CHARACTERISTIC-FREE CHARACTERIZATIONS OF PROJECTIVE SPACE
FOR SMOOTH TORIC VARIETIES

OSAMU FUJINO AND HIROSHI SATO

ABSTRACT. We prove that a smooth projective toric variety over an algebraically closed field
of arbitrary characteristic is isomorphic to a projective space if its tangent bundle contains an
ample locally free subsheaf of positive rank. No torus-equivariant structure on this subsheaf
is assumed. The proof uses primitive relations, the toric Euler sequence, and characteristic-
free cohomological lifting. As an application of the same method, we establish the toric form
of Beauville’s cohomological characterization of projective spaces and quadrics, including the
polarization. Without the toric hypothesis, both characterizations fail in characteristic two.

1. INTRODUCTION

The characterization of projective space is a classical and fundamental problem in algebraic
geometry. The result of Kobayashi and Ochiai [KO73] and Mori’s solution of the Hartshorne
conjecture [Mor79] are particularly celebrated; these seminal works have profoundly influenced
the subsequent development of higher-dimensional algebraic geometry.

The starting point of this paper is the remarkable theorem of Andreatta and WiSniewski: if the
tangent bundle of a smooth complex projective variety contains an ample locally free subsheaf
of positive rank, then the variety is a projective space [AWO1]. This theorem completely
answers a question posed by Campana and Peternell [CP98, Question on p. 59] and substantially
strengthens Mori’s characterization of projective space by the ampleness of the tangent bundle
[Mor79]. Our main purpose is to give a direct proof in the toric setting, using primitive relations
and the toric Euler sequence. Notably, this argument is purely algebraic and works over a field
of arbitrary characteristic.

Throughout the paper, k denotes an algebraically closed field of arbitrary characteristic. Our
main result is the following.

Theorem 1.1. Let X = X5 be an n-dimensional smooth projective toric variety over k. Assume
that there is an ample vector bundle & of rank r > 0 admitting an injective morphism & — Tx
of locally free sheaves. Then X =~ P. Moreover, under this isomorphism, either & =~ Op]ﬁ(l)@’ ,
or r = n and the given injective morphism is an isomorphism & = Tx = Tpn.

An important feature is that no torus-equivariant structure on & is assumed, and the injection
& — T is not required to be equivariant. Nevertheless, the determinant of & and its restrictions
to invariant rational curves provide enough numerical information for the toric argument. The
quotient of Tx by & is not assumed to be locally free. In particular, the hypothesis is naturally
phrased in terms of a locally free subsheaf rather than a subbundle.

For related characterizations of projective spaces among toric varieties, see, for example,
[Mab78], [Oda78, Theorem 7.1], [Fuj03, Theorem 0.1], [Fuj06, Section 4], and [Wu24]. To
the best of the authors’ knowledge, the first nontrivial characterization of projective space for
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toric varieties was obtained by Mabuchi [Mab78, Theorem 4.1], whose result also solves the
Hartshorne conjecture for toric varieties. A simple proof of Mabuchi’s result using toric Mori
theory is given in [Fuj06, Section 4].

The same method also proves the toric form of Beauville’s cohomological characterization
of projective spaces and quadrics [BeaOO, Remark 3.4], established over C by Araujo, Druel,
and Kovécs [ADKOS8, Theorem 1.1]. More precisely, we obtain the following characteristic-free
result, including the polarization.

Theorem 1.2 (Beauville’s conjecture for smooth toric varieties). Let X = Xy be an n-
dimensional smooth projective toric variety over k, and let L be an ample line bundle on X.
Suppose that

HO

)4
X,/\Tx®£_p) £0

for some integer 1 < p < n. Then one of the following holds:
(1) (X’ L) = (Pl’l, OP]E(l))’
(i) p=n=1land (X, L)~ (P!, Op1(2));

(ili) p=n=2and (X, L) =~ (P, xP,,0(1,1)).

Conversely, case (i) satisfies the nonvanishing condition for every 1 < p < n, whereas cases (ii)
and (iii) satisfy it for p = n.

The polarized varieties in cases (ii) and (iii) are the smooth conic (Q!, Oy (1)) and the smooth
quadric surface (Q?, Op2(1)), respectively.

