ADJUNCTION AND INVERSION OF ADJUNCTION

ABSTRACT. We establish adjunction and inversion of adjunction for log canonical centers
of arbitrary codimension in full generality.
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1. INTRODUCTION

Throughout this paper, we will work over C, the complex number filed. We establish
the following adjunction and inversion of adjunction for log canonical centers of arbitrary
codimension.

Theorem 1.1. Let X be a normal variety and let A be an effective R-divisor on X such
that Kx + A is R-Cartier. Let W be a log canonical center of (X,A) and letv: Z — W
be the normalization of W. Then we have the adjunction formula

V*(Kx+A):Kz+Bz+MZ

with the following properties:

(A) (X, A) is log canonical in a neighborhood of W if and only if (Z, Bz + Mjyz) is an
NQC generalized log canonical pair, and

(B) (X, A) is log canonical in a neighborhood of W and W is a minimal log canonical
center of (X, A) if and only if (Z, By + Mz) is an NQC' generalized kawamata log
terminal pair.

For the definition of NQC generalized log canonical pairs and NQC generalized kawamata
log terminal pairs, see [13, Section 2].

For the formulation of adjunction and inversion of adjunction for log canonical centers of
arbitrary codimension in full generality, the notion of b-divisors, which was first introduced
by Shokurov, is very useful. In fact, the R-divisors Bz and Mz in Theorem 1.1 are the
traces of certain R-b-divisors B and M on Z, respectively. The precise version of Theorem
1.1 is:

Theorem 1.2 (Adjunction and Inversion of Adjunction). Let X be a normal variety and
let A be an effective R-divisor on X such that Kx + A is R-Cartier. Let W be a log

2010 Mathematics Subject Classification. Primary 14E30; Secondary 14N30.
Key words and phrases. adjunction, inversion of adjunction, log canonical centers, generalized pairs.
1
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canonical center of (X,A) and let v: Z — W be the normalization of W. Then there exist
a b-potentially nef R-b-divisor M and an R-b-divisor B on Z such that Bz is effective with

V*(Kx+A) :K2+M2+Bz.

More precisely, there exists a projective birational morphism p: Z' — Z from a smooth
quasi-projective variety Z' such that
(i) M = My and My is a potentially nef R-divisor on Z',
(i) K+ B=Kz + By,
(iii) Supp By is a simple normal crossing divisor on 7,
(iv) vop (B3') = W NNIle(X,A) holds set theoretically, where Nle(X, A) denotes the
non-lc locus of (X, A), and

(v) vop(B3/) =Wn <Nlc(X, A) U Uwewr WT), where W1 runs over log canonical
centers of (X, A) which do not contain W, holds set theoretically.

Hence, (Z,Bz + My) is generalized log canonical, that is, B} = 0, if and only if (X, A)

is log canonical in a neighborhood of W. Moreover, (Z,Bz+Myz) is generalized kawamata

log terminal, that is, BZ' = 0, if and only if (X, A) is log canonical in a neighborhood of W

and W is a minimal log canonical center of (X, A). We note that My is semi-ample when

dim W = 1. We also note that if Kx + A is Q-Cartier then B and M become Q-b-divisors
by construction.

In this paper, the R-b-divisors B and M in Theorem 1.2 are defined by using the notion
of basic R-slc-trivial fibrations. Here, we explain an alternative definition of B and M
for the reader’s convenience. For the details of Definition 1.3, see [10, Section 5] and [11,
Definition 2.1].

Definition 1.3 (see [10, Section 5], [11, Definition 2.1], and Remark 6.1). Let (X, A), W,

and v: Z — W be as in Theorem 1.2. For any higher birational model p: Z — Z, we
consider all prime divisors 7" over X such that a(7, X, A) = —1 and the center of 7" on X
is W. We take a log resolution f: Y — X of (X,A) so that 7" is a prime divisor on Y
and the induced map fr: T --» Z is a morphism. We put Ay = (Ay — T)|r, where Ay
is defined by Ky + Ay = f*(Kx 4+ A). For any prime divisor P on Z, we define a real
number apr by

apr =sup{\ € R| (T, Ar + \f}P) is sub log canonical over the generic point of P}.
Then the trace B; of B on Z is defined by

BZ = Z(l — iI%fOéngP
P

where P runs over prime divisors on Z and T runs over prime divisors over X such that
a(T, X,A) = —1 and the center of T on X is W. When W is a prime divisor on X, T’
is the strict transform of W on Y. In this case, we can easily check that B; = (fr).Ar
holds. We consider the R-line bundle £ on X associated to Kx + A. We fix an R-Cartier
R-divisor D on Z whose associated R-line bundle is p*v*(L|w). Then the trace M of
M on Z is defined by
M;=D;—-K;—-Bj.
We simply write
pv(Kx +A)=K;+B; +M;

if there is no danger of confusion (see also Remark 6.1).
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As we saw in Definition 1.3, the R-b-divisor B on Z depends only on the singularities
of (X, A) near W. Conversely, Theorem 1.2 (ii)—(v) implies that B remembers properties
of the singularities of (X, A) near W. If we put B; = Bz and Mz = My, then Theorem
1.1 directly follows from Theorem 1.2. Our new formulation of adjunction and inversion
of adjunction includes some classical results as special cases. The following corollary is
the case of dimW = dimX — 1 which recovers the classical adjunction and inversion of
adjunction.

Corollary 1.4 (Classical Adjunction and Inversion of Adjunction). In Theorem 1.1, we
further assume that dim W = dim X — 1, that s, W is a prime divisor on X. Then My
and Bz become zero and Shokurov’s different, respectively. Then (A) recovers Kawakita’s
inversion of adjunction on log canonicity. By (B), we have that (X,A) is purely log
terminal in a neighborhood of W if and only if (Z, Bz) is kawamata log terminal.

We know that we have already had many related results. We only make some remarks
on [12] and [3].

Remark 1.5 (Hacon’s inversion of adjunction). In [12, Theorem 1], Hacon treated in-
version of adjunction on log canonicity for log canonical centers of arbitrary codimension
under the extra assumption that A is a boundary Q-divisor. We note that the b-divisor
B(V; X, A) in [12] coincides with B in Theorem 1.2 by [11, Theorem 1.2]. In [10, Theorem
5.4], we proved a generalization of [12, Theorem 1]. We note that B in [10, Theorem
5.4] coincides with B in Theorem 1.2. Hence Theorem 1.2 can be seen as a complete
generalization of [10, Theorem 5.4] and [12, Theorem 1].

Remark 1.6 (Generalized adjunction and inversion of adjunction by Filipazzi). In [3],
Filipazzi established some related results for generalized pairs (see, for example, [3, Theo-
rem 1.6]). Although they are more general than Theorems 1.1 and 1.2 in some sense, they
do not include Theorem 1.1.

The main ingredients of Theorem 1.2 are the existence theorem of log canonical modifi-
cations established in [10] and the theory of basic sle-trivial fibrations in [6] and [7]. Hence
this paper can be seen as a continuation of [7] and [10]. Moreover, the theory of partial
resolutions of singularities of pairs in [2] is indispensable. We do not use Kawakita’s inver-
sion of adjunction (see [15, Theorem]) nor the Kawamata—Viehweg vanishing theorem. If
Kx +A is Q-Cartier, then Theorem 1.2 easily follows from [6], [7], and [10]. Unfortunately,
however, the framework of basic slc-trivial fibrations discussed in [6] is not sufficient for
our purposes in this paper. Hence we establish the following result.

Theorem 1.7 (Corollary 5.2). Let f: (X,B) — Y be a basic R-sle-trivial fibration and
let B and M be the discriminant and moduli R-b-divisors associated to f: (X,B) — Y,
respectively. Then we have the following properties:

(i) K+ B is R-b-Cartier, where K is the canonical b-divisor of Y, and
(ii) M is b-potentially nef, that is, there exists a proper birational morphismo: Y’ —Y

from a normal variety Y' such that My is a potentially nef R-divisor on Y’ and
that M = My holds.

