple
normal crossing pair by definition. We introduce the notion of basic sle-trivial fibrations.
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Definition 6.6 (Basic sle-trivial fibrations, see [ET4, Definition 4.1]). A pre-basic slc-
trivial fibration f: (X, B) — Y consists of a projective surjective morphism f: X — YV
and a simple normal crossing pair (X, B) satisfying the following properties:

1) Y is a normal variety,

2) every stratum of X is dominant onto Y and f,Ox ~ Oy,

3) B is a Q-divisor such that B = B=! holds over the generic point of Y, and
4) there exists a Q-Cartier Q-divisor D on Y such that

Ky + B ~g f*D.
If a pre-basic sle-trivial fibration f: (X, B) — Y also satisfies
(5) rank f,Ox([—B<]) =1,
then it is called a basic slc-trivial fibration.

(
(
(
(

If X is irreducible and (X, B) is sub kawamata log terminal (resp. sub log canonical)
over the generic point of Y in Definition B8, then it is a klt-trivial fibration (resp. an
le-trivial fibration). For the details of le-trivial fibrations, see [EY], [EG2], and so on.

In order to define discriminant Q-b-divisors and moduli Q-b-divisors for basic slc-trivial
fibrations, we need the notion of induced (pre-)basic sle-trivial fibrations.

Definition 6.7 (Induced (pre-)basic sle-trivial fibrations, see [ET4, 4.3]). Let f: (X, B) —
Y be a (pre-)basic slc-trivial fibration and let o: Y’ — Y be a generically finite surjec-
tive morphism from a normal variety Y’. Then we have an induced (pre-)basic slc-trivial
fibration f": (X', Bx/) — Y', where By is defined by p*(Kx + B) = Kx/ + By, with the
following commutative diagram:

(X', Bxs) = (X, B)

| |

Y Y,

where X’ coincides with X Xy Y’ over a nonempty Zariski open set of Y’. More precisely,
(X', Bx+) is a simple normal crossing pair with a morphism X’ — X Xy Y’ that is an
isomorphism over a nonempty Zariski open set of Y/ such that X’ is projective over Y’ and
that every stratum of X’ is dominant onto Y.

Now we are ready to define discriminant Q-b-divisors and moduli Q-b-divisors for basic
sle-trivial fibrations.

Definition 6.8 (Discriminant and moduli Q-b-divisors, see [ET4, 4.5]). Let f: (X,B) =Y
be a (pre-)basic sle-trivial fibration as in Definition 686. Let P be a prime divisor on Y.
By shrinking Y around the generic point of P, we assume that P is Cartier. We set

(XY, 0 + tv* f*P) is sub log canonical
over the generic point of P ’

bp = max {t e

where v: X — X is the normalization and Kx» +© = v*(Kx + B), that is, © is the sum
of the inverse images of B and the singular locus of X, and set

By =Y (1—bp)P,

where P runs over prime divisors on Y. Then it is easy to see that By is a well-defined
Q-divisor on Y and is called the discriminant Q-divisor of f: (X, B) — Y. We set

My =D — Ky — By
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and call My the moduli Q-divisor of f: (X, B) — Y. By definition, we have
Kx + B ~q f*"(Ky + By + My).

Let 0: Y’ — Y be a proper birational morphism from a normal variety Y’ and let
'+ (X', Bx/) = Y’ be an induced (pre-)basic sle-trivial fibration by o: Y" — Y. We can
define By, Ky and My such that o*D = Ky, + By + My, 0,By: = By, 0, Ky, = Ky
and o, My = My. We note that By~ is independent of the choice of (X', By-), that is, By
is well defined. Hence there exist a unique Q-b-divisor B such that By, = By for every
o:Y" — Y and a unique Q-b-divisor M such that My = My~ for every o: Y’ — Y. Note
that B is called the discriminant Q-b-divisor and that M is called the moduli Q-b-divisor
associated to f: (X,B) — Y. We sometimes simply say that M is the moduli part of
f:(X,B) =Y.

Let us see the main result of [FT4].

Theorem 6.9 ([ET14, Theorem 1.2]). Let f: (X, B) — Y be a basic slc-trivial fibration and
let B and M be the induced discriminant and moduli Q-b-divisors of Y respectively. Then
we have the following properties:

(i) K+ B is Q-b-Cartier, where K is the canonical b-divisor of Y, and

(ii) M is b-potentially nef, that is, there exists a proper birational morphismo: Y' —'Y

from a normal variety Y' such that My is a potentially nef Q-divisor on Y’ and
that M = My/.

When dimY = 1 in Theorem 69, we have:

Theorem 6.10 ([EFT, Corollary 1.4]). In Theorem B9, we further assume that dimY = 1.
Then the moduli Q-divisor My of f: (X,B) — Y is semi-ample.

The proof of Theorems 69 and 611 heavily depends on the theory of variations of mixed
Hodge structure discussed in [FH] (see also [FES]). For some related topics, see [F2], [FY],
[FG2], and so on.

7. ON NORMAL QUASI-LOG SCHEMES

In this section, we treat the following deep result on the structure of normal quasi-log
schemes. It is a generalization of [ET4, Theorem 1.7]. The proof of Theorem 1 uses
Theorems 69 and 610.

Theorem 7.1. Let [X,w] be a quasi-log scheme such that X is a normal variety. Then
there exists a projective birational morphism p: X' — X from a smooth quasi-projective
variety X' such that
Kx' + Bx: + Mx: = p*w,

where Bx: is an R-divisor such that Supp Bx: is a simple normal crossing divisor and that
B;? is p-exceptional, and My is a potentially nef R-divisor on X'. Furthermore, we can
make Bx: satisfy p(Bx,) = Naklt(X,w) set theoretically. When X is a curve, we can make
My semi-ample in the above statement.

We further assume that [X,w] has a Q-structure. Then we can make Bx: and My
Q-divisors in the above statement.

Let us prove Theorem [l
Proof of Theorem [7-1. We divide the proof into several steps.

Step 1. Although this step is essentially the same as the proof of Theorem "9, we explain it
again with some remarks on Nqlc(X,w) for the reader’s convenience. Let f: (Y, By) — X
be a proper surjective morphism from a quasi-projective globally embedded simple normal
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crossing pair (Y, By) as in Definition B2 (see Theorem B3). By [ETI, Proposition 6.3.1],
we may assume that the union of all strata of (Y, By) mapped to Ngklt(X,w), which is
denoted by Y”, is a union of some irreducible components of Y. We put Y/ =Y —Y”
and Ky + By = (Ky + By)|ys. By the proof of Theorem I, we obtain the following
commutative diagram:

yicetey
f’i lf
X=—X

where ¢: Y’ — Y is a natural closed immersion such that the natural map Oy — f.Oy is
an isomorphism and that every stratum of Y’ is dominant onto X. By Theorem 9 and
its proof,

(X,w, f’i (Y/,By/) — X)

is a quasi-log scheme with

INGI(X w0, f7: (Y, Byr)—»X) = INgKlt(Xw,f: (Y,By)—X)-

We note that if
<X7w7f: (Y7BY) — X)

has a Q-structure then it is obvious that
(X,w, f": (Y',By) = X)

also has a Q-structure by construction. Therefore, by replacing f: (Y, By) — X with
f' (Y, By:) = X, we may assume that every stratum of Y is mapped onto X by f. By
construction, we can easily see that

Nale(X, w, f: (Y, By:) = X) C Nqle(X, w, f: (Y, By) = X)

holds set theoretically. However, the relationship between Nqle(X,w, f: (Y, By/) — X)
and Nqle(X,w, f: (Y, By) — X) is not clear. We note that all we need in this proof is the
fact that

Ngklt(X,w, f: (Y, By) = X) = Nqklt(X,w, f: (Y, By) — X)
holds set theoretically.

Step 2. By Step [, we may assume that f: (Y, By) — X is a projective surjective mor-
phism from a simple normal crossing pair (Y, By ) such that every stratum of Y is dominant
onto X. By taking some more blow-ups, we may further assume that (B%)=! is Cartier and
that every stratum of (Y, (Bf)™!) is dominant onto X (see, for example, [BVP, Theorem

1.4 and Section 8] and [FT3, Lemma 2.11]).

Step 3. In this step, we treat the case where [ X, w] has a Q-structure. We note that

Ox = LOy([—(By)])

is an isomorphism outside Nqle(X,w). Hence rank f.Oy([—(Bs')]) = 1 holds. There-
fore, we can check that f: (Y, By) — X is a basic slc-trivial fibration (see Definition
60). Let B be the discriminant Q-b-divisor and let M be the moduli Q-b-divisor as-
sociated to f: (Y, By) — X. By Lemma [FT14, Lemma 11.2|, we obtain that By is an
effective Q-divisor on X. By definition, we have f((BY%)=') = Ngklt(X,w). We take a pro-
jective birational morphism p: X’ — X from a smooth quasi-projective variety X’. Let
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f' (Y, By:) — X' be an induced basic sle-trivial fibration with the following commutative
diagram.