The toric hypothesis is essential for these arbitrary-characteristic statements. In characteristic
two, smooth quadrics of odd dimension at least three admit an ample line subbundle Oy (1) —
Tp. These examples, already noted by Wahl [Wah83, p. 316] and discussed by Furukawa
[Furl4, Theorem 1.1 and Remark 2.8], give counterexamples to the non-toric analogues of both
Theorems 1.1 and 1.2. For the latter, the nonvanishing occurs with p = 1 < dim Q, whereas the
quadric alternative requires p = dim Q. We recall the construction in Remark 6.3.

For an overview of the proof of Theorem 1.1, put L = det& and r = rank &. If yg is the
primitive integral class of an extremal ray and D, is an invariant prime divisor, then D, - yg < 1,
whereas the ampleness of & gives L - yg > r. Consequently, subtracting fewer than r distinct
invariant prime divisors from L preserves ampleness. When r < n, the divided-power exterior
resolution of the toric Euler sequence and toric Kodaira vanishing lift the determinant section to
the corresponding exterior power of the middle term. The numerical inequalities then produce
an ample invariant prime divisor, forcing the fan to be the fan of Py.

When r = n, the determinant map gives —Kx ~ L + F with F effective. If F' # 0, an extremal
ray meeting F positively has anticanonical degree at least n + 1. If F' =0, then & =~ Ty, and the
ampleness of Ty gives the same lower bound. In either case, the associated primitive relation is
the simplex relation.

For Theorem 1.2, we use the same numerical and cohomological argument, with £®? in place
of det &. Only the top-degree case requires an additional elementary calculation: if n > 2 and
—Kx ~ nA for an ample Cartier divisor A, an extremal primitive relation gives a Pﬁ‘l-bundle
over Pﬂlg, and an intersection with a minimal section yields n = 2 and the trivial bundle.

The fan-theoretic and Mori-theoretic statements used here are independent of the character-
istic. The first author develops toric Mori theory over an algebraically closed field of arbitrary
characteristic in [Fuj03]; see also [FS04, FS20]. By contrast, for general torus-equivariant
vector bundles, the existence of a nonzero global section can depend on the characteristic; see
Remark 6.2 for an explicit example.
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The paper is organized as follows. Section 2 records the numerical consequences of extremal
primitive relations. Section 3 gives the characteristic-free divided-power Koszul-Schur complex
and the cohomological lifting lemma. Section 4 establishes the common cohomological criterion
and the fan-theoretic results used in the proofs. Sections 5 and 6 prove Theorems 1.1 and 1.2,
respectively.

Acknowledgments. The first author was partially supported by JSPS KAKENHI Grant Number
JP23K20787. The second author was partially supported by JSPS KAKENHI Grant Number
JP24K06679.

The authors acknowledge the use of Rethlas and ChatGPT during the development of this
work. Notably, the essential ideas and core arguments for the proofs of the results were generated
with the assistance of these artificial intelligence tools. However, all mathematical arguments,
proofs, and final verifications were rigorously formalized and carried out independently by the
authors, who assume full responsibility for the contents of this paper.

2. SETUP AND NUMERICAL CONSEQUENCES OF PRIMITIVE RELATIONS

From now on, let k be an algebraically closed field of arbitrary characteristic, and let X = X5
be an n-dimensional smooth projective toric variety over k, with n > 1. Only these assumptions
are standing; vector bundles and polarizations will be specified when needed.

We use standard notation from toric geometry; see, for example, [CLS11, Ful93, Oda88]. The
toric Mori theory used below is valid over an algebraically closed field of arbitrary characteristic;
see [FujO03, FS04, FS20]. Let (1) denote the set of rays of X. For p € X(1), let v, be its
primitive generator and D, = D, the corresponding invariant prime divisor. We write N for the
lattice of one-parameter subgroups and M = Hom(N, Z) for its dual. We use additive notation
for Cartier divisors and their associated line bundles when convenient.

Let R ¢ NE(X) be an extremal ray, and let yg be its primitive integral generator. By toric
Mori theory, there is an extremal primitive collection P = {v, ..., v;} whose primitive relation
is

(2.1) Vit---+vp=aiwy+ -+ agwe, aj€Z>0,

and whose class is yg. The right-hand side may be empty. Moreover, yg is represented by
an invariant irreducible curve Cgp =~ Pﬂf(. We refer to [Rei83, Bat91, Sat00, Cas03] for the
primitive-relation description and to [FS04, Section 3] for the characteristic-free toric Mori
theory.