If f: (X,B) =Y is a basic Q-slc-trivial fibration, then Theorem 1.7 is nothing but [6,
Theorem 1.2, which is the main result of [6]. More precisely, we establish:

Theorem 1.8 (see Theorem 5.1). Let f: (X, B) — Y be a projective surjective morphism
from a simple normal crossing pair (X, B) to a smooth quasi-projective variety Y such that
every stratum of X is dominant onto Y and f.Ox ~ Oy with

e B = B=! holds over the generic point of Y,
o there exists an R-Cartier R-divisor D on'Y such that Ky + B ~g f*D holds, and
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o rank f,.Ox([—(B<1)]) = 1.
We assume that there exists a simple normal crossing divisor ¥ on'Y such that Supp D C
Y and that every stratum of (X,Supp B) is smooth over Y \ ¥. Let B and M be the
discriminant and moduli R-b-divisors associated to f: (X, B) — Y, respectively. Then

(i) K+ B = Ky + By holds, where K is the canonical b-divisor of Y, and
(ii) My is a potentially nef R-divisor on'Y with M = My .

Note that Theorem 1.8 completely generalizes [14, Lemma 2.8]. By Theorem 1.8, we can
use the framework of basic sle-trivial fibrations in [6] for R-divisors. We also note that the
main part of this paper is devoted to the proof of Theorem 1.8. In the proof of Theorem
1.2, we naturally construct a basic R-slc-trivial fibration f: (V;Ay) — Z by taking a
suitable resolution of singularities of the pair (X, A). The R-b-divisors B and M on Z in
Theorem 1.2 are the discriminant and moduli R-b-divisors associated to f: (V,Ay) — Z,
respectively.

Conjecture 1.9. In Theorem 1.8, My 1is semi-ample.

If Conjecture 1.9 holds true, then M in Theorem 1.2 is b-semi-ample, that is, My is
semi-ample. Note that Conjecture 1.9 follows from [6, Conjecture 1.4]. When dimY = 1,
we can easily check that My is semi-ample by [9, Corollary 1.4]. Unfortunately, however, it
is still widely open. In this paper, we prove Conjecture 1.9 for basic sle-trivial fibrations of
relative dimension one under some extra assumption (see Theorem 7.2). Then we establish:

Theorem 1.10 (see Corollary 7.3). If W is a codimension two log canonical center of
(X, A) in Theorem 1.2, then M is b-semi-ample.

Theorem 1.10 generalizes Kawamata’s result (see [16, Theorem 1]). For the details, see
Corollary 7.3.

We briefly look at the organization of this paper. In Section 2, we recall some basic
definitions and results. In Section 3, we introduce the notion of basic R-slc-trivial fibrations
and recall the main result of [6]. In Section 4, we slightly generalize the main result of [6].
This generalization (see Theorem 4.1) seems to be indispensable in order to treat basic
R-slc-trivial fibrations. In Section 5, we establish a fundamental theorem for basic R-slc-
trivial fibrations (see Theorems 1.8 and 5.1). In Section 6, we prove the main result, that is,
adjunction and inversion of adjunction for log canonical centers of arbitrary codimension,
in full generality. More precisely, we first establish Theorem 1.2. Then we see that Theorem
1.1 and Corollary 1.4 easily follow from Theorem 1.2. In Section 7, we treat adjunction
and inversion of adjunction for log canonical centers of codimension two.
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ond author was partially supported by JSPS KAKENHI Grant Numbers JP16J05875,
JP19J00046. The authors thank Christopher Hacon very much for answering their ques-
tion.

2. PRELIMINARIES

In this paper, we will freely use the standard notation as in [4], [5], [6], and [7]. A scheme
means a separated scheme of finite type over C. A wvariety means an integral scheme, that
is, an irreducible and reduced separated scheme of finite type over C. We note that Q
and R denote the sets of rational numbers and real numbers, respectively. We also note
that Q-¢ and R.o are the sets of positive rational numbers and positive real numbers,
respectively. Similarly, Q> denotes the set of nonnegative rational numbers.

Here, we collect some basic definitions for the reader’s convenience. Let us start with
the definition of potentially nef divisors.
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Definition 2.1 (Potentially nef divisors, see [6, Definition 2.5]). Let X be a normal variety
and let D be a divisor on X. If there exist a completion X of X, that is, X is a complete
normal variety and contains X as a dense Zariski open subset, and a nef divisor D' on
XT such that D = DT|x, then D is called a potentially nef divisor on X. A finite Q-
linear (resp. Rsq-linear) combination of potentially nef divisors is called a potentially nef
Q-divisor (resp. R-divisor).

We give two important remarks on potentially nef R-divisors.

Remark 2.2. Let D be a nef R-divisor on a smooth projective variety X. Then D is not
necessarily a potentially nef R-divisor. This means that D is not always a finite R+ -linear
combination of nef Cartier divisors on X.

Remark 2.3. Let X be a normal variety and let D be a potentially nef R-divisor on X.
Then D - C' > 0 for every projective curve C' on X. In particular, D is m-nef for every
proper morphism 7: X — S to a scheme S.

It is convenient to use b-divisors to explain several results. Here we do not repeat the
definition of b-divisors. For the details, see [6, Section 2].

Definition 2.4 (Canonical b-divisors). Let X be a normal variety and let w be a top
rational differential form of X. Then (w) defines a b-divisor K. We call K the canonical
b-divisor of X.

Definition 2.5 (R-Cartier closures). The R-Cartier closure of an R-Cartier R-divisor D
on a normal variety X is the R-b-divisor D with trace

Dy = f*D,
where f: Y — X is a proper birational morphism from a normal variety Y.

We use the following definition in order to state our results (see Theorem 1.2).

Definition 2.6 ([6, Definition 2.12]). Let X be a normal variety. An R-b-divisor D of
X is b-potentially nef (resp. b-semi-ample) if there exists a proper birational morphism
X’ — X from a normal variety X’ such that D = Dy, that is, D is the R-Cartier closure
of Dxs, and that Dy is potentially nef (resp. semi-ample). An R-b-divisor D of X is
R-b-Cartier if there is a proper birational morphism X’ — X from a normal variety X’
such that D = Dy/. Obviously, D is said to be Q-b-Cartier when Dy is Q-Cartier and
D =Dy.

For the reader’s convenience, let us recall the definition of singularities of pairs. The
following definition is standard and is well known.

Definition 2.7 (Singularities of pairs). Let X be a variety and let F be a prime divisor
on Y for some birational morphism f: Y — X from a normal variety Y. Then FE is called
a divisor over X. A normal pair (X, A) consists of a normal variety X and an R-divisor
A on X such that Kx + A is R-Cartier. Let (X, A) be a normal pair and let f: Y — X
be a projective birational morphism from a normal variety Y. Then we can write

Ky = f*(Kx +A)+ > a(BE,X,A)E
E

with
1. (Za(E, X, A)E) = —A,
E

where F runs over prime divisors on Y. We call a(F, X, A) the discrepancy of E with
respect to (X, A). Note that we can define the discrepancy a(E, X, A) for any prime
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divisor F over X by taking a suitable resolution of singularities of X. If a(E, X, A) > —1
(resp. > —1) for every prime divisor £ over X, then (X, A) is called sub log canonical
(resp. sub kawamata log terminal). We further assume that A is effective. Then (X, A) is
called log canonical and kawamata log terminal if it is sub log canonical and sub kawamata
log terminal, respectively. When A is effective and a(E, X,A) > —1 holds for every
exceptional divisor E over X, we say that (X, A) is purely log terminal.

Let (X,A) be a log canonical pair. If there exists a projective birational morphism
f:Y — X from a smooth variety Y such that both Exc(f), the exceptional locus of f, and
Exc(f) USupp f, 1A are simple normal crossing divisors on Y and that a(E, X, A) > —1
holds for every f-exceptional divisor E on Y, then (X, A) is called divisorial log terminal
(dlt, for short). It is well known that if (X, A) is purely log terminal then it is divisorial
log terminal.

In this paper, the notion of non-lc loci and log canonical centers is indispensable.