(Y, By) = (Y, By")

L)

X X'

By Theorem B4, we may assume that there exists a simple normal crossing divisor Xy
on X’ such that M = My, Supp My, and Supp By are contained in X/, and that every
stratum of (Y’ Supp BY,) is smooth over X'\ ¥ x:. Of course, we may assume that My, :=
My is potentially nef by Theorem 9. When X is a curve, we may further assume that
M is semi-ample by Theorem 610. We may assume that every irreducible component of
;' ((By)="') is mapped onto a prime divisor in Xy, with the aid of the flattening theorem
(see [RG|, Théoreme (5.2.2)]). We put By := Bx.. In the above setup, f'(¢;*(BY)2!) C
B3! by the definition of B. Thus, we get Nqklt(X,w) C p(Bx/). On the other hand, we
can easily see that p(B5,) C Nqklt(X,w) by definition. Therefore, p(Bx/) = Nqklt(X, w)
holds. Since p,Bx: = Bx and By is effective, BX, is p-exceptional. Hence, Bx: and M-
satisfy the desired properties. We note that Bxs and My are obviously Q-divisors by
construction.

Step 4. In this step, we treat the general case. We first use Lemma 022 and get positive
real numbers r; and (X, w;, f: (Y, D;) — X) for 1 < i < k with the properties in Lemma
A2, Then we apply the argument in Step B to

for every i. By Theorem 64, we can take a projective birational morphism p: X’ — X
from a smooth quasi-projective variety X’ which works for

for every ¢. By summing them up with weight r;, we get R-divisors By and My, with the
desired properties.

We finish the proof of Theorem 1. U

8. PROOF OF THEOREM 10

In this section, we prove Theorem I as an application of Theorem [l. Then, by using
Theorem 10, we prove Corollary Bl and Lemma B2, which will play an important role
in Section B. Let us start the proof of Theorem [T0.

Proof of Theorem II0. By Theorem [, there is a projective birational morphism p: X’ —
X from a smooth quasi-projective variety X’ such that

Kxi + Bx: + Mx: = p'w,

where By is an R-divisor on X’ whose support is a simple normal crossing divisor, By,
is p-exceptional, My is a potentially nef R-divisor on X', and p(B35,) = Ngklt(X,w). By
taking some more blow-ups, we may further assume that there is an effective p-exceptional
divisor F' on X’ such that —F is p-ample and that Supp F' U Supp By is contained in
a simple normal crossing divisor on X’. Then p*H — ¢F + M/ is semi-ample for any
0 < e < 1. We take a general effective R-divisor G on X’ such that G ~g p*H —cF + M
with 0 < ¢ < 1, Supp G U Supp Bx: U Supp F' is contained in a simple normal crossing
divisor on X", and (Bx +eF +G)2! = B;l holds set theoretically. Then we have

KX1+BXI+MXl+pH:KX/+BX/+€F+p H—€F+MX/
~R KXI+BX/+€F+G.



32 OSAMU FUJINO

We put A := p.(Bx' + ¢F + G). By construction, Kx + A ~g w+ H. By construction
again, we have

Nklt(X,A) = p ((Bx: + eF + G)=') = p (B3!) = Nqklt(X, w)

set theoretically.

When [X,w] has a Q-structure, we can make By, and My, Q-divisors by Theorem [
Then it is easy to see that we can make A a Q-divisor on X such that Ky + A ~g w+ H
when H is an ample Q-divisor and [X,w] has a Q-structure by the above construction of

A.
Finally, if X is a curve in the above argument, then p: X’ — X is an isomorphism and
My is semi-ample (see Theorem [1). Hence we can take A such that
K x + A ~R W
with the desired properties. U

For some related results, see [EGI], [F15], and so on. By applying Theorem IO to
normal pairs, we have the following useful result.

Corollary 8.1. Let X be a normal variety and let A be an effective R-divisor on X such
that Kx + A is R-Cartier. Let C' be a log canonical center of (X,A) such that C is a
smooth curve. Then

(Kx +A)le ~r Ko+ Ac
holds for some effective R-divisor Ac such that

Supp AZ' = C' N (Nlc x,au W)

cgw
where W runs over lc centers of (X, A) which do not contain C, holds set theoretically.
When Kx + A is Q-Cartier, we can make Ac a Q-divisor such that
(KX —|—A)|C ~Q KC +AC
in the above statement.
Proof. As we saw in Example B0, [X, Ky + A] naturally becomes a quasi-log scheme.
By construction, Nqle(X, Kx + A) = Nle(X, A), W is a glc center of [ X, Kx + A] if and
only if W is a log canonical center of (X, A). Hence we can see that C' is a glc center of
[ X, Kx + A]. Therefore, by adjunction (see Theorem B8 (i) and [FT1, Theorem 6.3.5 (i)]),
[C" (Kx + A)|er] is a quasi-log scheme, where C' = C'U Nlc¢(X, A). By Lemma B9, we
see that [C, (Kyx + A)|¢] is also a quasi-log scheme such that
Naklt(C, (Kx + A)|e¢) = Naklt(C', (Kx + A)|er) N C

holds set theoretically. By construction, we can easily see that

Naklt(C”, (Kx 4+ A)|er) N C = C N (Nlc x.au W)
cgw

where W runs over lc centers of (X, A) which do not contain C, holds set theoretically
(see Theorem 10 and Corollary B13). By applying Theorem I to [C, (Kx + A)|c], we
can find an effective R-divisor A¢c on C' such that

(Kx +A)le ~r Ko+ Ac
with

Supp AZ' = Naklt(C, (Kx + A)|¢) = <Nlc (x,au W)
cgw
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Of course, if Kx + A is Q-Cartier, then we can make A¢ a Q-divisor such that
(Kx + A)|¢ ~o Kc + Ac
in the above statement. O
We will use the following lemma in Section G.

Lemma 8.2. Let ¢: X — Y be a proper surjective morphism between normal varieties
such that R'0,Ox = 0 and that dim o' (y) < 1 holds for every closed pointy € Y. Let C
be a projective curve on X such that o(C) is a point. Then

C ~ P!

Let A be an effective R-divisor on X such that Kx + A is R-Cartier. If C ¢ Nlc(X, A)

and
Cm(NchA U W) # 0,

cgw
where W runs over lc centers of (X, A) which do not contain C, then the following in-
equality
—(Kx+A)-C<1
holds.

Proof. In Step I, we will prove that C' ~ P! holds. In Step B, we will prove that —(Kx +
A) - C <1 by Corollary &

Step 1. Although the argument in this step is well known, we will explain it in detail for
the reader’s convenience. Let us consider the following short exact sequence
0—=>Zc - Ox - Oc — 0,
where Z¢ is the defining ideal sheaf of C' on X. Since dim ¢ ~!(y) < 1 for every y € Y by
assumption, R?¢,Zc = 0 holds. Therefore, we get the following surjection
RIQO*OX — RIQO*OC — 0.
By assumption, R'¢,Ox = 0. Hence R'¢,Oc = 0 holds. Since ¢(C) is a point by
assumption, H'(C,O¢) = 0 holds. This means that C' ~ P!,

Step 2. By shrinking Y around ¢(C'), we may assume that Y is quasi-projective. Let
By, ..., B,1 be general very ample Cartier divisors on Y passing through ¢(C') with
n = dim X. Then it is well known that

n+1
(X, A+)° gO*Bi)

=1

is not log canonical at any point of C' (see, for example, [F6, Lemma 13.2]) such that

n+1
Nkl (X, At(1-e)) gp*Bi> = NKIt(X, A)

i=1
holds outside ¢! (p(C)) for every 0 < ¢ < 1. Hence we can take 0 < ¢ < 1 such that C' is

a log canonical center of (X, A + ¢*B), where B = czgll B;. Since B is effective, we see
that

cn (Nlc(X,AJrgo*B) u W) 20,

cgw



34 OSAMU FUJINO

where W runs over lc centers of (X, A 4+ ¢*B) which do not contain C. By Corollary B,
we can take an effective R-divisor Ac on C' such that

(KX + A)|C ~R (KX + A + QO*B)‘C ~R KC + AC
and that

Supp AZ' =C' N (Nlc(X, A+ ¢*B)U U W> # 0

cgw
holds. This implies that

—(KX +A) O = —deg(KC+AC) = 2—degAc S 1.
We finish the proof of Lemma B=2. U

9. PROOF OF THEOREM

In this section, we prove Theorem 8. Let us start with the following proposition, which
is a consequence of the cone and contraction theorem for normal pairs (see [E6, Theorem
1.1]) with the aid of Lemma B2. This is essentially due to [S, Proposition 5.2].

Proposition 9.1 ([S, Proposition 5.2] and [F15, Proposition 7.1]). Let m: X — S be a
projective morphism from a normal Q-factorial variety X onto a scheme S. Let A =

> diA; be an effective R-divisor on X, where the A;’s are the distinct prime components
of A for all i, such that

(X, A=Y did + Y Ai)

d; <1 d;>1

is dlt. Assume that (Kx + A)|nag(x,a) s nef over S. Then Kx + A is nef over S or there
exists a non-constant morphism

fr A — X\ NKIt(X, A)

such that wo f(A') is a point. More precisely, the curve C, the closure of f(A') in X, is
a (possibly singular) rational curve with

0<—(Kx+A) - C<2dimX.
Moreover, if C N Nklt(X, A) # 0, then we can make C' satisfy a sharper estimate
0<—(Kx—|—A)-O§1.