Under the usual identification of integral curve classes with integral relations among the ray
generators, the coefficients in (2.1) are the intersection numbers with invariant divisors. Thus

Dvi'szl, ij")’R:—aj, Dp")’R:O

when v, does not occur in (2.1). In particular,
(2.2) D, -yr <1 for every p € Z(1).

If & is an ample vector bundle of rank r > 0 and L = det &, then by Grothendieck’s splitting
theorem on Pﬂlg,

Elcg = Op1 (b1) & -+ & Op1 (by).

Since & is ample, b; > 1 for every i. Hence

.
(2.3) L-yr=Y bixr.
i=1
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This estimate does not require a morphism from & to Ty. In particular, when & is a locally free
subsheaf of Ty, no injectivity of its restriction to C is needed.
Likewise, if £ ~ Ox(A) is an ample line bundle and p > 1, then
2.4) (pA) -yr=p(A-yr) 2 p,
since A - yg is a positive integer. We formulate the common numerical consequence for an
arbitrary Cartier divisor. For a subset J C X(1), set Dy := 2 ,c; Dp.
Proposition 2.1. Let D be a Cartier divisor on X, and let m > 1 be an integer such that
(2.5) D-yr2>m for every extremal ray R.
For a subset J C X(1), the divisor D — D is ample if |J| < m, and nef if |J| = m.

Proof. By (2.2) and (2.5), (D — Dy)-yg = m—|J| for every extremal ray R. The Kleiman—Mori
cone NE(X) is rational polyhedral and is generated by its finitely many extremal rays. The
assertion follows from Kleiman’s criterion. O

We also record an elementary observation.

Lemma 2.2. Let X be a projective variety of dimension n > 0, and let F be a nonzero effective
Cartier divisor on X. Then —F is not nef.

Proof. For an ample divisor H, one has F - H""! > 0, while the nefness of —F would imply
(-F)-H"!'>0. O

3. A DIVIDED-POWER KOSZUL—SCHUR COMPLEX AND A LIFTING LEMMA

We begin with the homological algebra input. For a vector bundle A, write ['TA =
(Sym? A*)* for its g-th divided power. For the basic properties of divided powers, see, for
example, [Wey03, Section 1.1]. The complex below is the characteristic-free form of the
exterior-power resolution needed later and is a special case of a Schur complex; see [ABWS82]
(see also [Wey03, Section 2.4, p. 76]). We include a proof in order to make both its exactness
in positive characteristic and the lifting step used below transparent.

Lemma 3.1 (Divided-power Koszul-Schur complex). Let

(3.1) 0A->85C—0

be a short exact sequence of vector bundles on a scheme S. For every integer m > 1, there is an
exact complex
m—q
0—TI"A T A®B — - —TAD |\

m—q+1

Yrriae A\ B—>---—>/m\BA—%>/m\C—>O.

For 1 < g < m, the differential d is the composite

(3.2)

™A, eid med
-1,1 _
MAe AB"—mq A9 A® A
m—q+1

r'4e /\ B,

where Ay_11 is the (q — 1, 1) component of the standard comultiplication on the divided-power
algebra (see (3.5) below).

(3.3)

id®(tA-)
_—
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Proof. The maps in (3.3) form a complex. Indeed, the twofold comultiplication on divided
powers is cocommutative, whereas exterior multiplication is alternating. Thus the two terms ob-
tained by moving two factors from the divided-power part to the exterior part cancel. Moreover,
(A"m)d; = 0.

Exactness is local on S, so we may split (3.1) and write 8 ~ A & C. Decompose (3.2)
according to the number j of exterior factors coming from C. The component with j = m is the
identity map on A" C. For 0 < j < m, puts =m — j. The j-component is A’ C tensored with
the homogeneous divided-power Koszul complex

)4
O—>Fsﬂ—>l“‘1ﬂ®ﬂ—>~--—>FS‘1’&—’I®/\?(
(3.4) )

_>..._>/\ﬂ_>0'

It remains to prove that (3.4) is exact over an arbitrary base ring R.