Definition 2.8 (Non-lc loci and log canonical centers). Let (X, A) be a normal pair. If
there exist a projective birational morphism f: Y — X from a normal variety Y and
a prime divisor E on Y such that (X, A) is sub log canonical in a neighborhood of the
generic point of f(FE) and that a(F, X, A) = —1, then f(F) is called a log canonical center
of (X,A).

From now on, we further assume that A is effective. The non-lc locus of (X, A), denoted
by Nlc(X, A), is the smallest closed subset Z of X such that the complement (X\Z, A|x\z)
is log canonical. We can define a natural scheme structure on Nlc(X, A) by the non-lc ideal
sheaf Inpo(X,A) of (X, A). For the definition of Inpc(X, A), see [4, Section 7).

We omit the precise definition of NQC' generalized log canonical pairs and NQC' gen-
eralized kawamata log terminal pairs here since we need it only in Theorem 1.1 and the
statement of Theorem 1.2 is sharper than that of Theorem 1.1. For the basic definitions
and properties of generalized polarized pairs, we recommend the reader to see [13, Section
2]. Note that the notion of generalized pairs plays a crucial role in the recent study of
higher-dimensional algebraic varieties.

Definition 2.9. Let X be an equidimensional reduced scheme. Note that X is not neces-
sarily regular in codimension one. Let D be an R-divisor (resp. a Q-divisor), that is, D is
a finite formal sum ), d;D;, where D; is an irreducible reduced closed subscheme of X of
pure codimension one and d; € R (resp. d; € Q) for every i such that D; # D; for ¢ # j.
We put

D'=% diD, D=3 Di D=} diD; and [D]=3 [d]D;
dicl di=1 di>1 :

where [d;] is the integer defined by d; < [d;] < d; + 1. We note that |D| = —[—D] and
{D} =D — | D]. Similarly, we put

D' = Z d;D;.
d;>1

Let D be an R-divisor (resp. a Q-divisor) as above. We call D a subboundary R-divisor
(resp. Q-divisor) if D = D=! holds. When D is effective and D = D=! holds, we call D a
boundary R-divisor (resp. Q-divisor).

We further assume that f: X — Y is a surjective morphism onto a variety Y such that
every irreducible component of X is dominant onto Y. Then we put

DY = Z dzDz and Dh: Z dzDz

f(D;)SY f(Di)=Y
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We call DY (resp. D") the vertical part (vesp. horizontal part) of D with respect to f: X —
Y.

3. ON BASIC SLC-TRIVIAL FIBRATIONS

Roughly speaking, a basic slc-trivial fibration is a canonical bundle formula for simple
normal crossing pairs. It was first introduced in [6] based on [8]. Let us start with the
definition of simple normal crossing pairs.

Definition 3.1 (Simple normal crossing pairs). A pair (X, B) consists of an equidimen-
sional reduced scheme X and an R-divisor B on X. We say that the pair (X, B) is simple
normal crossing at a point x € X if X has a Zariski open neighborhood U of x that
can be embedded in a smooth variety M, where M has a regular system of parameters
(T1,.. ., Zp, Y1, .., Yyr) at x =0 in which U is defined by a monomial equation

Ty-xpy =0

and
T

BlU:Zai(yi:O”Ua a; € R.
i=1
We say that (X, B) is a simple normal crossing pair if it is simple normal crossing at every
point of X.

Let (X, B) be a simple normal crossing pair and let v: X¥ — X be the normalization.
We define B” by Kxv + B = v*(Kx + B), that is, B” is the sum of the inverse images of
B and the singular locus of X. Then a stratum of (X, B) is an irreducible component of
X or the v-image of some log canonical center of (X¥, BY).

Let (X, B) be a simple normal crossing pair and let X = [J,.; X; be the irreducible
decomposition of X. Then a stratum of X means an irreducible component of X;, N---NX;,
for some {iq,...,ix} C I. It is easy to see that W is a stratum of X if and only if W is a
stratum of (X,0).

We introduce the notion of basic slc-trivial fibrations. In [6], we only treat basic Q-slec-
trivial fibrations.

Definition 3.2 (Basic sle-trivial fibrations, see [6, Definition 4.1]). A pre-basic Q-slc-trivial
(resp. R-sle-trivial) fibration f: (X, B) — Y consists of a projective surjective morphism
f: X — Y and a simple normal crossing pair (X, B) satisfying the following properties:
(1) Y is a normal variety,
(2) every stratum of X is dominant onto ¥ and f.Ox ~ Oy,
(3) B is a Q-divisor (resp. an R-divisor) such that B = B=! holds over the generic
point of Y, and
(4) there exists a Q-Cartier Q-divisor (resp. an R-Cartier R-divisor) D on Y such that
Kx + B ~q f*D (resp. Kx + B ~g f*D), that is, Kx + B is Q-linearly (resp. R-
linearly) equivalent to f*D.
If a pre-basic Q-slc-trivial (resp. R-sle-trivial) fibration f: (X, B) — Y also satisfies
(5) rank f,Ox ([-(B<)]) =1,

then it is called a basic Q-sle-trivial (resp. R-slc-trivial) fibration.

If there is no danger of confusion, we sometimes use (pre-)basic slc-trivial fibrations to
denote (pre-)basic Q-slc-trivial fibrations or (pre-)basic R-slc-trivial fibrations.

Remark 3.3 (see Remark 4.5). The condition f.Ox ~ Oy in (2) in Definition 3.2 does
not play an important role. Moreover, we have to treat the case where Oy C f,Ox in this
paper. The reader can find that we do not need the condition f,Ox ~ Oy in many places



8 ADJUNCTION AND INVERSION OF ADJUNCTION

in [6]. Hence it may be better to remove the condition f,Ox ~ Oy from the definition
of pre-basic sle-trivial fibrations (see [6, Definition 4.1] and Definition 3.2). However, we
keep it here not to cause unnecessary confusion.

Note that the condition f,Ox ~ Oy always holds for basic slc-trivial fibrations even
when we remove it from the definition of pre-basic sle-trivial fibrations. We will see it
more precisely. It is sufficient to see that if every stratum of X is dominant onto Y with
rank f,Ox([—(B<!)]) = 1 then the natural map Oy — f.Ox must be an isomorphism.
We note that there are natural inclusions

Oy = f.Ox = £.Ox([-(B™)])

since [—(B<!)] is effective. Hence Oy — f,Ox is an isomorphism over some nonempty
Zariski open subset of Y and rank f,Ox = 1 holds. We consider the Stein factorization

f: X — Z:=Specy f.Ox =Y

of f: X — Y. Since every irreducible component of X is dominant onto Y, Z is a variety.
Moreover, «: Z — Y is birational since rank f,Ox = 1. By Zariski’s main theorem,
a: Z — 'Y is an isomorphism. Hence the natural map Oy — f,Ox is an isomorphism.

In order to define discriminant R-b-divisors and moduli R-b-divisors for basic slc-trivial
fibrations, we need the notion of induced (pre-)basic sle-trivial fibrations.

Definition 3.4 (Induced (pre-)basic sle-trivial fibrations, [6, 4.3]). Let f: (X, B) = Y be
a (pre-)basic sle-trivial fibration and let o: Y' — Y be a generically finite surjective mor-
phism from a normal variety Y’. Then we have an induced (pre-)basic sle-trivial fibration
f' (X', Bx:) = Y’ where By is defined by pu*(Kx + B) = Kx/ + Bx, with the following
commutative diagram:

(X', Bx)) = (X, B)

g |

Y Y,

where X' coincides with X Xy Y’ over a nonempty Zariski open subset of Y’. More
precisely, (X', Bx) is a simple normal crossing pair with a morphism X’ — X xy Y that
is an isomorphism over a nonempty Zariski open subset of Y’ such that X’ is projective
over Y/ and that every stratum of X’ is dominant onto Y.

Now we are ready to define discriminant R-b-divisors and moduli R-b-divisors for basic
sle-trivial fibrations.

