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ABSTRACT

We prove the finiteness of relative log pluricanonical representations in the complex
analytic setting. As an application, we discuss the abundance conjecture for semi-
log canonical pairs within this framework. Furthermore, we establish the existence
of log canonical flips for complex analytic spaces. Roughly speaking, we reduce the
abundance conjecture for semi-log canonical pairs to the case of log canonical pairs
in the complex analytic setting. Moreover, we show that the abundance conjecture
for projective morphisms of complex analytic spaces can be reduced to the classical
abundance conjecture for projective varieties.

1. Introduction

In the very early stages of Mori’s minimal model theory, Noboru Nakayama laid the foundations
of the minimal model program for projective morphisms between complex analytic spaces in
[N&7] (see also [INO4]). Since then, to the best of our knowledge, a general theory of the minimal
model program for projective morphisms between complex analytic spaces was not systematically
developed for a long time. This framework was first revisited in [Fuj22a], where the main results
of [BCHMTIO] were extended to the setting of projective morphisms between complex analytic
spaces. Subsequently, through a somewhat different approach, [DHP24] obtained similar results,
and [LM22] further broadened the applicability of the minimal model program to a wider class
of spaces.

Since [Fuj22a], in a series of papers [Fuj2bd|, [Fuj24a], [Fuj22b], [Fuj24d], [FE25], [EH24],
among others, many of the results of the minimal model program known in the algebraic setting
have been generalized to projective morphisms between complex analytic spaces. The present
work can be viewed as a complex analytic generalization of [EGT4] (see also [Fuj00]). Based on
the results of this paper, [EH26] and [H25H] were subsequently written. Starting with [Fuj22al,
a series of papers by the author, Enokizono, and Hashizume, including the present paper, has
established most of the general theory of the minimal model program in the complex analytic
context. Furthermore, it has been shown that almost all open problems in the minimal model
program in our complex analytic setting reduce to the original open problems in the algebraic
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setting. In any case, this paper forms an integral part of this effort to develop the minimal model
program for projective morphisms between complex analytic spaces.

One of the main objectives of the present paper is to establish the following result related to
the abundance conjecture:

THEOREM 1.1 (Abundance theorem for semi-log canonical pairs in the complex analytic setting,
cf. [FGT4, Theorem 1.5]). Let m: X — Y be a projective morphism of complex analytic spaces,
let W be a compact subset of Y, and let (X, A) be a semi-log canonical pair such that Kx + A
is Q-Cartier. Let v: XY — X be the normalization. Assume that Kxv + © := v*(Kx + A) is
m o v-semiample over some open neighborhood of W. Then there exists an open neighborhood U
of W and a divisible positive integer m such that Ox(m(Kx + A)) is m-generated over U.

In order to prove Theorem [, we need:

THEOREM 1.2 (Finiteness of relative log pluricanonical representations, I, cf. [FGI14, Theorem
1.1]). Let m: X — Y be a projective morphism from a (not necessarily connected) normal
complex analytic space X onto a complex variety Y such that (X, A) is log canonical and that
every irreducible component of X is dominant onto Y. Let m be a positive integer such that
m(Kx + A) is Cartier and m,.Ox(m(Kx + A)) # 0. Assume that Kx + A is w-semiample. Then
the image of

pm: BIm(X/Y,A) — Auto, (m.0x(m(Kx + A)))

is a finite group, where Bim(X/Y, A) is the group of all B-bimeromorphic maps of (X, A) over
Y.

As an easy consequence of Theorem I3, we have a useful corollary. We will use it in the proof
of Theorem @I,

COROLLARY 1.3 (Finiteness of relative log pluricanonical representations, II, cf. [FGT4, Theorem
1.1]). Let (X,A) be an equidimensional (not necessarily connected) log canonical pair and let
m: X = Y be a projective morphism of complex analytic spaces. Let m be a positive integer such
that m(Kx + A) is Cartier and m,Ox(m(Kx + A)) # 0. Assume that Kx + A is m-semiample.
Let W be a compact subset of Y and let U be a semianalytic Stein open subset of Y with
U c W. Let Bim(X/Y,A; W) be the group of all B-bimeromorphic maps g defined over some
open neighborhood U, of W. In this setting, we can consider

¥ Bim(X/Y, A; W) — Aute, (T Or=1(y (M(Kx + A))) .
Then p)VV (Bim(X/Y, A; W)) is a finite group.
As an application of Theorem [, we have:

THEOREM 1.4 (Freeness for nef and log abundant log canonical bundles, cf. [FGI4, Theorem
1.6]). Let (X,A) be a semi-log canonical pair and let m: X — Y be a projective morphism of
complex analytic spaces. Assume that Kx + A is Q-Cartier and is m-nef and w-log abundant
with respect to (X, A) over Y. Let W be a compact subset of Y. Then there exists a positive
integer m such that Ox (m(Kx + A)) is m-generated over some open neighborhood of W'.

Theorem [ is well known when 7: X — Y is algebraic (see [FGI4, Theorem 1.6]). As
mentioned above, we prove Theorem 4 as a consequence of Theorem [. In our proof of
Theorem 4 presented in the present paper, we make use of a kind of canonical bundle formula
(see [Fujlla] and [Fujl2b]). Therefore, the result is not entirely obvious. When Ky + A is only
assumed to be R-Cartier, we have the following theorem.
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THEOREM 1.5. Let m: X — Y be a projective morphism of complex analytic spaces and let W
be a Stein compact subset of Y such that I'(W, Oy) is noetherian. Let U be an open subset of
Y and let L be a compact subset of Y such that L C U C W. Let (X, A) be a log canonical pair
such that Kx + A is m-nef and w-log abundant with respect to (X, A) over Y. Then Kx + A is
m-semiample over some open neighborhood of L.

We note that Stein compact subsets play an important role in [Fuj22al].

Remark 1.6 (Stein compact subsets). A compact subset of an analytic space is said to be Stein
compact if it admits a fundamental system of Stein open neighborhoods. Let W be a Stein
compact subset on a complex analytic space Y. Then, by Siu’s theorem, I'(W, Oy ) is noetherian
if and only if W N Z has only finitely many connected components for any analytic subset Z
which is defined over an open neighborhood of W. Hence, if W is a Stein compact semianalytic
subset of a complex analytic space Y, then I'(W, Oy ) is always noetherian.

By combining Theorem M3 with [EH24, Theorem 1.2], we can prove the existence of log
canonical flips in the complex analytic setting. We learned it from Kenta Hashizume.

THEOREM 1.7 (Existence of log canonical flips). Let ¢: X — Z be a small projective bimeromor-
phic morphism of normal complex varieties such that (X, A) is log canonical and that — (K x +A)
is p-ample. Then we have a commutative diagram

(X,A) -2 -~ (X*,A%)
N

satisfying the following properties:

(i) ¢T: X+ — Z is a small projective bimeromorphic morphism of normal complex varieties,
(i) (XT,A™) is log canonical, where A" is the strict transform of A on X+, and
(iii) Kx+ + AT is T -ample.
We usually simply say that ¢: (X,A) --» (X, A") is a log canonical flip.

By combining Theorem 3 with [EH?4, Theorem 1.3], we establish the existence of good
dlt blow-ups in the complex analytic setting. This result immediately yields the inversion of
adjunction for log canonicity (see [Fuj24h, Theorem 1.1] and Theorem B3).

THEOREM 1.8 (Good dlt blow-ups). Let X be a normal complex variety and let A be an effective
R-divisor on X such that Kx + A is R-Cartier. Note that A is not necessarily a boundary
R-divisor. Let W be a Stein compact subset of X such that I'(W,Ox) is noetherian. Then,
after shrinking X around W suitably, we can construct a projective bimeromorphic morphism
f: Z — X from a normal complex variety Z with the following properties:

(i) Z is Q-factorial over W,

(ii) a(E, X,A) < —1 for every f-exceptional divisor E on Z, and
(iif) (Z,A5' + Supp A?) is divisorial log terminal, where Kz + Az = f*(Kx + A).
Moreover, we put

ATZ = A;l + Supp Azt = A? + Supp AEI.
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Then we have
Kz + Al = f"(Kx +A) -G,
where
G= A? — Supp A?l = AEI — Supp A;l.
In this setting, we can make f: Z — X satisfy:
(iv) —G is f-nef over W.
We further assume that
LcUcW cUcW,

where W' is a Stein compact subset of X such that T'(W', Ox) is noetherian, U and U’ are open
subsets of X, and L is a compact subset of X. Then, by Theorem I, we have:

(v) —G is f-semiample over some open neighborhood of L.

In Section B, we also present another refinement of dlt blow-ups (see Theorem B, derived
as a consequence of [EH24], which is closely related to Theorem 8. Both Theorems I8 and B
are useful for the study of complex analytic singularities. As applications of these theorems, we
discuss the ACC for log canonical thresholds (see Theorem B2) and the inversion of adjunction
for log canonicity (see Theorem B33) in the complex analytic setting,.

For the reader’s convenience, we recall the abundance conjecture for projective log canonical
pairs. It is well known that the abundance conjecture is among the most important and profound
conjectures in the theory of minimal models.

CONJECTURE 1.9 (Abundance conjecture for projective log canonical pairs). Let (X, A) be a
projective log canonical pair such that Kx + A is nef. Then Kx + A is semiample.

It is well known that Conjecture 9 has already been solved in dim X < 3. When dim X > 4,
it is still widely open. By Theorem [, we have:

THEOREM 1.10 (cf. [Fuj22d, Theorem 1.30]). Assume that Conjecture 19 holds in dimension n.
Let m: X — Y be a projective surjective morphism of normal complex varieties with dim X < n
and let (X,A) be a log canonical pair such that Kx + A is Q-Cartier. Assume that Kx + A
is m-nef. Let W be a compact subset of Y. Then there exists a positive integer m such that
Ox(m(Kx + A)) is w-generated over some open neighborhood of W.

When Kx + A is only R-Cartier, we have:

COROLLARY 1.11. Assume that Conjecture 9 holds in dimension n. Let m: X — Y be a
projective surjective morphism of normal complex varieties with dim X < n and let (X, A) be a
log canonical pair. Assume that Kx + A is m-nef. Let W be a Stein compact subset of Y such
that I'(W, Oy) is noetherian. Let U be an open subset of Y and let L be a compact subset of Y
with L C U C W. Then Kx + A is w-semiample over some open neighborhood of L.

Theorem 10 and Corollary I show that the abundance conjecture for projective mor-
phisms of complex analytic spaces can be reduced to the original abundance conjecture for
projective varieties. Therefore, in order to address the abundance conjecture for projective mor-
phisms between complex analytic spaces, it suffices to resolve Conjecture [CH. In the case where
(X, A) is a kawamata log terminal pair, Theorem 10 has already been established in [Fuj22a,
Theorem 1.30].
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Note that in the present paper, we employ the minimal model program for projective mor-
phisms between complex analytic spaces, as established in [Fuj22a], [EH25], and [EH24]. Addi-
tionally, we make use of the vanishing theorems proved in [FujZba) (see also [Fuj24d| and [EEZH]).
However, we do not employ Kolldr’s gluing theory as presented in [KT3], since it is currently un-
clear whether it applies to complex analytic spaces.

Remark 1.12 (see Lemma B-1T). We can easily check that Theorem I recovers [HXT6, Theorem
2], which is the original algebraic version of this problem. Hence the present paper gives an
alternative proof of [HXTH, Theorem 2| without using Kollar’s gluing theory in [KT3].

Remark 1.13. As mentioned above, a series of papers starting with [Fuj224] systematically devel-
ops the minimal model theory for projective morphisms between complex analytic spaces. Some
caution is needed, as the order of writing these papers does not coincide with the order of their
publication. Particular attention should be paid to [EH26] and [H255], where the latter is a com-
plex analytic generalization of [H25a]. Since [EH26] and [H25H] rely on the results established in
the present paper, such as Theorems [C3 and 4, we do not cite or use any results from these two
papers here to avoid circular arguments. On the other hand, papers such as [Fuj22a), [Fuj25al,
[Fui24a], [Fuj22h], [EH?5], [EH24] were written independently of the present paper, and thus
their results will be used freely throughout this paper.

Based on the aforementioned papers and the present paper, we believe that various results of
the minimal model program for log canonical pairs can be formulated and proved in the complex
analytic setting. We do not discuss these details here; for further developments and details, see
the papers mentioned above and the references therein.

Remark 1.14. In [Fujl2d], we demonstrated that the minimal model theory for algebraic surfaces
can be developed under significantly weaker assumptions than those required in higher dimen-
sions. A comparable result holds for projective morphisms between complex analytic spaces.
Moriyama (see [M26]) offers a detailed treatment of the minimal model theory for surfaces in
the complex analytic setting.

We now outline the organization of the present paper. In Section B, we review basic definitions
and results that are essential for the development of the present paper. Section B is devoted to the
finiteness of relative log pluricanonical representations. Our proof of Theorem [ relies on the
finiteness of log pluricanonical representations for projective log canonical pairs, as established
in [FGI4]. In Section @, we address the abundance conjecture for semi-log canonical pairs in the
complex analytic setting. More specifically, we prove Theorem I, which is one of the main results
of the present paper. In Section H, we prove Theorem 4 as an application of Theorem [, and
then deduce Theorem IO as a straightforward consequence of Theorem 4. We also establish
Theorems A, 7, and Corollary IT1. In Section B, we discuss dlt blow-ups as applications
of the minimal model program for log canonical pairs, as established in [EH24]. We prove two
generalizations of dlt blow-ups (see Theorems I8 and B). As a direct application of Theorem
B, we address the ACC for log canonical thresholds in the setting of complex analytic spaces
(see Theorem B2). Moreover, we show that Theorem I8 allows us to quickly recover the inversion
of adjunction for log canonicity (see Theorem B33). Section [ is an appendix, where we discuss
several properties of extremal Fano contractions. Although these results are well known in the
original algebraic setting, we record them here for completeness, as no suitable reference seems
to be available in the complex analytic setting. In the final section, Section B, we provide some
supplementary comments on [Fuj00] and [EGT4] for the reader’s convenience. We also correct
some minor issues in these papers.
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In the present paper, every complex analytic space is assumed to be Hausdorff and second-
countable. A reduced and irreducible complex analytic space is called a complex variety. We will
freely use the basic results on complex analytic geometry in [BS76] and [Fis76]. For the minimal
model program for projective morphisms between complex analytic spaces, see [Fuj22a] (see also
[EH25] and [EH24]). For the basic definitions and results in the theory of minimal models for
higher-dimensional algebraic varieties, see [Fujllb] and [Fujl7] (see also [KIM9%] and [KT3]). In
the present paper, we sometimes use semianalytic sets. For the basic properties of semianalytic
sets, see [BieM&Z8].