Proof. We note that Nklt(X, A) coincides with (A)=! = |A’], A2! and |A] set theoret-
ically because (X,A’) is dlt by assumption. It is sufficient to construct a non-constant
morphism

Fir A — X\ NKIt(X, A)

such that 7o f(A!) is a point with the desired properties when Ky + A is not nef over S.
When (X, A) is kawamata log terminal, that is, | A] = 0, the statement is well known (see,
for example, [FG, Theorem 1.1], Theorem T2, or Corollary T23 below). Therefore, we
may assume that (X, A) is not kawamata log terminal. By shrinking S suitably, we may
assume that S and X are both quasi-projective. By the cone and contraction theorem for
normal pairs (see [FG, Theorem 1.1]), we can take a (Kx + A)-negative extremal ray R
of NE(X/S) and the associated extremal contraction morphism ¢ := ¢r: X — Y over S
since (Kx 4+ A)|nuie(x,a) is nef over S. Note that (Kx+A<')-R < 0and (Kx+A')-R <0
hold because (K x +A)|nui(x,a) is nef over S. Since (X, A<') is kawamata log terminal and
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—(Kx + A=) is p-ample, we get R'p,Ox = 0 for every ¢ > 0 by the relative Kawamata—
Viehweg vanishing theorem (see [T, Corollary 5.7.7]). By construction, ¢: Nklt(X, A) —
©(Nklt(X, A)) is finite. We have the following short exact sequence

0— O)((—LA,J) — OX — OLA'J — 0.

Since —|A'| — (Kx + {A"}) = —(Kx + A’) is p-ample and (X, {A'}) is kawamata log
terminal, R'0.Ox(—|A’]) = 0 holds for every ¢ > 0 by the relative Kawamata-Viehweg
vanishing theorem again (see [F11, Corollary 5.7.7]). Therefore,

0 — p.0x(—[A"]) = Oy = 0.0\a] — 0

is exact. This implies that Supp|A’] = Supp AZ! is connected in a neighborhood of any
fiber of .

Case 1. Assume that ¢ is a Fano contraction, that is, dimY < dim X. Then we see that
AZ!is p-ample and that dimY = dim X — 1. Note that Supp A=! is finite over Y since
no curves in Supp A=! are contracted by ¢.
Assume that there exists a closed subvariety ¥ on X with dim ¥ > 2 such that ¢(X) is
a point. Then
dim (Z N Supp AZI) >1

holds since AZ! is p-ample. This is a contradiction because Supp AZ! is finite over Y.
Hence we obtain that dim ¢~ (y) =1 for every closed point y € Y.

Let C be any projective curve on X such that ¢(C) is a point. Then (X, A) is log
canonical at the generic point of C, equivalently, C' ¢ Nlc(X, A), since Supp A=! is finite
over Y. More precisely, since Supp A=! = Nklt(X, A) is finite over Y, C' ¢ Nklt(X, A)
and

Supp AZ! = NKlt(X, A) = <Nlc(X, INIR Y W>
Cgw
holds, where W runs over lc centers of (X, A) which do not contain C'. On the other hand,
C N Supp A= £ ()
because A=! is p-ample. Hence, by Lemma B3, we obtain that C ~ P! and that —(Kx +
A)-C<1.

By the connectedness of Supp A=! discussed above, C'NSupp A=! is a point. Therefore,
we can find a non-constant morphism

Fi A — X\ NKIt(X, A)

such that 7o f(A') is a point and that 0 < —(Kx + A) - C < 1 holds, where C is the
closure of f(A') in X.

Case 2. Assume that ¢ is a birational contraction and that the exceptional locus Exc(p) of
¢ is disjoint from Nklt(X, A). In this situation, we can find a rational curve C' in a fiber of
pwith 0 < —(Kx+A)-C < 2dim X by the cone theorem for kawamata log terminal pairs
(see [E6, Theorem 1.1], Theorem TT2, or Corollary T2Z3 below). It is obviously disjoint
from Nklt(X, A). Therefore, we can take a non-constant morphism

fr A — X\ NKIt(X, A)
such that the closure of f(A') is C.

Case 3. Assume that ¢ is a birational contraction and that Exc(p) N Nklt(X, A) # 0.
In this situation, as in Case [, we see that A=! is p-ample and that dim¢~'(y) < 1 for
every y € Y. Let C be any projective curve C' on X such that ¢(C) is a point. Then,
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C N Supp AZ! # () holds since AZ! is p-ample, and C' N Supp AZ! is a point by the
connectedness of Supp A=! discussed above. In particular, we obtain C' ¢ Nklt(X, A) and

C N Supp A= £,

and

Supp AZ! = Nklt(X, A) = (Nlc (x,au W)
cgw
where W runs over lc centers of (X, A) which do not contain C. Hence, by Lemma 82,
C ~ P! with —(Kx + A)-C < 1. Since C N Supp A=! is a point, we get a non-constant
morphism
fr A — X\ NKIt(X, A)

such that f(A') = C N (X \ Nklt(X, A)).

Therefore, we get the desired statement. U

Let us prove Theorem X as an application of Proposition B

Proof of Theorem 8. By shrinking S suitably, we may assume that X and S are both
quasi-projective. By Lemma B0, we can construct a projective birational morphism
g: Y — X from a normal Q-factorial variety Y satisfying (i), (ii), and (iv) in Lemma BTI0.
Let us consider mo g: Y — S. Note that Ky + Ay is not nef over S since Ky + Ay =

g*(Kx + A) holds. It is obvious that (Ky 4+ Ay)|xkie(v,ay) is nef over S by (iv) because so
is (Kx + A)|Nk1t x,a)- Therefore, by Proposition 1, we have a non-constant morphism

h: Al — Y\ Nklt(Y, Ay)
such that (7o g) o h(A') is a point and that
holds, where Cy is the closure of h(A!) in Y. Since Ky + Ay = h*(Kx + A) holds, g does
not contract Cy to a pont. This implies that
fi=goh: A' — X\ Nklt(X,A)

is a desired non-constant morphism such that 7o f(A!) is a point by (iv). 0

For the proof of Theorem [CA, we prepare the following somewhat artificial statement as
an application of Theorem [R.

Theorem 9.2. Let w: X — S be a proper surjective morphism from a normal quasi-
projective variety X onto a scheme S. Let P be an R-Cartier divisor on X and let H be
an ample Cartier divisor on X. Let 3 be a closed subset of X. Assume that w is not finite,
—P is m-ample, and w: X — 7(X) is finite. We further assume

o {;}°, is a set of positive real numbers with e; \ 0 fori /oo, and
e for every i, there exists an effective R-divisor A; on X such that

P+eH ~r Kx + A
and that
Y = Nklt(X, Ay)
holds set theoretically.
Then there exists a non-constant morphism

f:A' — X\XZ

such that wo f(A') is a point and that the curve C, the closure of f(A') in X, is a rational
curve with
0<—P -C<2dimX.
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Proof. We take an ample Q-divisor A on X such that —(P + A) is m-ample. Without loss
of generality, we may assume that —(P + A + ¢;H) is m-ample for every i because ; \, 0
for i /' co. By assumption,

P+eiH ~r Kx + A;

with

Nklt(X, A;) =2
for every 7. Hence, by Theorem [, there is a non-constant morphism

fi: Al — X\ X2
such that o f;(A!) is a point and that

0<—(Kx+A) -Ci=—=(P+¢eH) -C; <2dim X,
where C; is the closure of f;(A!) in X. We note that
0<A-Ci=(P+eH+A) —(P+¢H)) <2dim X.

It follows that the curves C; belong to a bounded family. Thus, possibly passing to a

subsequence, we may assume that f; and C; are constant, that is, there is a non-constant
morphism
frA' — X\XZ
such that C; = C for every i, where C' is the closure of f(Al) in X. Therefore, we get
0<—-P-C=lim—(P+egH) - C=lim—(P+egH) -C; <2dimX.
1—00 1— 00

We finish the proof of Theorem B2. O

10. PrROOF OF THEOREMS [, "5, AND [

In this section, we prove Theorems [, I3 and ITH. Since Theorem [ is an easy
consequence of Theorem [C3 and Theorem 3 can be seen as a very special case of Theorem
[ by Example B11, it is sufficient to prove Theorem [A. Let us start with the proof of
Theorem IA.

Proof of Theorem -d. We note that (i) and (ii) were already established in [ETI, Theorem
6.7.4]. Therefore, it is sufficient to prove (iii). From Step 0 to Step @, we will reduce the
problem to the case where X is a normal variety. Then, in Step B, we will obtain a desired
non-constant morphism from A by Theorem 2.

Step 1. Let g, : X — Y be the extremal contraction associated to R; (see Theorem ET7
and [FTI, Theorems 6.7.3 and 6.7.4]). We note that

¢r,: Nale(X,w) = ¢r, (Nqle(X, w))
is finite. By replacing 7: X — § with pr,: X — Y, we may assume that —w is m-ample
and that NE(X/S)_o = 0.

Step 2. We take a glc stratum W of [X,w] such that 7: W — w(W) is not finite and
that 7: W1 — 7(WT) is finite for every qlc center W of [X,w] with WT C W. We put
W’ =W UNqle(X,w). Then, by adjunction (see Theorem B (i) and [ETT, Theorem 6.3.5
(1)]), W', w|w] naturally becomes a quasi-log scheme. By replacing [ X, w] with [W’ w|w],
we may further assume that X \ X_., is irreducible and that

m: Naklt(X,w) — 7 (Naklt(X, w))

is finite.
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Step 3. By Lemma B9, we may replace X with X \ X, and assume that X is a variety.
We note that the finiteness of

m: Naklt(X,w) — 7 (Ngklt(X, w))
still holds.

