NOTES ON ACCEPTABLE BUNDLES I
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ABSTRACT. The notion of acceptable bundles plays a fundamental role in the Simpson—
Mochizuki theory. This paper presents a detailed study of acceptable bundles on a
punctured disk. In addition to its expository aspects, we introduce a new invariant and
provide arguments that differ from those of Simpson and Mochizuki.
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The notion of acceptable bundles plays a fundamental role in the Simpson—Mochizuki
theory; see, for example, [ST], [S2], [MT], [M2], [M3], [M4], [M5], and [M6&]. The present
paper and the subsequent paper [FFQ] provide detailed studies of acceptable bundles on
a punctured disk and on a partially punctured polydisk, respectively. While these papers
are primarily expository in nature, they also contain new arguments that differ from those
of Simpson and Mochizuki.
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Takuro Mochizuki gives a general account of acceptable bundles in a broad setting in
[M4, Chapter 21, Acceptable Bundles]. However, the primary focus there is on higher-
dimensional generalizations of the results of Simpson ([ST] and [S2]), and the treatment
of the most basic case, namely, acceptable bundles on a punctured disk, is relatively brief.
The present paper is intended to fill this gap. In particular, we give a detailed study
of acceptable bundles on a punctured disk and introduce new tools that will be used
in subsequent work. In the subsequent paper [FFQ], we study acceptable bundles on a
partially punctured polydisk, building on the results of the present paper.

Let F be a holomorphic vector bundle over A* := {z € C| 0 < |z| < 1}, and let h be a
smooth Hermitian metric on £. We denote the curvature form of the Chern connection
associated with (F,h) by v—10(E), which is a smooth Hom(F, F)-valued (1,1)-form
on A*.

We consider the Poincaré metric on A* given by

V—1dz Ndz
wp = .
|2[*(—log|2[*)?
The induced metric on Hom(E, E) by h is also denoted by h, whenever there is no risk
of confusion.

Let us recall the definition of acceptable vector bundles on A* in the sense of Mochizuki
(see [MT], [M2], [M3], and [M4, Chapter 21]).

Definition 1.1 (Acceptable bundles, see Definition 271). Let (E, k) be a Hermitian holo-
morphic vector bundle on A*. We say that (E,h) is an acceptable vector bundle (in the
sense of Mochizuki) if there exists a constant C' > 0 such that

|®h<E)|h,wp S C on A*,

where | ® |, denotes the pointwise norm of e with respect to the Hermitian metric
induced by A and wp.

Although Simpson treats a more general setting (see [ST, Section 10] and [S2, Section
3]), in this paper we adopt the above definition of acceptable vector bundles.

Definition 1.2 (Prolongation by increasing orders, see Definition 233). Let (E,h) be an
acceptable vector bundle on A*, and let a be any real number. For any open subset
U C A, we define

JE(U) = {f € B(U\ {0}) ’ =0 (ﬁ) for every & > 0} ,

where | f|, denotes the norm of f with respect to the Hermitian metric h. Then we obtain
a sheaf of Oa-modules, denoted by ,E. When a = 0, we usually write °F := (E.

The following foundational result is due to Simpson (see [ST] and [S2]):

Theorem 1.3 (Simpson, see [ST] and [S2]). Let (E,h) be an acceptable vector bundle on
A*. Then ,FE is a holomorphic vector bundle for every a € R.

More precisely, Simpson asserts the coherence of ,F in a slightly more general setting.
Furthermore, he states that the desired coherence follows from the theory of Cornalba—
Griffiths [CG], with a minor modification. For details, see the discussion on pages 909-910
of [ST].

The next corollary follows easily from the definition of ,F and Theorem [=3:
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Corollary 1.4 (see Section [@). In the setting of Theorem I3, for a,b € R, we have:
(i) oF is locally free;

Thus, we can regard ,F = (,F | a € R) as a filtered bundle over E in the sense of
Mochizuki (see Section B).

To prove Theorem 3, we first establish the following special case, which plays a crucial
role in the overall proof.

Proposition 1.5 (Proposition B1). Let L be a holomorphic line bundle on A* and let h
be a Hermitian metric on L such that

—C - wp <V—10,(L) < C - wp
holds on A* for some constant C > 0. That is, writing
V—=16,(L) = f(2) - wp,
we have |f(z)] < C on A*. Then ,L is a holomorphic line bundle for every a € R.

Note that a more precise description of ,L is provided in Theorem E4. The authors
believe that the explicit formulation given in this paper is new.

Theorem 1.6 (Theorem BA). Let (L,h) be an acceptable line bundle on A*. By taking
a suitable trivialization

<L7 h) = (OA*a ’ |2672<p) )
we have the following properties.
(i) The limit
v = lim #(2) eR
=0 log | 2|

er1sts.

(ii) Let f be a holomorphic function on A(0,r)* for some 0 < r < 1, where A(0,r)* :=
{z€eC|0<|z| <r}. Then f € (oL)o holds for some a € R if and only if f is
meromorphic at 0, where (,L)o denotes the stalk of ,L at 0 € A.

(iii) Let f be a meromorphic function on some open neighborhood of 0 and let a be any
real number. Then f € (,L)o holds if and only if

(1.1) limg > —a.

Note that

holds. Therefore, () is equivalent to

ordg f > —|a —7v].
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(iv) Let f be a meromorphic function on some open neighborhood of 0 and let a be any

real number. Then f & (,L)o holds if and only if

-
(1.2) tim 08/
=0 log 7]

Note that (I2) implies that

Y
e >

holds on some small open neighborhood of 0.

The following corollaries follow directly from the description of ,L in the proof of
Proposition [3:

Corollary 1.7 (Duality for line bundles, see Corollary B=3). In Proposition I, we have

(aL)v = fa+1fs(Lv)
for all sufficiently small € > 0.

Corollary 1.8. Let L be a holomorphic line bundle on A*, and let h be a flat Hermitian

metric on L. Then
12
(L7 h) =~ (OA*7 u)

z|20

for some ¢ € R.

In this paper, we introduce a new invariant v(,F) for studying the structure of ,F, and
establish the following result:

Theorem 1.9 (see Definition [, Corollary 8, Theorem T3, and Theorem T23). Let
(E,h) be an acceptable vector bundle on A* with rank E = r, and let {vi,...,v.} be a
local frame of E near the origin. Define

1 log det H (h,v)

JF) = —=liminf
V() 2 L log | 2|

9

where H(h,v) is the r x r matriz (h(v;,v;)). Then v(,E) is a well-defined real-valued
mvariant of (F.
Furthermore, if we let

Par,(E,h) =:{by,...,b},

then we have
,

1. logdet H(h,v)
aE — ——1 — bl

For the precise definition of the parabolic weights Par,(E, h), see [T.1] below.
Note that if we define

{)\17"'7/\16} = {>\ € (a_ 1,&] ’ )\E/<)\E7£O}
with N\; # X\j for i # j, then

r k
Zbl = Z /\z diHlC (ME/</\¢E) .
=1 i=1
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This theorem plays a central role in our analysis. We emphasize that the most techni-
cally challenging part of this paper is the proof of the identity

Y(oE) = Zb

Theorem 1.10 (Determinant bundles, see Theorem [H). Let (E,h) be an acceptable
vector bundle on A*. Then the determinant bundle (det E,det h) is an acceptable line
bundle on A*, and

det(aE) = 7(.E) det E
holds for every a € R.

The proof of Theorem [I0 closely follows that of Proposition I3 (see Proposition B),
once the well-definedness of v(,F) is established. By using 7(,L), we can reformulate
Corollary 2 as follows.

Lemma 1.11 (Duality for line bundles, see Lemma I3). Let (L,h) be an acceptable
line bundle on A*. Let a € R be any real number. Then we have L = )L, and

Par,(L,h) = {v(.L)}.
Moreover, if 0 < e < 1, then

'7(—a+1—6(Lv)) = —(aL).
In particular, the following equality holds:

V
Genl) = —en(LY).
In contrast, the proofs of the following theorems, namely Theorem T2, Theorem 13,

and Theorem T4, rely on the equality y(,£) = >_._, b; in Theorem Y, and are therefore
considerably more involved.

Theorem 1.12 (Dual bundles, see Theorem [32). Let (E,h) be an acceptable vector
bundle on A*, and let a be any real number. Then,

(aE)V = —a+tl-—¢ (Ev)
holds for any sufficiently small € > 0.

Moreover, let {vy,...,v.} be a local frame of ,F near the origin, compatible with the

parabolic filtration, such that v; € y,E \ <y, E for each i. For each i, define
v = (=D o A Av g Ava A A0 @ (g A A ) O

7

Then {vy,...,v'} forms a local frame of _,1_<(EY) near the origin, compatible with the
parabolic filtration, such that

v € b (EY)\ o6, (EY)
for each ©. In particular, we have
Pary(E,h) = {by,...,b,} and Par_,1 (EY,hY)={=by,...,—b.}.
As an immediate consequence of Theorem T2, we have:

Theorem 1.13 (Weak norm estimate, see Theorem [333). Let {vy,...,v,} be a local
frame of . E around the origin, compatible with the parabolic filtration, such that

v; € p, B\ <p, B for every i.

We define
H(h,v") := (h(v; - |2

g 12)7),
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Then there exist positive constants C' and M such that
C (= log |2)™1, < H(h,v')(2) < C(~log |2)"L,
holds in a neighborhood of the origin, where I, is the identity matriz of size r.

Theorem 1.14 (Tensor products, see Theorem [62). Let (Ey,hy) and (Ey, he) be ac-
ceptable vector bundles on A*. Then the tensor product bundle (Fy ® Fa, hy ® hy) is also
acceptable, and

By @ Ey) = Z a1 1 @ g9 B2

a1+a2<a

holds for any a € R.

Finally, we remark that significant effort has been made to ensure that this paper is as
self-contained as possible.

This paper focuses solely on acceptable bundles over the punctured disk and does not
address any applications. There is already extensive literature on related topics; see, for
example, [BT], [BZ], [BB], [SST], and [SS2]. Our selection of references reflects the authors’
preferences and perspective. We apologize for omitting many important works and refer
interested readers to the broader literature.

We now outline the organization of the present paper. In Section B, we collect some
basic definitions and state a few elementary properties that follow directly from them.
In Section B, we prove some preliminary lemmas concerning harmonic and holomorphic
functions on a punctured disk. Section B is devoted to the proof of Proposition I3
(see Proposition B), where we describe the prolongation of acceptable line bundles by
increasing orders. To the best of the authors’ knowledge, this treatment is new. In
Section B, we briefly discuss d-equations and derive a growth estimate via the L?-method.
In Section B, we prove Theorem I3, establishing the prolongation of acceptable vector
bundles by increasing orders. In Section [, we introduce a new invariant and prove some
fundamental properties of prolongations of acceptable bundles. In Section B, we briefly
review the framework of filtered bundles for later use. Section H collects several elementary
inequalities, which will play a crucial role in the subsequent section. In Section @, we
establish Simpson’s key lemma, which is one of the main ingredients in the proof of
Theorem 23 given in Section [2A. In Section M, we study the behavior of acceptable
bundles via cyclic covers. Section 2 is devoted to the proof of Theorem 273, which is one
of the most technically involved results in this paper. In Section I3, we investigate the
prolongation of dual vector bundles. In Section [, we present some examples of filtered
bundles introduced in Section B. In Section I3, we return to the study of dual bundles,
now within the framework of filtered bundles. In Section I8, we examine the prolongation
of tensor products of acceptable bundles, again in the context of filtered bundles. Finally,
in Section [, we study Hom bundles from the perspective of filtered bundles.

While certain parts of the exposition may be new, and others have been simplified or
clarified, we believe that all essential results are already contained, perhaps implicitly,
within the substantial works of Simpson and Mochizuki (see [ST], [S2], [MI], [M2], [M3],
[M4], [M35], [M6], and so on). We have cited the most relevant references to their works,
though we do not aim to exhaustively list all related material. We nevertheless hope
that the present paper contributes to making their profound and extensive theories more
accessible.
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1.15 (Convention). Let F be a sheaf on a topological space X. Unless explicitly stated
otherwise, we write f € F to indicate that f is a local section f € F(U) over some open
subset U C X.

In this paper, we do not distinguish between holomorphic vector bundles on a com-
plex manifold X and the corresponding locally free Ox-modules. These are treated as
equivalent unless stated otherwise.
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Numbers JP20H00111, JP21H00974, JP21H04994, JP23K20787. The third author was
supported by JSPS KAKENHI Grant Number JP24KJ1611. The authors are deeply
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to thank Hitoshi Fujioka and Natsuo Miyatake for helpful discussions. They are very
thankful to Professors Philip Boalch, Ya Deng, and Takahiro Saito for their comments
and for sharing valuable information on related topics. Finally, they are very grateful to
Professors Hiromichi Takagi, Shin-ichi Matsumura, and Takeo Ohsawa for their valuable
comments and support.

2. PRELIMINARIES

In this paper, we will almost always work over either the punctured disk A* := {z €
C |0 < |z| <1} or the unit disk A :={z € C | |2| < 1}. Let

o v=1dzNdz
P P (S log [27)2

denote the Poincaré metric on A*. Then the pair (A*,wp) defines a Kéhler manifold.

Let us recall the definition of acceptable bundles on a punctured disk A* in the sense of
Mochizuki. As already mentioned in Section O, Simpson treats a more general setting in
[ST] and [S2].

Definition 2.1 (Acceptable bundles). Let £ be a holomorphic vector bundle on the
punctured disk A*, and let h be a Hermitian metric on E. Then (E,h) admits a Chern
connection D = D' + 0, whose curvature form is given by

V—16,(E) := /—1D?.

This is a smooth (1, 1)-form on A* with values in Hom(E, E).

We use the same notation h to denote the induced Hermitian metric on Hom(FE, E),
whenever there is no risk of confusion.

We say that (E, h) is an acceptable bundle on A* if the norm of /—10},(E) is bounded
on A*, that is, there exists a constant C' > 0 such that

|®h(E)|h,UJP S O on A*,

where | ® |5, denotes the pointwise norm of e with respect to the Hermitian metric h
and the Poincaré metric wp.

Lemma P2 easily follows from the definition.

Lemma 2.2. Let (E,h) be an acceptable vector bundle on A*. Then the dual bundle
(EY,RhY) and the determinant line bundle (det E,det h) are also acceptable.

Let (Ey, hy) and (E2, hy) be acceptable vector bundles on A*. Then the tensor product
(E1 ® Eg,hy ® hy) and the Hom bundle (Hom(E;, Es), hY ® hs) are acceptable.
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Proof of Lemma Z3. Since Opv(EY) = —0(E) and
Oniehy (E1 ® E») = Oy, (E1) ® Idp, + Idp, ® Op,(E2),

it follows that both (EY,h") and (E; ® Fa, h; ® hy) are acceptable. Using the natural
identification Hom(E, Ey) = EY ® E5, we see that the Hom bundle Hom(E}, E») is also
acceptable. Note that det F is a direct summand of E®™%¥  Hence, (det E,det h) is
acceptable. This completes the proof of Lemma PZ2. 0]

The main object of this paper is the prolongation by increasing orders.

Definition 2.3 (Prolongation by increasing orders). Let (E,h) be an acceptable vector
bundle on A* and let a be any real number. For any open subset U of A, we put

B W)= {1 € BN 0 |1 = O (i ) or every e |

where | f|, denotes the norm of f with respect to the Hermitian metric h. Then we obtain
a sheaf of Ox-modules, denoted by ,E. When a = 0, we usually use °F to denote oF.