2. Preliminaries

In this section, we collect some basic definitions and results necessary for the present paper. We
begin with the following fundamental definitions.

DEFINITION 2.1 ([Fuj22a, Definition 2.32] and [Fuj24a, 2.1.6]). Let X be a normal complex
variety and let D = ). a;D; be an R-divisor on X such that D; is a prime divisor on X for every
i with D; # D, for ¢ # j. We put

|D] =) lai|Ds, [D]:=—|-D|, and {D}:=D-|D|.
i
We also put
D=':=>"D;; D':=> a;D;, and D”':=> a;D;.
a;=1 a; <1 a;>1
Similarly, we can define DS! and DZ!. We note that D is called a boundary Q-divisor (resp. a
subboundary Q-divisor) when a; € Q and 0 < a; < 1 (resp. a; < 1) for every 1.

Let us recall the definitions of log canonical pairs and log canonical strata. For a detailed
discussion of the singularities of pairs, see [Fujl1b], [Fujl7], [Fuj224, Section 3], [Fuj24a, Section
2.1], [K13], and others. Although there are some subtle issues regarding the complex analytic
singularities of pairs, we do not repeat the details here.

DEFINITION 2.2 (Log canonical pairs and log canonical strata, see [Fuj22d, Definition 3.1] and
[Fuj24a, 2.1.1]). Let X be a normal complex analytic space and let A be an effective R-divisor
on X such that Kx + A is R-Cartier. If a(E, X,A) > —1 (resp. > —1) holds for any proper
bimeromorphic morphism f: Y — X from a normal complex analytic space Y and every f-
exceptional divisor E, then (X, A) is called a log canonical (resp. purely log terminal) pair. If
(X, A) is purely log terminal and [A] = 0, then we say that (X, A) is a kawamata log terminal
pair.

Let (X, A) be a log canonical pair. The image of E with a(E, X, A) = —1 for some f: Y — X
is called a log canonical center of (X, A). A closed subset S of X is called a log canonical stratum
of (X, A) if S is an irreducible component of X or a log canonical center of (X, A).

DEFINITION 2.3 (Non-lc loci and non-klt loci). Let X be a normal complex variety and let A be
an effective R-divisor on X such that Kx + A is R-Cartier. Then the non-lc locus (resp. non-klt
locus) of (X, A), denoted by Nlc(X, A) (resp. Nklt(X, A)), is the smallest closed subset Z of X
such that the complement (X \ Z, A|x\ z) is log canonical (resp. kawamata log terminal).
Although the non-klt locus Nklt(X, A) has a natural complex analytic space structure defined
by the multiplier ideal sheaf 7 (X, A), this structure does not play a major role in this paper.
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Let us recall the definition of divisorial log terminal pairs in the complex analytic setting (see
[Fuj22a, Definition 3.7]). Note that [KMY8, Definition 2.37, Proposition 2.40, Theorem 2.44] is
helpful.

DEFINITION 2.4 (Divisorial log terminal pairs). Let X be a normal complex analytic space and
let A be a boundary R-divisor on X such that Kx 4+ A is R-Cartier. If there exists a proper
bimeromorphic morphism f: Y — X from a smooth complex variety Y such that Exc(f) and
Exc(f)USupp f A are simple normal crossing divisors on Y and that the discrepancy coefficient
a(E,X,A) > —1 holds for every f-exceptional divisor E, then (X, A) is called a divisorial log
terminal pair. We note that Exc(f) denotes the exceptional locus of f.

We note that Definitions 22 and Z4 work for a finite disjoint union of normal complex
varieties. In Definitions 24 and P4, X is not necessarily connected. It is well known that a
divisorial log terminal pair is a log canonical pair.

Remark 2.5. If we shrink X to a relatively compact open subset of X in Definition 24, then we
can assume that f is a composite of a finite sequence of blow-ups. In particular, f is projective.
For the details, see [Fuj22d, Lemma 3.9] and [BieM97].

Let us define semi-log canonical pairs and semi-divisorial log terminal pairs in the complex
analytic setting.

DEFINITION 2.6 (Semi-log canonical pairs and semi-divisorial log terminal pairs). Let X be an
equidimensional reduced complex analytic space that is normal crossing in codimension one and
satisfies Serre’s So condition. Let A be an effective R-divisor on X such that the singular locus
of X does not contain any irreducible components of Supp A. In this situation, the pair (X, A)
is called a semi-log canonical pair (an slc pair, for short) if

(1) Kx + A is R-Cartier, and

(2) (X%,0) is log canonical, where v: X” — X is the normalization and Kxv +© := v*(Kx +
A).

Let (X, A) be a semi-log canonical pair in the above sense. If each irreducible component of X
is normal and (X", ©) is divisorial log terminal, then we say that (X, A) is a semi-divisorial log
terminal pair (an sdlt pair, for short). Let S be a closed subset of X. We say that S is a semi-log
canonical stratum of (X, A) if and only if S is an irreducible component of X or the v-image of
some log canonical center of (X",0). When (X, A) is log canonical, then a semi-log canonical
stratum S is called a log canonical stratum of (X, A) (see Definition P72).

For various results on algebraic (resp. complex analytic) semi-log canonical pairs, see [Fujl4]
(resp. [Fuj22H)).

Remark 2.7. Note that the definition of semi-divisorial log terminal pairs in Definition 8 is
different from [KT3, Definition 5.19]. Our definition is a direct analytic generalization of the one
in [Fujo0] (see [Fuj00, Definition 1.1]).

The following lemma is well known when X is an algebraic variety. We state it here explicitly
for the sake of completeness.

LEMMA 2.8. Let (X, A) be a divisorial log terminal pair. We put S := |A] and Kg+Ag := (Kx+
A)|s by adjunction. Then (S, Ag) is semi-divisorial log terminal in the sense of Definition 8.
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More precisely, let S = S1+-- -+ S be the irreducible decomposition. We put T := S1+- - -+.5; for
some | with 1 <1 < k. Then T is Cohen—Macaulay and is simple normal crossing in codimension
one. In particular, every irreducible component of S is normal. We put Kg, +Ag, := (Kx+A)|s,
by adjunction for every i. Then (S;, Ag,) is divisorial log terminal. Thus we see that (T, Ar),
where K1 + Ap := (Kx + A)|r by adjunction, is semi-divisorial log terminal.

Proof. By [RRV7T], we can apply the proof of [Fujl7, Theorem 3.13.6] to our setting with some
suitable modifications (see also Remark PZ3). Then we obtain that 7' is Cohen-Macaulay. It is
obvious that T is simple normal crossing in codimension one. Hence we can easily check all the
other statements. O

We will repeatedly use Lemma P29 in subsequent sections.

LEMMA 2.9. Let (X, A) be a log canonical pair such that (X, A—|A]) is kawamata log terminal.
We put S := |A| and Kg + Ag := (Kx + A)|g by adjunction. Then S is Cohen—-Macaulay and
is semi-log canonical.

Proof. Since (X, A — S) is kawamata log terminal, X has only rational singularities. Therefore,
X is Cohen—Macaulay. Since S is Q-Cartier, Ox(—S) is Cohen—Macaulay. This implies that Og
is Cohen—Macaulay. For the details, see [KM9R, Corollary 5.25], [KT3, Corollaries 2.62, 2.63, and
2.88], and others. By adjunction, we see that (S, Ag) is semi-log canonical. O

We need nef and log abundant divisors in Theorem 4.

DEFINITION 2.10 (Nef and abundant line bundles). Let m: X — Y be a projective surjective
morphism from a normal complex variety X onto a complex variety Y. Let £ be a m-nef line
bundle on X. If k(F, L|r) = v(F, L|r) holds for analytically sufficiently general fibers F, then
L is said to be m-nef and m-abundant over Y. Similarly, we can define m-nef and m-abundant
Q-Cartier Q-divisors.

Remark 2.11. In Definition B7I0, if £ is m-semiample, then it is easy to see that L is 7w-nef and
m-abundant over Y.

We will freely use the following elementary lemma.

LEMMA 2.12. Let m: X — Y be a projective surjective morphism from a normal complex variety
X onto a complex variety Y and let L be a wm-nef and m-abundant line bundleon X. Let p: Z — X
be a projective surjective morphism from a normal complex variety Z. Then p*L is (7 o p)-nef
and (m o p)-abundant over Y.

DEFINITION 2.13 (Nef and log abundant line bundles). Let 7: X — Y be a projective morphism
of complex analytic spaces and let (X, A) be a semi-log canonical pair. Let £ be a line bundle
on X. We say that L is m-nef and w-log abundant with respect to (X, A) over Y if and only if
L|sv is nef and abundant over 7(S) for every semi-log canonical stratum S of (X, A), where L|gv
denotes the pull-back of £ to the normalization of S. Similarly, we can define 7m-nef and 7-log
abundant Q-Cartier Q-divisors with respect to (X, A).

For R-Cartier R-divisors, we need the following definitions. In the present paper, we will use
R-Cartier R-divisors only in Theorems I8, 4, IR, Corollary I, and Section B.

DEFINITION 2.14 (Relatively abundant R-Cartier R-divisors). Let m: X — Y be a projective
morphism from a normal complex variety X onto a complex variety Y. Let D be an R-Cartier
R-divisor on X. If k,(F, D|r) = k,(F, D|Fr) holds for analytically sufficiently general fibers F,
then D is said to be m-abundant over Y.
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For the details of k, and k,, see [NO4, Chapter V, §2] and [Fujl7, Section 2.5], respectively.
For the details of abundant divisors, see also [EH24, Subsection 2.6. Abundant divisor].

DEFINITION 2.15 (Nef and log abundant R-Cartier R-divisors). Let 7: X — Y be a projective
morphism of complex analytic spaces and let (X, A) be a log canonical pair. Let D be an R-
Cartier R-divisor on X. We say that D is m-nef and w-log abundant with respect to (X, A) over
Y if and only if D|gv is nef and abundant over 7(S) for every log canonical stratum of (X, A),
where D|gv denotes the pull-back of D to the normalization of S.

Remark 2.16. A Q-Cartier Q-divisor D is 7-nef and 7-log abundant with respect to (X, A) over
Y in the sense of Definition 213 if and only if it is m-nef and 7-log abundant with respect to
(X,A) over Y in the sense of Definition PTT3.

Let us introduce the notion of B-bimeromorphic maps, which is obviously a generalization of
the notion of B-birational maps.

DEFINITION 2.17 (B-bimeromorphic maps). Let 7: X — Y and 7’: X’ — Y be projective
morphisms of complex analytic spaces, and let (X, A) and (X', A’) be log canonical pairs. We
say that a bimeromorphic map f: X --» X’ over Y is B-bimeromorphic over Y if there exists a
commutative diagram

such that Z is a normal complex analytic space, « and o’ are proper bimeromorphic morphisms,
and the relation

Oé*(KX + A) = O/*(KX/ + A,)
holds. Let m be a positive integer such that m(Ky + A) and m(Kxs + A’) are Cartier divisors.
Then we have an isomorphism

[ W Oxr(m(Kxo + A)) 25 7l O(a" (m(Kx + A))
~ manOz(a* (m(Kx +A)) 5 m0x(m(Kx + A)).

We set

Bim(X/Y,A) :={f]| f: (X,A) --» (X, A) is B-bimeromorphic over Y'}.
Then it is obvious that Bim(X/Y, A) has a natural group structure.

Let W be a compact subset of Y. We define
g € Bim (W_l(Ug)/Ug,Aerl(Ug)) for some }

open neighborhood U, of W in YV '
The subscript g in U, indicates that the open neighborhood U, of W may depend on g. We
sometimes consider a semianalytic Stein open subset U of Y satisfying U C W. In such a

situation, the chain of inclusions U C W C U, always holds. Note that Bim(X/Y, A; W) also
possesses a natural group structure.

Bim(X/Y, A:77) = { |

We make small remarks on Definition E-174.
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Remark 2.18. If Y is a point in Definition EZT4, then (X, A) is a projective log canonical pair
and Bim(X/Y, A) is nothing but Bir(X, A) in [Fuj00] and [FGT4].

Remark 2.19. In Definition 12, X and X’ are not necessarily irreducible. In the proof of Theo-
rem T2, we have to treat Bir(X, A) in the case where X is a disjoint union of normal projective
varieties.

Remark 2.20. Let (X, A) =:| |;(X;,A;) and (X', A") =: | |,(X], Al) be the irreducible decompo-
sitions. Let f: X --» X’ be a B-bimeromorphic map over Y as in Definition EZT2. Then, there
exists a permutation ¢ such that

fi = f|Xl X’L - X(’T(Z)

is a B-bimeromorphic map over Y between irreducible log canonical pairs (X;, A;) and (Xé(l.), A (Z.)).
We note that 7(X;) = w’(X(’j(i)) holds for every i.