Step 4. Let v: Z — X be the normalization. Then [Z, v*w| naturally becomes a quasi-log
scheme by Theorem 9. Since Nqklt(Z, v*w) = v~ Nqklt(X, w) by Theorem 9, we may
assume that X is normal by replacing [X, w] with [Z, v*w].

Step 5. By shrinking S suitably, we may further assume that X and S are both quasi-
projective. Hence we have the following properties:

(a) m: X — S is a projective morphism from a normal quasi-projective variety X to a
scheme S,

(b) —w is m-ample, and

(c) m: ¥ — w(X) is finite, where ¥ := Nqklt(X,w).

Let H be an ample Cartier divisor on X and let {e;}°, be a set of positive real numbers
such that g; \, 0 for ¢ /" co. Then, by Theorem 10, we have:

(d) there exists an effective R-divisor A; on X such that
Kx +A; ~pw+e;H
with
NKIt(X, A;) = 5
for every 1.

Thus, by Theorem B2, we have a desired non-constant morphism
fi A — X\ Nqklt(X, w).
We finish the proof of Theorem IG. O

As we already mentioned above, Theorem 3 is a very special case of Theorem 3.

Proof of Theorem 1. By Example BT, [ X, K y+A] naturally becomes a quasi-log scheme.
Then, by Theorem @, the desired cone theorem holds for (X, A). Il

Theorem 4 easily follows from Theorem I3.

Proof of Theorem [[4. Since (X, A) is Mori hyperbolic by assumption, there is no (Kx +
A)-negative extremal ray of NE(X) that is rational and relatively ample at infinity (see
Theorem [H). By assumption, (Ky 4+ A)|nie(x,a) is nef. Hence the subcone NE(X)_ is
included in NE(X )(kx+a)>0- This implies that

NE(X) = NE(X)(5x+a)20
holds by Theorem 3. Thus Kx + A is nef. O

The author thinks that the proof of Theorems 4, I3 and @ shows that the framework
of quasi-log schemes established in [F11, Chapter 6] and [ET4] is very powerful and useful

EE—]

even for the study of normal pairs.
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11. AMPLENESS CRITERION FOR QUASI-LOG SCHEMES

The main purpose of this section is to establish the following ampleness criterion for
quasi-log schemes. Then we will see that Theorem I is a very special case of Theorem
.

Theorem 11.1 (Ampleness criterion for quasi-log schemes). Let [X,w] be a quasi-log
scheme and let m: X — S be a projective morphism between schemes. Assume that
WNgle(xw) 5 ample over S and that w is log big over S with respect to [X,w]. We further
assume that there is no non-constant morphism

fiA U

such that wo f(A') is a point, where U is any open qlc stratum of [X,w]. Then w is ample
over S.

Let us treat a special case of Theorem 1.

Theorem 11.2. Let [X,w] be a quasi-log scheme such that X is a normal variety. Let
m: X — S be a projective morphism onto a scheme S. Assume that w|ngui(xw) 5 ample
over S and that there is no non-constant morphism

f: A — X\ Nqklt(X, w)

such that wo f(AY) is a point. We further assume that w is big over S. Then w is ample
over S.

Proof. We divide the proof into several small steps.

Step 1. By Lemma B=224, we can obtain quasi-log schemes
(X,wi, [1 (Y. D;) = X)

for 1 <1 < k with the following properties:

(a) [X,w;] has a Q-structure for every i,
(b) Ngle(X,w;) = Ngle(X, w) holds for every i,
(c) W is an glc stratum of [X,w]| if and only if W is a glc stratum of [X, w;] for every
7, and
(d) there exist positive real numbers r; for 1 < ¢ < k such that w = Zle r;w; with
Z?:l r; = 1.
By construction, we can make w; sufficiently close to w (see the proof of Lemma B—22).
Therefore, we may assume that w;|ngu(x.w,) is ample over S for every ¢ by (b) and (c).
Thus [ X, w;] satisfies all the assumptions for [X,w] in Theorem ITA. Hence, by replacing

[ X, w] with [ X, w;], it is sufficient to prove the ampleness of w under the extra assumption
that [X,w] has a Q-structure by (a) and (d).

Step 2. By assumption and Theorem [ (iii), w is nef over S. Since w|nguit(xw) is ample
over S by assumption, w is nef and log big over S with respect to [X,w]. Therefore, by
[ET0, Theorem 1.1}, we obtain that w is semi-ample over S. Hence mw gives a birational
contraction morphism ®: X — Y between normal varieties over S, where m is a sufficiently
large and divisible positive integer.

Step 3. In this step, we will get a contradiction under the assumption that ® is not an
isomorphism.
By shrinking S, we may assume that S, X, and Y are quasi-projective. By construction,

®: Naklt(X,w) — &(Naklt(X,w))
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is finite. Since ® is birational and Y is quasi-projective, we can take an effective Cartier
divisor G on X such that —G is ®-ample. By Lemma B2, for 0 < ¢ < 1, [X,w + G] is
a quasi-log scheme such that

Nqklt(X,w + £G) = Nqklt(X, w)
holds. By the cone theorem (see Theorem 8 (iii)), we can find a non-constant morphism
frA' — X\ Ngklt(X,w + £G) = X \ Ngklt(X, w)

such that 7o f(A!) is a point and that 0 < —(w+eG) - C < 2dim X holds, where C'is the
closure of f(Al) in X. This is a contradiction.

Hence ® is an isomorphism. Therefore, we obtain that w is ample over S. This is what
we wanted. Il

Once we know Theorem [T, it is not difficult to prove Theorem IT.

Proof of Theorem II2. By Theorem @ (iii), w is nef and log big over S with respect to
[ X, w]. We put

[Xo, wo] == [X,w]
and
[(Xit1, wir1] == [NgkIt (X5, wi), wi|Ngrie(x; ws))
for ¢ > 0. Then there exists £ > 0 such that

Naklt(Xy, wi) = Nale(Xy, wr) = Nale(X, w).

We note that Nqle(X, w) may be empty. By assumption, w|nquis(x,wy) 1 ample over S. We
want to show by inverse induction on 7 that w; is ample over S. Therefore, it is sufficient
to prove the following claim.

Claim. Let [X,w| be a quasi-log scheme and let 7: X — S be a projective morphism
between schemes such that w|qu1t(X7w) is ample over S and that w is nef and log big over
S with respect to [X,w]. Then w is ample over S.

Proof of Claim. By adjunction (see Theorem B8 (i) and [FT1, Theorem 6.3.5 (i)]), we may
assume that X \ X_., is irreducible. By Lemma BT9, we may further assume that X is
irreducible. Then, by Theorem 9, we can reduce the problem to the case where X is a
normal variety. Hence w is ample over S by Theorem T2 U

As we have already mentioned above, by applying Claim inductively, we obtain the
desired relative ampleness of w = wy. O

We close this section with the proof of Theorem [I1.

Proof of Theorem I11. By Example B0, [X, Kx + A] naturally becomes a quasi-log
scheme. We apply Theorem I to [ X, Kx + A]. Then we obtain that Kx + A is ample.
This is what we wanted. U

The author knows no proof of Theorem [T that does not use the framework of quasi-log
schemes. Note that a similar result for dlt pairs was already established in [E7, Theorem
5.1], whose proof is much easier than that of Theorem [CIT and depends on the basepoint-
free theorem of Reid—Fukuda type for dlt pairs (see [ET, Theorem 0.1]). We recommend
the interested reader to see [E7, Theorem 5.1] and [ET, Theorem 0.1].
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12. PROOF OF THEOREMS AND

In this section, we prove Theorems T2 and T3, and explain an application for normal
pairs. For the basic properties of uniruled varieties, see [Koll, Chapter IV. 1]. Let us start
with the following lemma, which is a generalization of [Ka, Lemmal].

Lemma 12.1. Let [X,w| be a quasi-log scheme and let ¢: X — W be a projective mor-
phism between schemes. Let P be an arbitrary closed point of W. Let E be a positive-
dimensional irreducible component of ¢~ *(P) such that E ¢ X_., and let v: E — E
be the normalization. Then, for every ample R-divisor H on E, there exists an effective
R-diwvisor Ag g on E such that

I/*w —|— H ~R KE+ AE,H
holds. Therefore, .
AdimEfl cw-E Z (V*A)dlmE_l . KE
holds for every w-ample line bundle A on X.

In the above statement, if [X,w] has a Q-structure and H 1is an ample Q-divisor on E,
then we can make Ag y an effective Q-divisor on E with

vViw+ H ~Q KE_'_ AE,H'

Proof. Our approach is different from Kawamata’s in [K&]. A key ingredient of this proof
is Theorem @M.

Step 1. If F is a glc stratum of [ X, w], then we put B = 0 and go to Step B.