Let us briefly recall the positivity of vector bundles. For details, see, for example,
[DemT, Chapter 10] and [Dem2, Chapter VII, §6 Positivity Concepts for Vector Bundles].

Definition 2.4 (Positivity of vector bundles). Let X be a complex manifold of dimension
one, that is, dim X = 1. Let E be a holomorphic vector bundle on X, and let A be a
Hermitian metric on E. Let D denote the Chern connection of (F,h), and define the

curvature form by
V=104(E) == V-1D?

as before. Then the curvature form /=160, (E) and the metric 4 induce a Hermitian form
0 E O TX QR FE.

If O is positive definite, positive semi-definite, negative, or negative semi-definite, then
we say that (E, h) (or equivalently, /—10,(E)) is Nakano positive, Nakano semipositive,
Nakano negative, or Nakano seminegative, respectively.

Since dim X = 1, Nakano (semi)positivity and (semi)negativity are equivalent to Grif-
fiths (semi)positivity and (semi)negativity, respectively.

In this paper, we sometimes omit the terms “Nakano” and “Griffiths” since we are
working in dimension one.

The property established in Lemma P below is a fundamental feature of acceptable
bundles. In fact, it may be said that this is the only property of acceptable bundles needed
in this paper.

Lemma 2.5. Let (E,h) be an acceptable vector bundle on A* such that
On(E)|hwp < C
holds on A*. Then we have
—Cwp @ Idg <nak V—104(E) <nax Cwp @ Idg.

Here, A <yax B means that the Hermitian form on Th+ ® E induced by B — A and h s
Nakano semipositive.

Proof of Lemma [ZZ4. For any x € A* we take a local coordinate w centered at x such
that

wp = vV —1ldw A dw
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around z. Let {e,...,e,} be a local holomorphic frame of E, which is orthonormal at x.
Let {e',...,e"} be its dual in EV. We write

V—10,(E) = Rldw A dit @ e* @ e

around z. We put R,5 = > h R}, where h 5 := h(e,, e5). Since (h.3) is the identity
matrix at z, R z(z) = Rj(x) holds. By assumption,

> IR 5(@)]* = |Ow(E) (@)}, < C*.
a,B

For any u= 73", uaa% ® e, by using the Cauchy-Schwarz inequality twice,
2

< (>[5 R (W)
B8 a B

(5 (o) (] ()
= [ulh - ; [Rog(2)l

S ‘u’i,o.)p ’ 02'

Z Rag(;ﬂ)uo‘ﬁ
a,B

IN

This implies that
~Cluls, < Rogl@)u®u? < Clufj,,.
a,

This is what we wanted. We finish the proof of Lemma E3. O

Remark 2.6. Although in Lemma P23 we considered only the case over the punctured
disk, the same statement holds over Kahler manifolds of arbitrary dimension. For details,
see [DH, Lemma 2.10].

We need the following well-known result in this paper.

Lemma 2.7. Let E be a holomorphic vector bundle on a complex manifold X with
dim X = 1 and let h be a smooth Hermitian metric on E such that \/—10,(E) is sem-
inegative. Let s be any holomorphic section of E on X. Then log|s|? is subharmonic.

We give a proof of Lemma P71 for the sake of completeness although it is well known.

Proof of Lemma [27]. Let {e, o} denote the sesquilinear pairing
C®(X, NPTy @ E) x C°(X,NTy @ E) — C®°(X, \PTTY @ C)

induced by the Hermitian metric h.
Let Q be an open subset of X, and assume that F|q is trivialized as  x C" by a C*
frame {e)}. Then for any sections

U:E uy & ey, U:§ Uy @ ey,
A

I

we have

{u,v} = Zu,\ N, - h(ey, ey).
A
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Let D = D' + 0 denote the Chern connection associated with (E,h). Outside the zero
set of s, we have

V=10dlog|s |h_\/—{D|S|f'S} oD stA (s, D'sh {V=TOW(E)s, 5}

s[5 s[5

_{V-10u(E)s, s}
K
by the Cauchy-Schwarz inequality.
Since v/ —10,(E) is assumed to be seminegative, it follows that

V/—100log |s|7 > 0

outside the zero set of s. That is, log|s|? is subharmonic on X \ {s = 0}.

Moreover, since log |s|? is locally bounded from above, it extends to a subharmonic
function on all of X (see [NO, (3.3.25) Theorem]).

This completes the proof of Lemma P1. O

3. LEMMAS FOR FUNCTIONS ON A PUNCTURED DISK

In this section, we present several elementary lemmas used in the proof of Proposition
3 (see also Proposition B1). We begin with a result concerning the Lelong number. The
following lemma is well known; for details, see, for example, [Dem1l, 2.B. Lelong Numbers]
and [Dem?, Chapter III, (6.9) Example].

Lemma 3.1 (Lelong number). Let u be a subharmonic function on A. Then we have

(3.1) lim —88u = lim inf u(z)

r—0 AOr) T 2—0 log |z‘

We define

v(u,0) := liminf uz)
2—0  log|z|

and call it the Lelong number of v at 0. Note that the expression 00u is understood in
the sense of currents.

Let uy and us be subharmonic functions on A. Then uy + us is also subharmonic on
A. By (B3l), we have the identity

v(uy + ug,0) = v(uy, 0) + v(us, 0).
We recall the following elementary lemma.

Lemma 3.2 (Harmonic functions on A*). Let f be a harmonic function on A*. Then
there exist a holomorphic function g on A* and a real constant ¢ € R such that

f(z) = Reg(z) + clog|z|.
We include a detailed proof of Lemma B2 for completeness.
Proof of Lemma 2. Consider the universal covering
n: H:={weC|Rew <0} = A"

given by m(w) = e“. Then f o is a harmonic function on the simply connected domain
H, so there exists a holomorphic function p(w) on H such that

Rep(w) = fom(w).
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Define
q(w) := p(w + 2mv—1) — p(w).
Then ¢(w) is holomorphic on H, and since m(w + 2my/—1) = 7(w), we have
Req(w) = Rep(w + 27v—1) — Rep(w) = fom(w+ 27V —1) — fomw(w) = 0.
Hence, g(w) is a purely imaginary constant, i.e.,
q(w) =21V —1c
for some real constant ¢ € R.
Set
r(w) = p(w) — cw.
Then r(w) is holomorphic and satisfies
r(w+27v—=1) = p(w + 27v—1) — c(w + 27V —1)
= p(w) + 27V —1c — cw — 2w/ —1e
=r(w).
Thus, r is 2my/—1-periodic and descends to a holomorphic function g(z) on A* such that
gom(w)=r(w).
Therefore,
f(2) = Rep(w) = Re(r(w) + cw) = Re g(z) + clog |z|,
where we used that w = log z for z € A*. This completes the proof. O

We next state another elementary lemma.

Lemma 3.3. Let g be a holomorphic function on A*. Assume that
Reg(2) < C(~log |4])

holds on A* for some constant C' > 0. Then g extends holomorphically to the origin; that
18, the origin is a removable singularity of g.

We also provide a proof of Lemma B=3 for the reader’s convenience.
p p

Proof of Lemma [3-3. By the Casorati—Weierstrass theorem or Picard’s big theorem, ¢ is
meromorphic at 0. So we may write

Zm

where p(z) is holomorphic on A with p(0) # 0 and m is an integer.

Let z = reV~1%. Suppose, for contradiction, that m > 0. Then we can choose 6, €
[0, 27) such that

p(0)
eV—1mby

Since p is continuous and p(0) # 0, there exists 0 < rg < 1 such that for all 0 < r < r,
the real part of

p(reV"1")

eﬁm@g
is greater than some constant a > 0. It follows that

v/ —16g
V=T60y _ p(rev=—") a
Reg(re ) = Re (TmeﬁmGO . rm’
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But the assumption gives
Re g(reV~'%) < O(—logr).

This is a contradiction for sufficiently small r, since r=™ grows much faster than — logr
as r — 0. Hence, m < 0. This implies that g is holomorphic at 0. 0J

4. PROLONGATION OF ACCEPTABLE LINE BUNDLES

In this section, we prove Proposition I3, along with Corollaries 1”4 and 8. We recall
that for any a € R,

[a] :=min{n € Z |n>a} and |a]:=max{necZ|n <a}.

Proposition 4.1 (Proposition [3). Let (L, h) be an acceptable line bundle on A*. Then
oL s a holomorphic line bundle on A for every a € R.

A more precise description of ,L is given in Theorem B4 below.

Proof of Proposition 1. We will see the behavior of the metric h around the origin by
taking a suitable trivialization of L on A* concretely.

Step 1. We put

v—=1dz Ndz

|2[2(=log |2[?)?

wp =
and
X(N) := —Nlog (—log |2[?) .
We can check that
V—190x(N) = Nwp.
Since (L, h) is an acceptable line bundle on A*, there exists C' > 0 such that
(41) —C - wp S vV —1@h(L) S - wp

holds on A*. We fix some positive number N with N > C. We consider Hermitian
metrics he XV) and he X(—N) on L. Then we obtain

V=160, (L) = V=16,(L) + V=199x(N)
= \/—_1@h(L) + NWP 2 0
and
V=16,-x-m (L) = V=16,(L) + vV=109x(—N)
== \/—_1®h(L) - pr S 0
by (E=T).

Step 2. Since L is a holomorphic line bundle on A*  we can trivialize L on A* (see, for
example, [E, 30.3. Theorem|). Hence, from now, we assume L = Oa~. Then we can write

h=|Pee
with some smooth function ¢ on A*. We note that
V=10,(L) = V1992
on A*.



NOTES ON ACCEPTABLE BUNDLES I 13

Step 3. Since

/ wp < 00
A(0,r0)

for every 0 < 19 < 1, we can see wp a closed positive (1,1)-current on A. By (E20),
V—10,(L) can be seen as a (1, 1)-current on A. Since dim¢ A = 1, /—10,(L) is obvi-
ously d-closed. Hence /—10,,(L) defines a closed (1, 1)-current on A. By Step [,

vV —1@he—X(N) (L) and -V _1@he—x(—N) (L)

are closed positive (1,1)-current on A. This is a very special case of the Skoda-El Mir
extension theorem (see [DemT, (1.18) Theorem] and [Dem?, Chapter 111, §2.A]).

Step 4. Since we are working on A, we can find subharmonic functions 1, and ¥y on A
such that

V=160, (L) = vV—19021,
and

—\/—_1@h6*><(*N)(L) == \/—_1852%

Since 2 + x(N) — 241 is harmonic on A*, by Lemma B, we can write

(4.2) 20 + X(N) = 2t + ¢ log|z]> + 2Re g1 (2)
for some holomorphic function g; on A* and some ¢; € R. Similarly, we can write
(4.3) —20 + X(N) = 21y + o log |2|> + 2 Re go(2)

for some holomorphic function g, on A* and some c¢; € R. For the details, see, for
example, [Dem?, Chapter 111, §1.C].

Step 5. By multiplying e9(*), we take a different trivialization of L. Then h becomes
| - |Pe=2¢+2Regq1 - Hence, by considering this new trivialization of L on A*, that is, by
replacing —2¢ + 2 Re g; with —2¢, we may assume that

(4.4) 2 + X(N) = 2¢1 + ¢ log |2
holds. In this case,
2X(N) = 241 + 202 + (c1 + c2) log [2[* + 2 Re ga(2)

holds by (E33) and (E4). Note that x (), ¥1, ¥, and log |z|* are subharmonic functions
on A. We have

—R —X(N
em(z) _ e ) L XN
log || log|z|  log|z| log ||
Therefore, we obtain
—R —x(N
lim inf ﬂ > lim inf %_(Z) + lim inf wz_(z’) +¢; + ¢ + lim inf X()
2—0 log | 2| =0 log |z| =0 log|z| =0 log|z|

= l/(lpl, 0) + I/(wg, 0) + C1 + Co.
Thus there exists some C' > 0 such that
—Rega(2)

>
log |z| ¢

holds over some open neighborhood of 0. This implies that

Re (—g2(2)) < € (= log|z])
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holds around 0. By Lemma B33, we see that gy is holomorphic on A. Therefore, Re go(2)
is a harmonic function on A. Hence, by replacing 1, with 13 — Re go(2), we may further
assume that

(4.5) —2p 4+ x(N) = 215 + ¢y log | 2|?
holds. By (£4) and (£=3), we have

2X(N) = 211 + 2t + (¢ + ¢2) log | 2.
Thus, we obtain
(4.6) v+ v+ (c1+c2)=0

by Lemma B, where 14 := v(¢,0) and vy := v(1,0). We put v := 14 + ¢;. Then
vy + co = —v by (E).
By (B3), we have

?)
=1V +cp=7.

lim inf
2=0  log|z|
By (B33), we have
lim inf — (2) =Uy+cyg = —7
=0 log|z|
Therefore, we obtain
~v = lim inf #(2) lim sup M = .

Hence, we finally obtain

(4.7) v = lim 2 (2)

Step 6. In this final step, we will prove the following claim.

Claim. The following equality
oL = Op - 2707
holds, that is, oL is generated by z~ o=,

We give a detailed proof of Claim for the sake of completeness.
Proof of Claim. We put m,, := |a — 7]. Then we have
Mo < —7v < mg+ 1.

Throughout this proof, we will freely shrink A around 0.
First, we will prove the inclusion Op - 27« C ,L. Let f be any local section of
Op - 27" By (1), for any € > 0, we have

V< p(z) _ —v(z) <o te
log|z|  —log|z|

around 0. Therefore, we obtain
(=7 +e)loglz] < —¢(2) < (=7 —¢€)log 2]
on some open neighborhood of 0. Thus, we have

|Z|w+e < e—?() <|z|777E
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around 0. Hence we have
[flnlz|7e = | flem#@|z|ote

< Al

= [fll=[*7

< [fll=™

<C
around 0 since f is a local section of Op - 27™>. Here we used |z|™* > |z|*77 since
me < o — v and |z| < 1. Thus, we see that f is in ,L. This is what we wanted.

From now, we will prove the opposite inclusion L C Oa - z7™>. Let f be any local
section of ,L. Since o — vy < mq + 1, we have m, +1 — (a — ) > 0. We put

o me +1—(a—7)
3
Then o — v+ 2e = m, + 1 —¢. By shrinking A suitably, there exists some constant C' > 0
such that

> 0.

|flal2% = [ fle#P|z|* < ©
holds for z € A*. As before, we may assume that
|Z|w+e < e—?() < |z|777E
holds around 0. Therefore, we obtain
[l = ]2
= [fll277F¢ 2]
< | flem#@z|oF
<C

around 0. This means that 2z« f is holomorphic at 0, that is, f is in Oa - 27™«. This is
what we wanted.
Hence we have L = Oa - z7™=. We finish the proof of Claim. O

In particular, ,L is a holomorphic line bundle on A. This completes the proof of
Proposition B O

Although we do not use the following observation in this paper, we record it here for
possible future use.