Remark 2.21 (see [FGI4, Remark 2.15]). Let (X,A) and (X', A’) be log canonical pairs. Let
f:(X,A) --» (X', A) be a B-bimeromorphic map over Y as in Definition 2. We assume that
(X,A—[A]) and (X', A" — |A’]) are kawamata log terminal. We put S := [A] and S := |A/].
By replacing Y with a relatively compact open subset, we may assume that Z in Definition T4
is smooth and

o (Kx +A)=Kz+ Az :=d*(Kx +4A)
such that Supp Ay is a simple normal crossing divisor on Z. We may further assume that o and o’
are projective in Definition ZT4. We put Ks+Ag := (Kx+A)|s and Kg+Ag = (Kx+A')|g.
By applying a, and o/, to

0= Oz([=(AZN] = AZ") = Oz([=(AFN]) = Opzr ([=(AZH]) =0,
we have 0. Op-1 ~ Og and a,Ox—1 ~ Ogr. Here we used
R'o.0z([-(AZ)] = AZY) = R1aLOz([-(AZN)] - AZ") =0,

which is nothing but the relative Kawamata—Viehweg vanishing theorem. Thus f induces an
isomorphism

(@) o (o) mOg(m(Kg + Agr)) = mOs(m(Kg + Ag)).

We note that f does not necessarily induce a bimeromorphic map S --+ S’ in the above setting.

Let us introduce the notion of B-pluricanonical representations in the relative complex ana-
lytic setting.

DEFINITION 2.22 (B-pluricanonical representations). Let X be a normal complex analytic space
such that (X,A) is log canonical and let m: X — Y be a projective morphism of complex
analytic spaces. Let m be a positive integer such that m(Kx + A) is Cartier. Then we have a
group homomorphism

pm: Bim(X/Y,A) — Auto, (m.0x(m(Kx + A)))

given by pn,(g) = g* for g € Bim(X/Y, A). It is called the B-pluricanonical representation or log
pluricanonical representation for (X, A) over Y. When Y is a point, we have

pm: Bir(X, A) — Autc (HO(X, Ox(m(Kx + A)))).

10
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Theorem 2 is a generalization of the following theorem, which is one of the main results
of [FGT4]. We note that we need it in the proof of Theorem I2. In [HXTH], Hacon and Xu
independently proved a slightly weaker theorem (see [HXTI6, Theorem 1]), which seems to be
insufficient for the purpose of the present paper.

THEOREM 2.23 ([FGI4, Theorem 1.1]). Let (X, A) be a projective log canonical pair. Suppose
that m(Kx +A) is Cartier and that Kx + A is semiample. Then p,, (Bir(X, A)) is a finite group.

In the proof of Theorem [, Burnside’s theorem plays a crucial role. Hence we state it
explicitly for the sake of completeness. For the proof, see, for example, [CR06, (36.1) Theorem].

THEOREM 2.24 (Burnside). Let G be a subgroup of GL(n,C). If the order of any element g of
G is uniformly bounded, then G is a finite group.

In order to prove Theorem I, we need the notion of admissible and preadmissible sections,
which are first introduced in [Fuj00].

DEFINITION 2.25 (Admissible and preadmissible sections, see [Fuj00, Definition 4.1]). Let (X, A)
be a semi-divisorial log terminal pair and let 7: X — Y be a projective morphism of complex an-
alytic spaces. Let W be a compact subset of Y. Let X = | J; X; be the irreducible decomposition.
As usual,

vi XV =| | X - X=X
i i
is the normalization with

VI(Kx +A)=Kxv+ 0 =| |(Kx, +6)).

7

Let S be the disjoint union of |©;]’s. We put
Kg+ Ag := (KXV + @)‘S

Then, by adjunction, (S,Ag) is semi-divisorial log terminal. Let m be a positive integer such
that m(Kx + A) is Cartier. Let U be a semianalytic Stein open subset of Y with U C W. In
particular, the number of the connected components of U is finite (see, for example, [BielMKS,
Corollary 2.7]). We put Xy := 7~ 1(U) and Sy := SN (rov) 1 (U). Then we define preadmissible
and admissible sections inductively as follows.

(1) s € H'(Xy,Ox(m(Kx+A))) ~ HO(U, m.Ox (m(K x+A))) is preadmissible if the restriction
v*sls, € H(Sy, Os(m(Ks + Ag))) is admissible.

(2) s € HY(Xy, Ox(m(Kx+A))) is admissible if s is preadmissible and g*(s|x;) = s|x, holds for
every B-bimeromorphic map g: (X;, 0;) --» (X, ©;) defined over some open neighborhood
Uy of W for every 1, j.

Then we put
PA (Xy, Ox(m(Kx + A)))
= {s|s e H( Xy, Ox(m(Kx + A))) is preadmissible}
and
A(Xy,Ox(m(Kx + A)))
= {s|s € H Xy, Ox(m(Kx + A))) is admissible}.

11
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We note that if Z is any analytic subset defined over some open neighborhood of W then UN Z
is a semianalytic Stein open subset of Z contained in W N Z. Thus the number of the connected
components of U N Z is finite (see, for example, [BieMSE, Corollary 2.7]).

Let U’ be a semianalytic Stein open subset of Y such that U’ c U. We put Xy := 7~ 5(U’).
Then there exist natural restriction maps

PA (Xy,Ox(m(Kx + A))) — PA(Xy, Ox(m(Kx + A)))
and
A (Xu, Ox(m(Kx + A))) = A (Xyr, Ox (m(Kx + A))).
Remark 2.26. In Definition EZ28, the natural map
HY(Xy,Ox(m(Kx + A))) = HO (U, 7,0x (m(Kx + A)))
is an isomorphism of topological vector spaces since U is Stein (see, for example, [P71, Lemma

1L.1)).

The following remark is almost obvious by definition. We state it explicitly for the sake of
completeness.

Remark 2.27. In Definition 223, if

s € A(Xy,Ox(m(Kx +A)))  (resp. PA (Xy, Ox(m(Kx + A))),
then

st e A(Xy, Ox(Im(Kx +A)))  (resp. PA (Xy, Ox(Im(Kx + A)))

for every positive integer [. Moreover, if A (X, Ox(m(Kx + A))) generates Ox(m(Kx + A))
over U, then A (Xy, Ox(Im(Kx + A))) generates Ox (Im(Kx + A)) over U for every posi-
tive integer (. Similarly, if PA (Xy, Ox(m(Kx + A))) generates Ox(m(Kx + A)) over U, then
PA (Xy, Ox(Im(Kx + A))) generates Ox (Im(Kx + A)) over U for every positive integer .

The following remark is obvious by definition.

Remark 2.28. In Definition P23, if (X, A) is kawamata log terminal, then any section s €
H°(Xy,Ox(m(Kx + A))) is preadmissible by definition.

The following lemma is needed for the proof of Theorem M.

LEMMA 2.29. Let m: X — Y be a projective morphism of complex analytic spaces and let (X, A)
be a semi-log canonical pair such that m(Kx + A) is Cartier. Let W be a Stein compact subset
of Y such that T'(W, Oy) is noetherian, and let U be a semianalytic Stein open subset of Y with
UCW. Let v: X — X be the normalization and let ¢: X’ — X be a projective bimeromorphic
morphism such that Kx + A" := (v o p)*(Kx + A) and (X', A') is divisorial log terminal. Let
s' be a preadmissible section of Ox/(m(Kx: + A’)) on X[, := (movop) Y (U). Then s’ descends
to a section s of Ox(m(Kx + A)) on Xy := n~1(U), that is, s’ = (v o ¢)*s.

Proof. We first note that X has normal crossings in codimension one and satisfies Serre’s S
condition since (X, A) is semi-log canonical. We consider the conductor ideal

condx = ’Homx(lj*o)‘(,('))() C Ox,

which is the largest ideal sheaf on X that can also be viewed as an ideal sheaf on X. When
viewed as an ideal sheaf on X, we denote it by cond . Let D (resp. D) be the closed analytic

12
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subspace of X (resp. X) defined by condx (resp. condg). Let DY — D and D” — D be the
normalizations. Then DY — DY is a finite morphism of normal complex analytic spaces of degree
two over every irreducible component. Thus, it defines a Galois involution 7: D¥ — DY over D".
More precisely, it is easy to see that a Galois involution naturally exists over a suitable Zariski
open subset of D¥, which can be extended to the aforementioned Galois involution on D¥ (see,
for example, [EH25, Lemma 2.24]). We note that the fixed point set of 7 does not contain any
irreducible components of D¥. We have

K¢+ D+A=v"(Kyxy+A),

where A is the preimage of A. Then we have

Kx +A' =" (Kg + D+ A). (2.1)
We put
Kpo +Apw = v5(Kx + D+ A),
where vp: DY — X is the induced morphism. Then we can easily check that the different A,
is 7-invariant since v o vp: DY — X coincides with vovpyo7: DY — X (see, for example, [K13,
Proposition 5.12]).

Since ¢ is a projective bimeromorphic morphism, s’ induces a section 5 of O¢(m(Kg + D +
A)) on Xy = (mov) YU) with s’ = ¢*5 by (Z0). The pull-back of 5 to D” is a section of
Opv(m(Kpw + Apy)), and is 7-invariant since s’ is preadmissible. Therefore, 5 descends to a
section s on Xy as desired. ]

In our complex analytic setting, we can reformulate Claim (A,,) and Claim (B,,) in the proof
of [Fuj00, Lemma 4.9] as follows. We note that (X, Ax) is sub log canonical when X is smooth
and Ax is a subboundary Q-divisor such that Supp Ax is a simple normal crossing divisor. For
sub log canonical pairs, we can define log canonical centers as in Definition PZ2.

LEMMA 2.30. Let p: Z — X be a projective bimeromorphic morphism of smooth complex
varieties and let m: X — Y be a projective morphism of complex varieties. Let W be a compact
subset of Y. Let Ay (resp. Ax) be a subboundary Q-divisor on Z (resp. X) such that Supp Ay
(resp. Supp Ay ) is a simple normal crossing divisor on Z (resp. X ). We assume that Kz + Ay =
p*(Kx +Ax). Let m be a positive integer such that m(Kx + Ax) is Cartier. Then the following
statements hold over some open neighborhood of W.

(i) If T is a log canonical center of (X,Ax), then there exists a log canonical center S of
(Z,Ay) such that p: S — T is bimeromorphic. In particular,

p«Os(m(Ks + Ag)) = Or(m(Kr + Ar)),
where Kg + Ag := (Kz + Az)|s and K + Ap := (Kx + Ax)|r by adjunction.
(ii) If S is a log canonical center of (Z, Az) such that p: S — p(S) =: T is not bimeromorphic,

then there exists a log canonical center S" of (Z,Ay) with S" C S such that p: 8" — T is
bimeromorphic and the restriction map

p«Os(m(Ks + Ag)) = p:Og/(m(Kg + Agr)),

induced by the inclusion S’ < S and adjunction, is an isomorphism, where Kg + Agr :=
(Kz + Agz)|s by adjunction. We note that

p*OS/(m(KS/ + AS’)) ~ OT(TTZ(KT + AT))
obviously holds.

13
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Sketch of Proof of Lemma 2230. With suitable modifications, the proofs of Claims (A,,) and (B,,)
in the proof of [Fuj0U, Lemma 4.9] also work in our setting (see also [Fuj0l, Lemma 7.2]).
Therefore, we only sketch the argument here.

We can verify (i) by induction on the dimension of X. To prove (ii), by blowing up Z along
the center S, we may assume that S is a divisor on Z. Using (i), we can reduce the problem to
the case where p: Z — X is a finite composition of blow-ups with centers corresponding to S.
The statement then follows by a direct check. 0

We will freely use Lemma 2230 in subsequent sections.

3. Finiteness of relative log pluricanonical representations

In this section, we prove Theorem 4 and Corollary IZ3. We note that the proof of Theorem 2
relies on Theorem PZ2Z3. We begin with an elementary lemma.

LEMMA 3.1. Let Y be a connected complex manifold. Let
p: G — GL(r,Oy)
be a group homomorphism. We further consider
py :=evyop: G — GL(r,Oy) — GL(r,C),

where ev, is the evaluation map at y € Y. We assume that Imp, = p,(G) is a finite group
for every y € Y. Then evy: p(G) — py(G) is an isomorphism for every y € Y. In particular,
Im p = p(G) is a finite group.

Proof. 1t is obvious that evy: p(G) — py(G) is surjective for every y € Y. We take an arbitrary
point yo € Y. It suffices to prove that evy,: p(G) — py,(G) is injective. We take g € p(G) such
that evy,(g) = E,, where E, is the r x r identity matrix. Note that ev,(g) is semisimple and
every eigenvalue of ev,(g) is a root of unity for every y € Y since p,(G) is a finite group by
assumption. We consider the characteristic polynomial x(¢) := det(tE, — g). The coefficients of
X(t) are holomorphic and take values in K, where K is the subfield of C generated by all roots of
unity. Hence they are constant. Since evy,(g) = E,, we see that every eigenvalue of ev,(g) is 1 for
every y € Y. This implies that evy(g) = E, holds for every y € Y because evy(g) is semisimple.
Hence we have g = E,., that is, evy,: p(G) — py,(G) is injective. We finish the proof. O

Theorem B2 is one of the most important results in the present paper.

THEOREM 3.2. Let w: X — Y be a projective morphism from a normal complex analytic space
X onto a polydisc Y such that (X, A) is divisorial log terminal and that Kx + A is w-semiample.
Let ¢: Z — X be a projective bimeromorphic morphism from a smooth complex analytic space
Z with Kz + Ay := ¢*(Kx + A) such that mo ¢: Z — Y is smooth and projective, and that
Exc(p) and Exc(p) U Supp p; 1A are simple normal crossing divisors on Z and are relatively
normal crossing over Y. Let m be a positive integer such that m(Kx + A) is Cartier. We assume
that

Riﬂ'*OX(m(KX + A))
is locally free for every i and
mOx(m(Kx + A)) ~ OF"

14
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for some positive integer r. We consider
pm: Bim(X/Y,A) — GL(r,Oy) ~ Auto, (m.Ox(m(Kx + A)))
and
Pm,y = €Vyopm: Bim(X/Y,A) = GL(r, Oy) — GL(r,C),

where ev, is the evaluation map at y € Y. Then Imp,,, is a finite group for every y € Y.
Moreover,

evy: Im pp, — Im pp,
is an isomorphism for every y € Y. In particular, Im p,, is a finite group.
We note that, in the above setting, X, := n~1(y) is a normal projective scheme, (X, A,) is
divisorial log terminal, where Kx, + A, := (Kx + A)|x,, and
evy: mOx(m(Kx + A)) — H°(X,, Ox,(m(Kx, +A4y))) (3.1)
by the base change theorem.