Work locally and choose a basis ey, . . ., e, of A. For a multi-index a = (ay,...,a,) € N¢,
write el = eEal] .- el%] 1f ¢ denotes the i-th standard basis vector of N¢, then the divided-
power comultiplication satisfies
(3.5) Agra(el) = Y el T ge,  (lal=g).

;>0

In particular, no numerical coefficient occurs in the differential.

The complex (3.4) is multigraded. Fix @ with |a| = s, and set S, = {i | @; > 0}. For
I={ij < - <ip} CSo,pute =Y € and e; = e; A--- Ae;,. The multidegree-a part in
exterior degree p has the basis

xp=el Ml gey, 1SSy, Il =p.
By (3.5), the differential d is given by
d(xj) = Z (=1 “Dxru40y
£eS \I

where €(¢,I) = |[{i € I | i < ¢}|. Hence the multidegree-a part is precisely the augmented
simplicial cochain complex of the simplex with vertex set S,.

Since s > 0, the set S, is nonempty. We explicitly construct a contracting homotopy by fixing
a vertex k € S,. Define an R-linear map A of degree —1 on the basis elements by

h) (-1)g*NED oy ifk e,
X7) =
70 itk ¢l.

We verify that dh + hd = id. If k ¢ I, then h(x;) = 0 and thus dh(x;) = 0. In the expansion of
d(xy), the only term not annihilated by # is the one corresponding to £ = k. Therefore,

hd(xp) = R((=D**Dxpu) = (DD (=1)*EDyx; = x,
yielding (dh + hd)(x;) = x;. If instead k € I, let J = I\ {k}, so that h(x;) = (=1)*/)x;.
Applying the differential gives
dh(xp) = (=)D (<1 EDx .
(eS,\J

The term in this sum corresponding to £ = k is (_1)28(k’J)XJu{k} = x7. For all terms with € # k,
the alternating sum properties of the simplicial complex ensure they are exactly cancelled by the
terms of hd(xj), because applying & to x;u(e) removes k and induces the opposite sign.
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Consequently, (dh + hd)(x;) = x; holds in all cases. This explicit homotopy involves no
scalar denominators, proving that the augmented complex is exact over an arbitrary base ring.
Summing over all @ proves the exactness of (3.4), and hence of (3.2). O

Remark 3.2. When all relevant factorials are invertible, divided and symmetric powers are
naturally identified after the usual normalization, and Lemma 3.1 becomes the familiar complex
written with symmetric powers. In positive characteristic, however, the symmetric-power version
need not be exact. For example, if ‘A has rank one and m = p = chark, its first differential sends
a? — paP~' ® ((a) = 0. The divided-power differential instead sends a!?! — al?~!1 @ ((a),
which is precisely the characteristic-free replacement needed here.

The following elementary lemma isolates the cohomological step that turns this resolution
into a lifting statement.

Lemma 3.3 (Cohomological lifting). Suppose that
00— Ky > Kp-1— - —Ko—F —0

is an exact complex of vector bundles on a projective variety X. If H1(X,¥K,) = 0 for every
1 < g < m, then the natural map H°(X, 7)) — H°(X, F) is surjective.

Proof. Put Zp = ¥ and, for 0 < g < m — 1, let Zy41 = ker(K;, — Z,). Exactness gives short
exact sequences 0 — Z .1 — K, — Z, — 0, and Z,, = K,,,. The assumed vanishings and
the associated long exact sequences yield injections

H'(X,Z)) = H (X, Zy) = -+ = H"(X, Zy) = H"(X, %K) = 0.

Thus HI(X, Z1) = 0, and the exact sequence 0 —» Z; — Ky — F — 0 gives the desired
surjectivity. O
4. VANISHING AND FAN-THEORETIC CRITERIA

Let D be a Cartier divisor and m > 1 an integer satisfying (2.5). The toric Euler sequence is
(4.1) 0— A =0 — 8:= (P Ox(D,) — Tx — 0,
peX(1)

where p(X) denotes the Picard number; see [CLS11, Section 8.1]. Apply Lemma 3.1 to (4.1)
and tensor by Oy (—D). For 0 < g < m, put

m-q
XK, =T'A® /\ B ® Ox(-D).

We obtain an exact complex

4.2) 0—>7<m—>---—>7<0—>ATX®0X(—D)—>0.

Since A is trivial and 8 is a direct sum of line bundles, K is a direct sum, with multiplicities,
of line bundles

Ox(Dy;—-D), |[J|=m—q.