Remark 4.2. By (B1) and Lemma B, we can easily verify that 14 = 15 = 0 in the proof
of Proposition B, since the Lelong number v(x(N),0) of x(N) at 0 is zero. Therefore,
we have v = ¢; = —co. Hence,

20+ X(N) = 2¢1 +ylog 2> and  —2¢ + x(N) = 2¢, — ylog |z[*.
In particular, we obtain ¥ + 13 = x (V). Thus,

2 2
ho . pete~ LE comanan 1P v
B EEN
and
RY =22 = |- 2|2 22t xN) = | 2|z |2reVatyn,

Let us prove Corollary 2.
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Corollary 4.3 (Corollary [Z4). Let (L,h) be an acceptable line bundle on A*. Then, for
every a € R,

(aL)V = —a+tl-—¢ (LV)
holds for all sufficiently small € > 0.

Proof of Corollary F=3. In the proof of Proposition B, the metric of LY is | - [*¢2¢. We
replace ¢ with —¢ and use the same argument as in the proof of Proposition B-1. More
precisely, for L, we used (E3) in the proof of Proposition BTl For LY, it is sufficient to
use (E4). Then 5 (L") is generated by z~5+ for every 3 € R. Weput 8= —a +1 —«¢.
If 0 <e <1, then

1B +) = —l-a+1-c+)

=fa—1+e—7]
= la—1].
Hence we obtain the desired equality _o.1_. (LY) = (oL)” for 0 < e < 1. O

By the proof of Proposition B, Corollary I8 is almost obvious.

Proof of Corollary 8. In (E4) in the proof of Proposition B, we can make N = 0,

Y =0, and ¢; = c. Then e = ‘ZTQC. This is what we wanted. ]

For the reader’s convenience, we summarize Proposition B along with its proof. To
the best of the authors’ knowledge, the following explicit description appears to be new.

Theorem 4.4 (Theorem [R). Let (L,h) be an acceptable line bundle on A*. By taking
a suitable trivialization

(L,h) ~ (Om, . |2e’2“") ,
we have the following properties.
(i) The limit
= lim 2(2) €
2—0 log |z|

exists.

(ii) Let f be a holomorphic function on A(0,r)* for some 0 < r < 1, where A(0,r)* :=
{zeC|0<|z| <r}. Then f € (oL)o holds for some o € R if and only if f is
meromorphic at 0, where (,L)o denotes the stalk of oL at 0 € A.

(iii) Let f be a meromorphic function on some open neighborhood of 0 and let o be any
real number. Then f € (,L)o holds if and only if

log (|.fle”?)

4.8 li > —q.
(4.8) 200 log | 2| =@
Note that
1 —
11m—0g(|ﬂ6 ) =ordy f — 7

=0 log|z|
holds. Therefore, (E8) is equivalent to

ordg f > —|a —7v].
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(iv) Let f be a meromorphic function on some open neighborhood of 0 and let o be any

real number. Then f & (,L)o holds if and only if

(4.9) lim log (If]e"*) < —a.

=0 log|z|

Note that (B9) implies that

holds on some small open neighborhood of 0.

From the above description of L, the following result is immediate. We state it ex-
plicitly for later use.

Corollary 4.5. Let (L,h) be an acceptable line bundle on A*. If f € (oL)o, then there
exists B < a such that f ¢ (sL)o.

We close this section with an important remark.
Remark 4.6. We consider )
(L.h) = (omu»

Z|20

that is, h = | - [*¢=%# with ¢ = clog |z|. In this case, we have

V—160,(L) = v/—100(2¢) = 0

on A*. Note that we can see log |z| as a subharmonic function on A and that /—199(2¢)
is not zero as a current on A.

5. ON GROWTH ESTIMATES

In this section, we present the minimal analytic results needed in later sections, for the
reader’s convenience. We begin with a discussion of the d-equation, from which we derive
a growth estimate via L2-methods.

5.1 (Setting). Let g be the Kéahler metric on A* defined by wp. Note that A* is a complete
Kéhler manifold, even though g¢ itself is not complete. Moreover, A* is a Stein manifold.

Let (E,h) be an acceptable vector bundle on A*. Then, by Lemma 23, there exists
a positive real number Ny such that for every N > Ny, /=10, (F) is Nakano
semipositive, and /—10;.-x~) (E) is Griffiths seminegative.

For simplicity, we also denote by g the metric on K%' induced by wp, whenever no
confusion arises. Note that the line bundle (K%- ! g) is acceptable. Therefore, by Lemma
P2, the vector bundle £ ® K%. ! is also acceptable.

Hence, we can choose a sufficiently large positive integer N > Nj such that

vV _1@hge*X<N>(E X Kg:l) — Wp X IdE
is Nakano semipositive, again by Lemma P3.
Lemma 57 is a straightforward application of the d-equation.

Lemma 5.2. Let (E,h) be an acceptable vector bundle on A*. Let e be any element of
E., for some point zo € A*. Assume that

vV —1@hg€7X(N)<E &® Kg:l) —wp X IdE
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is Nakano semipositive. Then there exists a holomorphic section v(z) of E on A* such
that v(zy) = e and

JoI vy = /A 02y wp < 0.

Proof of Lemma 3. Take a local holomorphic section u(z) of E defined near z, such
that u(zyp) = e. More precisely, u(z) € I'(U, E) for some open neighborhood U of z,.
Choose a smooth function p on A* such that p > 0, suppp € U, and p = 1 on some open
neighborhood of zj.

Consider the smooth E-valued (0, 1)-form with compact support:

O(p(z)u(2))
z— 2
It is clearly O-closed and can be regarded as a smooth (0, 1)-form on A* with values in
Ka-® (E® KX,
Since

vV _1@hge*X<N>(E X Kg)*_l) — Wp X IdE

is Nakano semipositive by assumption, the d-equation can be solved in the L? sense.
Thus, we can find a measurable E-valued function w(z) such that

[ 0@ omor < o0

and that _
Z— 20
For details, see for example [Dem?, Chapter VIII, (6.1) Theorem].
Define

v(2) = p(2)u(z) — (2 — zo)w(2).
Then v(z) is holomorphic on A*, satisfies v(zy) = e, and

ol 0 = [ oG wp < o0
This completes the proof of Lemma B2. 0

Lemma is a straightforward consequence of the mean value inequality for subhar-
monic functions.

Lemma 5.3. Let (E,h) be an acceptable vector bundle on A*. Let N be a positive inte-
ger such that /=10, (E) is Nakano semipositive and /=10~ (E) is Griffiths
seminegative.

Suppose that a holomorphic section v of E satisfies

ol s = [ 1ol < 0
Then, for every e > 0, there exists a constant C. > 0 such that
1
[v(2)|n < C- - ok
holds on A(0,r)* :=={z € C|0 < |z| <r} for some sufficiently small r > 0.

We include a proof of Lemma B3 for completeness.
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Proof of Lemma B=3. In this proof, each C; denotes a positive constant for every 1.

Step 1. By assumption, the bundle (E, he X(=N )) is Griffiths seminegative. Hence, by
Lemma P74, the function

1og [$pe—x(-n)
is subharmonic for any holomorphic section s of £ on A*. In particular, this applies to
v, so we may use the mean value inequality for log [v[} ).

Step 2. Fix z € A* with 0 < |z] < 1. Then:

4
/ . log [v(w)]} ) dw A dw
—

m|zf?

4
- (- dw A dw
< log (7?\2!2 /|w_z§;| 0 (w)2,x duw w)
5.1 1
(5.1) < log (Cl/ ‘U(w)]ie_x(_m ded@)
Jw

—Z‘S% ’U)|2

log [v(2)]}—xiem <

|v(w) |?Lef><(N> wp

<logCy + log/ ‘

|w*2|§7
< Cy+log [J0llZ, om-
Here, the first inequality is the mean value inequality for subharmonic functions, and

the second follows from Jensen’s inequality.

Step 3. Using the estimate (6), we obtain:

[0(2)[n = [0(2) pex-m - (= log 2[*)*/?

1
< Cul|v||pe—x - T2

for some constant Cy > 0 and any given £ > 0. This completes the desired estimate.
The proof of Lemma is now complete. 0J

The following lemma is also a consequence of subharmonicity. We will repeatedly use
it in subsequent sections.

Lemma 5.4 (cf. [M4, Lemma 21.2.7]). Let (E,h) be an acceptable vector bundle on A*.
Let f be a holomorphic section of E on A* such that

11 =0 (i)

for any ¢ > 0. We assume that (E, he ™X(=N)) is Griffiths seminegative. We put
a a -N
H(z) = [ flpexcm 2" = Iflal2* (= log[2*) .
Then H(z) is bounded on A(0,1¢) for any 0 < ry < 1.
Proof of Lemma [p4. We put H.(z) := H(z)|z|** for any ¢ > 0. Note that log H.(z) is

subharmonic on A* by Lemma 272. By assumption, we have lim, ,olog H.(z) = —ooc.
Hence log H.(z) is subharmonic on A (see [NO, (3.3.25) Theorem]|). Therefore, we have
(5.2) max |H.(z)| = max H.(2).

|z<ro z|=r0
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Note that H(z) is a continuous function on |z| = rq and that H. (z) < H.,(z) holds on
|z| = 19 for 0 < g5 < g7 < 1. By taking the limit for ¢ — 0, we obtain that H(z) is
bounded on A(0,rg) by (622). We finish the proof of Lemma 5. O

6. PROLONGATION OF ACCEPTABLE VECTOR BUNDLES

In this section, we establish Theorem 3.

Proof of Theorem 3. In the following proof, we will use Proposition I3 (see Proposition
A1), which is a special case of Theorem 3.

Step 1. Let (E,h) be the given acceptable vector bundle on A* and let a be any real
number. We put E' := E and i/ := h - |z|** and consider (E’, k). Then we have

V—16,(E) = vV—-16u(E")

on A*. Hence (E’,}) is also an acceptable vector bundle on A*. By the definition of
(E', 1), o E = oF' obviously holds. Therefore, it is sufficient to prove that °E = (E is a
holomorphic vector bundle on A. By definition, °F is a torsion-free sheaf on A. Thus, it
is sufficient to prove that °F is coherent since °E is a sheaf on A.

Step 2. Let zp € A* be any point. Let {ej,...,ex} be a basis of the fiber E, , where
k = dim¢c E,, = rank £

From now on, we allow ourselves to shrink the unit disk A and replace it with a smaller
disk of the form

A0,r):={z€C||z| <}

for some 0 < r < 1, without explicitly mentioning it.
By Lemmas 52 and B3, for each ¢, we can find a holomorphic section v;(z) of E on A*

such that v;(z) = e; and
1
b =0 ()
|2|°

for every £ > 0. In other words, v; € T'(A,°E) for all i.

Step 3. We put L := det(FE). Then L is an acceptable line bundle on A* by Lemma P72
Since

(v A+ Awg) (20) # 0,
vp A - -+ A vk is a nontrivial holomorphic section of °L. We fix a trivialization
°L = OA - e.
Then we can write
v A Ay =a(z)e
for some holomorphic function a(z) on A. We put [ := ordga(z) > 0.

Step 4. Since a(z) is a holomorphic function on A, we may assume that a(z) # 0 for all
z € A* by shrinking A around 0. Then (v; A--- Avy) (2) # 0 for all z € A*. Therefore
the morphism

(6.1) O%F —°F

defined by v, ..., v, is isomorphic over A*.
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Step 5. Let s be any local section of °F around 0. Since the morphism (B) is isomorphic

over A*, we can write
k

s(2) = 3 s(u(2)

i=1
such that s;(z) is a holomorphic function on A* for every i. Since

SAVa A AN = s1(2)vr A+ Aoy
= s1(z)a(z)e
is a holomorphic section of °L, we have ordy s;(z) > —[. Similarly, we obtain ordg s;(z) >
—I[ for every i. This implies that
(6.2) °E C EB Ox - c j.E

where j: A* — A. By definition, (°E)

°E C B oaio)

by (B22), the stalk (°F), is a finitely generated Oa g-module. Then, by shrinking A around
0 if necessary, we obtain a morphism

A+ = F holds. Since we have

O —°E

for some positive integer n, which induces a surjection on the stalk at 0. The direct sum
of this morphism with the morphism (E1) is surjective over the entire disk A. Hence, °F
is locally finitely generated over A. This implies that °E is a coherent Oa-module.

We finish the proof of Theorem 3. O

7. BASIC PROPERTIES

In this section, we introduce a new invariant v(,F) and discuss basic properties of ,F
and (o E).

7.1 (Setting). Let (E, h) be an acceptable vector bundle over A* with rank F = r. Let
v = {v1,...,v,} be alocal frame of ,F defined on some open neighborhood of 0. We
consider the r X r matrix

H(h,v) = (h(vi,vj))i’j.
More precisely, H(h,v) is an r x r Hermitian matrix-valued function on A*. Hence, we
sometimes write H(h,v)(z) to denote the value of H(h,v) at z € A*. If there is no risk of
confusion, we may simplify the notation by writing H(v) and H(v)(2) in place of H(h,v)
and H (h,v)(z), respectively.
We have
1

|h(vi, ;)| < [viln|vjln = O (|Z|2—°“+E)
for any € > 0. This means that for any € > 0 there exists some C, > 0 such that

det H(v) = |det H(v)| < C.|z|72*"=.

Thus we obtain
logdet H(v) < log C. — (2ar + ¢) log|z|.
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Hence we have
log det H (v) S log C.

— (2 .
ogll  ~ logls] 20T )
Therefore,
log det H
lim inf oge—(’v)
2—0 log |z|
satisfies o d
t H
lim inf oge—(v) > —2ar — €.
2—0 log | 2|

Since ¢ > 0 is arbitrary, we obtain

(7.1) lim inf 108 4¢t H ()

> —2ar > —oo.
=0 loglz|

Lemma 7.2. In the above definition,

lim inf logdet H{v) H(v)
2—0 log |z|

is independent of the choice of the frame v = {vy,...,v.} of o E.

Proof of Lemma [73. Let w := {wy, ..., w,} be another frame of ,F around 0. Then we
can write

(wi, ..., w.) = (v1,...,0.)A(2)
around 0, where A(z) is an invertible r x r matrix. Thus we have

det H(w) = | det A(z)|* det H(v).

Hence

logdet H(w)  2[det A(2)] N log det H (v)
log |z| log |z| log |z|
Since det A(0) # 0, we obtain
i inf log det H (w) — liminf log det H(v)
20 log || 20 log ||
This is what we wanted. We finish the proof of Lemma 2. O

We can prove the following lemma.

Lemma 7.3.
1 H
—00 < liminfw < 00.

2—0 log |z|
Proof of Lemma [7-3. By (1), we have already checked the left inequality. Hence it is
sufficient to prove the right inequality. Since (det F,det h) is an acceptable line bundle
on A* by Lemma =4, we can freely use Theorem 4.

By the above observation, we have

VA A, € o det E.
By Corollary B3, there exists some real number 3 < ar such that vy A--- Av, € gdet E.
Hence, by Theorem B (iv), we can take d and C' > 0 such that

C
| det H()["* = oy - Avl 2
z
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holds around 0. This implies

1
§logdet H(v) > —d-log|z| +log C

Hence low det H
lim inf M < —2d < 0.
20 log | 2|
This is what we wanted. We finish the proof of Lemma [Z3. U

Having completed the necessary preparations, we now define v(,F).

Definition 7.4. We put

1 1 H
V(o F) = —§liminf ogdet H(h, v)

e R.
20 log |2|

The following theorem is the main theorem of this section.

Theorem 7.5 (Determinant bundles, see Theorem II0). Let (E,h) be an acceptable
vector bundle on A*. Let o be any real number. Then

det(aE) = (aE) det £
holds.