Remark 3.3. In Theorem B2, X is not necessarily connected.
Let us prove Theorem B22.

Proof of Theorem E2. By Lemma B, it suffices to prove the finiteness of Im p,,, for every
y € Y. In Step [, we will prove the description (B) of the evaluation map ev,. Then, in Step B,
we will prove the finiteness of Im py, .

Step 1. We put d := dimY. We note that Y is a polydisc by assumption. We take general
hyperplanes Hy, ..., Hy on Y passing through y. We note that (7w o cp)*(zgzl H;) and Exc(p) U
Supp (go; A4 (ro @)*(Zgzl HZ)) are simple normal crossing divisors on Z. By construction,
d
a(E,X,A+) mH;)=a(E,X,A)>—1

i=1
holds for every ¢-exceptional divisor E. Therefore, (X, A—i—Zf:l 7 H;) is a divisorial log terminal
pair. By construction, X, is a log canonical center of (X, A + Ele 7*H;). This implies that X,
is normal and (X, A,) is divisorial log terminal. Since R'm,Ox(m(Kx + A)) is locally free for
every ¢ by assumption, we have

. Ox(m(Kx + A)) @ Cly) = H(X,, Ox, (m(Kx, + A,)))
by the base change theorem. Hence we have the desired description (B) of the evaluation map

€Vy.

Step 2. We take an arbitrary element g of Bim(X/Y,A). By Theorem 224, it suffices to prove
that the order of pp,,(9) = evyopm(g) is uniformly bounded. We make H; general in Step 0
and put Y := Hy, X' := 7*Hy, and Kx + A’ := (Kx + X' + A)|xs. Then the above g induces
g € Bim(X'/Y’, A) such that evy op,,(g) = evy op),(g’) holds, where

pr: Bim(X'/Y', A') = Auto,,, (mOx/(m(Kx + A'))) .
By repeating this process finitely many times, we may assume that Y is a disc. Hence X, is a
divisor on X.

15
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We first assume that X, is connected. Let [ be the number of the log canonical strata of
(Xy, Ay). We consider
pm: Bir(V, Ay) = Aute (HO(V, Oy (m(Ky + Av)))) ,

where (V, Ay) is a log canonical stratum of (X, A, ). Since Ky +Ay is semiample, pp, (Bir(V, Ay))
is a finite group by Theorem E=23. Then we put

k = lem {#pm (Bir(V,Ay)) | (V,Ay) is a log canonical stratum of (X,, A,)}
CLAIM. pp,4(9)"* = E, holds.

Proof of Claim. We consider log canonical strata (T, Ar) of (X, A,) satisfying that the natural
restriction map

H(X,,0x,(m(Kx, + Ay))) = H(T,Or(m(Kr + Ar))) (3.2)

is an isomorphism. We put ¢ := mindim 7'.

Let (T,Ar) be a t-dimensional log canonical stratum of (X,,A,) such that the natural
restriction map (B2) is an isomorphism. We consider the following commutative diagram as in
Definition 217

where g is a B-bimeromorphic map of (X, A) over Y taken above. By shrinking Y around y, we
may assume that XT is smooth, o and 3 are projective, and

Oz*(Kx—i-A) = Kxt + Axi =" (Kx + A)

such that Supp A+ U Supp(m o a)*y is a simple normal crossing divisor on XT. We take X
suitably. Then, by Lemma PZ30 (see also the proof of [Fuj0U, Lemma 4.9] and [FGT4, Lemma
2.16]), we can find a log canonical stratum (7", Azv) of (X,,A,) and a commutative diagram

Tt
N
(T, Ar) (1", Aqv)

such that a|p+ and §|p+ are proper birational and that

(Blzt) o (alpt) ™ (T, Ap) -=» (T', Agr)

is a B-birational map of projective divisorial log terminal pairs. Note that there are only finitely
many log canonical strata contained in X,. Thus we can find ¢-dimensional log canonical strata
(Si, Ag,) of (X, Ay) for 1 <i < p and a natural embedding

H°(Xy, Ox, (m(Kx, + Ay))) — @ HO(S;, Os,(m(Ks, + As,)))
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such that ¢ induces g € Bir(S, Ag), where (S, Ag) := | ],(S;, Ag,), satisfying the following com-
mutative diagram:

0 —= HO(X,, Ox, (m(Kx, + Ay))) —= @, H(S;, Os, (m(Ks, + As,)))
pm.y(9) l lpm @)
0 — H(X,, Ox, (m(Kx, + A,))) —= @, H'(S,, Os, (m(Ks, + As,))).
We note the following description of py, ,(g). Let V' be the union of the irreducible components
of (Ayt + (70 a)*y)~! mapped to y. We put
Ky + Ay := (Kxt + Axt + (moa) y)|v.
Then we can check that a.Oy ~ Ox, ~ 8,0y holds, which is an easy consequence of the strict

support condition established in [Fuj25d, Theorem 1.1 (i)] (see, for example, the proof of Lemma
A2 below). Thus pp, ,(g) can be written as

pmy(9): HY(X,y, Ox, (m(Kx, + A,)) £ HOV. Oy (m(Ky + Av))

a* —1
@ HO(X,, Ox, (m(Kx, + A))).

Since p,(9)"* = id on @, H°(S;, Os,(m(Ks, + Ag,;))) by the definitions of I and k, we have
Pm.y(9)"* = E,. This completes the proof of the claim. O

We note that {!k is independent of g. Therefore, the claim implies that Im p,, 4, which is a
subgroup of GL(r, C), is a finite group by Burnside’s theorem (see Theorem 224). Thus we finish
the proof under the assumption that X, is connected.

From now on, we assume that X, is not connected. Let a denote the number of the connected
components of X;. Then g™ preserves each connected component of Xy. Thus, by the above argu-
ment, we can take a positive integer b such that pp,,(g)® = E, holds for every g € Bim(X/Y, A).
Thus, by Burnside’s theorem (see Theorem 2224), we see that Im p,, , is a finite group.

We finish the proof. O
We can prove Theorem 2 as an easy application of Theorem BZ2.

Proof of Theorem 3. Let U be a nonempty open subset of Y. We consider the following com-
mutative diagram

pm: Bim(X/Y,A) Auto, (m:Ox(m(Kx + A)))

| |

pm: Bim(r = (U) /U, Al 1)) — Autoy, (mOp—1)(m(Kx + A))) .

Note that the vertical arrows are natural restriction maps. It is obvious that the restriction map
Autoy (W*Ox(m(KX + A))) — Aut@U (F*Oﬂ.fl(U)(m(KX + A)))

is injective since Y is irreducible and every irreducible component of X is dominant onto Y.
Hence, in order to prove Theorem [2, we can freely replace ¥ with a small nonempty open
subset of Y. We take a Stein compact subset W of Y such that I'(W, Oy) is noetherian. Then,
by [Fuj22a, Theorems 1.21 and 1.27], we can take a dlt blow-up ¢: (X', A’) — (X,A). By
replacing 7: (X, A) — Y with 7’ :=7wo¢: (X', A’) = Y, we may further assume that (X, A) is
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divisorial log terminal. By taking a resolution of singularities of X (see, for example, [BieMY7])
and shrinking Y suitably, we may assume that 7: (X, A) — Y satisfies all the conditions in
Theorem B2. Then, by Theorem B2, p,, (Bim(X/Y, A)) is a finite group. This is what we wanted.
We finish the proof. O

Let us prove Corollary I3, which is almost obvious by Theorem 2. We will use it in the
proof of Theorem I

Proof of Corollary 3. We decompose (X, A) =: | |,(X;, A;) such that m; := 7|x,: X; = Y; :=
m(X;) is surjective and every irreducible component of X; is dominant onto Y; for every i. We
may assume that Y; # Y; for ¢ # j. Since U is a semianalytic Stein open subset of Y with U C W,
Y;NU is a finite disjoint union of semianalytic Stein open subsets of Y; (see, for example, [BielM&S,
Corollary 2.7]). Let U’ be a connected component of Y; NU. Then, by Theorem I2, the image of

o Bim (Wi—l(U/) JU Al (U,)) — Auto,, (moﬁl o (m(Kx, + A,-))) (3.3)
is a finite group. Note that there exists a natural restriction map
Bim(X/Y, A; W) — Bim (Wi—l(U') JU, Al (U/)) . (3.4)
By the natural restriction map (84),
pVU'L Bim(X/Y, A; W) = Auto,, (m*oﬂl o (m(Kx, + Ai)))
factors through p,, in (B33). Thus, we have
WU (Bim(X/Y, A W) € p (Bim (7 (U) /U, Al 1)) -
The group p/Y(Bim(X/Y, A; W)) is contained in
H PV (Bim(X/)Y, A; W),

where U’ runs over all connected components of Y; N U for all i. Hence, we see that
Y (Bim(X/Y, A; W)
is a finite group. We finish the proof. O

4. Abundance for semi-log canonical pairs

In this section, we prove Theorem II. Our strategy follows that of [Fuj00], except that we make
use of the minimal model program for projective morphisms between complex analytic spaces
established in [Fuj22d], [EH25], and [EH24].

The following lemma is well known and follows easily from the relative Kawamata—Viehweg
vanishing theorem.

LEMMA 4.1 (Connectedness lemma). Let (X, A) be a log canonical pair and let m: X — Y be
a projective morphism of complex analytic spaces with m,Ox ~ Oy. Assume that —(Kx + A)
is m-nef and w-big. Then Nklt(X, A) N7 1(y) is connected for every y € Y, where Nklt(X, A)
denotes the non-klt locus of (X, A). In particular, if (X,A — |A]) is kawamata log terminal,
|A] N7~ Y(y) is connected for every y € Y.
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Proof. The standard proof in the algebraic setting works with only minor modifications. This
is because the Kawamata—Viehweg vanishing theorem holds for projective morphisms between
complex analytic spaces. In this proof, we can freely shrink Y around y. We consider the following
short exact sequence:

0— J(X,A) = Ox = Onmg(x,a) — 0,
where J (X, A) denotes the multiplier ideal sheaf of (X, A). By the relative Kawamata—Viehweg—
Nadel vanishing theorem, we have

0— W*j(X, A) — Oy — ﬁ*ONkIt(X,A) — 0.
This implies that Nklt(X, A) N7~ 1(y) is connected. O

The following lemma also asserts that the union of log canonical centers is connected under
a suitable setting. Lemma B2 is substantially more difficult than Lemma BZ1. Its proof relies
heavily on the strict support condition established in [Fuj25a, Theorem 1.1 (i)] (see also [Fuj24d]
and [FE2H)).

LEMMA 4.2. Let (X, A) be a log canonical pair and let m: X — 'Y be a projective morphism of
normal complex varieties with m,Ox ~ Oy . Let W be a compact subset of Y. We assume that
Kx 4+ A ~qgx 0 holds. We put Y' := |J, n(C;) C Y, where {C;} is a set of some log canonical
centers of (X, A). Let X' be the union of the log canonical centers of (X, A) mapped to Y’ by
. Then, after shrinking Y around W suitably, m,Ox+ ~ Oy holds. In particular, m,Ox: ~ Oy~
holds on an open subset U contained in W.

Proof. Throughout this proof, we will freely shrink Y around W without explicit mention. Let
p: Z — X be a projective bimeromorphic morphism from a smooth complex variety Z with
Kz + Ay = p*(Kx + A) (see [BieM97]). We may assume that (7o p)~1(Y’) and p~1(X’) are
simple normal crossing divisors on Z. We may further assume that the union of (7 o p)~(Y”),
p~1(X’), and Supp Az is contained in a simple normal crossing divisor on Z. Let V' be the union
of the irreducible components of Agl mapped to Y by mop. We put A := (—(A?ﬂ, which is
a p-exceptional effective divisor on Z. By assumption, we have

A-V —(Kz +AZ' =V +{Az}) ~grop 0.
We consider the following short exact sequence
0—=>0z(A-V)— 0z(A) — Oy(A) — 0.

We note that no log canonical centers of (Z, AZ! —V +{Az}) map to Y’ by construction. Then
we have

0— (mop)Oz(A-V)— Oy — (mrop).Oy(A) — 0.

Here we used the strict support condition for R!(7 o p).Oz(A — V) (see [FujZba, Theorem 1.1
(i)]) in order to prove that the connecting homomorphism

5: (1m0 p)Oy(A) = RY(mop).Oz(A—-V)
is zero. This implies that (7op).Oy (A) ~ Oy~ holds. Similarly, we have the short exact sequence
0— p*Oz(A — V) — OX — p*Ov(A) —0

since no log canonical centers of (Z, AZ! —V + {Az}) map to X’ by construction. This implies
that p,Oy(A) ~ Ox/. Hence we have m,Oxs ~ Oy/. We finish the proof of Lemma B2 O

As a straightforward corollary of Lemma B=A, we obtain the following:
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COROLLARY 4.3 ([Fuj0U0, Lemma 4.2]). Let (X,A) be a divisorial log terminal pair and let
m: X — Y be a projective morphism of normal complex varieties with m,Ox ~ Oy. Let W be
a compact subset of Y. We assume that Kx + A ~qg - 0 holds. If Y’ := w(|A]) C Y, then, after
shrinking Y around W suitably, we have m.O|a| = Oy:.

Proof. Since (X, A) is divisorial log terminal, |[A| is the union of all log canonical centers of
(X, A). Therefore, by Lemma B2, we have m.0|a] =~ Oy. O

In this paper, Lemma B3 plays a crucial role. To facilitate the reader’s understanding, we first
treat the following lemma, which serves as a toy model for Lemma B=3 and Proposition B8 below.
We believe that its proof will be helpful for grasping the core ideas of Lemma EA. Furthermore,
Lemma B, which is a special case of Lemma B3, is already sufficient for the purposes of [FujO1],
[Fuilld], [Fuil2d], and [GI13].