Lemma 4.1. In the above setting, assumem < n. For1 < g < mandJ Cc (1) with|J| =m—gq,
one has

HY(X,0x(Dy - D)) =0,
Consequently, H1(X,K,;) =0for1 < g < m.
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Proof. Set Aj = D — Dy. Since |J| = m — q < m, Proposition 2.1 shows that A; is ample. By
Serre duality,

HY(X,0x(~Ay))" =~ H"(X,0x(Kx + A))).
Here n — g > 0 because ¢ < m < n. The group on the right vanishes by the toric Kodaira

vanishing theorem (see, for example, [Fuj07, Corollary 1.5]). The cited result is proved over an
arbitrary field and in arbitrary characteristic. O

We also record the following simple fan-theoretic criterion.

Proposition 4.2. Let Xs be a smooth complete toric variety of dimension n. If an invariant
prime divisor on Xs is ample, then Xy ~ P[.

Proof. Let D, be ample, and write v for the primitive generator of pg. Choose a maximal
cone o = (vy,...,V,) not containing pg; such a cone exists because the fan is complete. Set
pi = Rypv; for 1 < i < n. Let my; € M be the Cartier datum of D, on o. All coeflicients
of D, along the rays of o are zero, so (m.,v;) = 0 for 1 <i < n. Smoothness implies that
Vi,...,v, form a basis of N, and hence m, = 0. Strict convexity of the support function of
D,, = > a,D,, where a,, = 1 and a, = 0 for p # po, gives

<m0" Vp> > _ap (p A O-)-

If aray p # po lay outside o, then m, = 0 and a, = 0 would give 0 > 0, a contradiction.
Therefore (1) = {po, P1,--.>Pn}-

For each i, the facet of o opposite v; is contained in a second maximal cone, necessarily
(VO Vise ooy Visenr, V). Write vg = —avy — - - - — a,v,. The two maximal cones lie on opposite
sides of their common facet, so a; > 0; the smoothness of the second cone gives a; = 1. Hence

vo+vi+---+v,=0,
and X is the standard simplex fan. O

The next proposition packages the lifting argument used in the main theorem and its coho-
mological application.

Proposition 4.3 (A common cohomological criterion). Let D be a Cartier divisor on X, and let
1 <m < n. Assume that D - ygr > m for every extremal ray R and that

# 0.

H [ x, /\ Tx ® Ox(=D)

Then X ~ Py and, under this isomorphism, Ox (D) =~ Op£ (m).

Proof. By Lemmas 3.3 and 4.1, a nonzero section s of A" Tx ® Ox(—D) lifts through (4.2) to
a nonzero section of A" B ® Ox(—D). Since

KB ~ D ox(D),

1cx(1)
[I|=m

some subset I C (1) with || = m satisfies HY(X, Ox(D; — D)) # 0. Let F be the zero divisor
of a nonzero section of this line bundle. Then

D;~D+F, F>0.
For every extremal ray R, the numerical assumptions give

F-yr=Dr-yp—D -yg <|l[|-m=0.
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Thus —F is nef. Lemma 2.2 implies F = 0, so D; ~ D. It follows that

mSD-yR:ZDp-yRSm
pel

for every extremal ray R. Every summand in the middle is at most 1; hence
D, -yr=1 for every p € I and every extremal ray R.

Kleiman’s criterion shows that every D, with p € I is ample. Proposition 4.2 gives X ~ Pi.
Each invariant prime divisor is then a hyperplane, and D ~ Dy yields Ox (D) = Ogz(m). m]

We record the anticanonical degree criterion used in both top-degree arguments. It is a very
special case of [Fuj03, Theorem 0.1].

Lemma 4.4. [f —Kx - ygr > n+ 1 for some extremal ray R, then X ~ P[.

Proof. Letvi+---+v, =aiwi +-- -+ aywy be the extremal primitive relation corresponding
to R. Its degree is —Kx - ygr = h — Zle a;. Every proper subset of the primitive collection

{vi,...,vy} spans a cone. Hence & — 1 < n, and therefore
k
n+1S—KX-yR=h—Zajsh§n+l.
J=1

All inequalities are equalities. Consequently,

4.3) h=n+1, k=0, Vit +v =0.