We give a detailed proof of Theorem [C3, which is essentially the same as the proof of
Proposition Bl

Proof of Theorem [7.J. Let v := {vy,...,v,} be a frame of ,F on A. We put

H(h,v)(z) = (h(vi,vj)(z))i’j.
We note that
det(oF) = Opvy A+ A,
and
(7.2) det E = Opsvg A= Avp =~ Opx.

We consider L := det E. Let hy be the induced metric on L. Note that (L, hy) is an
acceptable line bundle on A* by Lemma P2 since (E,h) is acceptable. By using the
trivialization ([2), we argue as in the proof of Proposition B-1. In this setting,

hy = ’ . |2€72S0a
with
e = b (Ao AU, 01 A Ay
(7.3) Ll 1 )
= det H(v).
Thus 1
Do = —§logdet H(v).
Therefore,
0 1 log det H
(7.4) timint =o)Ly g logdot HQ) gy
=0 loglz| 2 2-0 log |z|

Note that (L, hz) is an acceptable line bundle on A*. As in the proof of Proposition B,
we can write

(7.5) 200 + X(N) = 21 + ¢ log |2])* + 2Re g1(2)
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and
(7.6) —20, + X(N) = 2ty + cylog |2]* + 2Re ga(2),

where v; and 1, are subharmonic functions on A and g; and gy are holomorphic functions
on A*. By ([CH), we have

—Regi(z) =1 + a1 log|z] — pa — X(N).

Hence we have

—Regi(z) _ di(z) —¢a(2) | —x(N)
= C1 —f- .
log |z| log || log|z| = log|z|
Therefore, we obtain
— R — g —x(N
lim inf ﬂ > lim inf U (2) + ¢ + liminf #al2) + lim inf L
2—0 log ’z‘ =0 log ’z| =0 log |z’ =0 log ‘z|
=v(¥1,0) + 1 —v(oF)
> —0Q.

Here we used Lemma [Z3. Thus there exists some C > 0 such that
—Regi1(2)

>
log || ¢

holds over some open neighborhood of 0. This implies that
Re (—g1(2)) < C'(—log|z[)

holds around 0. By Lemma B=3, we see that g; is holomorphic on A. Hence we have

v+ 1 — V(o) <0 =liminf M
=0 log|z]

where vy := v(¢1,0). Note that e?*) is a nowhere vanishing holomorphic function on A.
By replacing v; with e9**)y;, we may assume that

(7.7) 200 4+ X(N) = 2¢1 + ¢ log |2|?
and
(7.8) —2¢0 + X(N) = 25 + 2 log |2 + 2 Re go(2)

hold, after replacing go accordingly. By ([Z4) and (IZ8), we have
2Y(N) = 201 + 20hy + (c1 + ¢2) log |2]* + 2 Re go(2)
holds. Note that x(N), 1, ¥, and log |z|*> are subharmonic functions on A. We have

—R —X(N
eg2(2) _ th(z) | ¥a(2) fei et X(NV)
log || log|z| = log|z| log |2|
Therefore, we obtain
— —x(N
liminfRe—gQ(z) > lim inf ¥ (2) + liminwa—(Z) + ¢ + ¢ + lim inf X()
2—0 log | 2| z—0 log |z| z—0 log |z| =0 log |z]

= I/(wl, 0) + I/(’lbg, 0) + (&1 + Co.
Thus there exists some C' > 0 such that
—Rega(z2)

>
loglz| — ¢
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holds over some open neighborhood of 0. This implies that
Re (—ga(2)) < C(=log|z])

holds around 0. By Lemma B33, we see that g, is holomorphic on A. In particular,
Re go(2) is harmonic on A. By replacing 1 with ¢y + Re g2(z), we can finally assume
that

(7.9) 200 + X(N) = 21 + ¢; log |2]?
and
(7.10) —200 + X(N) = 20y + ¢y log |2|?

hold. By ([10), we obtain
_V(CYE) =V + Cg,
where vy 1= v(1)9,0). By (9) and (1), we have
X(N) =41 + 1y + (c1 + ¢2) log | 2].
Therefore, by Lemma BT, we obtain
0:V1+V2+Cl+02.
This means that
n+co=—(rn+c)=vLE).
By ([9), we have
(7.11) lim inf Pe?)
z—0 log |z|
Thus, by (4) and (ZI0), we get
@a(z) _ (aE), hm wl(z)

=1+ =7FE).

8 loglo] ~ Pogll — "0 M Mhoge] —
As in the proof of Proposition E-1l, we obtain
(7.12) sL = g(det B) = Op - 27 BBy Ao A,
In particular,
det(oF) = 4(, p) det E.
We finish the proof of Theorem 3. 0J

As a byproduct of the proof of Theorem [3, we have the following useful result, that
is, we can replace liminf with lim in the definition of v(,E).

Corollary 7.6. In the same setting as in [7.1], we have

1. logdet H(v)
E)= —= lim —— "/
aF) 2:50  log 7|

Proof of Corollary [7.d. By the proof of Lemma [, we may assume that v is a frame of
o«F on A. In the proof of Theorem [[A, we have

o 1 log det H
2—0 log | 2| 2:50  log|z|

This is what we wanted. 0

For later use, we explicitly state the following result, which is an immediate consequence
of Theorem [[A and its proof.
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Corollary 7.7. Let (E,h) be an acceptable vector bundle over A* with rank E' = r. Let
v = {v1,...,0.} be a local frame of LE, defined over an open neighborhood of 0, such
that v; € y, E for each i. Then we have

(7.13) V(aF) < Z bi,

and
(7.14) Y (yup) det E) = (o, E).
Proof of Corollary [77]. Since v; € , E for each ¢, we have

Vi A AV, € Z;r:lbidetE.
On the other hand, from (Z12) in the proof of Theorem [[3, we obtain

pdet E=0pr- v A---Av,, and
S det E = Oy - S [2im by (e B)) VA Ay

Therefore, it follows that

Y b >7(E) and L pdet EC ey det E.

This yields (Z13).
We note that ., gy det E = det(,£) by Theorem [Z3. From (IZZ3) in the proof of Theo-
rem [, we obtain

valz) —lliminf log det H(v)

ydet ) = li f =v(oF).
7 (arm) det E) 11;11_331 log |z| 2 250 log |z| (aF)
This proves (14).
This completes the proof of Corollary 4. 0

From now, we discuss some basic properties of v(,F) and ,E. We note that ,F = FE
holds on A* by definition.

Lemma 7.8. For a < 3, we have the following properties.

() E C gE holds.

ii) ( E) <A(pE), and (3E) = v(aE) € Zxo.
iii) & = sE if and only if (o E) = v(3E).

iv) a+1E = o 2 ® Oa([0]).

(V) Y(ar1E) — (o F) = rank E.

Proof of Lemma [7.8. 1t is obvious that (i) holds by definition. Let w := {w;,...,w,} be
a frame of ,£ on A and let v := {vy,...,v,} be a frame of 3F on A. Thus we can write

(wy, ..., w.) = (v1,...,0.)A(2)

where A(z) is an r x r matrix. By definition, A(z) is invertible on A*. Hence det A(z) # 0
for every z € A*. Then we can write

det A(z) = 2" f(2)
for some m € Zs such that f(0) # 0. In this setting, we obtain
det H(w)(2) = det H(v)(z)|det A(2)|?
= det H (v)(2)|2""| f(2)|*.
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Therefore, we have

log det H(w)(2) _ logdet H(v)(2) +om 4 2log|f(z)|.
log 2| log 2| log |z|
Thus we obtain
1.. logdet H(w)(z)
WE)=—=1
aB) 2 250 log | 2|
1 1 H 1
1 dordetH@)() L los|f(2)
2 250 log |2| =0 log|z|
=7(sE) —m

This implies

V(6E) = 7(oE) = m € Zxo.
Thus we have (ii). By the above argument, ,E = gFE if and only if det A(0) # 0, Moreover,
det A(0) # 0 if and only if m = 0. Thus, £ = gFE if and only if v(,E) = v(sE). This is
(iii). Since w = {wy,...,w,} is a frame of ,F, we can easily check that

w {wl wr}
il o R s
is a frame of .1 F on A*. Thus we can directly check that
oHrlE = aE ® OA([OD
and

V(a1 E) =7(E) +
Thus we obtain (iv) and (v). We finish the proof of Lemma [R. O

Lemma 7.9. Let (E,h) be an acceptable vector bundle on A*. Then, for every a € R,

oE =) sE

B>a
holds.
Proof of Lemma [7.9. Since oE C gE for f > a by Lemma [C3 (i), we have
oE C () 5E.
B>a

From now, we will prove the opposite inclusion. We take v € [ soa s Let € be any
positive real number. We can take (' such that o < /' < a + ¢ and ¢’ such that
0 < ¢’ < a+¢e—p. There exists some open neighborhood U of 0 such that v € I'(U, g E).
Then

lv|n|2|P < C
holds for some positive real number C'. Hence we have
[0]] 2] = [o]|o| P < ©

since « + ¢ — ' — & > 0 and |z] < 1. This implies

1
= ()

Thus we obtain v € ,E. We finish the proof of Lemma 9. 0
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Lemma 7.10. Let (E, h) be an acceptable vector bundle on A*. Then, for every o € R,
there exists 0 > 0 such that

aE = a+z—:E
holds for every e € [0, ).

Proof of Lemma [T10. Note that v(a4cE) — 7(oF) is a Z-valued non-decreasing function
for ¢ € R. As we already proved in Theorem T8 (v), ¥(as1F) — 7(oF) = rank E. Hence
there exists > 0 such that (44 E) is constant for every ¢ € (0,0). Since

() a+E=()sE=0oE

€€(0,6) B>«

by Lemma 9, we have ,..F = ,FE holds for ¢ € (0,9). We finish the proof of Lemma
[10. O

7.11 (Parabolic weights). We set

red

Paro(E,h) :={X € (o« —1,a] | \E/\E # 0},

where
E:=|Ju.EC,E.
p<A

Then we obtain

Prae;’ia(E,h> - {)\17 ceey )\k}v

with \; # A; for ¢ # 7.

If there is no risk of confusion, we simply write Paerqa(E) or Paeﬂ(aE) instead of
red

Par(E, h).
We set
li = dlm(c (ME/<>\¢E) .
Then we can verify, by Lemma 8 (v), that

k
(7.15) Zli =r =rank F.
i=1

Thus, we define
PCLT’Q(E,h) = {)\&’/\L”\)\k”)\]i}

h Vo
[1 times g times

If there is no risk of confusion, we write Par,(E) or Par(,E) for Par,(E,h).
Furthermore, if the multiplicity of ); is not important in the context, we may also use

Paro (B, h) to denote Piro(E, h).

Lemma 7.12. For every ¢, we have

W(AZE) - V(Ai—EE) =;
for 0 < e < 1. Therefore, we have

V(sE) = V(o k) = dime (4E/o E)
for every B > «.
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Proof of Lemma [7.13. We fix a sufficiently small positive real number ¢ such that
dinlC(AiE/)\i—aE) = l,

Let v := {v1,...,v.} be a frame of ,,E around 0 and let w := {wy, ..., w,} be a frame of
r—e 2 around 0. Then we can write

(wy, ..., w) = (v1,...,0.)A(2)

for some r x r matrix A(z) around 0. Since dimc¢(y,F/»,_.E) = l;, we obtain rank A(0) =
r — l;. According to the theory of elementary divisors in the ring C{z}, we can write

det A(z) = 2™ f(2)
such that m; > [; and f(z) is holomorphic with f(0) # 0. Hence we can prove that
TE) = v(\—cE) = m; > 1.
Thus, by Lemma 78 (v) and (I3), we obtain

k k
T = ")/(aE> —7(a,1E) = Zml 2 le =T.
i=1 i=1

This implies that m; = [; for every ¢, that is,

V(ME) - V(Ai—eE) = ;.
This is what we wanted. We finish the proof of Lemma [T2. U
We will prove the following important formula in Section [2, which plays a crucial role

for the study of ,E. The proof of Theorem I3 is much more difficult than the argument
in this section.

Theorem 7.13 (see Theorem 9 and Theorem I3 below). Let E be an acceptable vector
bundle on A*. Then the following equality

VoB) =Y Adime(\ B/ E)
NEPGF (o E)

holds.
Sections @ through 2 will be devoted to the proof of Theorem [T3.

Definition 7.14. Let v = {vy,...,v,.} be a frame of ,E, that is,

T
aE = @ OA * ;.
i=1
If there exists a decomposition
v = |_| Vg
a—1<p<a

such that vs is a tuple of sections of gE and that vz induces a basis of 3E/_3E, then
v is called a frame of ,E compatible with the parabolic filtration. Note that v = 0 if
B & Pary(E,h).
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Remark 7.15. Since ,F is a holomorphic vector bundle on A, we can always take a

trivialization (see, for example, [H, 30.4. Theorem]). Therefore, there exists a frame
{e1,...,e.} of o F on A, that is,

aE = é(’)A © €
i=1

holds. Note that {e,...,e.} gives a basis of the quotient vector space ,E/,_1FE. Thus,
we can take (a;;) € GL(r,C) such that {v1,...,v,}, where v; 1= Y, e;a;; for every j,
gives a frame of ,E compatible with the parabolic filtration.

Lemma 7.16. Let v = {vq,...,v,.} be a local frame of ,E defined over some open neigh-
borhood of 0, such that v; € g E \ <g,E for every i. Then ; € (a — 1,a] for every
i.

Proof of Lemma [7.14. Since v; € F, it follows that §; < « for all 7. Moreover, since
{v1,...,v,} forms a local frame of ,F near 0, it induces a basis of the quotient vector
space o FE/o—1E. This implies that each f; lies in the interval (o — 1, a]. O

Lemma 7.17. Let v = {vy,...,v,.} be a frame of E compatible with the parabolic filtra-
tion such that

vi € s, E\ <5 E
for every i. In particular,

PCLTQ(E, h) = {ﬁl; <o 757"}'

Let o be any real number. Let m; be the smallest integer satisfying 3; —m; < o for every
v. Then

v = {2y, 2™
18 a frame of o FE compatible with the parabolic filtration.
Proof of Lemma [7.17. We put w; := 2™v; for every i. We note that the map
(7.16) 2" \E = o F

is an isomorphism for every m € Z and every real number \. By definition, we see that
w; € o E for every i. By the isomorphism ([I8), we can check that . E is spanned by v'.

Thus we have
E=D0s -,
i=1

that is, v’ is a frame of ,E. By (II8) again, we can check that v’ is a frame of ,FE
compatible with the parabolic filtration. We finish the proof of Lemma 17 O

We conclude this section with the following remark.

Remark 7.18. The acceptability near the origin is preserved under the coordinate rescal-
ing z — z/C, where C is a positive constant. Note that the condition v € ,F \ .o E and
the quantity

1 log det H (v

A(oB) = — L 1 B4 H )

2220 log|z|
are invariant under this rescaling. Therefore, such rescaling can be employed when we are
concerned only with the behavior near the origin.
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8. ON FILTERED PROLONGATION OF ACCEPTABLE BUNDLES

In this short section, we recall the framework of filtered bundles as introduced by
Mochizuki. His notation turns out to be particularly convenient in various contexts.
We have already verified the following properties of ,F.

8.1 (Filtered prolongation of acceptable bundles). Let (E,h) be an acceptable vector
bundle on A*. We define
P'E = B
for every a € R, and set
P'E:=|JPIE C j.E,
acR

where j: A* < A is the natural inclusion.