LEMMA 4.4. Let (X, A) be a projective Q-factorial divisorial log terminal pair such that Kx +
A ~q 0. Assume that |A] is not connected. Then |A]| = Sy + Sy such that (S;, Ag,) is kawamata
log terminal with Kg, + Ag, = (Kx + A)lg, for i = 1,2 and that (S1,Ag,) is B-birationally
equivalent to (Sa,Ag,). In particular, (X, A) is purely log terminal.

We note that, by [GI1, Theorem 1.2], the condition Kx + A ~g 0 in Lemma B4 is actually
equivalent to the condition that Kx + A is numerically trivial.

Proof of Lemma 4. Note that Kx + A —¢|A] is not pseudo-effective for any sufficiently small
positive rational number . We run a (Kx + A — ¢[A])-minimal model program with ample
scaling (see [BCHNMIN]). We know that the number of connected components of | A] is preserved
by the above minimal model program, as we apply Lemma B at each step. Therefore, we finally
obtain an extremal Fano contraction morphism which is generically a P'-bundle with two disjoint
sections. More precisely, we have the following diagram:

p: X -—-=X'

|+

Vv
where p: X --» X’ is a finite sequence of flips and divisorial contractions, and ¢: X' — V
is a (Kx/ + A’ — ¢|A’|)-negative extremal Fano contraction with A’ := p,A. Furthermore,

dimV =dimX —1, |A'] = 5] + 5, ¢: S/ — V is an isomorphism for i = 1,2, and S| NS5 = 0.

By cutting V' with general hyperplanes dim V' — 1 times to reduce to the case where V is a
curve, and applying [AFKNM92, 12.3.4 Theorem|, we see that there exists an effective Q-divisor
P on V such that ¢: (S;,Ag) — (V,P) is a B-birational isomorphism for i = 1,2, where
KSZ{ + AS{ = (KX/ + A/)|Sz/

Suppose that (57, Ag) is not kawamata log terminal. Then (S5, Ag;) is also not kawamata
log terminal. In this case, by applying Lemma B2 to ¢: X’ — V, we get a contradiction since
(X', A") is kawamata log terminal outside [A']. This means that (S7,Ag) is kawamata log
terminal. The same argument applies even if we interchange S] and S), which implies that
(S!, Agr) is kawamata log terminal for ¢ = 1, 2. By inversion of adjunction, (X', A’) is purely log
terminal. Hence, (X, A) is purely log terminal. Clearly, (S1,Ag, ) is B-birationally equivalent to
(S2,As,). This completes the proof. O

The following lemma is crucial.
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LEMMA 4.5. Let (X', A’) be a log canonical pair and let ©': X' — Y be a projective surjective
morphism of normal complex varieties. Let W be a Stein compact subset of Y such that I'(W, Oy)
is noetherian. Assume that X' is Q-factorial over W. Let f': X' — Z be a projective surjective
morphism of normal complex varieties over Y such that Kx/ + A" ~q 0, and nz: Z =Y
is projective, where 7z is the structure morphism. Assume that (X', A" — e|A’|) is kawamata
log terminal for some small positive rational number e and there exists a (Kx + A" —e|A’|)-
negative extremal Fano contraction ¢ := pp: X' — V over Z associated to an extremal ray R
of NE(X'/Z;n,;'(W)) with dim V = dim X’ — 1. Here, we note that V is Q-factorial over W and
has only kawamata log terminal singularities after shrinking Y around W suitably.

X 2oy

< N
Y ~t VA
Then the horizontal part (A")" of | A’| with respect to  satisfies one of the following conditions.
(I) (A" = DY, which is irreducible, and deg[D} : V] = 1.
(IT) (A")" = D + D} such that D! is irreducible and deg[D}: V] =1 fori = 1,2.
(ITT) (A" = DY, which is irreducible, and deg[D} : V] = 2.
We define AD; by
Kp +Ap, = (Kx + A')|p,
for i =1,2. Let v;: D}’ — D/ be the normalization for i = 1,2. We put
Kpp + Apw = v (Kp; + Apy)
for i = 1,2. After shrinking Y around W suitably, we have the following statements.

Case (I). |A'| N~ Y(v) is connected for every v € V.

Casg (II). The number of the connected components of |A’] N¢~1(v) is at most two for every
v eV and

(povs) to(pom): (DY, Apw) --> (DY, Apy) (4.1)

is a B-bimeromorphic map over V.

Casg (III). The number of the connected components of |A’] N ~!(v) is at most two for every
v € V and there exists a B-bimeromorphic map

v (DY, App) -=» (DY, Apy) (4.2)
over V with ¢ # id and (? = id.

Moreover, in (I1) and (III), if |[A’] N¢~1(v) is not connected for some v € V, then (X', A’)
is purely log terminal in a neighborhood of ¢~ (v).

More details on Cases (II) and (III) will be discussed in the following proof.

Proof of Lemma F-J. Since the proof is rather long, we divide it into three steps.

Step 1. Since p: X' — V is a (Kx/ + A’ — ¢| A’|)-negative extremal Fano contraction, V' is Q-
factorial over W by Lemmas [Z3 and [ (see Section [, which is an appendix). In particular, Ky
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is Q-Cartier after shrinking Y around W suitably. Then, by Corollary [C@, V' has only kawamata
log terminal singularities.

We have Rip,Ox: = 0 for i > 0 by the relative Kawamata-Viehweg vanishing theorem.
Therefore, we see that general fibers of ¢: X’ — V are isomorphic to P'. Hence, the degree of
(A" — V, where (A")" is the horizontal part of [A’], is at most two. Therefore, we have (I),
(IT), and (III). We note that |A’] has normal crossings in codimension one since (X', A’) is log
canonical.

Step 2. Throughout this step, we will freely shrink Y around W without explicit mention. Hence,
we may assume that Y is Stein and V' is projective over Y. We note that the vertical part of [A’|
is the pull-back of some effective Q-divisor on V since p: X’ — Visa (Kx/+A’—¢|A’|)-negative
extremal contraction.

In Case (I), (A")* = D/ is irreducible and p-ample. Since deg[D} : V] = 1, it follows from the
Stein factorization and Zariski’s main theorem that the intersection D} N ¢~ 1(v) is connected
for every v € V. Since the vertical part of [A’] is the pull-back of some effective Q-divisor on V,
|A’] N¢~1(v) is connected for every v € V.

In Case (II), we consider the following commutative diagram

D <"y

»a

Df

(2

y

v

where D} — D;r — V is the Stein factorization for i = 1,2. Since the mapping degree deg[D) :
V] =1, ¢: DZ — V' is an isomorphism for ¢ = 1,2. We put

KDZT + ADJ = Pz‘*(Kng + AD?J)

fori =1,2. Let my: V — Y be the structure morphism. By taking (dim V' —1) general hyperplane
cuts with respect to a my-very ample Cartier divisor and applying [AFKMY2, 12.3.4 Theorem],
we can find an effective Q-divisor P on V such that 1;: (DZT, A, +) — (V, P) is a B-bimeromorphic

isomorphism for i = 1, 2. Consequently,

vyt odn: (DL, AL) = (DY, Ap)

2

is a B-bimeromorphic isomorphism. By construction, we have
Kpp + App = pi (Kpi +Apr)
for ¢ = 1,2. Thus,
(powa) to(powm)=py oy orpropr: (DY, App) - (DY, Apy)

is a B-bimeromorphic map over V.

22



RELATIVE LOG PLURICANONICAL REPRESENTATIONS

In Case (IIT), we consider the following commutative diagram

D <" D

L

Y1

DI < DI

A

v

where D} — DI — V is the Stein factorization and I/I : DI” — DI is the normalization. Let
p: DIV — V be the induced morphism. Note that p: D}L” — V is a finite morphism of normal
complex varieties of degree two. Hence, there exists a nonempty Zariski open subset V° of V
such that p: p~1(V°) — V° is a finite morphism of complex manifolds of degree two. Therefore,
there exists a Galois involution (°: p~1(V°) — p~1(V°) over V°. By [EHZH, Lemma 2.24], (°
extends to an involution ¢f: DI — DI" over V such that ¢! # id and (.7)? = id. We put

KDJIW + ADIV = ,01*(KD/11/ + AD{”)-

Over a nonempty Euclidean open subset of V' where D] is a union of two sections, the situation
is the same as in Case (II). On the other hand, over the locus where D] — V is a ramified
double cover of smooth varieties, both D} — DI and DIV — DJ{ are isomorphisms, and the
ramification locus of DIV — V is (f-invariant. Hence, we see that oI preserves A Thus, of

+A

v
Dlu

preserves K Therefore, since

DIV DIV .

_ *
Kpy + Apy = pi(Kppw + Bpw),
we obtain a B-bimeromorphic involution map
L= pl_l © LT op1: (Dllua AD&”) -2 ( /1V7 AD’ll’)
over V.

Step 3. Assume that [A’| N ~!(v) is not connected in Cases (II) and (III). Since the vertical
part of [A’] is the pull-back of some effective Q-divisor on V', by shrinking V around v, we may
assume that | A’] has no vertical components. From now on, we freely shrink V' around v without
explicit mention.

We first treat Case (II). If (DY, App) is not kawamata log terminal over v, then (D3, Apy)
is not kawamata log terminal over v by (E). In this case, there exist a log canonical center
strictly contained in D} and another log canonical center strictly contained in Dj. By Lemma
A2, these two log canonical centers must be connected by a chain of log canonical centers. This
is a contradiction, since (X’ A’) is kawamata log terminal outside |A’|. The same argument
applies even if we interchange D} and D).

Next, we treat Case (III). We may assume that D} has exactly two connected components
by shrinking V' around v. If one of the connected components of (D7, A D'f’) is not kawamata log
terminal over v, then the other connected component is also not kawamata log terminal over v
by (E). Then, applying Lemma B2 just as in Case (II) yields a contradiction.

Therefore, we see that (D}, A D;u) is kawamata log terminal over v for ¢ = 1,2. By inversion
of adjunction, this means that (X', A’) is purely log terminal in a neighborhood of »~!(v) since
(X', A") is kawamata log terminal outside |A’].
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We finish the proof of Lemma E3A. O

By Lemma B=3, we have:

PROPOSITION 4.6. Let (X, A) be a divisorial log terminal pair and let w: X — Y be a projective
surjective morphism of normal complex varieties. Let W be a Stein compact subset of Y such that
(W, Oy) is noetherian. Assume that X is Q-factorial over W. Let f: X — Z be a projective
surjective morphism of normal complex varieties over Y such that f,Ox ~ Oz, Kx +A ~q 1 0,
and wz: Z — Y is projective, where my is the structure morphism. Then, after shrinking Y
around W suitably, the number of the connected components of |A| N f~1(z) is at most two for
every z € Z. If |A] N f~1(z) is not connected for some z € Z, then there exists a meromorphic
map q: X --» V over Z whose general fiber is P! such that V is Q-factorial over W and has only
kawamata log terminal singularities. The horizontal part A" of |A| with respect to q satisfies
one of the following conditions.

(i) A" = Dy, which is irreducible, the mapping degree deg[D; : V] = 2, and there is a B-
bimermorphic involution on (D1, Ap,) over Z.
(ii) A" = Dy + Dq such that Dj is irreducible for i = 1,2 and

(Q|D2)_1 o (q|D1) (D].a ADl) -2 (D27 ADQ)
is a B-bimeromorphic map over Z.

We note that Kp, + Ap, :== (Kx + A)|p, and (D;, Ap,) is divisorial log terminal for i = 1,2.
More precisely, by a (Kx + A —e|A])-minimal model program with ample scaling over Z around
WEI(W), after shrinking Y around W suitably, we have p: (X,A) --» (X', A’) over Z and
(X', A") satisfies (II) or (III) in Lemma B3.

X———=—-- - X'
~
~
\\ SO
q> <~
RN
T V

Y~—7
Tz
The reader can find more details in the following proof.

Proof of Proposition f-8. The idea of the proof is very simple. By running a suitable minimal
model program, we reduce the problem to Lemma BZ3. We note that we need the minimal model
program established in [EH24] in Step M. The minimal model program treated in [Fuj22d] is
sufficient for Step B.

Step 1. In this step, we assume that [A] is not dominant onto Z. Under this assumption, we
will prove that |A] N f~71(2) is connected for every z € Z.

We take an arbitrary point z € Z and a Stein compact subset W, of Z containing z such
that T'(W,, Oy) is noetherian. By [EH24, Theorem 1.2], we can run a (Kx + A —¢|A])-minimal
model program with ample scaling over Z around W,. We finally get a commutative diagram
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around W, such that f’: X’ — Z is the structure morphism, p is a finite composite of flips and
divisorial contractions, and Kx/ + A’ —¢|A’| is nef over W, where A’ := p,A. Thus, —|A’| is
f'nef since Kx: + A’ ~qg s 0. Suppose that |A’| N f'71(z) # 0 and f'~(z) ¢ Supp|A’]|. Then
we can find a projective integral curve C' contained in f'~!(2) such that C ¢ Supp|A’] and
C' N Supp|A’] # 0. In this case, we have —|A’] - C' < 0. This is a contradiction. Hence, we have
A" N f71(2) =0 or f~1(2) C Supp|A’]. In particular, |A’| N f/~1(2) is connected. Since the
number of connected components of |A| N f~1(z) is preserved under the above minimal model
program by Lemma B, we conclude that [A]| N f~1(2) is connected.

Step 2. In this step, we assume that |A | is dominant onto Z. Then Kx +A —¢|A] is not pseudo-
effective over Z. By [Fuj22a, Theorem 1.1 and Lemma 9.4], we can run a (Kx + A —¢|A])-
minimal model program with ample scaling over Z around Wy := 7, (W). Then we obtain a
finite sequence of divisorial contractions and flips

pr X =Xg-->X1 -2 - X, =X

such that there exists a (Kx/ + A’ —e| A’ |)-negative extremal Fano contraction ¢: X' — V over
Z.

CramM. If dim V < dim X — 2, then [A’| N¢~1(v) is connected for every v € V.