Since {vy,...,Vv,41} is a primitive collection, every n-element subset spans a maximal cone.
In particular, vy, ..., v, form a lattice basis and v,,4; = —=(v{ + - - - + v;;). These n + 1 maximal
cones cover Nr. Indeed, write x = cyvi+- - -+, vy, setcpyq = 0,and putm = min{cy, ..., Cps1}-

Using (4.3), we obtain

n+1
X = Z(c,- —m)v;.
i=1

All coefficients are nonnegative and at least one is zero, so x belongs to the cone generated by
all but one of the v;. Thus these cones form the complete simplex fan. Since they are cones of
2, the fan intersection property implies that they exhaust X. Hence X =~ P7, as required. O

5. ProoF oF THEOREM 1.1

We first recall a standard criterion for the triviality of vector bundles on projective space for
the reader’s convenience; cf. [OSS80, p. 51, Theorem 3.2.1]. We include the argument to make
it explicit that the proof is purely algebraic and works over a field of arbitrary characteristic.

Lemma 5.1. Let x € P}, and let V be a vector bundle on Py. If V|, is trivial for every line
t C P passing through x, then V is trivial.

Proof. For n = 1, the assertion is immediate. Assume thatn > 2. Let u : EZ = BI, Pﬂ’; — Pﬂ’;

be the blow-up at x, and let g : ﬂlgﬁ — Pﬁ_l be the morphism induced by projection from x. Put
H=u* V.

Every fiber of ¢ is mapped isomorphically by u onto a line through x. Hence H is trivial
on every fiber of g. By cohomology and base change, ‘W := ¢.H is locally free. The natural
evaluation morphism ¢*W — H is an isomorphism, since its restriction to every fiber of g is
an isomorphism.
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Let S = u~'(x) be the exceptional divisor. Since g|s : S — Pﬁ‘l is an isomorphism and u|g
is constant with image x, we have

(qls)™W =~ H|s =~ V|, & Os.
Thus ‘W and H are trivial. Finally, 4.0, = Opr and the projection formula give
k

~ * ~ H)®rankV
V=~ ™V = OP],;ran )
This completes the proof. O

Proof of Theorem 1.1. Let & < Tx be as in the statement, and put r = rank & and L = det&.
Since & injects into Ty, we have r < n. We divide the proof into two cases.

Case 1: r < n. The injection & < Ty induces a nonzero morphism L = det& — A’ Ty, or
equivalently a nonzero section

0#seH°

X,/r\TX®L‘1).

Apply Proposition 4.3 with m = r and a Cartier divisor representing L. The numerical hypothesis
is given by (2.3). We obtain X =~ Py and L = Opx(r).

Case 2: r = n. Taking determinants of & < Ty gives a nonzero morphism L — detTy =
Ox(—KYx). If F is its zero divisor, then

(5.1) -Kx ~L+F, F>0.

Suppose first that F # 0. By Lemma 2.2, —F is not nef. Since NE(X) is generated by its
extremal rays, there is an extremal ray R such that F' - yg > 0. Since F - yg is a positive integer,
(2.3) and (5.1) give

_KX'VR:L'7R+F'7R >n+1.

Suppose next that F = 0. The determinant of the morphism & — Ty is then nowhere
vanishing, so the morphism is an isomorphism. In particular, & ~ Tx and Tx is ample. Choose
any extremal ray R and an invariant curve Cg =~ Pﬂlg representing yg. Write

Tx|cg = Opi (b1) @ -+ @ Op1 (bn), b; > 1.

The differential of the closed immersion Cg < X gives a nonzero injection T¢, = Opﬂi 2) —

Tx|cg- If all b; were equal to 1, this morphism would be zero. Hence at least one b; is at least
2, and

n
—KX YR = deg(TX|CR) = Zbl >n+1.
i=1
Thus, in either case, there is an extremal ray R such that —Kx - yg > n+ 1. Lemma 4.4 gives
X =Pl
k
It remains to determine &. If r = n and F' = 0, the given morphism is already an isomorphism
& = Tpr. We may therefore assume that either » < n, or that 7 = n-and F # 0.
In the first case, Proposition 4.3 gives L =~ Op]g (r). In the second case, write L =~ O]pﬁ (d) and
F ~ aH, where H is a hyperplane and a > 1. Since & is ample of rank n, its restriction to a
line shows that d > n. Equation (5.1) givesn+ 1 = d + a, and hence d = n and a = 1. Thus, in
every remaining case, L =~ Opn (r).
For any line ¢ C P}, Grothendieck’s splitting theorem gives

Ele=0O(ar) ® -+ ®O0¢(ay).
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Since & is ample, a; > 1 for every i, while }.;_, a; = deg(L|;) = r. Therefore a; = 1 for every i.