Then, P"E is a locally free O (¥[0])-module of finite rank, where Oa (*[0]) is the sheaf

of meromorphic functions on A with poles only at 0. The following properties hold:
(i) For every a € R, P'FE is a locally free Oa-submodule of P"E.

(ii) PRE(x[0]) = P"E for every a € R.

(iii) For any a < b, we have P"E C P'E.

(iv) For any a € R and n € Z, we have

h
Pa+n

E = PME(n[0]).
(v) For any a € R, there exists € > 0 such that
h h
P, .E=PJE.
Therefore, it is natural to introduce the notion of filtered bundles as follows.

Definition 8.2 (Filtered bundles). We denote by Oa the sheaf of holomorphic functions

on A, and by Oa(%[0]) the sheaf of meromorphic functions on A with poles only at 0.
Let &€ be a locally free Oa (*[0])-module. A filtered bundle over £ is an increasing family

of locally free Oa-modules P, C £ indexed by a € R, satisfying the following conditions:

(1) Each P,€ is a lattice in &, i.e.,
Pol @0, Oa(x[0]) = €.
(2) For any a € R and n € Z, we have
Puin€ = Pu€ @0, Oa(n]0)).
(3) For any a € R, there exists € > 0 such that
Pote€ = PE.

In this case, we also say that P.E is a filtered bundle on (A, 0) for simplicity.
For any a € R, define

P& = ZPI)S, and Grf(é’) = PE/PuE.
b<a

We may naturally regard Gr”(€) as a finite-dimensional C-vector space.
A frame v = {vy, ..., Vranke } of P,€ is said to be compatible with the parabolic structure
if there exists a decomposition
UV = |_| Uy

a—1<b<a

such that the following holds:
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e For each b, vy is a tuple of sections of P,€, and it induces a basis of Gr} ().
For any non-zero section s of £, the number
deg”(s) :=min{c € R | s € P.E}
is called the parabolic degree of 5. If s = 0, we set deg” (s) := —oo0.
By Definition B2, we can say that P"E = (PZ}E |a € ]R) is a filtered bundle over P"E.

Remark 8.3. Definition B2 is essentially the same as [M6, 2.11.1, Filtered Bundles on a
Neighborhood of 0 in C]. It is a local definition. For the global setting, see [M6, 2.11.3,
Global Case|. In this paper, we are only concerned with the one-dimensional case. For the
higher-dimensional case, we refer the reader to Section 2 of [M3H] (see also [FFO, Section

4)).

In the following sections, we will use whichever of the notations ,£ and P"E is more
convenient in context. In particular, when discussing tensor products in Section I8 and
Hom bundles in Section [[7, the notation P"E appears to be more suitable.

9. SOME ELEMENTARY INEQUALITIES

In this section, we present some elementary facts that will be used later. The arguments
in this section are essentially due to Simpson [S3].
We denote

Bla,r):={z€C||z—a|l <r}, Bla,r):={2€C|l|z—a|l <7},
and let Area(£2) denote the area of a set .

Definition 9.1. Fix a positive real number r. We define

B,.(w) := inf {ig / log |w — z| dA\(z) |  C B(0,r), Area(f2) = 7“3} :
™ Ja

for w € C, where €2 is an open subset of C, and d\ denotes the Lebesgue measure on
C ~ R2.

The following estimate is straightforward.

Lemma 9.2. For any w € C and any positive real number r, we have

3 1 1
B, (w) > Elogr — §log7r— 3

Proof of Lemma [@3. By definition, we have
1 .
B, (w) > inf {ﬁ / log |w — z| dA(2) ’ Area(Q2) = rd}
Q

1
= inf {—3 / log |z| dA(z) ‘ Area(Q2) = 7’3} :
™ Ja

where the second equality follows by translation invariance of Lebesgue measure.
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It is easy to see that the minimum is attained when Q = B(0,a) with a = 7—/2r%/2,
Therefore,

1
By(w) >~ [ log|z|dA(2)
T JB(0,a)

27 a
= — d@/ tlogtdt
0 0

2r (|1 , N A
— 20 [ 242 _ -
3 <{2t ogt}0 2/0 tdt)

2r (1 1
. <—a2 loga — Za2>

r3 \ 2
3 | 1 | 1
=5 ogr 5 ogm 5
as claimed. This completes the proof of Lemma O32. O

Lemma 9.3. Let r > 0. Then for every w € B(0,2), the following inequality holds:

3 |w| 1 1
B.(w)> log (") — Zlogrm — =
r(w) 2 5 log ( 2 ) 9 8T T

Proof of Lemma @3. If |w| < 2r, then the conclusion follows directly from Lemma 02
and the inequality log(|w|/2) < logr.
If |w| > 2r, then for any z € B(0,r),

w— 2] > feo] = || 2 Ju| - r > 4L,

2
B,(w) > inf{rig /ﬂ log ('%') dA(2)

Combining both cases, we obtain the claimed inequality using the fact that log(|wl[/2) <
0 for w € B(0,2) and

Thus,

Q cC B(0,r), Area(Q2) = 7“3}

1 1
5 logm + 5 > 0.
This completes the proof of Lemma B23. 0

Lemma 9.4. Let r € R with 0 < r < 1. Then for all z,w € C with r < |z| < 1 and
lw| < 2, the following inequality holds:

log |2|

2
log|w —z[ < 7 -

1 1
B, -1 =+ 2log 2.
3 logr (w)+3 og7r+3+ o8

Proof of Lemma [94. Since r < |z| < 1, we have logr < log|z| < 0, hence
0< M <1.
logr
If {w| < |z|, then
log ||

log |w — z| <log(2|z]) = log |z| 4+ log2 = ]

——— logr + log 2.
ogr
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Applying Lemma B3, we obtain

< log|z| 2

1 1
- | B, -1 = log 2
— logr 3( (w)+2og7r+2)—|—og

1 1
B, (w) + 3 logm + 3 + log 2.

If |w| > |z|, then

|w]

log |w — z| < log(2|w|) = log (7> + 2log 2,
and since log(|w|/2) < 0 and log |z|/logr < 1, we get

1
log |w — z| < og 7] -log M + 2log 2.
log r 2

Applying Lemma B3, we obtain

1 2 1 1
log|w — z] < %’i’ '3 (Br(w) + 510g7r+ 5) + 2log?2
2 log |z 1 1
<-.——.B, -1 -+ 2log?2.
<3 Togr (w)+3og7r+3+ og
This completes the proof of Lemma H4. 0

10. SIMPSON’S KEY LEMMA

The main goal of this section is to establish the following key lemma (see Lemma [TT),
which is essentially due to Simpson. Note that our version is slightly different from the
original statement (see [ST, Lemma 10.2]). However, our formulation of Lemma IO is
sufficient for the proof of Theorem TX3.

In this section, we frequently use the following notation:

S(a,r):={2€C||z—a| =r},
and
B(a,r)*:={2€C|0<|z—a| <r}=Bl(a,r)\ {a}.

Lemma 10.1 ([ST, Lemma 10.2]). Let § be a positive real number with 6 < 1. Suppose that

h is a smooth Hermaitian metric on the trivial holomorphic vector bundle ngo 1425y Over

the punctured disk B(0,1+26)* := B(0,1+ 26) \ {0}, and that h has negative curvature.
Assume further that the eigenvalues of h are less than or equal to 1, and that

|det h| < Oz
holds for some positive constant C'. Then there exist a positive constant C' and a constant
section e € CF of (9%?0 1426)* such that

le(2)|n < C'|2|3
for all z € B(0,1)*.

Before starting the proof of the lemma above, we need to prove several preliminary
results.
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Lemma 10.2. Let r; and 01 be positive real numbers. Let u be a subharmonic function
defined on B(0,7r1 + 01) such that u is smooth outside the origin. Let f(z) be a smooth
function on B(0,7 + 01). Define

2.,

9 0% dz Ndz = —Audz A dZ.

0(2) := 00u =
Note that
82
0z 0z
denotes the Laplacian with respect to z, understood in the sense of distributions. Since

u is subharmonic, /—100u is a closed positive (1,1)-current. Hence, v/—1o(z) defines
a positive Radon measure (see, for example, [NO, (3.1.14) Lemmal). In this setting, we

have
= _
/B(O,Tl) f(z)o(z) — 2 /13(07T1)(Af) u(z)dz A dz

:/SM (ng( )dE—l—%u(z)dz).

For the sake of completeness, we provide a detailed proof of Lemma I, although it
is more or less standard.

A=14

(10.1)

Proof of Lemma MIIA. Take a smooth function ¢(z) on C such that supp ¢ C B(0,7;), and
¢(z) =1 on B(0, 21 + 02) for some small constant 0 < d, < 1. Define g(2) := ¢(2) f(2)
and h(z) := f(z) — g(2). Then f(z) = g(z) + h(z), where suppg C B(0,71) and h(z) =0
on B(0, 31 + &).

Let p be a smooth function on C, supported in B(0, 1), radial (i.e., p(z) depends only
on |z|), non-negative, and normalized so that

[ rt2raxe) -

where dA(z) := Y5~ Ldz A dZ denotes the Lebesgue measure on C. Define the family of
smoothing kernels
& =350 (%)
(2) i ==pl—)-
P 2P\ Z

_ Set ue := u* p.. Then u. is a smooth subharmonic function on a neighborhood of
B(0,7) for sufficiently small € > 0.
By applying Stokes’ theorem to g(z) and u., we obtain:

/ g(z) 00u. — 1/ (Ag)us(2z)dz Ndz
B(0.r1) 4 JBo,m)
Ou, dg )
= dz + —u.(2)dz | .
[ (Geot+ G

We note that we have
Ou. @ .
oz \az) P

is taken in the sense of distributions. Since u is smooth outside the origin, both

(10.2)

where 2 3,

u.(z) and 2% converge uniformly to u(z) and %%, respectively, on an open neighborhood
of S(0,71) as € — +0. It is well known that ﬁaus — 00u in the sense of currents, and
u. — u in the sense of distributions.
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Since g is smooth with compact support, we may let € — +0 in (II2) to obtain:

/ g(2) 00u — 1/ (Ag)u(z)dz Ndz
B(0,m1) 4 JBor)
ou g )
= dz + —=u(z)dz ] .
[ (Geote)dz+ Gute)

Next, since h(z) = 0 and Ah = 0 on B(0, 371 + d2), we can apply Stokes’ theorem to
get:

(10.3)

/ h(z)o(z) — ‘11/3(0 )(Ah)u(z) dz \Ndz

_1 / (h(2)Au — u(2)Ah) dz A d=
4 JB0.m)\BO.3m)

:/SOH (gZM )iz + O )dz) _/sm,;m <gZh( iz O )dz).

Since h(z) = 0 and Oh/8z = 0 on a neighborhood of S(0, 371), the second boundary
integral vanishes. Hence,

1 —
/B(o,n) Mz)o(z) =3 /B(O m)(Ah) u(z)dz A dz

ou oh
= hiz)dz + —u dz).
/S(O,m(az () az + D)

By adding (IM3) and (), we obtain the desired equality (IOC).
This completes the proof of Lemma D2 0

(10.4)

Lemma 10.3. Let 6 > 0 be a real number, and let u be a subharmonic function on
B(0,1 + 20) that is smooth on B(0,1 4 20)* := B(0,1 + 20) \ {0}. Then for every
a € B(0,1)*, we have

:E/

B(0,146)

1 ou 1 1
7T\/ 5(0,146) oz 21V =1 Js0,146) 2 — @

Here, /—10(z) = /—=100u, computed in the sense of currents, defines a positive
Radon measure on B(0,1+26) because u is subharmonic (see, for ezample, [NO, (3.1.14)
Lemmal).

log|z —a|o(z)
(10.5)

log |z — a| dz + u(z)dz.

Proof of Lemma Ir3. Let 1 and r2 be small positive real numbers such that B(0,71) N
B(a,ry) = 0 and B(a,r2) C B(0,14 0). Define

Ql = E(O, 1+ 5) \ (B(O,Tl) U B(CL,TQ)) .

On an open neighborhood of €2, both v and log |z — a| are smooth. Thus, we have

1
d(a—qjlog|z—a|2d2+
0z z—

udz) = 2log |z — a| 00u
a
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on an open neighborhood of ;. Applying Stokes’ theorem yields
— 0 1
2/ log|z—a]83u:/ <—1_Llog|z—a|2d2+ udz)
o} o0 62 Z—Qa
ou 1
:/ (2—10g|z—a\d_+ udz)
5(0,1446) 0z —a

1
—/ <Qa—log\z—a]dz+ udz>
S@om) \ 0% —a

ou 1
2—_log|z—a]d3+ udz> :
0z z—a
As r9 — +0, elementary computations give
ou 1
/ log |z —aldz — 0, / udz — 27V —1u(a).
S(a,r2) az S(arg) # — @

Taking the limit as 7o — +0 in (@), we obtain
— 0 1
2/ log|z—a]68u—/ (Z—glog\z—a\di—l— udz)
Qo s@146) \ 0% z—a

1
—/ <2a—log|z—a]dz+ udz>
S(o) \ OZ —a

— 2/ —1u(a),

(10.6)

where B
QQ = B(O, 1+ (5) \ B(O,Tl).
Solving for u(a), we obtain

e

u(a) = ~—— [ log|z — a|00u
T Qs
1 ou 1
10.7 + log|z —a d_+ udz)
( ) 2mv =1 Js(0,1+6) ( 0z | | —a
1 ou 1
- —1 — d—+ dz | .
2w/ —1 5(0’T1)< oz og |z —al au Z)

We put f(z) := log|z — al?>. Then Af = 0 on a neighborhood of B(0,7;). Thus, by
Lemma 2, we have

0 1
(10.8) 2/ log|z — alo(z) = / (2—% log |z — a| dz + udz) :
B(0,r1) 5(0,r1) 0z z—a
Combining (IT7) and (LX), we obtain the desired identity (IT3) since B(0,1+9)\Qy =
B(07 Tl)'
This completes the proof of Lemma ITZ3. 0

10.4 (Setting). We now proceed to prove Lemma . First, we clarify the setting of the
lemma. Define the function
f(z,€) == log|e(z)],

where z € B(0,1+26)* and e € S*71 := {v € C¥ | |v] = 1} € C*. Then f is a smooth
function on B(0,1 + 2§)* x S?~1 and satisfies f(z,e) < 0, since the eigenvalues of h are
less than or equal to 1.
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By Lemma P70, and since the curvature of h is negative, it follows that f(z,e) is a
smooth subharmonic function on B(0,1 + 26)* for every e € S*~1. Therefore, f(z,e)
extends to a locally integrable subharmonic function on B(0, 1 + 2§) for every e € S%~!
(see [NO, (3.3.25) Theorem)]).

We define
w(z,e) == Af(ze),
where 52
A= 48282

is the Laplacian in the sense of distributions, taken with respect to the variable z.

Then, for each fixed e € S?*~1 the function f(z,e) being subharmonic implies that
1(z, e) defines a positive Radon measure on B(0,1 + 2J) (see, for example, [NO, (3.1.14)
Lemmal).