Step 2. By Step 0, we may assume that F is not a glc stratum of [X,w]. Without
loss of generality, we may assume that W is quasi-projective by shrinking W around P.
Let By, ..., B,y be general very ample Cartier divisors on W passing through P with
n=dim X. Let f: (Y, By) — X be a proper morphism from a globally embedded simple
normal crossing pair (Y, By) as in Definition B2 Let X’ be the union of X_,, = Nqlc(X, w)
and all gle strata of [X,w] mapped to P by . By [ETI, Proposition 6.3.1] and [Ko2,
Theorem 3.35], we may assume that the union of all strata of (Y, By) mapped to X’ by f,
which is denoted by Y, is a union of some irreducible components of Y. As usual, we put
Y'"=Y —-Y', Ky» + Byr = (Ky + By)l|y», and f” = f|y». By [ET1, Proposition 6.3.1]
and [KoZ, Theorem 3.35] again, we may further assume that

n+1
(Y”, (f”)*gp* Z Bl + Supp By//)

i=1
is a globally embedded simple normal crossing pair. By [F11, Lemma 6.3.13], we can take
0 < ¢ < 1 such that

n+1 >1
f// <By// +C(f//)*SO*ZBi> 23 E
=1

and that there exists an irreducible component G of

n+1 =1
(By// + C(f”)*@* ZBz>

i=1
with f”(G) = E. By Lemma B20, we obtain that
(X,w+ B, f": (Y",Byn+ (f")*B) = X),

where B = ¢* (c Z?jll B), is a quasi-log scheme such that E is a qlc stratum of this
quasi-log scheme.
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Step 3. We put £/ = FE U Nqgle(X,w + B). Then, by adjunction (see Theorem B8 (i)
and [ET1 Theorem 6.3.5 (i)]), [E', (w + B)|g] is a quasi-log scheme. By Lemma B9,
[E, (w+ B)|g| is also a quasi-log scheme. We note that (w+ B)|g ~r w|g since p(E) = P.

Hence [E, w|p] is a quasi-log scheme. By Theorem Y, [£, v*w] naturally becomes a quasi-
log scheme. By Theorem [0, there exists an effective R-divisor Az g on E such that
Viw+ H ~r Kg+ Ag g
This implies that
(A E-L (4 H) - E o= (v A (o Agpy) > (v A)imE-L . g
Since the above inequality holds for every ample R-divisor H on E, we obtain
AGE=L B (AL ey B > (pf A) AP g

This is what we wanted. By the above proof, it is easy to see that we can make Az y an
effective Q-divisor on E if [X,w] has a Q-structure and H is an ample Q-divisor on E.

We finish the proof of Theorem 2. O

Remark 12.2. In the proof of [Ka, Lemma], Kawamata uses a relative Kawamata—
Viehweg vanishing theorem for projective bimeromorphic morphisms between complex
analytic spaces. His argument does not work for quasi-log schemes.

Let us prove Theorem [T2.
Proof of Theorem I12. In this proof, we will freely use the notation of Lemma 2.

Case 1. We will treat the case where dim £ = 1.

We take an ample Q-divisor H on E such that —(v*w + H) is still ample. Then, by
Lemma 27, — Kz is ample since Ag  is effective. This means that £ ~ P'. By Lemma
21 again, we have

0< —w-E < —deg Kz =2.

Case 2. We will treat the case where dim £ > 2.

We take a p-ample line bundle A such that v*A is very ample. We put C' = D; N
+++ N Dgim g—1, where D; is a general member of |v*A| for every i. Then C is a smooth
irreducible curve on E such that C' lies in the smooth locus of E. By Lemma [, we
obtain

C-Kg<AM™E1.. . E<0
because —w is p-ample. We note that

0>v'w-C=vw VAMETLE

=w "AdimEfl . E
2 (V*A)dimE’fl A KE
=C- K.

Therefore, for any given point x € C, there exists a rational curve I on E passing through

x with

— —Vw-C

0<—v'w IF<2dimBE- — 2~
—Kz-C

<2dimF.

This is essentially due to Miyaoka—Mori (see [MM]). We note that F is not always smooth
but it is smooth in a neighborhood of C'. Hence we can use the argument of [MM]. For the
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details, see [Kol, Chapter II. 5.8 Theorem]. Thus, F is covered by rational curves ¢ := v, T’
with
0<—w-f£<2dimFE.

Hence, by [Koll, Chapter IV. 1.4 Proposition—Definition], E is uniruled. We finish the
proof of Theorem T2 O

We prove Theorem [T3.
Proof of Theorem II13. Since @g is the contraction morphism associated to R,
¢r: Nale(X, w) — ¢r(Ngle(X, w))
is finite. We apply Theorem T2 to pr: X — W, we can take a rational curve ¢ on X
such that @r(¢) is a point with
0<—w-¥<2d.
We finish the proof of Theorem IT3. O

We explain an application of Theorems T2 and T3 for normal pairs, which is a gen-
eralization of [Ka, Theorem 1].

Corollary 12.3. Let X be a normal variety and let A be an effective R-divisor on X such
that Kx + A is R-Cartier. Let m: X — S be a projective morphism between schemes. Let
R be a (Kx + A)-negative extremal ray of NE(X/S) that are rational and relatively ample
at infinity. Let or: X — W be the contraction morphism over S associated to R. We put

d = mindim F,
E
where E runs over positive-dimensional irreducible components of (pgl(P) forall P e W.
Then R is spanned by a (possibly singular) rational curve ¢ with
0<—(Kx+A)-£<2d.

Furthermore, if or is birational and (X, A) is kawamata log terminal, then R is spanned
by a (possibly singular) rational curve € with

0<—(Kx+A)-¢<2d
Let V' be an irreducible component of the degenerate locus
{z € X | ¢gr is not an isomorphism at x}

of pr. Then V is uniruled.
Proof. We divide the proof into three small steps.

Step 1. By Example &1, [ X, K x +A] naturally becomes a quasi-log scheme. By applying
Theorem 13 to [X, Kx + Al, we see that R is spanned by a rational curve ¢ with

0<—(Kx+A) €< 2d.

Step 2. When (X, A) is kawamata log terminal and ¢g is a birational contraction, we
take a d-dimensional irreducible component E of ¢5'(P) for some P € W. By shrinking
W around P, we may assume that W is affine. Since ppg is birational, there exists an
effective Q-divisor G on X such that (X, A 4+ G) is kawamata log terminal and that —G
is pr-ample. By applying Theorem T2 to [X, Kx + A + G|, we see that F is covered by
rational curves ¢ with
0<—(Kx+A+G)-¢<2d.
Since —G is pg-ample, we have

0<—(Kx+A) 0<2d.
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This implies that R is spanned by a rational curve ¢ with
0< —(Kx+A)~£<2d
when (X, A) is kawamata log terminal and ¢g is birational.

Step 3. From now on, we will check that V' is uniruled. We shrink W around the generic
point of pr(V) and assume that W is quasi-projective. By replacing —(Kx + A) with
—(Kx + A) + @R H for some sufficiently ample general Cartier divisor H, we may assume
that —(Kx + A) is ample. By Theorem T2, V N @' (P) is covered by rational curves
¢ of —(Kx + A)-degree at most 2dim V' for every P € ¢r(V) C W. We take a suitable
projective completion X of X and apply [Kal, Chapter IV. 1.4 Proposition-Definition].
Then we obtain that V' is uniruled.

We finish the proof of Corollary [X3. O

13. PROOF OF THEOREM T4
In this section, we prove Theorem IT4. Let us start with the following definition.

Definition 13.1 ([FT11, Definition 6.8.1]). Let [ X, w] be a quasi-log scheme and let 7: X —
S be a projective morphism between schemes. If —w is ample over S, then [X, w] is called
a relative quasi-log Fano scheme over S. When S is a point, we simply say that [X,w] is
a quasi-log Fano scheme.

We recall an easy consequence of the vanishing theorem (see Theorem A8 (ii)), which is
missing in [FT1, Section 6.8].

Lemma 13.2. Let [X,w] be a quasi-log scheme and let m: X — S be a proper morphism
between schemes with m,Ox ~ Og. Assume that —w is nef and log big over S with respect
to [X,w]. Then X_o N7~ Y(P) is connected for every closed point P € S.

Proof. By Theorem £ (ii), R'm.Zx___ = 0. Therefore, the restriction map
Os ~m.0x —- m.0x__
is surjective. This implies that X_,Nw~!(P) is connected for every closed point P € S. [

Lemma 32 should have been stated in [ET1, Lemma 6.8.3], which plays an important
role in this section. The main ingredient of the proof of Theorem @4 is the following
theorem.

Theorem 13.3 ([Z, Theorem 1|, [HM], and [BP, Corollary 1.4]). Let X be a normal projec-
tive variety and let A be an effective R-divisor on X such that Kx+A is R-Cartier. Assume
that —(Kx + A) is ample. Then X is rationally chain connected modulo NKIt(X, A).

Proof. We take an effective Q-divisor A’ on X such that Kx + A’ is Q-Cartier, —(Kx +A)
is ample, and Nklt(X,A’) = Nklt(X, A) holds. If Nklt(X,A") = 0, that is, (X,A’) is
kawamata log terminal, then X is rationally connected by [Z, Theorem 1]. In particular,
X is rationally chain connected by Lemma ZT2. When Nklt(X, A’) # (), by applying
[BP, Corollary 1.4] to (X, A’), we obtain that for any general point = of X there exists a
rational curve R, passing through x and intersecting Nklt(X, A’). By [Kol, Chapter II. 2.4
Corollary], for every z € X, we can find a chain of rational curves R, such that = € R,
and R, NNklt(X, A") # (). Hence X is rationally chain connected modulo Nklt(X, A). We
note that if —(Ky + A) is an ample Q-divisor then the proof of [BP, Theorem 1.2 and
Corollary 1.4] becomes much simpler than the general case. Hence we obtain that X is
rationally chain connected modulo Nklt(X, A). O

We prepare one useful lemma.



CONE THEOREM AND MORI HYPERBOLICITY 45

Lemma 13.4. Let [X,w] be a projective quasi-log canonical pair such that Naklt(X, w) = (),
—w 1s ample, and X 1is connected. Then X is rationally connected. Hence X is rationally
chain connected.