Definition 3.5 (Discriminant and moduli R-b-divisors, [6, 4.5]). Let f: (X,B) — Y be
a (pre-)basic sle-trivial fibration as in Definition 3.2. Let P be a prime divisor on Y. By
shrinking Y around the generic point of P, we assume that P is Cartier. We set

(X7, BY + tv*f*P) is sub log canonical }

bp = max {t €k over the generic point of P

where v: X¥ — X is the normalization and Ky» + B” = v*(Kx + B), that is, B” is the
sum of the inverse images of B and the singular locus of X, and set

By = Z(l - bP)P7
P
where P runs over prime divisors on Y. Then it is easy to see that By is a well-defined
R-divisor on Y and is called the discriminant R-divisor of f: (X, B) — Y. We set

My =D — Ky — By
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and call My the moduli R-divisor of f: (X, B) — Y. By definition, we have
Kx + B ~gr f*(Ky + By + My).

Let 0: Y’ — Y be a proper birational morphism from a normal variety Y’ and let
f' (X', Bx/) = Y’ be an induced (pre-)basic slc-trivial fibration by o: Y’ — Y. We can
define By, Ky, and My~ such that ¢*D = Ky + By + My, 0,By: = By, 0, Ky = Ky
and o, My = My . We note that By is independent of the choice of (X', Bx/), that is, By~
is well defined. Hence there exist a unique R-b-divisor B such that By, = By for every
o: Y’ — Y and a unique R-b-divisor M such that My, = My for every o: Y’ — Y. Note
that B is called the discriminant R-b-divisor and that M is called the moduli R-b-divisor
associated to f: (X, B) — Y. We sometimes simply say that M is the moduli part of
f(X,B) =Y.

Let g: V — Y be a proper surjective morphism from an equidimensional normal scheme
V onto a normal variety Y such that every irreducible component of V' is dominant onto
Y. Let G be an R-divisor on V' such that Ky + G is R-Cartier. Assume that (V, G) is sub
log canonical over the generic point of Y. Let o: Y/ — Y be a generically finite surjective
morphism from a normal variety Y. Then we have the following commutative diagram:

(V.G = (V. @)

/| lg

Y’ Y

Y

where V' is the normalization of the main components of V' xy Y’ and G’ is defined by
Ky + G = p*(Ky + G). Then we can define the discriminant R-divisor By on Y and
the discriminant R-b-divisor B as in Definition 3.5. Let f: (X, B) — Y be a (pre-)basic
sle-trivial fibration and let v: X¥ — X be the normalization with Kx»+B" = v*(Kx+ B).
Then the discriminant R-b-divisor B associated to f: (X, B) — Y defined in Definition
3.5 obviously coincides with that of fowv: (X¥, BY) — Y by definition.

Let us see the main result of [6].

Theorem 3.6 ([6, Theorem 1.2]). Let f: (X, B) = Y be a basic Q-slc-trivial fibration and
let B and M be the discriminant and moduli Q-b-divisors associated to f: (X,B) = Y,
respectively. Then we have the following properties:

(i) K+ B is Q-b-Cartier, where K is the canonical b-divisor of Y, and

(ii) M is b-potentially nef, that is, there exists a proper birational morphismo: Y’ —'Y

from a normal variety Y' such that My~ is a potentially nef Q-divisor on Y’ and
that M = My/.

The following result was established in [9].

Theorem 3.7 ([9, Corollary 1.4]). In Theorem 3.6, if Y is a curve, then My is semi-
ample.

We close this section with important remarks on [6].

Remark 3.8. In (d) in [6, Section 6], we assume that Supp My C Supp Xy. However, this
conditions is unnecessary. This is because if P is not an irreducible component of Supp Xy
then we can always take a prime divisor ) on V such that multg(—By + h*By) = 0,
h(Q) = P, and multg h*P =1 (see [6, Proposition 6.3 (iv)]).

Remark 3.9. In [6, 6.1], we assume that Supp (B — f*(By + My)) is a simple normal
crossing divisor on X. However, we do not need this assumption. All we need in [6, 6.1] is
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the fact that the support of {A} is a simple normal crossing divisor on X. We note that
Supp{A} C Supp (B — f*(By + My))
always holds since A = Kx/y + B — f*(By + My).

4. FUNDAMENTAL THEOREM FOR BASIC (Q-SLC-TRIVIAL FIBRATIONS

In this section, we will slightly generalize the main theorem of [6] (see Theorem 3.6).
The following theorem is the main result of this section.

Theorem 4.1 (see [6, Theorem 1.2]). Let f: (X, B) — Y be a basic Q-slc-trivial fibration
such that'Y is a smooth quasi-projective variety. We write Kx + B ~q f*D. Assume that
there exists a simple normal crossing divisor ¥ on'Y such that Supp D C X and that every
stratum of (X, Supp B) is smooth over Y \ ¥. Then

(i) K+ B = Ky + By holds, and o
(ii) My is a potentially nef Q-divisor on Y with M = My-.

In Section 5, Theorem 4.1 will be generalized for basic R-slc-trivial fibrations (see Theo-
rems 1.8 and 5.1). We note that Theorem 4.1 is indispensable for the proof of Theorem 5.1
in Section 5. For the proof of Theorem 4.1, we prepare a lemma on simultaneous partial
resolutions of singularities of pairs. Let us recall the main result of [2].

Theorem 4.2 ([2, Theorem 1.4]). Let X be a reduced scheme, and let D be a Q-divisor on
X. Let U be the largest open subset of X such that (U, D|y) is a simple normal crossing
pair. Then there is a morphism f: X — X, which is a composition of blow-ups, such that

e the exceptional locus Exc(f) is of pure codimension one,
o putting D = f71D + Exc(f) then (X, D) is a simple normal crossing pair, and
e f is an isomorphism over U.

Remark 4.3 (Functoriality, see [2, Remark 1.5 (3)]). By [2, Remark 1.5 (3)], for every
reduced scheme X and a Q-divisor D on X we may take fx: X — X of Theorem 4.2 satis-
tying the following funtoriality. Suppose that we are given an étale or a smooth morphism
¢: X — Y of reduced schemes and Q-divisors Dx and Dy on X and Y respectively such
that

e "Dy = Dx, and
e the number of irreducible components of X (resp. Supp Dy) at a point z € X
coincides with that of Y (resp. Supp Dy) at ¢(x) € Y for every z € X.

Then, the morphisms fy: X — X and fy: Y — Y as in Theorem 4.2 form the diagram
of the fiber product

X’y
s o s
X —,
that is, X = X xy Y.

The following lemma is a key lemma for the proof of Theorem 4.1.

Lemma 4.4. Let (X, B) be a simple normal crossing pair such that B is a Q-divisor. Let
f: X =Y be a surjective morphism onto a smooth variety Y such that every stratum of
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(X, Supp B) is smooth over Y. We put A = Kx + B and assume that bA ~ 0 for some
positive integer b. We consider a b-fold cyclic cover

b—1

m X = SpecX@OX(UAJ) — X
i=0

associated to bA ~ 0. We put K¢ + By = 7"(Kx + B). Let U be the largest Zariski
open subset of)? such that ((7, Bgl|z) is a simple normal crossing pair. Then there exists
a morphism d: V. — X giwen by a composition of blow-ups such that
(i) d is an isomorphism over U,
(ii) (V,By) is a simple normal crossing pair, where Ky + By = d* (K¢ + Bg), and
(iii) every stratum of (V,Supp By ) is smooth over Y.

Proof. Let us quickly recall the b-fold cyclic cover 7: X — X. We fix a rational function
¢ on X such that bA = div(¢). As usual, we can define an Ox-algebra structure of
P, Ox([iA]) by bA = div(¢). We note that

Ox([iA]) x Ox(ljA]) = Ox (11 +5)A))
is well defined for 0 <i,j <b—1by [iA] + [jA] < (i + j)A] and that
Ox (i +4)A]) = Ox([(i+j —b)A])

for ¢ + j > b defined by the multiplication with ¢~1. We put

b—1

7 X = Specy @OX(UAJ)

and call it a b-fold cyclic cover associated to bA ~ 0. By construction, 7: X > X is
étale outside Supp{A}. We note that X is normal over a neighborhood of the generic
point of every irreducible component of Supp{A}. We also note that ()? ,Bg) is simple
normal crossing in codimension one. Throughout this proof, we will freely use the following
commutative diagram.