Lemma 10.5. In the setting of [[U.4, there exists a positive constant C' such that the
following inequality holds:
1
'f z,e) / log]w—z\u(w,e)d)\(w)‘ <C
B(0,1+9)

for all (z,¢) € B(0,1)* x S*1, where d\(w) := Y5 dw A dw.
Proof of Lemma TIZA. Consider the function

1 of 1 flw,e)
z,e w,e)log|w — z| dw +
(z.e) = ™ —1 Js0,1+6) 810( log] | 27V =1 Js,146) W — 2

This function is continuous on the compact set B(0,1) x S?*~!. Therefore, there exists a
constant C > 0 such that

dw’.

(w, e)log |w — z| dw + ! flw,e) dw‘ <C

T — /01+5) ow 27V =1 Js,145) W — 2

for all (z,e) € B(0,1) x S*~L,
On the other hand, by Lemma and the identity

400f (w,e) = p(w,e)dw A dw,

we have
1
flee) — o / log [ — 2| a(w ) dA(w)
271 [ B(0,149)
1 of 1 fw,e)
—(w, €) 10g|w—z|dw+ dw.
™ — S5(0,1+6) aw 2w/ —1 5(0,145) W — %2
This proves the desired estimate. 0]

Lemma 10.6. In the setting of [[U4, there exists a positive constant C such that the

mequality
/ w(z,e)d\(z) < C
B(0,1+9)

Proof of Lemma IIA. Fix a smooth function ¢(z) on B(0,1 + 20) with the following
properties:

holds for every e € S*~1.
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o 0 <p(z)<1forall z€ B(0,1+ 29),
e o(z) =1forall z€ B(0,1+46), and
e the support of ¢ is compact and contained in B(0, 1 4 24).

e — / Ap(2)f(z,e)d\(z)
B(0,1+25)

is a smooth function on S?*~!, there exists a positive constant C' such that

/ Ap(2)f(2, )N (z) < C
B(0,1+26)

Since

for all e € S2F1,
On the other hand, by the definition of the Laplacian in the sense of distributions, we
have

/ (2l )N (2) = / Ap(2) (2, )N (2).
B(0,1+25) B(0,1+25)

Therefore,
[ wmane = [ p@udde)
B(0,1+9) B(0,1+5)
< w(z, e)d\(z)
B(0 1+25
_ / ) F(2, €)dA(2)
B(0,1+26)
<C
for all e € S?*~1, as claimed. O

Now, we begin the proof of Lemma ITT.

Proof of Lemma IIA. If C' < 1, then the inequality |det h| < |z| clearly holds. In the
case C' > 1, replacing h by C~'/*h allows us to assume C' = 1 without loss of generality.

Let C7 and C5 be the positive constants obtained in Lemmas A and G, respectively.
That is, C] satisfies

1
fe0) = o [ doglu— 2| uw,e)d\(w)| < Gy
2m B(0,1+6)
for all (z,e) € B(0,1)* x S?*~1 and O} satisfies
(10.10) / p(z,e)dA(z) < Cy
(0,1+9)

for all e € 21,
By Lemma I below, there exists 0 < 7y < 1 such that for every 0 < r < rg there
exist e € S?*~1 and an open subset €, satisfying

(10.9)

Q, C {z € B(0,r)

1
< —1 log 2
f(ze) < ok ogr + log }
and Area((,) = r?, where Area((2,) is the area of Q,. Then, from (II9), we obtain

1 1
— log |w — z| p(w, e) dA\(w) — Cy < f(z,e) < —logr + log 2
27 JB(0,1+9) 2k
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for all z € Q,. By (),
1
— log |w — z|p(w, e)d\(w)
27 B(0,146)

is integrable over €2,. Applying the averaging operator

1

= Qrod)\(z),
we obtain
1
> —
o logr+log2 = /Tf z,e) d\(2)
1 1
> — — log |w — z| p(w, €) d\(w) — Cy | dA(2)
> Ja, \27 JB(0,1+6)
(10.11) X X
= — — logw—szz)uw,ed)\w—C
= Lo () toel=s13e) )t ey ar() —
1
> L B, (w) pu(w,¢) dA(w) — G,
27 JB(0,145)

by the definition of B, (w) in Definition H.
On the other hand, Lemma 84 implies that for all z € B(0,1) \ B(0,7),

/ log |w — z|p(w, e)dA(w)
(0,148)

2 log |z 1 1
< (—- - B(w +—10g7r+—+210g2>p w, e)d\(w
Lo G e B+ glosm 4 5 (1,€)dA(w)

2log |2|
- B (w)u(w, e)d\(w
3logr B(0,1+96) ()il JaAw)

1 1
+ (— logm+ - + 2log 2) / w(w, e)dA(w)
3 3 (0,146)

for all z € B(0,1)\ B(0,r).
Combining these inequalities (1) and (I12) with (), we obtain

/ log |w — z|p(w, e)dA\(w)
B(0,149)

< 47 log | 2|

(10.12)

1 1
(2k 10g7"+10g2+01) (— logm + = +2log2>02

3logr 3 3

2m 1
< — 3% log |z| + —<log2 + C’1> <§

Using () again, we deduce

fee) < o

for all z € B(0,1) \ B(0,r). Setting

1
log 7 + 3 +210g2>02

1 /1 1
log|z| + - log2+ Cl —|—2— (§10g7r+ §~|—210g2> Cy

2 ) 1 /1 1
C':=exp <§10g2+501+% (§10g7+§+210g2> 02) ’
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we obtain the inequality
1
f(z,e) < 3—klog\z| + log C',
or equivalently,
e(2)|n < C'|2|5
for all z € B(0,1)\ B(0,r).
Let r; — 0 be any decreasing sequence with 0 < r; < r9. Then by the above argument,
we can find e; € 5?71 such that

(10.13) ei (=)l < C'Jz|5

for all z € B(0,1) \ B(0,7;). Since S*~! is compact, we may, after passing to a subse-
quence, assume that

lim e; = e € S*71,
1—00

Then from (IOT3), it follows that
e(2)|n < )|
holds for all z € B(0,1)*. This completes the proof of Lemma [OT. O
The following lemma is used in the proof of Lemma I above.

Lemma 10.7. In the setting of Lemma I, assume that | det h| < |z|. Then there exists
a constant 0 < ro < 1 such that for every 0 < r < 1o, there erists a vector e € S?*=1 for

which

{z € B(0,r) oF
3

contains an open subset Q, with Area(S),) = r>.

f(z,e) < L log(22kr)}

Proof of Lemma [IU]. By assumption, namely |det h| < |z| on B(0,r), we can choose a
vector ef € S?~1 such that

1
2k
Let v be any vector with Euclidean norm |v|gueia < 7/%). Then

1
f(z,e") =loglel(2)|n < Elogr < —logr <0.

’6T + |, < |6T|h + |v|Bucia < 271/ (@R

since all eigenvalues of h are less than or equal to 1.

Without loss of generality, we may assume that 0 < r < r{ for some sufficiently small
constant 7y

Then, for each z € B(0,r), the volume of the set of e € S?*~! for which the above

bound holds is at least
o (/@) = gp1-(/R)

for some positive constant a.

This implies that the volume of the subset of S?*~! x B(0,r) where the bound holds is

at least
art =W CR) 2 — 1/ (R)3,

Suppose, for contradiction, that for every e € S?7!  the area of the region in B(0,7)
where the bound holds is less than 7. Then the total volume in S?*~' x B(0,r) would
be less than

O2k—1"T 37
where o9,_1 denotes the volume of the unit sphere S%*~! in C*.
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However, if r is sufficiently small, we have
amr V2R3 S O9%k_1 ° 7"3,

which is a contradiction.
Therefore, there exists a sufficiently small constant 0 < ry < 1 such that for every

0 < r < 79, there exists at least one ¢ € S?~1 such that the set
— 1
z € B(0,r) —

f(z,e) < 5% 10g(22kr)}

contains an open subset (), with Area(Q,) = r3. O

11. ON CYCLIC COVERS

In what follows, we briefly discuss cyclic covers, which will be used in later arguments.
Let us recall the following elementary fact for the reader’s convenience.

Lemma 11.1. Let m be any positive integer with m > 2, and let € be a compler number
such that €™ =1 and € # 1. Then
-1

€ =0.

3

<.
Il
o

Proof of Lemma 1. Since
l—e"=(1-e(l+e+--+e"1) =0,
and 1 — € # 0, it follows that

3
L

<.
I
o

The following lemma is the main result of this section.

Lemma 11.2 (cf. [ST, Lemma 10.3]). Let (E, h) be an acceptable vector bundle on X = A*
with rank E = r. Let m: W = A* — X be the m-fold cyclic cover of A* given by
m(w) = 2™, where z is the coordinate on X and w is the coordinate on W. Let

{v1,..., 0.}

be a frame of °E = oE compatible with the parabolic filtration, such that v; € ,,E \ <, E
for each i. Let o be any real number, and let mq; be the smallest integer such that

mb; — ma,; <

for each i. Then

Ma,r

{wmtg vy, . wmer T, )

is a frame of o(7*E) compatible with the parabolic filtration.

Proof of Lemma T12. By direct calculation, m*wp is the Poincaré metric on W. There-
fore, it is straightforward to verify that n*F is an acceptable vector bundle on W. By
definition, we can readily see that w™~ir*v; is a section of ,(7*FE) for each .
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Step 1. Let G = Z/mZ = (g) be the Galois group of m: W — X. Then G acts naturally
on 7*F, and this action preserves the metric. Let U be any open subset of X. Then we
have

H (7 ' (U),7*E) = H(U, 7, 7*E).

We also have the decomposition
m—1
(11.1) T B = @ij,
§=0

i.e., the Oy -module 7* E decomposes into a direct sum of Ox-modules as in (II), under
the action of G. The action of G on the right-hand side is given by g*w = (w, where ( is
an mth root of unity.

Step 2. In this step, we prove that

Ma,r

{wmtr vy, . wmer T, )

is a frame of ,(7*E).
Take any u € H(7~*(U), 7*E). By (IO), we can write

m—1
u = E ij'
7

J=0

where u; € H°(U, E) for each j. Assume that
C

wp < ——
S

lu

holds for some C' > 0 and A € R. Then, by considering

m—1
> Vg
1=0

for each j, we obtain the same estimate:

for every j. Here we used Lemma 1 and the fact that the G-action preserves the metric.
This implies that ,(7*E) is generated by

Ma,r

{wmtm vy, . wmer T, )
for every a.. Hence this set forms a frame of ,(7*FE), as desired.

Step 3. In this final step, we verify that the frame

{wmetm*vy, . wmer T, )
is compatible with the parabolic filtration.
Assume that
Bi=mby —mg1 = =mb —mqy

for some [ > 1. Under this assumption, it suffices to show that
{wmerr vy, . wm et}

is linearly independent in the quotient space z(7*E)/.3(m*E).
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Suppose that
(11.2) awmertT o + -+ gty € p(ThE),
for some q; € C.

Note that if mb;—m, ; = mb;—m,,; and b; # b;, then m,; # mq j and |mgy,;—mq ;| < m.
Therefore, using the decomposition () as in Step B, we may assume that by = --- = b;.
In this case, (II2) implies

avy + -+ qu € o, E.

Since {vy,...,v,} is compatible with the parabolic filtration, this implies that a; = --- =
a; = 0.
Thus,
{wmetm vy, . wmer T, )

is compatible with the parabolic filtration, as claimed.
This completes the proof of Lemma IT2. O
The converse of the above lemma also holds, as shown below.

Lemma 11.3. Let (E,h) be an acceptable vector bundle on X = A* with rank B = r.
Let m: W := A* — X be the m-fold cyclic cover of A* given by w(w) = 2™, where z is
the coordinate on X and w is the coordinate on W. Let

{v1,...,v,.}

be a frame of °E = oF such that v; € , E\ <y, E for each i. Let o be any real number, and
let mq; be the smallest integer such that

mb; — ma,; < «

for each i. If

Ma,r

{wmtr vy, . wmer T, )

is a frame of o(m*E) compatible with the parabolic filtration for some «, then

{v1,..., v}

18 a frame of °E = o compatible with the parabolic filtration.

Proof of Lemma IT1-3. Assume that 5 := by = --- = b, for some [ > 1. Under this
assumption, it suffices to show that {vy,...,v;} is linearly independent in the quotient
space gE/pE.
Suppose that

a1v1 + -+ au € <5E

for some ay,...,a; € C. Let n:=mq 1 = -+ = mq,;. Then we have
aw"T v 4 - T € g (TTE).

But by assumption, the set

{w"t* vy, ..., Wt U}
is part of a frame of ,(7*F) that is compatible with the parabolic filtration. This implies
that the above linear combination lies in a lower filtration step only if all coefficients
vanish, i.e.,

ap=---=aq =0.

Therefore, {v1,...,v.} is compatible with the parabolic filtration, as claimed. O
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12. ON DETERMINANT BUNDLES

The main purpose of this section is to establish Theorem 223 and Corollary 224, which
will play crucial roles in the subsequent sections. We begin with an elementary lemma
from Diophantine approximation.

Definition 12.1. Let a = (ay,...,q;) € R! be a vector. We define
Ry (a) == (mag —nq,...,mag —ny),
where each n; is the integer that minimizes |ma; — n;|. We also define
om() == max |ma; — n;l.

Lemma 12.2. Let a = (ay,...,o;) € Rl be a vector such that a; ¢ Q for every i. Then,
for any real number q > 1, there exists a positive integer m < q such that

om(a) < g7V
Proof of Lemma TZ2. This follows easily from [, Chapter I, Theorem VI]. It is essentially
a consequence of Minkowski’s theorem. We omit the details. [l

The following theorem is the main result of this section.

Theorem 12.3. Let {vy,...,v,.} be a frame of ,E around the origin, compatible with the
parabolic filtration, such that v; € B\ <y, E for every i. Then we have the following

equality:
YE) =) b
i=1

By combining Theorem [3 with Theorem 273, we obtain the following important result
on determinant bundles, which will also play a crucial role in the subsequent sections.

Corollary 12.4. We use the same notation as in Theorem ZZ3. Then we have
det(aE) =3 b (det E) .

The following two remarks are straightforward, but we include them for completeness.
Remark 12.5. Let (E,h) be an acceptable vector bundle on A*. Let {v;...,v,} be a
frame of ,F. We consider

(ETv hT) = (E7h ’Z|2c)>
where ¢ is a real number. Then (ET,hT) is also an acceptable vector bundle on A* since
d01log |z|* = 0 on A*. Tt is easy to see that
achT = aE
holds and that {vy,...,v.} is a frame of ,_.ET. By definition, we have

VaeE) =7(uE) —re,
We further assume that {vi,...,v,} is compatible with the parabolic filtration such
that v; € 4, E'\ <, F for every i. Then it is obvious that {v,...,v,} is a frame of ,_ ET

compatible with the parabolic filtration such that v; € bi,cET \ <bichT for every i. We
note that

Y E) — Z bi = ’V(a—cET) - Z(bz —c)
i=1 i=1
holds. Hence, in the proof of Theorem 23, we can freely replace h with & - |2|*¢ for any
real number c.



46 OSAMU FUJINO, TARO FUJISAWA, AND TAKASHI ONO

Remark 12.6. Let (E,h) be an acceptable vector bundle on A*, and let {v,...,v,.} be
a frame of ,F. Consider the pair

(E,E) = (E, he_X(_N)) ,

where N is a real number. It is straightforward to verify that (E ,E) is also an acceptable
vector bundle on A*, and that JE = E for every a € R. Note that {vy,...,v.} is a
frame of aE, and that v; € bZE \ <b,E if and only if v; € ,F \ <, E. By definition, we
have v(,E) = (o E). It is also clear that {vy,...,v,} is a frame of ,F compatible with
the parabolic filtration if and only if it is so for ,E. Therefore, in the proof of Theorem
[Z3, we can freely replace h with he X(=™) for any real number N.