Proof. By Lemma AR and [FT11, Theorem 6.3.11 (i)], X is a normal variety. By Theorem
10, we can find an effective R-divisor A on X such that —(Kx + A) is ample with
Nklt(X,A) = (). Hence X is rationally connected by [Z, Theorem 1] (see the proof of
Theorem [33). O

By the framework of quasi-log schemes, we can prove the following lemma as a gen-
eralization of Theorem [33 without any difficulties. We note that if Nqle(X,w) = 0 in
Lemma [C33 then it is nothing but [ET5, Theorem 1.7]. For semi-log canonical Fano pairs,
we recommend the reader to see [FLwi|.

Lemma 13.5. Let [X,w] be a quasi-log scheme such that X is connected. Assume that
—w 15 ample. Then X 1is rationally chain connected modulo X _.

Proof. As in the proof of Theorem IO, we put
[Xo, wol] := [X,w]
and
[Xi+1>wi+1] = [qu1t<XiaWi)awi|qu1t(Xi,wi)]
for + > 0. Then there exists £ > 0 such that
Nklt( Xk, wr) = Nale( Xy, wi) = Nale(X,w) = X_w.
We note that if X o = 0, that is, [X,w] is quasi-log canonical, then X} is the unique
minimal gle stratum of [X,w] by [FT1, Theorem 6.8.3 (ii)]. By applying Lemma [34 to
[ X4, wi], we obtain that X is rationally connected when X ., = (. We want to show by
inverse induction on 7 that X, is rationally chain connected modulo X ., = Nqle(X,w).
Note that we want to show that X is rationally chain connected modulo Xj when X_ = ().

We also note that X; is connected by Lemma [32 and [ETI, Theorem 6.8.3]. Hence it is
sufficient to prove the following claim.

Claim. Let [X,w] be a quasi-log scheme such that X is connected, Naklt(X,w) # 0, and
—w is ample. Then X is rationally chain connected modulo Naklt(X,w).

Proof of Claim. By adjunction (see Theorem B8 (i) and [FT1, Theorem 6.3.5 (i)]) and
[ETT, Theorem 6.8.3], we may assume that X \ X_ is irreducible. We note that every glc
stratum of [X,w] intersects with Ngklt(X, w) (see [FT1, Theorem 6.8.3]). By Lemma B-T9,
we may further assume that X itself is irreducible. Then, by Theorem 9, we can further
reduce the problem to the case where X is a normal variety. Then, by Theorem 10, we

can take an ample R-divisor H on X such that —(w + H) is still ample and that
Kyx+A~pw+H
holds for some effective R-divisor A on X with
Nklt(X, A) = Ngklt(X, w).
By applying Theorem [333 to (X, A), we obtain that X is rationally chain connected

modulo Ngklt(X,w). We finish the proof of Claim. O
By using Claim inductively, we can check that X is rationally chain connected modulo
X_oo = Nale(X,w). d

Let us prove Theorem [T4.

Proof of Theorem [[.T4. When 7= '(P) N X_,, = 0, we may assume that X ., = { by
shrinking X around 7! (P). We divide the proof into several steps.
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Step 1. Let X; be the union of X_, and all glc strata of [ X, w] contained in 7~(P). By
Lemma [32 and [ET1, Theorem 6.8.3], Xo N7 !(P) is connected.

Case 1. If X # X_, then [Xo, wo], where wy = w|x,, is a quasi-log scheme by adjunction
(see Theorem BB (i) and [FTT, Theorem 6.3.5 (i)]). Let us consider X = X \ Nqle(Xo, w).
Then [X{,w]], where w{ = w| xi» 18 a quasi-log scheme by Lemma ET9. By construction,

—wg is ample since W(Xg) = P. Therefore, by Lemma [C33, Xg is rationally chain connected

modulo Nqle(X{,w!). This means that X, N« (P) is rationally chain connected modulo
7 HP)NX .

Case 2. If Xy = X__, that is, there is no glc stratum of [X,w] contained in 7 !(P),
then Xy N7~ !(P) is obviously rationally chain connected modulo #~'(P) N X_,, because
XoNaY(P)=7n"1P)NX_.. Note that Xy = X_., = ) may happen.

Hence 7! (P) is rationally chain connected modulo 77*(P) N X_., when 7~ *(P) C X,.
Thus, from now on, we may assume that 7=1(P) ¢ X,.

Step 2. Without loss of generality, we may assume that S is quasi-projective by shrinking
S around P. We take general very ample Cartier divisors By, ..., B, passing through P
with n = dim X. Let f: (Y, By) — X be a proper morphism from a globally embedded
simple normal crossing pair (Y, By) as in Definition B2. By [ETI, Proposition 6.3.1] and
[Ka2, Theorem 3.35], we may assume that the union of all strata of (Y, By ) mapped to Xy
by f, which is denoted by Y’ is a union of some irreducible components of Y. As usual,
we put Y =Y =Y’ Ky» + Byn = (Ky + By)|y», and f” = f|y~». By [ET1I, Proposition
6.3.1] and [Ko2, Theorem 3.35] again, we may further assume that

n+1
(Y”, (f//)*'/T* Z Bz —+ Supp Byu>

i=1
is a globally embedded simple normal crossing pair. By [FT1, Lemma 6.3.13], we can take
0 < ¢; < 1 such that

n+1 >1
f” (By// + Cl<f”>*7T* Z Bz) = X()

=1

holds set theoretically and that there exists an irreducible component G of

n+1 =1
(BY" + C1 (f//>*7T* Z Bz)

i=1
with f"(G) ¢ Xo. By Lemma 820,
(X,W + ClB, f”Z (Y”, By// + Cl<f//)*B) — X) ,

where B = * (ijll B), is a quasi-log scheme.

Let X; be the union of Nglc(X,w + ¢ B) and all glc strata of [X,w + ¢, B] contained
in 7~(P). By construction, Nqle(X,w + ¢; B) = Xj holds set theoretically. Therefore, by
Case 0 in Step 0, X; N7~ *(P) is rationally chain connected modulo XoN7~1(P). We note
that by Step M X, N 7 !(P) is rationally chain connected modulo #='(P) N X _,,. This
means that X; N7~ !(P) is rationally chain connected modulo 7=}(P) N X_.

Step 3. By repeating the argument in Step B, we can construct a finite increasing sequence
of positive real numbers
O<gg << <1
and closed subschemes
X, C---C X,
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of X with the following properties:

(a) [Xi,w;] is a quasi-log scheme, where w; = (w + ¢;B)|x,, for every i,

(b) Nale(X;41,wir1) = X; holds set theoretically for every i,

(c) 71(P) C X} holds, and

(d) Xip1 N7 Y(P) is rationally chain connected modulo X; N 7w~1(P) for every i.
Hence we obtain that 7—(P) = 7~ !(P)NX} is rationally chain connected modulo 71 (P)N
X_ .

We finish the proof of Theorem IT4. Il

14. ToOwARDS CONJECTURE [IH

In this final section, we treat several results related to Conjecture [CIH. This section
needs some deep results on the theory of minimal models for higher-dimensional algebraic
varieties. Let us start with the following special case of the flip conjecture II.

Conjecture 14.1 (Termination of flips). Let (X,A) be a Q-factorial kit pair and let
m: X — S be a projective surjective morphism between normal quasi-projective varieties
such that Kx + A s not pseudo-effective over S. Let

(X, A) =: (Xo,A¢) -=» (X1, A1) == -+ == (X, 4y) —=» -+

be a sequence of flips over S starting from (X, A). Then it terminates after finitely many
steps.

In this section, we establish the following theorem, which is a precise version of Theorem

[18.

Theorem 14.2 (see Theorem [IR). Assume that Conjecture [[Z-1 holds true in dimension
at most dim 7~ Y(P). Then Conjecture I3 holds true.

For the proof of Theorem M272, we prepare a variant of Theorem I8. We need the
termination of flips in this theorem.

Theorem 14.3. Let X be a normal variety and let A be an effective R-divisor on X
such that Kx + A is R-Cartier. Assume that Conjecture [IZ.1 holds true in dim X. Let
m: X — S be a projective morphism onto a scheme S such that —(Kx + A) is m-ample
with dim S < dim X. We assume that NkIt(X, A) is not empty such that

m: Nklt(X, A) — 7m(Nklt(X, A))
15 finite. Then there exists a non-constant morphism
f: Al — X\ NKIt(X, A)
such that wo f(A') is a point and that the curve C, the closure of f(A') in X, is a (possibly
singular) rational curve satisfying C N Nklt(X, A) # O with
0<—(Kx+A)-C<1.