Proof of Claim. Since the vertical part of |A’| is the pull-back of some effective Q-divisor on
V, it suffices to prove that (A’)" N p~!(v) is connected for every v € V, where (A")" is the
horizontal part of |A’|. Since (A’)" is p-ample, (A’)* N =1 (v) is connected for general v € V.
By the Stein factorization and Zariski’s main theorem, we see that (A’)" N =1 (v) is connected
for every v € V. This completes the proof of the claim. O

The claim implies that |A’|N(f’)~1(2) is connected for every z € Z when dim V' < dim X —2.
Since the above minimal model program preserves the number of connected components of
|A| N f~Y(z) by Lemma BT, [A] N f~1(2) is connected for every z € Z.

Hence, from now on, we may assume that dim V' = dim X — 1. In this case, we have already
described the situation in Lemma E5. Case (III) (resp. (II)) in Lemma B=3 implies (i) (resp. (ii)).

We finish the proof of Proposition E. O

Before presenting our gluing argument, we state an elementary but important lemma. Here,
we need the finiteness of relative log pluricanonical representations (see Corollary [=3).

LEMMA 4.7 ([Fuj00, Lemma 4.9]). Let (X, A) be an equidimensional (not necessarily connected)
divisorial log terminal pair and let m: X — Y be a projective morphism of complex analytic
spaces such that Kx + A is m-semiample. Let W be a compact subset of Y and let U be
a Stein open subset of Y with U C W. We further assume that U is semianalytic. We put
G := pWY(Bim(X/Y,A; W)). Then G is a finite group. We put Xy := 7~ Y(U). If

s € PA(Xy,Ox(m(Kx + A))),
then g*s||a] = s||a] and

g"s € PA (Xy,Ox(m(Kx + A)))
for every g € G. In particular,

Y g's € A(Xy,Ox(m(Ex + A))),
geG
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[]9°s € ACXu, Ox(mGI(Kx + A))),

geG
and
* G
[T o%slia) = (sliap)'".
geG
Of course,
1«
D 9slia) = slia
G|
geG
holds.

Proof. By Corollary 33, G is a finite group. Then, by Lemma P30, it is not difficult to see that
the proof of [Fuj0U, Lemma 4.9] works in our complex analytic setting. Hence we omit the details
here. O

The following lemma is required for our inductive gluing argument.

LEMMA 4.8 ([Fuj00, Lemma 4.7]). Let 7: X — Y be a projective morphism of complex analytic
spaces such that (X,A) is an equidimensional divisorial log terminal pair and that Kx + A is
m-semiample. Let W be a compact subset of Y and let U be a semianalytic Stein open subset
of Y with U ¢ W. Assume that PA(Xy, Ox(m(Kx + A))) generates Ox(m(Kx + A)) over U.
Then there exists a sufficiently divisible positive integer m’ such that A(Xy, Ox(m'm(Kx +A)))
generates Ox (m'm(Kx + A)) over U.

Proof. We put G := pVV (Bim(X/Y,A;W)). Then G is a finite group by Corollary 3. We
put G := {g1, -+ ,gn} with N := |G|. Let o; be the ith elementary symmetric polynomial for
1 <i < N. Then we have

N N
{s =0} > (gjs = 0} = [{oulgis, - gxs) = 0}

j=1
By Lemma B=0, we see that
oi(g1s, -+ gns) € A(Xy, Ox (im(Kx + A)))
for every i. Therefore, by considering

M gis, L ghs) € A(Xy, Ox (Nim(Kx + A)))

(2

for s € PA(Xy,Ox(m(Kx + A))), we can check that A(Xy,Ox(N!m(Kx + A))) generates
Ox(N!m(Kx + A)) over U under the assumption that PA(Xy, Ox(m(Kx + A))) generates
Ox(m(Kx + A)) over U. Thus we obtain the desired statement of Lemma E-8. We finish the
proof. O

g

Proposition B9, which is essentially the same as [Fuj00, Proposition 4.5], is a key step of our
gluing argument.

PROPOSITION 4.9 ([Fuj00, Proposition 4.5]). Let m: X — Y be a projective morphism of complex
analytic spaces such that (X, A) is divisorial log terminal. Let U be a semianalytic Stein open
subset of Y and let W be a Stein compact subset of Y with U C W such that X is Q-factorial
over W and that T'(W, Oy) is noetherian. We put S := |A|, Xy := 7~ 1(U), and Sy := S|r-1(0y-
Assume that
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(1) Kx + A is m-semiample, and
(2) A(Su,O0s(mo(Kx + A))) generates Og(mo(Kx +A)) over U for some positive integer my.

If necessary, we replace U with a smaller semianalytic Stein open subset of Y. Then there exists
a positive integer mi such that mimg € 27, the natural restriction map

PA (XU, Ox(mlmo(KX + A))) — A (SU, Os(mlmo(KX + A)))
is surjective, and PA (Xy, Ox(mimo(Kx + A))) generates Ox(mimo(Kx + A)) over U.

Since we are working with complex analytic spaces, there are additional technical difficulties.
For example, we need to take a Stein compact subset W and a semianalytic Stein open subset
U c W, and shrink U further if necessary. Nevertheless, the following proof is essentially the
same as that of [Fuj0U, Proposition 4.5]. We describe it here for the reader’s convenience.

Proof of Proposition F.9. It suffices to prove this proposition for each connected component of
X. Hence we may assume that X is irreducible. Throughout this proof, we may freely shrink Y
around W without explicit mention. We first take a relative litaka fibration f: X — Z over Y,
that is, f: X — Z is a projective surjective morphism of normal complex analytic varieties such
that f,Ox ~ Oz and Ox(m(Kx + A)) ~ f*L holds for some positive integer m and a 7z-ample
line bundle £ on Z, where nz: Z — Y is the structure morphism:

NS

Y

If S = |A]| =0, then there is nothing to prove. Therefore, we may assume that S = |A] # 0.
Then we have the following four cases:

(1) Z is a point and S is connected,

(2) dimZ > 1, SN f~1(2) is connected for every z € Z, and f(S) =
(3) dimZ > 1, SN f~1(z) is connected for every z € Z, and f(S) €
(4) SN f71(2) is not connected for some z € Z.

Step 1. In this step, we will treat (1).
When Z is a point, X is projective and Kx + A ~g 0. We consider the following long exact
sequence:
0— HX,0x(mo(Kx +A) —8)) = HY(X,Ox(mo(Kx + A)))
— HO(S,05(mo(Kx + A))) — -+

Since Kx + A ~g 0 and S # 0, we obtain that H%(X, Ox(mo(Kx + A) — S)) = 0 and that the
second and the third terms are one-dimensional. Hence we obtain the desired statement.

Step 2. In this step, we will treat (2).

By taking a divisible positive integer m such that A(Sy, Os(m(Kx+A))) generates Og(m (K x+
A)) over U and that Ox(m(Kx + A)) ~ f*L holds for some 7z-ample line bundle £ on Z. If
necessary, we replace U with a smaller relatively compact semianalytic Stein open subset of Y.
By A (Sy, Os(m(Kx + A))), we can construct a morphism ®: S — Z’ over U. Since every curve
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in any fiber of f|g over U is mapped to a point by @, there exists a morphism ¥: Z — Z’ over
U such that ¥ o (f|g) = ®. Over U, there exists the following commutative diagram.

X<—>8
e
Z — 4
We note that
p: 517 V.
and that f|g is surjective with connected fibers. For any
s € A(Sy,Os(m(Kx + A))),
we can take ¢ such that s = ®*¢t. We put u := f*U*t. Then
u € PA (Xy,Ox(m(Kx + A)))

such that u|g = s. By construction, PA (X, Ox (m(Kx + A))) generates Ox (m(Kx + A)) over
U.

Step 3. In this step, we will treat (3).

This step is a relative version of [Fuj0U, Lemma 4.3]. We take a divisible positive integer m
such that Ox(m(Kx + A)) ~ f*L for some 7z-ample line bundle £ on Z.

NS

Y

We put T := f(S) € Z. Then f,Og ~ Or by Corollary B=3. Therefore, we have the following
commutative diagram:

Z/

T Ox(Im(Kx + A)) — m.Os(Im(Ks + Ag)) (4.3)
77 LB T (E®Z|T) .

Note that the vertical arrows are isomorphisms. If we replace U with a relatively compact semi-
analytic Stein open subset and make [ sufficiently large, then £%! ® Zr is m-generated over U,
where Z7 is the defining ideal sheaf of T on Z, and R'mz, (£®l ® IT) = 0 since L is wz-ample.
Thus, by (E33), we have the following short exact sequence:
0— W*Ox(lm(KX + A) — S) — W*Ox(lm(KX + A))
— m.O0s(Im(Kg + Ag)) — 0.

By definition, it is obvious that every element of H°( Xy, Ox (Im(Kx + A) — S)) is contained in
PA(Xy, Ox(Im(Kx + A))). By (3), we can extend

A (Su, Os(Im(Ks + Ag)))

(4.4)

to
PA (XU, OX(lm(KX + A)))
and check that PA (Xy, Ox(Im(Kx + A))) generates Ox (Im(Kx + A)) over U.
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Step 4. In this step, we will treat (4).

Since S N f~!(z) is not connected for some z € Z by assumption, we can apply Proposition
A4. More precisely, by Step B in the proof of Proposition B8, we run a (Kx + A —&|A])-minimal
model program with ample scaling over Z around Wy := W}l(W) (see [Fuj22a, Theorem 1.2
and Lemma 9.4]), and eventually obtain (X', A’) together with a (Kx/ + A’ — | A’|)-negative
extremal Fano contraction ¢: X’ — V as in Lemma B4. Then either (II) or (III) of Lemma B3
holds. Henceforth, we freely use the notation introduced in Lemma EH and its proof. Note that
p: (X,A) --» (X', A’) is B-bimeromorphic over Y. The situation is summarized in the following
commutative diagram:

Di------ - D} <—— DY
\[ \Lpi
X---2__.x D
\\\ @l/
q ~ .
s f &V

zZ

Let m be a sufficiently large and divisible positive integer such that Ox (m(Kx + A)) ~ f*L for
some line bundle £ on Z. We take any element s € A(Sy, Os(m(Kgs + Ag))). By Remark 2221,
there exist natural isomorphisms

H° (Xy,Ox(m(Kx + A))) ~ H° (X{;, Ox/(m(Kx: + A')))
and
H° (Sy, Os(m(Ks + Ag))) ~ H° (S, Ogr(m(Kg + Ag)))
induced by p, where n’: X' — Y, X[, := #/71(U), & := |A'], and S}, := S’ N X|;. Hence, s
induces
s’ € H° (S, O/ (m(Kg + Ag))) .
The section s’ induces a section

si € HY (Dgy, Opp (m(Kppw + AD;")))

over U for i = 1,2. In Case (III), s is t-invariant. Hence, s| descends to a section ¢ of Ly over U,
where Ly is the pull-back of L to V In Case (II), s also naturally descends to a section t of Ly
over U. In Case (III), the pull-back of ¢*t to D} coincides with s/ by construction. In Case (H)
on a small Euclidean open subset U of U such that ¢~ }(U) ~ P! x U and 90] 1 Pl xU —U

is the second projection, we see that the pull-back of ¢*t to DY coincides w1th ( 1)™sh over U

by the local calculation in the proof of [AFKMY2, 12.3.4 Theorem|. Therefore, the pull-back of
©*t to DY coincides with (—1)"sj. By construction, it is clear that the pull-back of ¢*t to DY
coincides with s/. Hence, we have 'l (aryn = (@*)|(anyn if m is even.

Next, we show that (¢*t)[|ar] = s'||a’] as in Case 4 in the proof of [Fuj00, Proposition 4.5].
Let (A’)” be the vertical part of |[A’]. We can write (A")” = 3. ¢*P; such that Q; := Supp P;
is a prime divisor on V for every ¢ and Q; # @Q; for ¢ # j. We put E; := ¢*F;. Then it suffices
to check that s'|p, = (¢*t)|g, for every i. Let F; be an irreducible component of E; N (A’)" such
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that ¢: F; — @Q; is dominant. Since (A")" N (A’)" # 0, such an F; always exists. We consider the
following commutative diagram:

7.0, (m(Kxs + &) — m,0p, (m(Kx: + A'))

| jj
™ (Lvlg,) ———=mv. (Lvla.),

where my: V' — Y is the structure morphism. The left vertical arrow is an isomorphism by
Lemma B2. The map j is injective since ¢: F; — @Q; is dominant. Since §'|p, = (¢*t)|F,, we
have §'|g; = (¢*t)|g, for every 4. Thus, we obtain s'|| o] = (¢*t)||as)- This means that s can be
lifted to a member of PA (Xy, Ox(m(Kx + A))). By construction, it is not difficult to see that
PA (Xy,Ox(m(Kx 4+ A))) generates Ox (m(Kx + A)) over U.

We finish the proof. O

As a consequence of Lemma B8 and Proposition B9, we obtain the following key lemma,
which plays a crucial role in the proof of Theorem .

LEMMA 4.10 (Abundance for semi-divisorial log terminal pairs in the complex analytic setting).
Let (X, A) be a semi-divisorial log terminal pair and let w: X — Y be a projective morphism of
complex analytic spaces. Let U be an open subset of Y and let W be a Stein compact subset of
Y such that T'(W, Oy) is noetherian with U C W. Assume that Kx + A is w-semiample. Let P
be an arbitrary point of U. Then there exists a semianalytic Stein open neighborhood Up of P
and a positive integer m such that admissible sections generate Ox (m(Kx + A)) over Up.

Proof. Let v: X¥ — X be the normalization. We write Kxv» +© = v*(Kx + A) as in Definition
223. By Lemma 2729, any admissible section on X* over Up descends to an admissible section on
X over Up. Hence, by replacing X with its normalization X, we may assume that X is normal.

By [Fuj22a, Theorems 1.21 and 1.27], we can take a dlt blow-up ¢: X’ — X with Kx/+ A’ =
©*(Kx + A). We may assume that ¢ is small, maps every log canonical center of (X', A’)
bimeromorphically onto a log canonical center of (X, A), and induces an isomorphism over general
points of each log canonical center of (X, A). By replacing (X, A) with (X', A’), we may further
assume that X is Q-factorial over W.