Let us now prove Theorem [23.

Proof of Theorem IZ_3. Although the inequality

YE) <> b
=1

was already established in Corollary [Cd, we provide an alternative proof in Step M. It
should be noted that the assumption that the frame {vy,...,v,.} is compatible with the
parabolic filtration is not required in this step. The discussion in Step 0 will be needed
in Step B. In Step B, we will establish the reverse inequality, where Lemma IO will play
a crucial role.

Step 1. In this step, we prove that

As noted above, the assumption that {vy,...,v,} is compatible with the parabolic filtra-
tion is not needed here.
By Lemma b4 we can write

vl (2)

*) (~log 2]y

|Ui|h =

|z

around the origin, where each M, € Z-, and vg (2) is bounded for all 7.
Since v; € y, F \ <, F, we know that

vl ()
|2°
is unbounded for any ¢ > 0.
Let v := {vy,...,v,}, and consider det H(v)(z) as in . Then we can write

det H(v)(z) = |2 22" (= log |2])* =" u(2),

where u(z) is bounded.
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Therefore, by Corollary [, we have

1 1 H
Y(oE) = —= liminf og det H(v)(2)
2 250 log | 2|

1 5 log det H(v)(z)

2 20 log |#|

d 1, 1
i=1

-0 log|z|
S wa
i=1

since

This completes the proof of the inequality.

Step 2. In this step, we prove the reverse inequality:
YE) = b
i=1

We emphasize that the assumption that {v,...,v,.} is compatible with the parabolic
filtration is essential in this step.
Suppose, to the contrary, that

This implies that
(12.1) lim ———*

in Step .

By replacing h with h - |z[?™i{bd+¢ for some small € > 0, we may assume that a = 0
and b; € (—1,0) for all i (see Remark IZH). Next, by replacing h with h - e ™X(=™) for
some sufficiently large N > 0, we may further assume that the curvature of h is negative
(see Remark [ZW).

Note that all entries of the matrix h are bounded, since each b; € (—1,0). Rescaling the
coordinate via z — z/C for some constant C' > 0 does not affect the values of v(,£) and
b; (see Remark [II8). Therefore, by choosing an appropriate rescaling, we may assume
that the frame {v,...,v.} is defined on the unit disk B(0,1). Applying the rescaling
z + 2z/2 once more, we may further assume that the pair (E, h) is defined and trivialized
on B(0,2). Then, by further replacing h with (1/C)h for some sufficiently large constant
C > 0, we may assume that all eigenvalues of h are < 1 on some open neighborhood of
the closed disk B(0,1+ §) for sufficiently small § > 0.

By Lemma 22, we can choose a sufficiently large positive integer m such that mb; € Z

for all rational b;, and
1
Om(b) < ———.
m(b) < 6 rank £

Note that m can be taken arbitrarily large.
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Set b := mb; — n; for each i, where n; is the integer minimizing |mb; — n;| (see Defini-
tion [C2XT).

Now consider the m-fold cyclic cover

m: B(0,1+¢) — B(0,1+9), m(w)=2z"
for some ¢’ > 0. Define
(E' h') = (W*E, *h - ’wIQmaXi{b§}> .

Then, since y(,E) < >.._, b; (i.e., (X)) and m is sufficiently large, there exists a

constant C’ > 0 such that
| det h'| < C'|w

on some open neighborhood of the closed disk B(0,1 + §”) for sufficiently small " > 0.

By Lemma T2, the set

{w" T vy, ..., w" T 0, }

forms a frame of o’ that is compatible with the parabolic filtration.

Applying Lemma [0, we obtain a constant section €' of £’ and a constant C” > 0
such that

1
3 rank E

€' (w)[w < C"w

holds near the origin.
By construction, we have

1
Jo0 Rl (E———
Par(oF) © ( 3 rankE’O] ’

which contradicts the existence of such a section e’ with the above estimate.
Therefore, our assumption must be false, and we conclude that

=1

By Steps [ and B, we obtain the desired equality:

i=1

This completes the proof of Theorem TZ3. U

Proposition 12.7. Let {wy,...,w,} be a local frame of ,F defined over some open neigh-
borhood of 0, such that w; € .,E for every 1. Assume that

i ¢ <Y(E
i=1

Then the following assertions hold:
(1 w; € o, B\ <o, E for every i;

)
1i) ( E) =iy cis

iii) ¢ (a —1,al] for every i,

iv) wr} is a local fmme of o & compatible with the parabolic filtration.
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Proof of Proposition [2-1. For each i, take a real number ¢, such that w; € c;E\<C;E. By
definition, we have ¢, < ¢; for all i. By Corollary [0, it follows that

YaE) <D
i=1
Therefore,
VWE) <Y 6 <> e <(E).
i=1 i=1
/

Thus, all inequalities must be equalities, and we conclude that ¢; = ¢; for all 7. In

particular, w; € ., E \ <., E for all ¢ and v(,E) = >_._, ¢;, which proves (i) and (ii).

Next, since {wy,...,w,} forms a local frame of ,E near 0, it follows from (i) and
Lemma T8 that ¢; € (a — 1,a] for all 7. Hence, (iii) follows.
Finally, consider the quotient vector space ,F/,_1F. Suppose that {wy,...,w,} is not

compatible with the parabolic filtration. Then there exists (a;;) € GL(r, C) such that the
new frame {w},...,w.}, defined by

,
/
w; = E W;ikij,
i=1

satisfies w) € c;_E \ <c;E for each j, and

T r
E / §
j=1 i=1

However, by Corollary 71 again, we have

<

YLE) <) d,
j=1
which contradicts the assumption > i ¢; < y(,E). Hence, {wy, ..., w,} must be compat-
ible with the parabolic filtration. This proves (iv), and completes the proof of Proposition

4. U

By Corollary [Zd, Theorem 233, and Proposition 74, we obtain the following useful
statement, which will be used in subsequent sections.

Corollary 12.8. Let {uy,...,u,} be a local frame of ,E defined over some open neigh-
borhood of 0, such that u; € 4, E for every i. Then the inequality

V(aE) S Z dl
=1

holds. Equality holds if and only if the following three conditions are satisfied:
(i) {us,...,u.} is a local frame of ,E compatible with the parabolic filtration,
(i) w; € 4, B\ <4, E for every i,
(ili) Par(,E) = {d,....d.}.

We will use this corollary when showing that a given frame is compatible with the
parabolic filtration.
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13. ON DUAL BUNDLES

In this section, we investigate the prolongation of dual vector bundles. We begin by
reformulating Corollary 7 (see also Corollary B=3).

Lemma 13.1 (Duality for line bundles, see Lemma [IT). Let (L,h) be an acceptable
line bundle on A*. Let o € R be any real number. Then we have L = ., 1)L, and

Paro(L; h) ={y(aL)}.
Moreover, if 0 < e < 1, then
’V(*aJrlfz-:(Lv)) = —Y(al).

In particular, the following equality holds:
Vv
(enl)” = (LY.

Proof of Lemma 33. We use the same notation as in the proof of Proposition BT (see
also Theorem B4).

Since oL = Op - 272 we may take the following trivialization:
(Lsh) 2 (On, |- [Pe72%7)
where ¢, 1= ¢ + [a — 7| log|z|. Note that

pz) _
2—0 log |z

Therefore, we obtain

. $al2)
oL) =1 = la— .
Wal) =lim o = L=+

This immediately implies that oL = ()L, and that Par,(L,h) = {y(.L)}.
Similarly, we compute
V(cari-e(LY) = [ma+1—c+7] —7.
For details, see the proof of Corollary E=3.
If 0 < e <1, then

Veari—(LY) = [—a+1-e+y] =~
=—Ja—1l4+ec—7]—v
=—la—7]-7
= —(oL).
Hence, we have
\Y%
(wn)L) " = (L)’ = —as1-o(LY) = ) (LY),
by Corollary 7 (see also Corollary B=3).
This completes the proof of Lemma LT3 0

The main result of this section is the following theorem. One of the main ingredients
in the proof of Theorem 32 is Theorem I[Z3.

Theorem 13.2 (Dual bundles, see Theorem [I2). Let (E,h) be an acceptable vector
bundle on A*, and let a be any real number. Then,

(aE)V — —atl-e (Ev)
holds for any sufficiently small £ > 0.
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Moreover, let {v,...,v.} be a local frame of E near the origin, compatible with the
parabolic filtration, such that v; € y,E \ <y, E for each i. For each i, define
(13.1) v = (D" o A A A A A0 @ (0 A A )BT

Then {vy,..., v’} forms a local frame of _,1_<(EY) near the origin, compatible with the
parabolic filtration, such that

v € b (EY)\ <0, (EY)
for each i. In particular, we have
Pary(E,h) = {by,...,b,} and Par_,1 (EY,hY)={=by,...,=b.}.
Proof of Theorem [I32. By Corollary [Z4, we have
Y (vup) det B) = (o E).
Therefore, by Lemma I3, we obtain
(13.2) (yom det B) = _( g(det E).

As a result, we have

(13.3) - /_\1 (uB) © (y(um) det E)”

r—1
= /\ (zzE) X —v(.E) (det E)v 5

where we have used Theorem 3 and ([C32).
By (LX) and (33), it follows that

Uzy € —bi(Ev)

since ¥(,E) = >_._, b; by Theorem 3.

Since v := {vy,...,v,} isalocal frame of , F, we have b; € (a—1, a for every i by Lemma
[18. Therefore, —b; < —a + 1 — ¢ for every i when 0 < ¢ < 1. Thus, v, € 411 (EY)
for every 1.

By definition, v’ := {v), ..., v} is the dual frame of {vy,...,v,}. Thus, it gives a local
frame of (,F)" near the origin. This implies that
(13.4) (oE)Y C _ar1-<(EY).

Claim. We have the inclusion

fa+1f€(EV) C (aE)V
for any sufficiently small € > 0.

Proof of Claim. Let f € _,11-(E"). Then locally near 0, we can write

f=2_filai(2),
i=1
where each f; is holomorphic outside 0. Since

)] = D] < [l - [ (e = O (ﬁ)
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for small § > 0, we conclude that each f;(z) is holomorphic near 0.
Hence, f extends holomorphically, and we obtain the desired inclusion. This completes
the proof of Claim. 0

Therefore, by combining (I34) with Claim, we obtain the equality:
(aE>v = faJrle(EV)'

As shown above, v¥ = {v),..., v} is a local frame of _,;1_.(EY) near the origin. We
have already proved that v, € _, (EV) for every i. By definition, it is easy to verify that

H(RY,v") = H(h,v)™".

Therefore,
1. logdet H(v")
ar1e(BY)) = == lim 2220
1.. —logdet H(v)
= ——lim
2 20 log | 2|

= —B) = Y (-b),
i=1
by Theorem IZ3. Finally, by Corollary IZR, the frame v satisfies all the desired prop-
erties.
This completes the proof of Theorem [32. 0]

For each i, we set

V=2

We denote v’ := {v],...,v.}. As in [T, we define
n o, oo
H(h,v") = (h(v] U))”

b;

17 7]

Now we are ready to prove the following theorem. Although this property does not
play a role in the present work, it is of independent interest.

Theorem 13.3 (Weak norm estimate, see Theorem TI3). Let {vy,...,v.} be a local
frame of . E around the origin, compatible with the parabolic filtration, such that

v; €, B\ <p, B for every i.
Then there exist positive constants C' and M such that
C7H(—log|2[) ™1, < H(h,v')(2) < C(~log|2)" 1,

holds in a neighborhood of the origin, where I, is the identity matriz of size r.
This means that both

C(—log|z)™I, — H(h,v')(2) and H(h,v')(z) — C'(=log|z|) ™I,
are positive semidefinite around the origin.
Proof of Theorem [L3-3. For each 17, set
() =) - |2

We denote (v¥) := {(vY),...,(v’)'}. By Lemma B4, there exist positive constants C’,
M’ such that
H(h,v')(2) < C'(=log |21,
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holds near the origin. Similarly, applying Lemma B4 to the dual bundle, we obtain
positive constants C” and M"” such that

H(hY, (0"))(z) < C"(~log |z,
holds near the origin. By definition, it is easy to verify that
H(h,v')(2) = (H(hY, (v"))(2))" .

Combining these inequalities, we conclude that there exist positive constants C' and M
such that

CH=log|z|) ™I, < H(h,v')(2) < C(=1log |z)MI,
holds around the origin. This completes the proof of Theorem [3I3. 0
As a direct consequence of Theorem 373, we obtain the following useful estimate.

Corollary 13.4. Let {vy,...,v.} be a local frame of ,E around the origin, compatible
with the parabolic filtration, such that

v; € b, B\ <p, B for every i.
Then there exist positive constants Cy and My such that

G

|2["

holds for every i in a neighborhood of the origin.

C
—M 0 M,
(=log[z])"™ <fuiln < g (=log =)™

Proof of Corollary [[3-4. This follows directly from Theorem [373. U

14. EXAMPLES OF FILTERED BUNDLES

Before discussing the prolongation of tensor products and Hom bundles of acceptable
vector bundles on A*, we set up the framework of filtered bundles. We use the same
notation as in Section B. Let us begin with a simple example, which we will use again in
Section [3.

Example 14.1. Note that O (x[0]) is itself a locally free Oa(x[0])-module of rank one.
Let P (OA(%[0])) denote the filtered bundle over Oa(x[0]) defined by

Pi (Oa(x[0])) = Oa(la — c][0]).
Remark 14.2. Let (Oa~, h.) be a flat line bundle on A*, where

h. - | ) ‘2 —2clog |z|
c .

R

[ [*-e
Then we can verify that

P On = Op (la = c][0])
holds for every a € R. Hence, the filtered bundle P (OA(%[0])) in Example @71 can be
realized as the filtered prolongation of the acceptable line bundle (Oa«, h.) over A*. In
particular, we can view P (OA(%[0])) as the filtered prolongation of the trivial Hermitian
line bundle (Oa-,| - |?). Note that P (Oa(%[0])) will be used in Proposition [al.




54 OSAMU FUJINO, TARO FUJISAWA, AND TAKASHI ONO

Let P.E, and P,FE> be filtered bundles of rank r; and r5 on (A, 0), respectively. Then
El (059 E2 and HOHIOA(*[O])(EM EQ)

are locally free O (*[0])-modules of rank ry7rs.
Let a € R. We define

PulBL @ By) = > PyE) @ Pob,

b+c<a

P,Hom(E, Es) = {f € Homo, (o)) (E1, E2) | f(PeEr) C Payilis for all k € R} )

Suppose Par(PoE;) = {b1,...,b, } and Par(PyE>) = {c1,...,¢,}. Let {v;} and {w;}
be frames of PyE; and PyEs, respectively, which are compatible with the filtrations.
By the definition of filtered bundles, we have

By ® Ey = ZOA<*[O]) "V @ Wy,
,J

Hom(E, Ez) = Y Oa(x[0]) - v} @ w;.

We used condition (1) in the definition of a filtered bundle (see Definition B3).

Proposition 14.3. The family P,(F1 ® Es) (a € R) defines a filtered bundle structure
over B1 ® Ey. We denote this filtered bundle by PyF1 ® P.FEs.