(X,B)<"— (X,Bg) <" (V,By)

|

Y

Step 1. Let U and Z be affine open neighborhood of x € X and y = f(z) € Y, respectively.
Without loss of generality, we may assume that U is a simple normal crossing divisor on
a smooth affine variety W since (X, B) is a simple normal crossing pair. By shrinking W,
U, and Z suitably, we get the following commutative diagram

UL W

N

Z

where ¢ is the natural closed embedding U < W. From now on, we will repeatedly shrink
W, U, and Z suitably without mentioning it explicitly. Since every stratum of X is smooth
over Y, we may assume that p is a smooth morphism between smooth affine varieties.
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Step 2. Since p: W — Z is a smooth morphism, there exists a commutative diagram

W27 xCn
lel
A

where g is étale and p; is the first projection (see, for example, [1, Chapter VII, Definition
(1.1) and Theorem (1.8)]). By choosing a coordinate system (zy, ..., z,) of C" suitably and
shrinking U and W if necessary, we may further assume that U is defined by a monomial

Ty -xy =0

on W, where x; = g*z; for 1 <17 < p, and
B|U = Zaz(yz = 0)|U with o; € @
i=1

holds, where y; = g*2,4; for 1 <7 < r. Here, we used the hypothesis that every stratum
of (X, Supp B) is smooth over Y.

Step 3. We put L = (21---2, = 0) in C*. Then we have the following commutative
diagram.

Uz wr
pP1
flu i

Z
Note that g|y is étale because it is the base change of g by L < C". We put

D =Y ai(zy =0)
=1

on C". Let po: Z x C* — C" be the second projection. Then By = ¢g*p5D|y holds.

Step 4. Without loss of generality, we may assume that Kz ~ 0 by shrinking Z suitably.
Then Ky ~ 0 holds. Hence, by using the second projection py: Z x C* — C", we have

0 ~ bAJy = b(Ky + Bly) ~ byl (05D zx1).-

Since g|y is étale, we see that all the coefficients of bp; D]z« are integers. Since ps is the
second projection and D + L is a simple normal crossing divisor on C", all the coefficients
of bD are integers. Therefore, we have bD ~ 0. We fix a rational function ¢ on C"
such that bD = div(c). We consider the b-fold cyclic cover a: M — C™ associated to
bD = div(c). We put N = o' L. We define By by Ky + By = (a|x)*(K1+ D|r) and put
By«n = p5Bn, where py: Z x N — N is the second projection. Then we get the following
commutative diagram:

/

U2~ ZxN-2sN—sM

l \Lidzx(ah\]) lOéN la
lu
U 9

—>Z><LT>LC—>(C”

lpl
flu

A

where ¢': U' — Z x N is the base change of g|y: U — Z x L by idz x (a|y). We put
By = ¢"Bzxn. Then Ky + By is equal to the pullback of Ky + B|y to U’.
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Step 5. Since av: M — C™ is the b-fold cyclic cover associated to bD = div(o), we see that

b—1

M = Specen @ Ocn([iD]).

i=0
Since ppog: W — Z x C" — C" is the composition of an étale morphism and the second
projection, we have ¢*ps|iD ||y = |ig*psD]|v = |iB]|v = |iBl|y ], where the last equality
follows from that (U, B|y) is a simple normal crossing pair. Let oy be a rational function
on U which is the pullback of o. Then bB|y = div(oy) because we have bD = div(o). By
the construction of U’ — U, we see that

b—1

U’ = Specy, @ Ou(iBlv])

and U’ — U is the b-fold cyclic cover associated to bB|y = div(oy).

We recall that A = Ky + B and X — X is the b-fold cyclic cover associated to
bA = div(p). We put ¢y as the restriction of ¢ to U. Then, the morphism 7~ (U) — U is
the b-fold cyclic cover associated to bA|y = div(¢y). Now Aly — B|y is a Cartier divisor on
U and b(A|y — Bly) = div(¢y - o;'). With this relation, we construct a b-fold cyclic cover
7: U — U. Then 7 is étale, 7*(A|y — B|y) is Cartier and 7*(Aly— Bly) ~ 0. So there exists
a rational function € on U such that £ = 7*(¢p-0y;'), equivalently, 7*(Aly — Bly) = div(§).
From this, the b-fold cyclic cover Ul — U associated to br*Aly = div(m*¢y) is isomorphic
to the b-fold cyclic cover Uj — U associated to br*B|y = div(r*oy) = div(r* ¢y - £70).
Since 7: U — U is étale, the construction of UJ shows that US — U is the base change of
U’ — U by U — U. Similarly, we see that U] — U is the base change of 7~ 1(U) — U by
U—-U.

Ul - v Ul 2> 7 HU)
| o | | o |

We put a;: U1T — 7 H(U) and ay: U2T — U'. By construction, a; and ay are étale. We see
that the composition U] — 7~ 1(U) — U is isomorphic to the composition UJ — U’' — U
by construction. By this isomorphism, we obtain that a3 (B |--1(yy) is isomorphic to a3 By.

In this way, there exist étale morphisms a: Ut — 7=1(U) and o’: UT — U’ over Z such
that UlT ~ Ul ~ UQT with the following commutative diagram:

Ut
N
7 Y(U) U’
|

U U

such that a* (Bf(lﬂfl(U)) = CL/*BU/.

Step 6. We apply [2, Theorem 1.4] (see Theorem 4.2) to the pair (X, Bg). Then we obtain
a morphism d: V' — X given by a composite of blow-ups satisfying (i) and (ii). Hence, all
we have to do is to check that d: V' — X satisfies (iii).

Step 7. Recall that Bz« = p5By, where py: Z x N — N, and By = ¢"Bz«n. Recall
also the relation a*(Bg|r-11y) = a”By,. We apply [2, Theorem 1.4] (see Theorem 4.2)
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to N and By, and we obtain a morphism 5: N’ — N given by a composition of blow-
ups. We apply [2, Theorem 1.4] again to Z x N and Bzyy. Then we get a morphism
idzxB: ZxN'— Zx N by the functoriality of [2, Theorem 1.4] (see Remark 4.3). We put
V =dY(x"}(U)) C V, and we apply [2, Theorem 1.4] to the pair of U’ and a*(Bgl—w))
and the pair of U’ and Byr. Then we obtain morphisms Vi — UT and V' — U’.

We check that we may apply the functoriality (see Remark 4.3) to the morphisms

g:U = ZxN,d:U' - U and a: UT — 771(U)
(see the diagram in the next paragraph) and divisors
Bzyn on Z x N, By on U', and Bg|,-1() on 7 (U) and their pullbacks.

We only check the second condition of Remark 4.3 for schemes because the case of divisors
can be proved by the same way. By construction, ¢ is the base change of g|y: U — Zx L by
the morphism Z x N — Z x L. Because Z x L is a simple normal crossing divisor on Z x C"
and g|y is étale, by arguing locally, we see that g|y satisfies the second condition of Remark
4.3. Then so does ¢ since ¢’ is constructed by the base change of g|y;. Similarly, a’ (resp. a)
is constructed with the base change of 7: U — U by U’ — U (resp. 7 *(U) — U), and U
is a simple normal crossing divisor on W. Thus, the same argument as above implies that
a’ and a satisfy the second condition of Remark 4.3. Thus, we may apply the functoriality
(see Remark 4.3) to the above morphisms and divisors.
Applying the functoriality (see Remark 4.3), we have the following diagram:

v vt % Z x N'
dvl O l O l o i
7Y U) < Ul —> U —= Z x N,

a g

where each square is the fiber product. By construction, all the upper horizontal mor-
phisms are étale. Let Byt (resp. By) be the sum of the birational transform of a™ By
(resp. Bg|x-1(1r)) and the exceptional locus of V1 — UT (resp. V — 7= 1(U)). Then, every
stratum of (VT, Supp Bm) is smooth over Z. Since each irreducible component of V1 is
smooth over Z and V1 — V is étale, we see that each irreducible e component of V is smooth
over Z. By a similar argument, we see that every stratum of (V, Supp By ) is smooth over
Z. This implies that d: V — X satisfies (iii).

We finish the proof of Lemma 4.4. Il
Before we start the proof of Theorem 4.1, we make an important remark on [6].