Hence &(-1) is trivial on every line in P, and Lemma 5.1 yields
E~ Opﬂz (1)®".
This completes the proof. O

Remark 5.2. The toric part of the proof uses only the positivity of the restrictions of & to
invariant rational curves and the determinant map induced by & < Tx. No torus-equivariant
structure on &, or equivariance of the inclusion, is needed. Once X =~ Pﬁ is known, the structure
of & is determined by its restrictions to lines.

6. ProoF oF THEOREM 1.2

We prove Theorem 1.2 by the same method as Theorem 1.1. We first record the elementary
calculation needed in the top-degree case. Although Lemma 6.1 follows easily from [Fuj06,
Theorem 3.2 (1)] or [FS20, Theorem 1.3], we include a direct proof for the reader’s convenience.

Lemma 6.1. Assume n > 2, and let A be an ample Cartier divisor on X. If —Kx ~ nA, then
n=2and

(X,0x(A)) = (P, xPL,0(1,1)).

Proof. Choose an extremal ray R, with primitive relation (2.1). Since A - yg is a positive integer,

M-

n<n(A-yp)=—-Kx-yr=h- ) aj <h<n+l.
J=1
As n > 2, this anticanonical degree must be 7.
Reid’s description of an extremal primitive relation shows that
(vl,...,?i,...,vh,wl,...,wk)EZ (1 <i<h)

see [Cas03, Theorem 1.5]. Thus A+ k —1 < n. If k > 0, then
k
n=h-) aj<h-k<n+l-2k<n,
j=1

a contradiction. Hence k = 0, h = n, and the relation is v{ + - - - + v,, = 0. Since this relation
is extremal, its contraction is a Pﬁ‘l-bundle over a smooth complete toric curve, hence over P!;
see [Cas03, Corollary 2.4]. This is the standard fan-theoretic description of the contraction and
is valid in arbitrary characteristic.

Using the convention that P(V) parametrizes one-dimensional quotients of V', Grothendieck’s
splitting theorem and a twist on the base give

X:PPL(@OPé(di)), 0=di<dy<---<d,.
i=1

Let H be the tautological divisor class, and let G be the pullback of the class of a point on Pﬂli.
The canonical divisor formula gives

n

2—Zd,~

i=1

—Kx ~nH+ G.
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Let Cy be the section corresponding to the quotient onto OPL (d) = OJP]L . Then H - Cyp = 0 and
G-Cy=1,5s0

nSn(A-Co):—KX-C0:2—Zdl- <2.
i=1

Therefore n = 2and d = d; = 0, proving that X =~ P} xP}. Finally, 2A ~ —Kx and Pic(X) =~ Z?
give Ox(A) ~ O(1,1). O
Proof of Theorem 1.2. If n = 1, then X ~ Pﬂlg, p=1and £ ~ OPHL(d) for an integer d > 0.
The hypothesis says HO(PH{(, OP]L(Z —d)) #0,s0d =1 or2. We may therefore assume n > 2.
Choose an ample Cartier divisor A with £ =~ Ox(A).
Case l: p < n.

Apply Proposition 4.3 with D = pA and m = p, using (2.4). We obtain X ~ P} and
L®P = Opr(p). Since Pic(P}) = Z, this gives £ = Opn(1).

Case 2: p =n.
The nonzero section is a section of Oy (—Kx — nA). Its zero divisor F satisfies
(6.1) -Kx ~nA+F, F > 0.

If F # 0, Lemma 2.2 shows that —F is not nef. Since NE(X) is generated by its extremal rays,
some extremal ray R satisfies F - yg > 0. Integrality gives

—Kx-yr=n(A-yr)+F -yg>n+1.

Lemma 4.4 yields X =~ Pﬂz. Write £ =~ Op};(d), with d > 1. Since F is a nonzero effective
divisor, (6.1) givesn+ 1 —nd > 0, and hence d = 1. If F =0, then —Kx ~ nA, and Lemma 6.1
gives precisely case (iii).