By Lemma A8 and Proposition B9, it suffices to prove this lemma for (S, Ag), where S := |A]
and Kg + Ag := (Kx + A)|s. By repeating this reduction process finitely many times, we can
reduce the problem to the case where (X, A) is kawamata log terminal. In this case, any section
is preadmissible (see Remark P228). Thus, by Lemma B8, we obtain the desired result. O

Let us prove Theorem [, which is one of the main results of the present paper.

Proof of Theorem 1. We take an arbitrary point P € W. Since W is compact, it suffices
to prove that there exists a positive integer mp such that Ox(mp(Kx + A)) is m-generated
over some open neighborhood of P. We take a semianalytic Stein open neighborhood Up of
P and a Stein compact subset Wp of Y with Up C Wp such that I'(Wp, Oy) is noetherian.
Let v: X¥ — X be the normalization with Kxv + © := v*(Kx + A). By [Fuj224a, Theorems
1.21 and 1.27], after shrinking Y around Wp suitably, we take a dlt blow-up «: X o XV
with Kg + A := a*(Kxv + ©) such that X is Q-factorial over Wp and (X,A) is divisorial
log terminal. We consider 7 := mov o «a: X VY. If necessary, we replace Up with a smaller
semianalytic Stein open neighborhood of P. Then, by Lemma B0, there exists a semianalytic
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Stein open neighborhood Up and a positive integer mp such that admissible sections generate
Oz (mp(Kg+A)) over Up. By Lemma 224, any admissible section over Up descends to a section
of Ox(mp(Kx+A)) over Up. Thus Ox(mp(Kx +A)) is w-generated over Up. As we mentioned
above, since W is compact, we can take an open neighborhood U of W and a divisible positive
integer m such that Ox(m(Kx + A)) is m-generated over U. We finish the proof of Theorem
. O

The following elementary lemma shows that [HXT6, Theorem 2| can be deduced from The-
orem [I. Consequently, Kolldr’s gluing theory in [KT3] is not required for the proof of [HXTH,
Theorem 2.

LEMMA 4.11. Let m: X — Y be a proper morphism of algebraic schemes defined over C and let
L be a line bundle on X. Let U be a nonempty Euclidean open subset of Y. Assume that L is
w-generated over U. Then there exists a Zariski open subset V' of Y such that L is m-generated
over V withU C V.

Proof. Let C be the cokernel of 7*m, L — L. We put V :=Y \ 7(SuppC). Then, by definition, V'
is a Zariski open subset with U C V and L is m-generated over V. O

5. Freeness for nef and log abundant log canonical bundles

In this section, we first prove Theorem 4. As a straightforward application of Theorem [, we
then establish Theorem II0. We also give proofs of Theorem I3, Theorem I3, and Corollary
[T0. The proof of Theorem [ begins with Theorem B, which is well known in the algebraic
setting (see [Fujl2h]). Once Theorem Bl is established, the proof of Theorem 2 follows without
much difficulty.

THEOREM 5.1. Let (X, A) be an irreducible divisorial log terminal pair and let m: X — Y be a
projective morphism of complex analytic spaces. Assume that Kx + A is Q-Cartier and is m-nef
and m-abundant over Y. We further assume that Kg + Ag is m-semiample, where S := [A] and
Kg+ Ag := (Kx + A)|s. Let W be a compact subset of Y. Then there exists a positive integer
m such that Ox(m(Kx + A)) is m-generated over some open neighborhood of W.

Proof. We can modify the argument in [FujI2H, Section 6] for our complex analytic setting.
Since the Kawamata—Viehweg vanishing theorem holds for projective morphisms of complex
analytic spaces, we can generalize [Fujl2B, Theorem 6.1], which is a slight generalization of
the Kawamata—Shokurov basepoint-free theorem, for our complex analytic setting. By [Fuj224d,
Theorem 21.4], which is a kind of canonical bundle formula, and the argument in Step 2 in
the proof of [Fuj22a, Theorem 23.2], we can prove a complex analytic generalization of [Fujl2H,
Theorem 6.2]. Therefore, we see that the desired statement holds (see also [Fujl2b, Theorem
1.1)). O

Let us prove Theorem 4.

Proof of Theorem [[4. Let P be an arbitrary point of W. Since W is compact, it suffices to
prove that there exist a positive integer mp and an open neighborhood Up of P such that
Ox(mp(Kx + A)) is m-generated over Up. By Theorem [, we may assume that X is normal.
By taking a Stein compact subset Wp such that P € Wp and I'(Wp,Oy) is noetherian. By
[Fuj224d, Theorems 1.21 and 1.27], after shrinking Y around Wp suitably, we take a dlt blow-
up and may assume that (X, A) is divisorial log terminal. By induction on dimension, we may
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assume that Kg + Ag is m-semiample over some open neighborhood of P, where S := |A] and
Kg+ Ag := (Kx + A)|s. Hence, by Theorem B, we obtain the desired statement. We finish
the proof. O

The following proof is essentially due to Kenta Hashizume (see [H20, Lemma 3.4]).

Proof of Theorem 4. We can freely shrink Y around W suitably and always assume that Y
is Stein. By taking a dlt blow-up (see [Fuj22a, Theorems 1.21 and 1.27]), we may assume that
(X, A) is divisorial log terminal and is Q-factorial over W. By induction, we may assume that
Ks + Ag = (Kx + A)|g is m-semiample over some open neighborhood of L for every log
canonical center S of (X, A). By applying the argument in the proof of [H20, Lemma 3.4], we
can write Kx + A = Y. r;i(Kx + A;) such that (X, A;) is divisorial log terminal, Kx + A; is
Q-Cartier, r; is a positive real number, and Kx + 4A; is m-nef and w-log abundant over some
open neighborhood of L for every i. Hence, by Theorem I, there exists a positive integer m;
such that Ox (m;(Kx + A;)) is m-generated over some open neighborhood of L. Hence, Kx + A
is m-semiample over some open neighborhood of L. This is what we wanted. O

Theorem M7 is almost obvious by Theorem I3 and [EH24, Theorem 1.2].

Proof of Theorem [I”]. We take an arbitrary point P € Z. Then it suffices to prove the existence
of a log canonical model of (X, A) over some open neighborhood of P. We take P € Uy C W C
Us; C Wy, where U; is a Stein open subset of Z for ¢ = 1,2 and W; is a Stein compact subset
of Z such that I'(W;, Oy) is noetherian for ¢ = 1, 2. Throughout this proof, we can freely shrink
Z around Wy suitably. Since —(Kx + A) is gp-ample, we can take an effective R-divisor A on
X such that Kx + A+ A ~g, 0 and that (X, A 4 A) is log canonical. By [Fuj22a, Theorems
1.21 and 1.27], we take a dlt blow-up p: (X', A’) — (X, A) over some open neighborhood of W.
We note that (X', A’ + A’) is log canonical with Kx/ + A"+ A" ~g s 0, where A’ := p*A and
¢ = ¢@op: X' — Z. Tt suffices to construct a log canonical model of (X', A’) over some open
neighborhood of P. By [EH24, Theorem 1.2], after finitely many flips and divisorial contractions,
we finally obtain (X", A”) over some open neighborhood of W5 such that Kx» + A” is nef over
Wa. By construction, Kx» + A” + A” ~g ,» 0 holds, where A” is the pushforward of A" on X"
and ¢”: X" — Z is the structure morphism. Thus, by [GI1, Theorem 6.1], we can check that
Kxn+A"is ¢"-nef and ¢”-log abundant with respect to (X", A”) over U; (see also [H24, Remark
3.7]). Therefore, by Theorem [H, Kx» + A” is ¢’-semiample over some open neighborhood of
P. This means that (X', A’) has a log canonical model over some open neighborhood of P. This
is what we wanted. We finish the proof. O

We prove Theorem IO as an application of Theorem .

Proof of Theorem 0. Let P be an arbitrary point of W. Since W is compact, it suffices to
prove that there exist a positive integer mp and an open neighborhood Up of P such that
Ox(mp(Kx + A)) is m-generated over Up. From now on, we will freely shrink ¥ around P. By
[Fuj22a, Theorems 1.21 and 1.27], we take a dlt blow-up. Thus we may assume that (X, A) is
divisorial log terminal. Let S be a log canonical stratum of (X, A) with Kg+ Ag := (Kx +A)|s.
It is obvious that Kg 4+ Ag is m-nef. By applying Conjecture [ to an analytically sufficiently
general fiber F' of § — 7(S5), we see that Kg + Ag is m-nef and m-abundant. This means that
Kx + A is m-nef and 7-log abundant with respect to (X, A). Hence, by Theorem 4, we obtain
mp such that Ox(mp(Kx + A)) is m-generated over some open neighborhood of P. We finish
the proof. O
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Let us prove Corollary [T, which is an easy application of Theorem [IT.

Proof of Corollary TI1. We can freely shrink Y around W. By using Shokurov’s polytope (see
[Fuj224]), we can write Kx + A = >, ri(Kx + A;) such that (X, A;) is log canonical, Kx + A;
is Q-Cartier, r; is a positive real number, and Kx + A; is m-nef over W for every . In particular,
Kx + A; is m-nef over U for every i. Then, by Theorem I, there exists a positive integer m;
such that Ox (m;(Kx + 4;)) is m-generated over some open neighborhood of L for every i. This
implies that Kx + A is m-semiample over some open neighborhood of L. We finish the proof. [

In any case, by Theorem IO and Corollary I, the abundance conjecture for projective
morphisms of complex analytic spaces is completely reduced to the original abundance conjec-
ture for projective varieties (see Conjecture [9). We conclude this section with an important
conjecture.

CONJECTURE 5.2. Let m: X — Y be a projective surjective morphism of normal complex va-
rieties and let (X, A) be a log canonical pair. Let W be a compact subset of Y. Assume that
Kx + A is m-nef over W. Then Kx + A is m-nef over some open neighborhood of W.

If Conjecture B2 holds, then we can prove that Kx + A is m-semiample over some open
neighborhood of W in Theorem A and Corollary IT. In the case dim X = 2, Conjecture b2
has been completely resolved in [M26].

6. DIt blow-ups and some applications

In this section, we discuss dlt blow-ups (see also [Fuj22a, Theorems 1.21 and 1.27]) and some
applications. This section heavily relies on the minimal model program established in [EH24|
and hence in [Fuj22a).

We begin with the following statement. In the original algebraic setting, the reader can find
it in [HMXT4, Proposition 3.3.1].

THEOREM 6.1 (DIt blow-ups for log canonical pairs). Let X be a normal complex variety and
let A be an effective R-divisor on X such that (X, A) is log canonical. Let W be a Stein compact
subset of X such that I'(W, Ox) is noetherian. Then, after shrinking X around W suitably, we
can construct a projective bimeromorphic morphism f: Z — X from a normal complex variety
Z with the following properties:

(i) Z is Q-factorial over W,

(il) a(E, X,A) = —1 for every f-exceptional divisor E on Z, and
(i) (Z,Ay) is divisorial log terminal, where Kz + Az = f*(Kx + A).
Moreover, let S be an irreducible component of A and let T be the strict transform of S on Z.
Then we can make f: Z — X satisfy:

(iv) there exists an effective f-exceptional Q-divisor F' on Z with f(F) C S such that —T — F
is f-nef over W.

The following proof is well known for algebraic varieties. In the complex analytic setting, it
suffices to use [EH24, Theorem 1.2].

Proof of Theorem G1. By [Fuj22d, Theorem 1.27], after shrinking X around W suitably, we can
take a projective bimeromorphic morphism g: V' — X from a normal complex variety V with
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Ky + Ay = ¢*(Kx + A) satisfying (i), (ii), and (iii). Let Ty be the strict transform of S on V.
By [EH24, Theorem 1.2], after running a suitable minimal model program with ample scaling
over X around W, we obtain a minimal model (V', Ay — Ty) of (V, Ay — Ty) over some open
neighborhood of W. Let ¢: V --+ V' be the induced bimeromorphic map, and set Ay’ := ¢, Ay
and Ty := ¢, Ty . Let gy : V! — X be the induced morphism. Then we have Ky + Ay ~R,g,s 0
Moreover, (V', Ay) is log canonical, and Ky+ + (Ayr — Tyr) ~r,g,,, =Ty is gyr-nef over W. By
[Fuj22a, Theorem 1.27] again, we can take a dlt blow-up h: (Z,Az) — (V/,Ay/) with Kz+ Az =
h*(Kyr + Ayr) after shrinking X around W. Then we can write h*(—=Ty/) = =T — F, where T
is the strict transform of Ty on Z. By construction, F' is an effective f-exceptional Q-divisor
with f(F) C S, where f := gys oh: Z — X. By construction, we can easily verify that (Z, Az)
satisfies (i), (ii), (iii), and (iv). This completes the proof. O

As a straightforward application of Theorem B, we consider Theorem B2, which is a slight
generalization of [Fuj25b, Theorem 2.1.6]. Note that [Fuj25b, Theorem 2.1.6] follows easily from
Theorem B2. For further details, see [HMXT14, Proof of (1.1)]. Notably, Theorem B2 can be

viewed as a complex analytic generalization of [HMXT4, Theorem 1.4].

THEOREM 6.2 (ACC for the log canonical thresholds for complex analytic spaces). Fix a positive
integer n and a set I C [0, 1] which satisfies the DCC. Then there is a finite subset Iy C I with
the following properties:

If X is a normal complex variety and let A be an effective R-divisor on X such that Kx + A
is R-Cartier and that
(1) dim X = n,
(2) (X,A) is log canonical,
(3) the coefficients of A belong to I, and

(4) there exists a log canonical center C C X which is contained in every component of A,

then the coefficients of A belong to Ij.

setting by virtue of Theorem Bl For details, we refer the reader to the proof of [HMXT4, Lemma
5.1]. Consequently, the arguments in [HMXT4, Section 5] apply equally well in the complex
analytic setting. Therefore, Theorem B2 follows from the ACC for numerically trivial pairs (see

[HMXT4, Theorem 1.5]). =

Theorem R is significantly more profound than Theorem B It can be regarded as a complex
analytic version of [FH23, Lemma 3.5]. For related results in the original algebraic setting, see
[FH23]. Let us prove Theorem [CR.