Remark 4.5 (see Remark 3.3). In Theorem 4.1, we can write

Kx + B+ %div(gp) =f*D
for some positive integer b and a rational function ¢ € I'(X, %), where Kx is the sheaf
of total quotient rings of Ox and K% denotes the sheaf of invertible elements in Kx, such
that b(Kx + B — f*D) ~ 0. In general, b is larger than b(F, Br) in [6, Section 6]. We
take a b-fold cyclic cover 7: X — X associated to bA ~ 0, where A = Kx + B — f*D, as
in [6, Section 6]. Then the general fiber of h: V' — Y is not necessarily connected in [6,
Section 6]. Moreover, V' is not necessarily connected. This means that [6, Proposition 6.3
(ii)] does not hold true since the natural map Oy — h,Oy is not always an isomorphism.
Fortunately, the condition h,Oy ~ Oy is not necessary for the proof of the other properties
of [6, Proposition 6.3]. We note that the condition h,Oy ~ Oy is unnecessary in [6, Lemma
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7.3 and Theorem 8.1]. Hence it may be better to remove the condition f.Ox ~ Oy from
(2) in Definition 3.2.

Let b be the smallest positive integer such that b(Kx + B — f*D) ~ 0. Then we can
write

1
Kx + B+ i div(e) = f*D.

As usual, we consider the b-fold cyclic cover m: X — X associated to bA = div(p™1),
where A = Kx + B — f*D. Let b* be any positive integer with b* > 2. We put ¢ = gpbu.
Then we get

1
Kx+B+ div(¢*) = f*D.

Let m*: X* — X be the bb*-fold cyclic cover associated to bB*A = div ((¢*)7'). We
take the H-invariant part of 7%: X* — X, where H is the subgroup of the Galois group
Gal(X*/X) ~ Z/bW¥Z of n*: X* — X corresponding to bZ/bb*Z. Then we can recover
m: X — X. Note that 7f: X! — X is decomposed into b* components and that each
component is isomorphic to m: X > X.

Let us prove Theorem 4.1.

Proof of Theorem 4.1. Here, we only explain how to modify the proof of [6, Theorem 1.2]
by using Lemma 4.4.

By taking a completion as in [6, Lemma 4.12], we may further assume that Y is pro-
jective. By Lemma 4.4, we can construct a commutative diagram (6.4) in [6, Section 6]
satisfying (a)—(g) such that Xy = ¥ holds without taking birational modifications of Y.
Here, we do not require the condition Supp My C Supp Xy in (d) in [6, Section 6] (see
Remark 3.8). We also do not require the condition that the general fiber of h: V — Y is
connected (see Remark 4.5). The covering arguments and [6, Proposition 6.3] work with-
out any modifications. We note that Y is a smooth projective variety. In what follows, we
apply the proof of [6, Theorem 8.1]. Let 7: Y" — Y be a projective birational morphism
from a normal variety Y’. By replacing Y’ with a higher model if necessary, we may as-
sume that Y is smooth and that v~y is a simple normal crossing divisor on Y’. With
[6, Lemma 7.3], we construct 7: Y — Y a unipotent reduction of the local monodromies
around Yy. Then the induced fibration over Y satisfies [6, Proposition 6.3 (iv), (v)]. As
in the proof of [6, Theorem 8.1], we get a diagram:

y Y

~—Y
such that 7' is finite and the induced fibration over Y satisfies [6, Proposition 6.3 (iv),
(v)]. By [6, Theorem 3.1], we see that My is a nef Cartier divisor and +*My = Mg.
Moreover, we have 7*My = My and 7*My/ = My because 7 and 7' are both finite (see
(6, Lemma 4.10]). Thus, we have that My is a nef Q-divisor and v*My = My~. This is

Theorem 4.1 (ii). Theorem 4.1 (i) immediately follows from Theorem 4.1 (ii). So we are
done. 0

5. FUNDAMENTAL THEOREM FOR BASIC R-SLC-TRIVIAL FIBRATIONS

In this section, we will establish the following fundamental theorem for basic R-slc-trivial
fibrations.
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Theorem 5.1 (see Theorem 1.8). Let f: (X,B) — Y be a basic R-slc-trivial fibration
such that'Y is a smooth quasi-projective variety. We write Kx + B ~r f*D. Assume that
there exists a simple normal crossing divisor ¥ on'Y such that Supp D C ¥ and that every
stratum of (X, Supp B) is smooth over Y \ X. Then

(i) K+ B = Ky + By holds, and o
(ii) My is a potentially nef R-divisor on' Y with M = My-.

By Theorem 5.1, which is obviously a generalization of Theorem 4.1, we can use the
theory of basic sle-trivial fibrations in [6] and [7] for R-divisors. The following formulation
may be useful. Hence we state it explicitly here for the reader’s convenience. We note
that if f: (X, B) — Y is a basic Q-slc-trivial fibration then Corollary 5.2 is nothing but
[6, Theorem 1.2].

Corollary 5.2 ([6, Theorem 1.2]). Let f: (X, B) — Y be a basic R-slc-trivial fibration and
let B and M be the discriminant and moduli R-b-divisors associated to f: (X,B) = Y,
respectively. Then we have the following properties:

(i) K+ B is R-b-Cartier, where K is the canonical b-divisor of Y, and

(ii) M is b-potentially nef, that is, there exists a proper birational morphismo: Y’ —Y
from a normal variety Y' such that My is a potentially nef R-divisor on Y’ and
that Ml = My~ holds.

Remark 5.3 (see [9, Corollary 1.4]). In Theorem 5.1 and Corollary 5.2, we can easily see
that My is semi-ample when Y is a curve by Theorem 3.7 and Lemma 5.4 below.

Let us start with an easy lemma.

Lemma 5.4. Let f: (X, B) = Y be a basic R-slc-trivial fibration with Kx + B ~g f*D.
Then there exist a Q-diwvisor B; on X, a Q-Cartier Q-divisor D; on'Y , and a positive real
number r; for 1 <1 < k such that
(1) S ri =1 with X5 rBi = B and Y.F_, r:D; = D,
(2) Supp B = Supp B;, | B>| = | B!, and [—(B<Y)] = [—(B)] hold for every i,
(3) if coetfs(B) € Q for a prime divisor S on X, then coeffg(B) = coefts(B;) holds
for every i,
(4) Supp D = Supp D; holds for every i,
(5) if coeffr(D) € Q for a prime divisor T on Y, then coeffr(D) = coeffr(D;) holds
for every i, and
(6) Kx + B; ~q f*D; holds for every i.
In particular, f: (X,B;) = Y is a basic Q-slc-trivial fibration with Kx + B; ~q f*D;
for every ©. Moreover, if ti,...,t; are real numbers such that 0 < t; < 1 for every 1
with Zle t; = 1, then f: (X, Zle tZ-B,;) — Y is a basic R-slc-trivial fibration with

Kx + Y0 tiBi~z f* (Zle tiDz')-

Proof. The proof of [6, Lemma 11.1] works with some suitable minor modifications. There-
fore, we can take B;, D;, and r; for 1 < i < k satisfying (1)-(6). By (2), B; = B='
holds over the generic point of Y for every i. By (2) again, rank f.Ox([—(B;')]) =
rank f,Ox([—(B<!)]) = 1. Hence f: (X, B;) — Y is a basic Q-slc-trivial fibration with
Kx + B; ~g f*D; for every i. We put B = Zle #;B;. Then B = B=! holds over
the generic point of Y by (2). By (2) again, we see that [—(B<})] = [—(B<!)] holds.
Therefore, f: (X, é) — Y is a basic R-slc-trivial fibration. U

We also need the following lemma.
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Lemma 5.5. Let f: (X,B) — Y be a basic R-slc-trivial fibration. Let B denote the
discriminant R-b-divisor associated to f: (X, B) — Y. Suppose that there are Q-divisors

Bi,...,By, on X and real numbers vy, ..., 1 such that Zle r; =1 and Zle r;B; = B.