Proof of Proposition [[7-3. Fix a € R. By definition, we have v; ® w; € Py, £y ® P, Es.
Set
Nijo ' =max{n € Z | n+b;, +¢; < a}.
Then
Z_nij’avi ® w; € Pbi+nz.].,aE1 &® chEg C Pa(El ® E'Q)
Hence,
Z Op - 27", @ w; C Po(Ey @ Es).
1,
Let b,c € R. Set
nip:=max{n € Z|n+0b <b}, mj.:=max{ne€Z|n+c; <c}.
Then {z "v;} and {z7™w;} are frames of P,E; and P E,, respectively. Therefore,
Pu(E1 ® Ey) = Z Op - 27" @ 27 "ew;.
b+c<a
By the maximality of n;;,, we obtain
Pa(El ® EQ) = Z OA . Z_nij’a?]i ® wy.
1,
It is clear that condition (1) in the definition of filtered bundles is satisfied (see Definition

82). Condition (2) in Definition B2 follows from the identity n;;q+n = 14ja + n. Choose
€ija > 0 small enough such that ngj ¢, = nijq, and set € := min; ; €;;,. Then,

Pore(Ey @ Ey) = Z Op - 27"y, @ wj = P.(E1 ® Ey).
1,7

Therefore, P.(F; ® E5) defines a filtered bundle over E; ® Es, as desired. O
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Proposition 14.4. The increasing family of Oa-modules P, Hom(E1, E>) (a € R) de-
fines a filtered bundle structure over Hom(FE1, Ey). This filtered bundle is denoted by
Hom(P*El, P*Eg) .
Proof of Proposition [[74. Let a € R and f € P, Hom(F1, E,). By definition,

f(Po,Er) C Pay, B
holds. Conversely, if an Oa (*[0])-module morphism f: E; — E, satisfies

f(Py,E1) C Pass, Eo

for all ¢, then f € P, Hom(E,, E»).
Hence,

P, Hom(E, Ey) = {f € Homo, () (E1, E2) | f(Py,E1) C Payp, Eo for all z} )
Define
Mjjq :=max{m € Z | m+c¢; < b, + a}.
Then, by the above discussion,
PoHom(Ey, Ey) = Op - v) @ 2 "o,
1,J
It is clear that condition (1) in Definition B2 is satisfied. Condition (2) in Definition

B2 follows from m;; 44n = Myjq + n. Choose €; > 0 such that Py iy, ye, B2 = Poyp, Fo, and
set € := mine;. Then,

Pore Hom(Ey, Ey) = P, Hom(E, Es).
Therefore, P, Hom(E;, Es) defines a filtered bundle over Hom(FEy, Ey). O

15. DUAL BUNDLES REVISITED

In this section, we study prolongations of dual bundles within the framework of filtered
bundles.

Proposition 15.1. Let (E, h) be an acceptable vector bundle of rank r on A*. Then
P! EY = Hom(P!E, PP Oa(x[0])).
Note that
Hom(P!E, PYOA(x[0)))
in Proposition [51 is a filtered bundle, as described in Proposition [Z4, since both P*E
and P Oa(x]0]) are filtered bundles (see Sections @ and B).

Proof of Proposition Ta1. Let k € R be arbitrary. Take any f € Pr, Hom(FE, Oa(x[0])).
By definition, for any a € R, we have

F(PEE) € P, O(x[0).
Take a = —k + 1 — € with any 0 < e < 1. Then
f(Pyy1 ) € PI2OA(x[0]) = O,
This implies
f e Pl B) =P B
for any sufficiently small § > 0, and hence

f S ,Plgjre/Ev
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holds for any 0 < ¢’ < 1. By Lemma [9, we conclude
fePrEY.
Thus,
Py Hom(E, O ([0])) € P EY.

We now prove the opposite inclusion. Fix & € R. It suffices to show that for any
f e€PFEY and any a € R, we have

F(PRE) € POLOA(x]0]).

Suppose Par(PLE) = {by,...,b.}, and let {v;}I_, be a frame of P!E compatible with
the parabolic filtration. Let {v;}/_, be the dual frame of {v;}/_, as in Theorem 3.
Define

n;:=max{n € Z | n—b; < k}.

Then {2 "v)}/_, is a frame of P} EV by Lemma T2 and Theorem [Z32.
Fix a € R, and define

m; :=max{m € Z | m+b; < a}.

By Lemma [I7 again, the set {z~™iv;}I_, forms a frame of P"FE.

Therefore, in order to prove that f(P'E) C Pégr)k(’)A(*[O]) for any f € PP EV, it suffices
to check

o) (=7 wr) € PLOA(HO]) = Oalla+ k) [0]).
This follows from the inequality
ni +m; = (n; —b;) + (mi + b)) <k +a,
which implies
n; +m; < la+ k.
Hence, for all f € P}"EY, we have
F(PEE) € P9, 0 (x[0).
Since a € R is arbitrary, we obtain the inclusion
Pl EY C Py Hom(E, Oa(x[0])).

Therefore,
P EY = P, Hom(E, O (x[0])).
Since this equality holds for every k € R, the proof of Proposition [ is complete. [

16. ON TENSOR PRODUCTS

In this section, we discuss the prolongations of tensor products of acceptable bundles
in detail. Throughout this section, we use the notation

[a] :=min{n € Z |n > a}

for a € R.
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Proposition 16.1. Let (Ey, hy) and (Es, hy) be acceptable vector bundles of rank ry and
r9, respectively. Suppose that

Par(PyEy) = {by,....by,},  Par(PyEs) ={c1,... e}
Let {vi,..., v} and {wy, ..., w,,} be frames of PI*Ey and P)? Es, respectively, such that
vi € PPEL\ P By, w; € PRE,\ P By,
and are compatible with the parabolic filtrations. Then:

(1) The set {z!%F¢ilv; @ w;bi<icr. 1<j<r, forms a frame of Pt @ B,).
(ii) The set of parabolic weights of PI*®" (B, @ Fs) is given by

Par (PY" (1 @ B) = (b + 65 = [bi+ 6T hcicn, 1cen

In particular, the set {z%F ¢y, @ w;}1<icr,. 1<j<r, 15 compatible with the parabolic
filtration.

Proof of Proposition 1. Since |v; ® Wj|p,on, = |Viln, - [w;]ny, We have
Vi 0% w; € ,P;ilfiim (El ® E2)a
and hence

bty @ w; € P&ﬁ?i[bﬁcﬂ (B @ Ey) C Py (E) @ Ey).

Step 1. In this step, we prove statement (i).
To prove (i), it suffices to show that for every f € PI'®"(E; ® E,), there exist holo-
morphic functions f;; € Oa such that

f= Z fig2reily; @ ;.
2%
Since {v;} and {w;} are frames of E; and E, on A*, respectively, the set {z[%*ly; @

w;};.; forms a frame of Fy ® Fy on A*. Hence, for any f € Pgl®h2(E1 ® Fy), we can write

f= Z fa?Praly; @ wy,

2%
where each f;; is holomorphic outside the origin. Therefore, it remains to show that f;;
is holomorphic at the origin.

Let {v;'} and {w}'} denote the dual frames of {v;} and {w;}, respectively. Recall that
hY hy
v, € PLEY, wj ePZE,).

Therefore,

hY ®hy
—b;—c;

v/ @w/ € P
By Proposition [, we have
v @w; € P_y,_o, Hom(Ey @ Es, Oa(x[0])).
Since f € PI®"2(E, @ E,), it follows that

(v @ w))(f) = (v @w)) (Z fi2Praly; @ wj)

]

(EY ® EY).

— z[bﬁcﬂfij S ,PSOb)er Oa(x[0])-
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Since 0 < [b; + ¢j] — (b; + ¢;) < 1, we have
fij € P[b tes— i+ O (¥[0]) = Oa(L[bs + ¢;] = b — ¢;[0]) = Oa.
This completes the proof of (i).

Step 2. In this step, we prove statement (ii).
As before, we define

vi={v,...,v,}, w:={w,...,w,}, vOw:={vy;,Qw;};.

We further define
b;+c
(v@w) = {Z[ teily, ®wj}1<z<7"1 1<j<ry

As shown in Step I, the set (v ® w) forms a frame of P2 (Ey @ Es).
We consider the Hermitian matrix

H(hy @ hg,v @ w) := (ha(vi, v5) - ha(wi, wi))

whose ((i — 1)ro + k, (j — 1)ro +1)-th entry is given by hq(v;, v;) - ho(wy, wy). Similarly,
define
H <h1 ® hy, (v ® 'w)ﬁ) = (z“”*cM -zlhFel (v, v5) - ho(wg, wy)) -

Then we have

det H <h1 ® ha, (v ® w)ﬁ>

B (Hz[bﬁﬂk]) (HZ"’ m) (det H(y, )" - (dot H (o, w))"

= |z|?Zialbitel . (det H(hy,v))™ - (det H(hg, w))™

Therefore,

1. . .logdet H(hi ® hy, (v ® w)ﬁ)
h1®h2 - __ d
7 (P (Br® By)) = 2 fim inf log | 2|

1. logdet H(hy ® hy, (v ® w)?)
2 250 log |z|

= = Dbt ] ra ey (P(ED) + 14y (P2 (E)

:—Z’Vbi—FCj—‘—i‘Tz'Zbi—i‘Tl'ZCj
i3 i J

by Corollary 8 and Theorem [X3.
On the other hand, we have

(16.1)

(16.2) il @ w; € PRt (B @ By),

and

(16.3) S it —[bit+cel)==> [bi+¢] —I—TQZb +r1 Y o
1,7 %,] J

By Corollary ITZR, together with (IG), (I62), and (IG3), we conclude that (v @ w)*
is a frame of Phl@hQ(E ® E5) compatible with the parabolic filtration,

Par (P (By ® By)) = {bi+¢; — [bi+ ¢} cier 12ien -



NOTES ON ACCEPTABLE BUNDLES I 59

and

Al @ w; € Pt o (Br @ Bo) \ PRI L (B1 © Ep).

Thus, statement (ii) is proved.
We now complete the proof of Theorem IG. O

We are now ready to describe the behavior of the prolongation of the tensor product
of acceptable bundles.

Theorem 16.2 (Tensor products, see Theorem [Id). Let (Ey,hy) and (Eq, he) be ac-
ceptable vector bundles of rank ri and ry, respectively. Then the parabolic filtration on
E, ® Ey induced by hy ® hy coincides with the tensor product filtration:

P2 (B @ By) = P (Er) @ Pl2(Es).
FEquivalently, for every a € R,
'Ph1®h2(E ® E2 Z Phl ® Ph2 (E2>
a1+az<a
Proof of Theorem IGA. Let k € R be arbitrary. Then the following inclusion
> PI(E) @ P (E) C PR (B @ B)
a+b<lk

holds obviously by definition. Hence, it suffices to prove the opposite inclusion.
Suppose that

Par(Pé“El) ={by,...,b}, PaT(szEg) ={c1,...,Cn}

Let {v1,...,v,} and {wy, ..., w,,} be frames of Py ) and P E,, respectively, compat-
ible with the corresponding parabolic filtrations.

By Proposition [E1, we have

Par (Py**" (Ey @ Ez)) = {bi + ¢; — [bi + ¢ T h<icn, 1<jr)
and the set
(=110, @ wihicicr, 159

forms a frame of PJ*®"*(E, ® E,) compatible with the parabolic filtration.

For each (i,j) € {1,...,m} x {1,...,72}, define

N; 1= max{n € Z ’ n+bi+cj — (bi—FCj—‘ < ]i'}
Then the set
{Z—nij+|—bi+c]-'|,ui ® wj}i,j
is a frame of P]"®"(E, ® E,). Since
anw+[b +Cﬂvl c ’]):Llj ity ]+b; (El), w; c ,Pchf(EQ)>
and n;; +b; +¢; — [b; + ¢;| < k, it follows that
Ty @ wy € Py L1, (BY) @ PR(ES) C ) PR (EY) © PE(Ey).
a+b<k
Therefore, we obtain the inclusion

73]?1®h2(E1 ® Ey) C Z Ph(E)) ®P£2(E2)v

a+b<k
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and hence the desired equality
PR (B © By) = ) Pl (E) @ Py (By)
a+b<k
holds for every k& € R. This completes the proof of Theorem IG2. O

17. ON HOM BUNDLES

In this final section, we prove that the parabolic filtration on Hom (£, E2) induced by
hY ® hy coincides with the filtration on the filtered bundle Hom (P Ey, P2 Ey).

Proposition 17.1. Let (Fy,hy) and (Es, hy) be acceptable vector bundles of rank 1
and 1o, respectively, defined on A*. Then the parabolic filtration on the Hom bundle
Hom(E1, Ey) induced by the metric hY ® hy coincides with the filtration on the filtered
bundle Hom(PM By, Ph2 E,):

MEh Hom(Ey, By) = Hom(PM By, P2 E,).
Proof of Proposition [[7-1. As usual, we denote the filtered bundle Hom(P" E;, Ph2 E,)
by P. Hom(E}, Es) (see Proposition [23). By Theorem 62, for any k € R, we have

Pei" Hom( By, By) = PR (BY @ By) = Y PUEY © PI2Ey,
b+c<k
Let f®ue P:YE}/ ® P2 B, with b+ ¢ < k, and let z € P" E,. Then, by Proposition
51, we have
/(@) € Py, 0 (x[0]).

Therefore,

(f@u)(z) = f(x) u e P2, L CP¥ Es.
This implies that, for every a € R, we have

(f @ u)(PEy) C PgikEm

and hence f ® u € P, Hom(E,, Ey). Thus, we obtain the inclusion

P Hom(E,, By) C Py, Hom(Ey, Es).

We now prove the opposite inclusion. Let
PQT(PglEl) = {bl, . 7b7"1}7 Par(’]DOh?EQ) = {Cla cee C’!’Q}’

Let {vy,..., v} and {wy, ..., w,,} be frames of P} B, and P2 E,, respectively, compat-
ible with the parabolic filtrations, such that

v € PUEY\PY By, w; € Pl2Ey \ P By,
By Theorem 332, we have
PILEY ~ (P Ev)”
for sufficiently small € > 0. Moreover, by Theorem 32,
Par(PI1EY) = {~by,...,~by},

\

and the dual frame {vy,...,v)} is compatible with this parabolic filtration. Fix an

arbitrary k € R, and let f € P, Hom(F1, Ey). Then, for any a € R, we have
f(PIEy) C PﬁkE?'
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In particular,
f(Py Er) C Py E
for all 7. Define
ny; c=max{n € Z|n+c; <b +k}.
Then, by Lemma [[T3, the set {z "7w;}72, forms a frame of P&jkEQ. Since f(PlZlEl) C
Pb % w2, there exist holomorphic functions f;; € Oa such that

F=fiy-v) @z,
Z"j
Vv
Since v, € Pﬁl,EV and z 7 "iw; € PIZQME% it follows that

U ® 2 n”wj c P EV ® er +kE2 C Z ,P:YEI/ ® ’PChQE2 = 'pl]cllv®h2 HOIH(E1, EQ)
b+c<k

Therefore, f € P} 18he Hom(E1, E,), and hence
PrHom(E,, Fy) C P,Zlmhz Hom(E1, Es).
Combining both inclusions, we conclude that

Po Hom(Ey, By) = P ®" Hom(Ey, By) for all k € R.

This completes the proof of Proposition L. 0J
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