For the converse, the Euler sequence on P shows that 7p» (—1) is globally generated. Hence
its nonzero exterior powers have nonzero global sections. In cases (ii) and (iii), one has p = n
and \"Tx ® L7 ~ Ox. O

Remark 6.2 (Dependence on the characteristic). For general torus-equivariant vector bundles,
even the existence of a nonzero global section can depend on the characteristic. This occurs for
the fibers of a single equivariant vector bundle on a smooth projective toric scheme over Z, as
the following example shows.

LetY =P, XP}, and let 7: § — Y be the blow-up of its four torus-fixed points (0, 0), (0, o),
(00,0), and (o0, o). Write E1, ..., E4 for the exceptional curves, set E = E| + - - - + E4, and put
V =Ts ® Os(—E). Then

0, chark # 2,

6.2 ho(S,V) =
6.2) (S,V) {1, chark = 2.

Indeed, a section s of Tg(—FE), viewed as a vector field on S, vanishes along E. Away from E, it
gives a vector field on the complement of the four centers in Y. Since 7y is locally free and the
omitted locus has codimension two, this vector field extends uniquely to v € H°(Y,Ty). The
identity dn(s) = n*v shows that v vanishes at all four centers. In the usual affine coordinates
x, y, it therefore has the form v = axd, + byd,, with a, b € k.

At (0, 0), the lift to the blow-up chart y = xt is

Vv =axo, + (b — a)to,.

Together with the other chart, this shows that the lift vanishes along the exceptional curve if and
only if a = b. At the other centers, replacing x or y by its inverse changes the corresponding
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coeflicient to its negative. Thus the four vanishing conditions are exactly a—b = 0Oanda+b = 0.
Conversely, these equations ensure that the lifts vanish along all four exceptional curves in both
charts. Hence

HY(S, V)~ {(a,b) ek’ |la—b=a+b =0},

which proves (6.2). In characteristic two, the lift of xd, + yd, gives the nonzero section.

Both S and V arise from the same construction over Z, using the relative tangent bundle. Thus
the jump does not result from choosing unrelated bundles in different characteristics. Finally,
E - E; = —1,s0 Og(E) is not ample; this example does not satisfy the polarization hypothesis of
Theorem 1.2.

Remark 6.3 (The toric hypothesis in positive characteristic). The following example shows that

the toric hypothesis cannot be omitted from either Theorem 1.1 or Theorem 1.2 in arbitrary

characteristic. The example goes back to Wahl [Wah83, p. 316]; see also Furukawa [Furl4,

Example 2.2, Proposition 2.5, and Remark 2.8]. Furukawa further proves that, among nonlinear

smooth complete intersections of dimension at least two, the condition H°(X,Tx(=1)) # 0

characterizes precisely the odd-dimensional quadrics in characteristic two [Fur14, Theorem 1.1].
Suppose that chark = 2, and let d > 3 be odd. Consider

Q:{f:O}CPHi(H—l, f:Z(2)+Z1Z2+Z3Z4+"'+Zdza’+1.

The partial derivatives with respect to zy, ..., Z4+1 do not vanish simultaneously on Q, so Q

is smooth. Via the Euler sequence restricted to Q and twisted by Op(—1), the constant vector

eo = (1,0,...,0) defines a section of Tpa+1(—1)|p. It is nowhere zero, since its only possible
k

zero in Pﬂi” is [eo], which does not lie on Q. Moreover, d f/dzy = 0, so the twisted normal
sequence

d
0 — Tp(~1) — Ty (<Dlg 5> Og(1) — 0

shows that this section lies in H°(Q, Tp(—1)). Being nowhere vanishing, it yields an ample line
subbundle Oy (1) — Tp.

Since Q # IP’fé, this contradicts the conclusion of Theorem 1.1 when the toric hypothesis is
removed. Taking £ = Op(1) and p = 1 < d also gives a counterexample to the positive-
characteristic analogue of Beauville’s characterization: its quadric alternative is allowed only in
top exterior degree. Unlike the example in Remark 6.2, the polarization here is ample, but the
variety is not toric. Thus the two characterizations hold in the toric setting in every characteristic
even though their general positive-characteristic analogues fail.
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