We put

k k

P = {ZtiBi 0<t; <1 for every v with Zti = 1} )

i=1 i=1
Assume that f: (X, A) — Y has the structure of a basic R-slc-trivial fibration for every A €
P. For A € P, B2 denotes the discriminant R-b-divisor of the basic R-slc-trivial fibration
f: (X,;A) =Y. Then, we can find Ay, ...,2; € P which are Qsq-linear combinations of
By, ..., By and positive real numbers sy, ..., s such that

) Zé‘:l S5 = 1 and 22:1 SJA] - B7 and
Y BY = Zl S]BiA/—J

J=1

Here, By (resp. Béj) is the trace of the discriminant R-b-divisor B (resp. B27) on'Y.

Proof. Since B is an R-b-divisor, it is sufficient to prove the lemma for a resolution of Y/ —
Y and the induced basic sle-trivial fibrations f': (X', Bx/) — Y and f': (X', (B;)x/) = Y.
Moreover, by Definition 3.5 and taking the normalization of X, we may assume that X
is a disjoint union of smooth varieties. Therefore, by replacing X, Y, B, and B;, we may
assume that Y is smooth and there are simple normal crossing divisors X x on X and Xy
on Y such that

e Supp B C ¥Xx and Supp B; C Xx for every 1,

o 2% C f713y C Xy, where X% is the vertical part of Xy,

e f is smooth over Y \ ¥y, and

e Yy is relatively simple normal crossing over Y \ Xy

Then it is clear that Supp By C ¥y and SuppB% C Xy for all A € P. We consider a
rational convex polytope

C= {v:(vl,...,vk)e[(),l]k

> w= 1} c [0, 1.
J
Then we may identify C with P by putting A, = Y. v;B; € P for v = (vy,...,v) € C.
We define vy € C to be the point such that A,, = B.

Fix a prime divisor () on Y which is a component of ¥y. We shrink Y near the generic
point of () so that all components of f*¢) dominate (). We can write f*Q = > . mpD;,
where P; are components of Yy such that f(P;) = @, and mp, = coeffp, (f*Q). We fix a
component P(p gy of f*(Q) such that

1 — coeffp, , (B) . {1 —COGHH(B)}

= 1111

mp P;

(B,Q) mep;

3

1—coeff B
mPP(B @® is the log canonical threshold of (X, B) with respect to f*@Q over
(B.Q)

the generic point of ) because (X, B + uf*Q) is sub log canonical over the generic point
of @ if and only if coeffp, (B) + ump, < 1 for all P;. For every component P; of f*@Q, we
can define a function

Note that

1 —coeffp, , (Av) 1 —coeffp,(Ay)

H(Pi)(v) =
MPs.q) mep,

and the half space
HYY = {vec| HP)(v) <0}
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It is easy to check that H") are rational affine functions and the half spaces H gi)

vy since vy is the point such that A,, = B. Therefore, the set B

CQ =CnN (m H(S%)>

P;

contain

is a rational polytope in C containing vy, where P; runs over components of f*¢). We put
t(Ay, Q) :=1 — coeff (B@”)
=sup{p € R| (X, A, + pf*Q) is sub log canonical over the generic point of Q}.

Then, by the definitions of H(;(;"), every v € Cg satisfies
{ 1 — coeffp, (Ay) } B 1 — coeffp, (Ay)

(5.1) t(Ay, Q) = min

P;

mp.

[3

MPp.q)
Here, to prove the first equality we used the fact that (X, A, + pf*@) is sub log canonical
over the generic point of ) if and only if coeff p, (A,) + pmp, < 1 for all P,.

Finally, we define

¢ :=(Co
Q
where (Q runs over all irreducible components of Xy. It is easy to see that C’ is a rational
polytope in C and C’ contains vy. Thus, we can find rational points v, ..., v; and positive

real numbers si, ..., s; such that 2321 s; =1 and 22:1 s;v; = vo. We put A; = A, for
each 1 < j <. Then B =A,, = 22:1 s;A;. For every component ) of ¥y, the equation
(5.1) implies that

t(B,Q) = L= c0ollrs g (B) (see (5.1))

MPg )

!
1-— Coeffp(}l@) (ijl sjAj>

MP )

1 —coeffp . . (A))
= Zé’:l S5 - e (2221 sj=1)

MPp.q)
!
= 218 1A, Q) (see (5.1)).
Since t(A;, Q) =1 —coeffy (Bf/) for every 1 < j <[ and every irreducible component ()
of Yy, we see that By = 22:1 sjBlA,j. O

We are ready to prove Theorem 5.1.

Proof of Theorem 5.1. Fix an arbitrary projective birational morphism o: Y’ — Y from a
normal quasi-projective variety Y’, and let

(X', Bxr) = (X, B)

f’l J{f

Y’ Y

be the induced basic R-slc-trivial fibration (see Definition 3.4). It is sufficient to show that
0*(Ky +By) = Ky + By, and My is a potentially nef R-divisor on Y with c*My = My-.
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We pick Q-divisors By,...,Br on X, Q-divisors Dy,..., D, on Y and positive real

numbers 7y, ..., 7, as in Lemma 5.4. Then, the following properties hold.

[ J Z?:l r, = 1 with Zle TiBi = B and Z?:l TiDz' = D,

e Supp B = Supp B; and Supp D = Supp D; hold for every 7, and

e Kx + B; ~q f*D; holds for every 1.
We put D} = 0*D; and we define B, by Ky + B, = p*(Kx + B;) for any 1 <17 < k. Then
f (X', Bj) = Y are basic Q-slc-trivial fibrations with Kx/ + B] ~¢ f”*Dj}. As in Lemma
5.5, we put

k
i=1

We may assume that f: (X', A) — Y’ is a basic R-sle-trivial fibration for every A € P’.
We define Py, by

k

i=1

k
0 <t; <1 for every ¢ with Zti = 1}.

i=1

k
t; € Qand 0 <t; <1 for every ¢ with Zti = 1}.
i=1
Note that By, € P'.
Pick any A = ¢ ;B! € Pg- Since p. B} = B;, we have A = S | #:B; such that
t; € Q. Therefore, the morphism f: (X, u,A) — Y is a basic Q-sle-trivial fibration such
that Kx + A ~q f* (Zle tiDi). Let B2 and M? be the discriminant Q-b-divisor and
the moduli @Q-b-divisor of the basic Q-sle-trivial fibration f: (X, u.A) — Y, respectively.
Because we have Supp(Zle tl-Di) C Supp D and Supp u.A C Supp B, we may apply
Theorem 4.1. Therefore, for every A € Py it follows that o*(Ky + Bf) = Ky + Bf
and M#% is a potentially nef Q-divisor on Y with o*M$ = M$,. It also follows from
the construction that f’: (X', A) — Y is the basic Q-slc-trivial fibration induced from
f+ (X, ) — Y such that Ky + A ~g f’*(Zle t:D}). Tt is because Ky + A =
1w (Kx + ps«A) by construction.
We apply Lemma 5.5 to f': (X', Bxs) = Y" and P’. Then, we can find Ay, ..., A; € Py

and positive real numbers sy, ..., s; such that
A

L4 By/ = Zé‘:l SjBy/.
Since B and B2 are R-b-divisors, we have By = 3" sjBéj. Then

j=1

l l
o' (Ky +By) = o* <KY ¥ ZsjBéj) =D 50" (Ky + BY)
j=1 j=1

! l
A A
= E Sj(KY/ —+ Byf) = Ky/ —+ E SjByf
=1

j=1

= Ky + By

Therefore, we have 0*(Ky + By ) = Ky + By/. Recalling that o: Y’ — Y is an arbitrary
projective birational morphism, we see that (i) of Theorem 5.1 holds, i.e.,

K+ B = Ky + By.

As in the third paragraph, for each j we define D’Aj to be the Q-divisor on Y’ associated to
the basic Q-slc-trivial fibration f’: (X', A;) — Y’. Note that Kx: + A, ~q f’*D’Aj for all
j. Since 22:1 s; =1 and 2321 s;A; = Bx/, we have 0*D = Zé’:l s;D},. By the relation
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By = 22:1 SjBé,j and the definition of the moduli R-b-divisors (see Definition 3.5), we

have

l l
My =Y s;My/  and My =Y sMy’

J=1 J=1

Then My is a potentially nef R-divisor on Y and

! !
oMy = o* (Z st¢j> = Z SjMé,j = My-.
=1

J=1

Here, we used O'*M}A/j = M}A,,j for every 7, which follows from the third paragraph. We
complete the proof. O

The following result is essentially obtained in the proof of Theorem 5.1. We explicitly
state it here for future use.