Proof. By shrinking S suitably, we may assume that X and S are both quasi-projective.
By Lemma B0, we can construct a projective birational morphism ¢: ¥ — X from a
normal Q-factorial variety satisfying (i), (ii), and (iv) in Lemma BT0. Since Ky + Ay =
g (Kx + A), (Ky + Ay)|xuiev,ay) is nef over S by Lemma B0 (iv). Let us consider
mog:Y — S. By construction, (Y, As') is a Q-factorial klt pair. Since —(Kx + A) is
m-ample by assumption, Ky + Ay is not pseudo-effective over S. Hence Ky + A is not
pseudo-effective over S. Since (Ky + Ay )|nui(v,ay) is nef over S, the cone theorem

NE(Y/S) = NE(Y/S)(xy+ay)20 + Y R;

J
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holds by [F6, Theorem 1.1] (see also Theorem I3 (i)). Since Ky +Ay is not pseudo-effective
over S, Ky + Ay is not nef over S. Hence we have a (Ky + Ay )-negative extremal ray R
of NE(Y/S). Then we consider the contraction morphism ¢r: Y — W over S associated
to R (see [E6, Theorem 1.1] and Theorem BT7). We note that —(Ky + A$') - R > 0
since (Ky + Ay)|nui(v,ay) is nef over S. If ¢p is an isomorphism in a neighborhood of
Nklt(Y, Ay), then we can run a minimal model program with respect to Ky + Ay over
S by [BCHM]. Thus we run a minimal model program with respect to Ky + Ay over S.
Then we have a sequence of flips and divisorial contractions

y::YO_@>Y1_¢_1>..._¢":LYZ,_¢_’;...
over S. As usual, we put (Yo, Ay,) := (Y, Ay) and Ay,

1 = 0i, Ay, for every .

Case 1. We assume that ¢; is an isomorphism in a neighborhood of Nklt(Y;, Ay;) for
every 7. Then this minimal model program is a minimal model program with respect to
Ky + A'. Hence, by Conjecture IA, we finally get the following diagram

bl
y::yo,‘@>yl,¢3>...,’i;yk

|r
S

where ¢; is a flip or a divisorial contraction for every ¢ and p: Y, — Z is a Fano contraction
over S. We note that (Ky, + Ayk)|Nk1t(yk,AYk) is nef over S. By Case [0 in the proof

of Proposition B, we can find a curve Cy, ~ P! on Y}, such that p(Cy,) is a point,
Cy, N Nklt(Y%, Ay, ) is a point, and 0 < —(Ky, + Ay, ) - Cy, < 1 holds. By using the
negativity lemma, we can check that

—(Ky +Ay) - Oy < —(Ky, +Ay,) - Oy, <1

holds, where Cy is the strict transform of Cy, on Y. Note that Cy N Nklt(Y, Ay ) is a
point since ¢; is an isomorphism in a neighborhood of Nklt(Y;, Ay;) for every i. Therefore,
C = g(Cy) is a curve on X such that C' N Nklt(X, A) is a point by Lemma B0 (iv) with
0<—(Kx+A)-C < 1. Hence we can construct a morphism

fr A — X\ NKIt(X, A)
such that f(A!') = C'n (X \ Nklt(X,A)). This is a desired morphism.

Case 2. We assume that there exists iy such that ¢; is an isomorphism in a neighborhood
of Nklt(Y;, Ay;) for 0 < i < iy and ¢;, is not an isomorphism in a neighborhood of
Nklt(Yj,, Ay, ). Then, by using Case B in the proof of Proposition BT, we can find a
curve Cy, =~ P! on Y;; such that Cy, NNklt(Yj,, Ay, ) is a point, Cy,_ is mapped to a point
on S, and 0 < —(Ky,, + Ay, ) - Oy, <1 holds. By the same argument as in Case [ above,
we get a desired morphism

f: A — X\ NKIt(X, A).
We finish the proof of Theorem I473. O
By Theorem M2=3, we have:

Theorem 14.4. In Theorem @2, we further assume that dim S < dim X and that ¥ # ().
If Congecture [T71 holds true in dim X, then there exists a non-constant morphism

frA' — X\X2
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such that wo f(A') is a point and that the curve C, the closure of f(A') in X, is a rational
curve satisfying C N'Y # O with
0<-P-C<1.

Proof. We use Theorem [473 instead of Theorem 8. Then the proof of Theorem G2
implies the existence of
f:rA' — X\X2
with the desired properties. U
For the proof of Theorem I4=4, we establish the following somewhat technical lemma.

Lemma 14.5. Let m: X — S be a projective surjective morphism between normal quasi-
projective varieties with m,0x ~ Og and dim S > 0 and let [X,w| be a quasi-log scheme
such that
m: Naklt(X,w) — m(Ngklt(X,w))

is finite. Let P be a closed point of S such that dim7n~*(P) > 0. Then there exists an
effective R-Cartier divisor B on S such that [X,w + 7*B] is a quasi-log scheme with the
following properties:

(i) Naklt(X,w) C Ngklt(X,w + 7*B),

(ii) Nqklt(X,w) = Nqklt(X,w + 7*B) holds outside 7~ (P),

(iii) m: Nale(X,w + 7*B) — 7(Nqle(X,w + 7*B)) is finite, and

(iv) there exists a positive-dimensional qlc center of [X,w + 7*B] in 7 1(P).
We further assume that —w is m-ample. Let W be a positive-dimensional qlc center of
(X, w + 7*B] with 7(W) = P. Let v: WY — W be the normalization. Then [W", v*w|
naturally becomes a quasi-log Fano scheme such that

v~ (Ngklt(X,w) N7~ (P)) C Naklt(W", v*w)

holds set theoretically.

Proof. Let By,...,B,11 be general very ample Cartier divisors on S passing through P
with n = dim X. Let f: (Y, By) — X be a proper morphism from a globally embedded
simple normal crossing pair (Y, By ) as in Definition 2. Let X’ be the union of Ngle(X, w)
and all glc centers of [X,w] mapped to P by m. By [ETI, Proposition 6.3.1] and [Ko2,
Theorem 3.35], we may assume that the union of all strata of (Y, By) mapped to X’ by f,
which is denoted by Y, is a union of some irreducible components of Y. As usual, we put
Y'=Y — Y/, Kyl/ + By// = (KY + By)|y//, and f// = f|y//. By [Fll, Proposition 631]
and [Ko2, Theorem 3.35] again, we may further assume that

n+1
(Y”, (f//)*'/T* Z Bl —+ Supp Byu>

i=1
is a globally embedded simple normal crossing pair. By [F11, Lemma 6.3.13], we can take
0 < ¢ < 1 such that

(a) we have

n+1 >1
il (By// +c(f")* 7" Z BZ-) Na Y P)=10

i=1
or

n+1 >1
dim [ #” <By~ +e(f)y Ty Bz-) na ' (P) | =0,
=1

and
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(b) the following inequality

n+1 =1
dim f// (By// + C(f”)*’ff* Z B7,> N TF_l(P) Z 1
i=1
holds.
By Lemma B20, we obtain that

(X,w+7*B, f": Y Byr+ (f")'7*B) = X),

where B = ¢Y.7! By, is a quasi-log scheme. By construction, we see that (i) holds true

(2

and Nqklt(X,w + 7*B) coincides with Nqklt(X,w) outside 7—!(P) since By, ..., B, are
general very ample Cartier divisors on S. Hence we have (ii). Therefore, (iii) and (iv)
follow from (a) and (b), respectively.
From now on, we further assume that —w is m-ample. As usual, we put
W' =W UNdgle(X,w + 7*B).

By adjunction (see Theorem B8 (i) and [ETI, Theorem 6.3.5 (i)]), [W’, (w + 7*B)|w] is a
quasi-log scheme. By Lemma BT9, [W, (w+7*B)|w]| naturally becomes a quasi-log scheme.
We note that (7*B)|w ~g 0 since m(W) = P. Therefore, by replacing (w + 7*B)|w with
wlw, we see that [W,w|w]| is a quasi-log scheme. By Theorem [, [IW", v*w] becomes a
quasi-log scheme. Note that —v*w is ample since 7o v(W") = P.

Claim. We have
Naklt(X,w) N7 '(P)
C Naklt(W’, (w + 7*B)|w+) N7 1 (P)
= Ngklt(W, (w + 7*B)|w)
= Naklt(W, wlw)
set theoretically.

Proof of Claim. We divide the proof into several steps.

Step 1. By (iii) and Lemma 32, Nqle(X, w-+7*B)N7 ! (P) is empty or a point. By [FTT,
Theorem 6.8.3 (i)], every glc center of [X,w+7*B] in 7~ (P) contains Ngle(X,w+7*B)N
7~ 1(P) when Ngle(X,w+7*B) N7 }(P) # (. When Ngle(X,w +7*B)N7(P) =0, the
set of all glc centers intersecting 7 !(P) has a unique minimal element with respect to the
inclusion by [ETI, Theorem 6.8.3 (ii)].

Step 2. In this step, we will check that
Nqklt(X,w) N7 (P) € Ngklt(W’, (w + 7*B) |w+) N7 (P)

holds set theoretically.

If Ngklt(X, w)N7 =t (P) = (), then it is obvious. Hence we may assume that Ngklt(X, w)N
7 1(P) # (). By assumption, Ngklt(X,w) N 7~ 1(P) is zero-dimensional. We take Q €
Naklt (X, w)Nr~1(P). If Q is a glc center of [ X, w] or Q € Nqle(X, w), then Q € Nqle(X, w+
7 B) by the construction of the quasi-log scheme structure of [ X, w + 7*B]. Then we have

Q € Nqle(W’', (w + 7*B)|w+) C Naklt(W’', (w + 7*B)|w~).
Therefore, we have
Q ~ qult(W,, (U) + W*B)’W/) N 7T_1(P).

From now on, we assume that @ is not a glc center of [X,w] and that @ ¢ Ngle(X,w).