Proof of Theorem 8. Throughout this proof, we may freely shrink X around W without explicit
mention. By [Fuj22a, Theorem 1.27], we can take a projective bimeromorphic morphism g: V' —
X from a normal complex variety V' with Ky + Ay = ¢*(Kx + A) satisfying (i), (ii), and (iii).
We consider Ky + AL =g"(Kx + A) — Gy, where AL = A‘g/l + Supp A‘>/1. We take a rational
number € with 0 < e < 1. Then we consider

Ky + A;[/ —eGy = g*(KX + A) - (1 + E)Gv.

Note that (V, ATV — eGy) is divisorial log terminal and Ky + A;r/ — eGy is g-log abundant with
respect to (V, AI/ —eGy) (see [GI, Theorem 6.1]). We take a general g-ample effective Q-divisor
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A on V such that (V, AL — eGy + A) is log canonical and Ky + AL —eGy + A is g-nef over
W. We run a (Ky + AJ{/ — Gy )-minimal model program over X around W with scaling of A

starting from (Vj, ALO —eGy,) = (V, AI/ —eGy ). Then we have a sequence of flips and divisorial
contractions:

Vo —¢—O+V1 RN Vi S
with
12X 2M2-

such that Ky, + A&, —eGy, + \jA; is gy;-nef over W, where gy, : V; — X, Ai/i = (¢i—1)*ATVi,17
Gy, = (¢i—1)+«Gv,_,, and A; := (¢p;—1)+A;—1 for every i > 1. We put Ao := lim; o0 A;. Then
we obtain Ay, = 0. For the details, see, for example, the proof of [Fuj22a, Lemma 13.7]. On the
other hand, since Ky; + AI,Z_ + Gv;, ~Rrgy, 0, Ky, + AI& — €@y, is gy;-log abundant with respect
to (Vi,Ai/i — eGy;,) for every ¢ > 0 by [GIT, Theorem 6.1]. Then, by [EH24, Theorem 1.3], it
terminates at a minimal model (V”, AL, —eGyr). We note that ¢: V --» V' qﬁ*ATV = Ai/,, and
oGy = Gyr. We put gy V! — X. Since Ky + AI, ~ry —Gy and Ky + AJ{/ — Gy ~Rry
—(1+¢)Gy, the above minimal model program is also a (Ky + AL)—minimal model program. In
particular, (V| AL,) is a divisorial log terminal pair. We put (Z,Az) := (V' Ay/) and f := gy.
Then it is easy to see that it satisfies (i), (ii), (iii), and (iv). Since

—(1—|—€)G ~R,f Kz—FATZ—EG

and Kz + ATZ —eG is f-nef and f-log abundant with respect to (Z, ATZ —e(@), it is f-semiample
over some open neighborhood of L by Theorem . This implies that —G is f-semiample over
some open neighborhood of L. This is (v). We finish the proof of Theorem [S. O

We can quickly recover the log canonical inversion of adjunction (see [Fuj24b, Theorem 1.1])
from Theorem [S.

THEOREM 6.3 (Inversion of adjunction for log canonicity, see [Fuj24b, Theorem 1.1]). Let X be
a normal complex variety and let S + B be an effective R-divisor on X such that Kx + S+ B is
R-Cartier, S is reduced, and S and B have no common irreducible components. Let v: S¥ — S
be the normalization with Kgv+ Bgv = v*(Kx+ S+ B), where Bgv denotes Shokurov’s different.
Then (X, S+ B) is log canonical in a neighborhood of S if and only if (S¥, Bgv) is log canonical.

For the sake of completeness, we provide a proof of Theorem B23 based on Theorem IR. In
the proof of Theorem B3 below, we make use of (iv) of Theorem [, but (v) of Theorem X is
not needed.

Proof of Theorem B23. If (X, S + B) is log canonical in a neighborhood of S, then we can easily
check that (S”, Bgv) is log canonical. Now, we will prove that (X, S + B) is log canonical in a
neighborhood of S under the assumption that (S”, Bgv) is log canonical. We take an arbitrary
point P € S. It suffices to prove that (X,S + B) is log canonical around P. We take a Stein
compact subset W of X such that T'(W, Ox) is noetherian and an open neighborhood U of P such
that Pe U C W. Let f: Z — X be a dlt blow-up after shrinking X around W with Kz + Az =
f*(Kx +A) as in Theorem 8. Note that Kz + ATZ = f*(Kx +A)—Gis f-nef over W. We also
note that Nlc(Z, Az) = Supp G. Since —G is f-nef over W, Nlc(Z, Az) = f~1 (Nle(X, A)) holds
over U. Let T be the strict transform of S on Z. Since (S”, Bgv) is log canonical, TNSupp G = §.
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This implies that S N Nle(X,A) = () on U. Hence (X, A) is log canonical around S on U. We
finish the proof. O

7. Appendix: On Fano contractions

In this appendix, we explicitly state some results on extremal Fano contractions. Here, by an
extremal Fano contraction, we mean a contraction morphism associated to an extremal ray whose
target has strictly smaller dimension than its source. While the results explained in this section
are well known in the original algebraic setting, they do not seem to be explicitly stated in the
literature within the complex analytic framework. For the convenience of the reader, we explain
them below. Although these results are not strictly indispensable, they are used in Section @ of
this paper.

First, let us recall some basic definitions.

DEFINITION 7.1 (Divisorial sheaves, see [Fuj24d, Definition 5.4.1]). Let X be a normal complex
variety. A coherent sheaf £ on X is said to be divisorial if it is reflexive of rank one.

In the complex analytic setting, a divisorial sheaf does not necessarily correspond to a Weil
divisor. Thus, we need the following definition.

DEFINITION 7.2 (Strong Q-factoriality, see [Fuj24a, Definition 5.4.4]). Let £ be a divisorial sheaf
on a normal complex variety X. Let x be a point of X. If there exists a positive integer m, such
that

is a line bundle on some open neighborhood of = € X, then £ is said to be Q-Cartier at x.
Let m: X — Y be a morphism of complex analytic spaces such that X is a normal complex
variety and let W be a subset of Y. If every divisorial sheaf defined over some open neighborhood

of 7~ 1(W) is Q-Cartier at any point of 7=(W), then we say that X is strongly Q-factorial over
w.

Strong Q-factoriality is preserved under extremal Fano contractions.

LEMMA 7.3 (Fano contractions). Let m: X — Y be a projective morphism of complex analytic
spaces, and let W be a compact subset of Y such that the dimension of N'(X/Y; W) is finite. Let
(X, A) be a log canonical pair. Let ¢p: X — Z be the Fano contraction, that is, dim Z < dim X,
associated to a (K x + A)-negative extremal ray R of NE(X/Y;W). Assume that X is strongly
Q-factorial over W. Then Z is strongly Q-factorial over W . In particular, K is Q-Cartier after
shrinking Y around W suitably.

Although the following proof is more or less well known to experts (see, for example, [KIVI9R,
Corollary 3.18] and the proof of [Fuj24a, Lemma 5.4.9]), we describe it in detail for the reader’s
convenience.

Proof of Lemma [7-3. Throughout the proof, we will freely shrink Y around W without explicit
mention. Let £ be a divisorial sheaf on Z. We put M := (¢5£)*". Then M is a divisorial sheaf
on X. Since X is strongly Q-factorial over 7—!(W), there exists a positive integer m such that
M s a line bundle on X. We see that MI™ . C = 0 for every [C] € R. By the cone and
contraction theorem (see, for example, [Fuj24d, Theorem 1.1.6]), there exists a line bundle N on
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Z such that MM ~ ¢} N This implies that LM ~ N Hence £ is Q-Cartier. Thus Z is strongly
Q-factorial over W. In particular, K is Q-Cartier. O

In the settings we frequently consider, the notions of Q-factoriality and strong Q-factoriality
coincide.

LEMMA 7.4. Let w: X — Y be a projective morphism of complex analytic spaces and let W be a
Stein compact subset of Y. Then X is Q-factorial over W if and only if X is strongly Q-factorial
over W.

Proof. Let L be a divisorial sheaf defined over some open neighborhood of 7= (W). Then, after
replacing Y with a suitable Stein open neighborhood of W, we can always find a Weil divisor
D on X such that £ ~ Ox (D). For details, see [Fuj22a, Remark 2.43]. This implies the desired

equivalence. O

The following theorem concerning the singularities of the target of a Fano contraction is
nontrivial and deeper than Lemma [Z3. However, it is more or less a recognized fact in the
algebraic case.

THEOREM 7.5. Let f: X — Y be a projective surjective morphism of complex analytic spaces
with f,Ox ~ Oy. Assume that (X, A) is kawamata log terminal with Kx + A ~q,; 0. We further
assume that Ky is Q-Cartier. Then Y is kawamata log terminal.

This theorem is nothing but a generalization of [Fuj99, Theorem 1.2] to the complex analytic
setting.

Sketch of Proof of Theorem [7.J. Since Ky is assumed to be Q-Cartier, it suffices to take an
arbitrary point y € Y and show that there exists an effective Q-divisor I" on Y such that the
pair (Y,T') is kawamata log terminal in a neighborhood of y. Therefore, we may fix a point
y € Y and replace Y with a sufficiently small Stein open neighborhood of y. Note that we are
allowed to repeat this replacement finitely many times during the argument if necessary. Under
this localized setting, it is possible to run the proof of [Fuj99, Theorem 1.2] within the complex
analytic framework. In [Fuj99], Kawamata’s positivity theorem (see [Fuj99, Theorem 2.4]) plays
a key role as the main ingredient of the proof. In our complex analytic setting, one can replace
it with [Fuj22a, Theorem 21.4] to complete the proof. O

COROLLARY 7.6. Let ¢: X — Z be a projective morphism of complex analytic spaces with
0«Ox ~ Oy such that (X,A) is kawamata log terminal, —(Kx + A) is p-ample, and Ky is
Q-Cartier. Then Z is kawamata log terminal.

Proof. Since the problem is local on Z, throughout this proof we will freely shrink Z without
explicit mention. By perturbing A slightly, we may assume that Kx + A is Q-Cartier. Then we
have an effective Q-divisor D on X such that D ~g —(Kx + A) and that (X, A + D) is still
kawamata log terminal. Then, by Theorem [[3, we obtain that Z is kawamata log terminal. [

8. Supplementary comments

In this final section, we provide some supplementary comments on [Fuj00] and [FGT4] for the
reader’s convenience.
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8.1. In [FGT4, 2.20] and the proof of [EGT4, Theorem 4.3], we claim that the results in [Fuj00,
Section 2] can be freely used based on [BCHMT(]. However, in order to prove [Fuj00, Proposition
2.1] in dimension n > 4 (see also [Fuj0U, Remark 2.2]), the minimal model program with scaling
established in [BCHNTO] is not sufficient. The following result is required.

THEOREM 8.2 (cf. [BirT2, Theorem 5.2]). Let m: X — Y be a projective surjective morphism of
normal quasi-projective varieties and let (X, A) be a Q-factorial divisorial log terminal pair such
that Kx + A ~qg 0. Assume that 7(|A]) C Y, that is, |A] is vertical with respect to m. Then
(X,A —¢e|A]) has a good minimal model over Y for every rational number € with 0 < e < 1. In
particular, every (Kx + A — ¢|A])-minimal model program with ample scaling over Y always
terminates.

If 7(|A]) =Y, then Kx + A — ¢|A] is not m-pseudo-effective for any rational number e
with 0 < e < 1. In this case, the minimal model program established in [BCHMTO] is sufficient
to prove [Fuj00, Proposition 2.1] in dimension n > 4. Theorem B3 follows from the results in
[BirT2]. We note that the pair (X, A —¢|A]) is kawamata log terminal for every rational number
e with 0 < € < 1. Hence, to prove Theorem B2, we do not require any deep results related to
the abundance conjecture for log canonical pairs. There is no circular reasoning even if one uses
[BirT2, Theorem 5.2] in the context of [FGI4]. For further details, see [Bir12, Theorem 5.2]. We
also point out that the most general result in this direction is treated in [HTY]. By combining
[BCHMT0] and Theorem B, we are free to apply the results in [Fuj0U, Section 2] for dimension
n > 4. Therefore, there are no significant issues in the arguments of [FGT4]. In the present paper,
in Step 0 of the proof of Proposition B8, we use [EH24, Theorem 1.2] instead of Theorem B2.
The minimal model program developed in [Fuj224d] is insufficient for the proof of Proposition E8.

8.3. We make a small remark on [Fuj00, Lemma 2.3] for the reader’s convenience. In the proof
of [Fuj0U0, Lemma 2.3], we claim that there exists a Q-divisor P on V satisfying Kp, + Diff (A —
D;) = ulp,(Kv + P). However, it is not clear when D; is irreducible and the mapping degree
deg[D; : V] = 2. In that case, we can not apply [AFKNM92, 12.3.4 Theorem].

Ezample 8.4. We put Z := P! x PL. Let A be a general member of [p;Opi(2) ® p3Op1(2)],
where p; is the ith projection for i = 1,2. Then A is a smooth elliptic curve and Kz + A ~ 0.
We consider the first projection h: Z — R := P'. In this setting, u := h: Z — V := R is a
(Kz + A — ¢|A])-negative extremal Fano contraction over R. Of course, the horizontal part
A" =: Dy of |A] is irreducible and the mapping degree deg[D; : V] is two. In [Fuj0U, Lemma
2.3], we claim that there exists an effective Q-divisor P on V' such that Kp, = u|p, (Kv + P)
holds without explaining it explicitly. It is somewhat misleading when D; is irreducible with
deg[D; : V] = 2.

Fortunately, as shown in the proof of Lemma B=3 in the present paper, it is not necessary to
construct a Q-divisor P on V' in Case (III). Therefore, there are no significant difficulties in the
proof of [Fuj0U0, Lemma 2.3].
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