Then, there exists a positive-dimensional glc center V of [ X, w] such that @ € VN7 (P).
Since Nqklt(X,w) = Ngklt(X,w + 7*B) holds outside 71 (P) (see (ii)), V is also a qlc
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center of [X,w+7*B]. If Nqle(X,w+7*B)Na ' (P) # (0, then Nqle(X,w+7*B)N7(P)
is a point by (iii) and Lemma [332. In this case, by [F11, Theorem 6.8.3 (i)], we have
Q € Vna'(P)N Nqle(X,w + 7*B). Hence Q € Ngle(W’, (w + 7*B)|w) N 7 1(P).
This implies that @ € Nqklt(W’, (w + 7*B)|w+) N7~ '(P). Thus we further assume that
Ngle(X,w + 7*B) N 7~ (P) = (. By shrinking X around 7~!(P), we may assume that
[X,w + 7*B] is quasi-log canonical. Then Q@ € VN W N7~ (P) by Step 0 (see also [FTT,
Theorem 6.8.3 (ii)]). Hence Q € Ngklt(W’, (w + 7*B)|w~) N 7' (P) by [ETI, Theorem
6.3.11 (i)]. More precisely, @ is a qlc center of [W’, (w + 7*B)|w~].
In any case, we obtain
Naklt(X,w) N7 (P) C Ngklt(W’, (w + 7*B) |w+) N7 (P)
set theoretically.

Step 3. By Step I and Lemma B9,
Naklt(W’, (w + 7*B) |w+) N7~ Y (P) = Naklt(W, (w + 7 B)|w)
holds set theoretically. By the definition of the quasi-log scheme structure of [W, w|w],
Naklt (W, (w + 7 B)|w) = Naklt(W, w|w)
obviously holds.
We finish the proof of Lemma I473. O
Hence by Claim
v~ (Ngklt(X,w) N7~ (P)) C Naklt(W", v*w)
holds set theoretically since v~ (Ngklt(W, w|w)) = Naklt(W?, v*w) by Theorem 9. [
Let us prove Theorem 472, which is stronger than Theorem [I8.

Proof of Theorem [17.3. We first use the reduction as in Steps B, B, and @ in the proof of
Theorem [CA. Let us explain it more precisely for the reader’s convenience.

Step 1. We take an irreducible component W of X such that Ct ¢ W. We put X’ =
W U Nqle(X,w). Then, by adjunction (see Theorem B8 (i) and [ETT, Theorem 6.3.5 (i)]),
[ X', W = w|x/| is a quasi-log scheme. By replacing [ X, w] with [X’, w'], we may assume that
X \ X_ is irreducible. By Lemma B9, we may replace X with X \ X_., and assume
that X is a variety. Then, by taking the normalization, we may further assume that X is
a normal variety (see Theorem ).

Step 2. By taking the Stein factorization, we may further assume that 7,0Ox ~ Og. We
put ¥ = Ngklt(X,w). It is sufficient to find a non-constant morphism

fr A — (X\ D) N7 Y(P)
such that the curve C, the closure of f(A') in X, is a (possibly singular) rational curve
satisfying C' N Y # () with
0<—w-C<1.
Without loss of generality, we may assume that X and S are quasi-projective by shrinking
S suitably.

Step 3. By assumption, dim7 }(P) > 0 and 7= (P)NY # . When dim S > 0, by
Lemma I3, we take an effective R-Cartier divisor B on S such that [X,w + 7*B] is a
quasi-log scheme satisfying the properties (i), (ii), (iii), and (iv) in Lemma IZ35. Then
we take a positive-dimensional glc center W of [X,w + 7*B] in 7 !(P) such that there is
no positive-dimensional qlc center W1 C W of [X,w + 7*B]. By Lemma IZH, [W", v*w]
naturally becomes a quasi-log Fano scheme, where v: W* — W is the normalization. When
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dim S = 0, it is sufficient to put B = 0 and W = X. By construction, Ngklt(W", v*w)
is finite. On the other hand, Ngklt(W" v*w) is connected (see Lemma [32 and [ETT,
Theorem 6.8.3]). By Lemma [45, we obtain

D#v " (SNa ' (P)) C Naklt(W”, v'w).

Hence Naklt(W", v*w) is a point such that v=! (¥ N7~ (P)) = Nqklt(W", v*w) holds set
theoretically. By applying Theorems 10 and [44 to [W", v*w] as in Step B in the proof
of Theorem [[B, we obtain a non-constant morphism

h: AY — WY\ Ngklt(W", v*w)

such that C”, the closure of h(A') in W, is a (possibly singular) rational curve satisfying
C' N Ngklt(W", v*w) # 0 with 0 < —v*w - C" < 1. Then

fi=tovoh: A' — (X\ )Nz '(P),
where ¢: W — X is a natural inclusion, is a desired morphism.
We finish the proof of Theorem I42. O

For the proof of Theorem [, we prepare the following theorem. The proof of Theorem
48 uses a deep result on the existence problem of minimal models in [HT].

Theorem 14.6. Let (X, A) be a dit pair and let 7: X — S be a projective morphism
between normal varieties such that —(Kx + A) is m-ample. We assume that Nklt(X, A)
is not empty such that w: Nklt(X, A) — w(Nklt(X,A)) is finite and that there exists a
curve CT on X such that 7(CT) is a point with CT N NkIt(X, A) # 0. Then there exists a
non-constant morphism
fi Al — X\ NKIt(X, A)

such that wo f(A') is a point and that the curve C, the closure of f(A') in X, is a (possibly
singular) rational curve satisfying C' N Nklt(X, A) # O with

0<—(Kx—|—A)C§1

Proof. By shrinking S suitably, we may assume that X and S are both quasi-projective.
By Lemma BT, we can construct a projective birational morphism ¢: ¥ — X from a
normal Q-factorial variety satisfying (i), (ii), and (iv) in Lemma BT0. Since Ky + Ay =
g (Kx + A), (Ky + Ay)|xuev,ay) is nef over S by Lemma BT0 (iv). Let us consider
mog:Y — S. By construction, (Y, Ay) is a Q-factorial dlt pair.

If dim S = dim X, then Ky + Ay is pseudo-effective over S. In this case, we can take
an effective R-divisor A on Y such that Ky + Ay + A ~g o, 0 and that (Y, Ay + A) is
dlt since —(Ky + Ay) = —¢*(Kx + A) is (7 o g)-semi-ample. Hence (Y, Ay) has a good
minimal model over S by [HI, Theorem 1.1] and any (Ky + Ay )-minimal model program
over S with scaling of an ample divisor terminates (see [HI, Theorem 2.11]).

If dim S < dim X, then Ky + Ay is not pseudo-effective over S since —(Kx + A) is
ample over S. In this case, we have a (Ky + Ay )-minimal model program which terminates
at a Mori fiber space by [BCHM]|.

Therefore, we have a finite sequence of flips and divisorial contractions

Y —- YO_@’)yl_‘z’_1>..._¢i_‘1>y;_¢_i>..._¢’“_‘;yk
starting from (Yp, Ay,) := (Y, Ay) over S such that (Y, Ay,) is a good minimal model
of (Y,Ay) over S or p: Y, — Z is a Mori fiber space with respect to Ky, + Ay, over S,
where Ay, = ¢;,Ay, for every i. By assumption, we can take a curve C' on Y such that
—(Ky+Ay)-C" > 0 with C'"NNkKIt(Y, Ay) # 0. If ¢; is an isomorphism in a neighborhood
of Nklt(Y;, Ay;) for 0 <i < [, then

(14.1) 0 < —(Ky + Ay) - C' < —(Ky, + Ay,) - G,
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holds by the negativity lemma, where Cy, is the strict transform of C" on ;.

Case 1. We assume that ¢; is an isomorphism in a neighborhood of Nklt(Y;, Ay;) for every
i. Then, by (I2), the final model Y; has a Mori fiber space structure p: Y, — Z over S.
We note that (Ky, + Ayk)’Nklt(yk’AYk) is nef over S. Hence the argument in Case 0 in the
proof of Theorem I[2=3 works without any changes. Then we get a non-constant morphism

fr Al — X\ NKIt(X, A)
with the desired properties.

Case 2. By Case [, we may assume that there exists ig such that ¢; is an isomorphism
in a neighborhood of Nklt(Y;, Ay;) for 0 < i < iy and ¢;, is not an isomorphism in a
neighborhood of Nklt(Yj,, Ay, ). The argument in Case 2 in the proof of Theorem I233
works without any changes. Then we get a non-constant morphism

fr A — X\ NKIt(X, A)
with the desired properties.
We finish the proof of Theorem I44. O

We close this section with the proof of Theorem [20. Since adjunction works well for
dlt pairs, Theorem directly follows from Theorem [43.

Proof of Theorem IZ0). We put W = 7] Then W is an lc stratum of (X, A). By adjunc-
tion, it is well known that we have

(Kx +A)|lw = Kw + Aw

such that (W, Ay ) is dlt and that the lc centers of (W, Ay,) are exactly the lc centers
of (X,A) that are strictly included in W (see, for example, [F3, Proposition 3.9.2]). By
replacing 7: X — S with the Stein factorization of pg, : W — ¢g, (W), we may assume
that m: Nklt(X,A) — m(Nklt(X, A)) is finite and that there exists a curve CT on X such
that 7(CT) is a point with CT N Nklt(X,A) # (). By Theorem 48, we obtain a desired
non-constant morphism
frA' = X\ NKIt(X, A)

with the desired properties. O

As we have already mentioned, we will completely prove Conjecture I3 in a joint paper
with Kenta Hashizume (see [FH]), where we use some deep results on the minimal model
program for log canonical pairs. We strongly recommend the interested reader to see [FHI.
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