Theorem 5.6. Let f: (X, B) = Y be a basic R-sle-trivial fibration with Kx + B ~g f*D.
Then there are Q-divisors By, ..., B; on X, Q-Cartier Q-divisors Dy,...,D; on'Y and
positive real numbers r1, ..., r; satisfying the following properties.

o Zézl r; =1 with 2221 r;B; = B and 2221 r;D; = D,

e Supp B = Supp B;, | B”'] = |B'], and [—(B<")] = [=(B;")] hold for every j,

o if coeffg(B) € Q for a prime divisor S on X, then coeffs(B) = coeffs(B;) holds
for every j,

e Supp D = Supp D; holds for every j,

o if coetfr (D) € Q for a prime divisor T on 'Y, then coetfr(D) = coetfr(D;) holds
for every 7,

o Kx + Bj ~q f*Dj holds for every j,

e B = 22:1 r;B; as b-divisors, where B (resp. B;) is the discriminant R-b-divisor
(resp. the discriminant Q-b-divisor) of f: (X,B) — Y (resp. f: (X,B;) = Y),
and

e M= 22:1 riM; as b-divisors, where M (resp. M) is the moduli R-b-divisor (the
moduli Q-b-divisor) associated to f: (X,B) =Y (resp. f: (X,B;) = Y).

Sketch of Proof. It can be proved by Theorem 5.1, Lemma 5.4 and Lemma 5.5. We only
outline the proof.
We note that the properties of Theorem 5.6 except the last two properties correspond

to (1)—(6) of Lemma 5.4 respectively. By Lemma 5.4, we can find Q-divisors By, ..., By on
X, Q-Cartier Q-divisors Dy, ..., Dy on Y and positive real numbers 71, ..., 7 satisfying
(1)-(6) of Lemma 5.4. Then B;, D;, and 7; satisfy all the properties of Theorem 5.6 except
the last two properties. More specifically, B;, D;, and 7; satisfy

. Zle r; = 1 with Zle 7:B; = B and Zle 7iD; = D (see (1) of Lemma 5.4),

e Supp B = Supp B; and Supp D = Supp D; hold for every i,

o Kx + B; ~q f*D; holds for every i (see (6) of Lemma 5.4),
and (2)—-(5) in Lemma 5.4. We take a smooth higher model ¢: Y’ — Y so that the
induced basic R-sle-trivial fibration f': (X', B’) — Y’ satisfies the property that there

exists a simple normal crossing divisor ¥’ on Y’ such that Suppo*D C ¥/ and that every
stratum of (X', Supp B’) is smooth over Y\ X'. The morphism X’ — X is denoted by u.

For each 1 < i < k, let B! be a Q-divisor on X’ defined by Ky + B! = u*(Kx + B;). Note
that Kx + B’ ~q f"o “D;. We may assume that Supp o*D; C ¥’ and that every stratum
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of (X', Supp B!) is smooth over Y’\ X' for every i by taking o: Y’ — Y suitably. We define

k

i=1

k
0 <t; <1 for every ¢ with Zti = 1} )
i=1
By Lemma 5.5, we can find By, ..., B] € P which are Qx¢-linear combinations of Ei, cee El’
and positive real numbers rq,...,r; such that
° Zézl r; =1 and 25':1 r;B; = B', and
[} By/ = 22:1 Tijy/.
Here, B; is the discriminant Q-b-divisor associated to f": (X', Bj) — Y’. By Theorem
5.1, we have K+ B = Ky+ 4+ By, and K+ B; = Ky + Bjy.. We put B; = ,u*Bé for each
1 < j <. Then we can find Q-divisors Dy,...,D; on Y such that Kx + B; ~q f*D;
and Zé.:l r;D; = D. By construction, we can easily see that B, ..., B, Dy,...,D;, and
ri,...,r; constructed above satisfy the desired properties. U

6. PROOF OF THEOREM 1.2

In this section, we will prove Theorem 1.2, which is the main result of this paper. Then
we will treat Theorem 1.1 and Corollary 1.4. We note that we will freely use the framework
of quasi-log schemes in the proof of Theorem 1.2. For the details of quasi-log schemes, see
[5, Chapter 6]. Let us start with the proof of Theorem 1.2.

Proof of Theorem 1.2. From Step 1 to Step 3, we will define a natural quasi-log scheme
structure on Z. This part is essentially contained in [5, Chapter 6] and [7].

Step 1. In this step, we will give a natural quasi-log scheme structure on W’ := W U
Nle(X, A). This step is essentially the adjunction for quasi-log schemes (see [5, Theorem
6.3.5 (1)]).

We put W’ := W U Nle(X, A) as above. We will sketch how to define a natural quasi-
log scheme structure on W’. Let f: Y — X be a projective birational morphism from a
smooth quasi-projective variety Y such that Ky + Ay = f*(Kx + A) and that Supp Ay
is a simple normal crossing divisor on Y. By taking some more blow-ups, we may assume
that the union of all log canonical centers of (Y, Ay) mapped to W’ by f, which is denoted
by V', is a union of some irreducible components of AF'. As usual, we put A = [—(AF!)]
and N = |A7!] and consider the following short exact sequence:

0—>0y(A—N-V")—=> Oy(A—-N) = Op(A—N)—0.
By taking R'f,, we obtain:
0— fLOy(A—N-V") — f,.Oy(A— N) — f.Oy/(A—N)

S ROy (A=N-V') — -+

The connecting homomorphism § is zero since no associated prime of R!f,Oy(A— N —V")
is contained in W' = f(V’) (see [4, theorem 6.3 (i)] and [5, Theorem 5.6.2 (i)]). Hence we
have:

Note that Jxnc(X,A) = f.Oy(A — N) by definition. We put Zy» = f.Oy(A - N — V)
and Iw/_oo = f*OV/(A — N) We define AV/ by (KY + Ay)|vl = KV’ + AV’- Then

(W/, (KX + A)|W/, fl (V/, AV/) — W/)

is a quasi-log scheme. By construction, Nqlc(W’, (Kx + A)|w) = Nlc(X,A) holds. By
construction again, a subset C' C X is a glc stratum of [W’, (Kx + A)|w~] if and only if C'
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is a log canonical center of (X, A) included in W. We note that the above construction is
independent of the choice of f: Y — X by [5, Proposition 6.3.1].

Step 2. In this step, we will give a natural quasi-log scheme structure on [W, (Kx +A)|w].
This step is essentially [7, Lemma 4.19].

In Step 1, we may further assume that the union of all strata of (V’, Ay/) mapped to
W N Nle(X, A) is also a union of some irreducible components of V’. Let V be the union
of the irreducible components of V' mapped to W by f. We put Ay by (Ky + Ay)|p =
Ky + Ap. Then, by the proof of [7, Lemmas 4.18 and 4.19],

(W, (Kx + A, 1 (V,Az) — W)

is a quasi-log scheme. By [7, Lemma 4.19], we obtain that Zy,__ = Zy~ __ holds and that
a subset C' C X is a glc stratum of [W’, (Kx + A)|y-] if and only if C' is a glc stratum of
(W, (Kx + A)|w]. Hence W N Nle(X,A) = W_, and

W [ Nle(X,A)u | J W | =Ngklt(W, (Kx + A)|w)
wWgwt

hold set theoretically, where W1 runs over log canonical centers of (X, A) which do not
contain .

Step 3. In this step, we will give a natural quasi-log scheme structure on Z. This step is
nothing but [7, Theorem 1.9].

In Step 2, we may further assume that the union of all strata of (‘A/, Ay) mapped to
Nklt(W, (Kx +A)|w) is a union of some irreducible components of V. Let V' be the union

of the irreducible components of V' which are dominant onto W. Then, by the proof of |7,
Theorem 1.9], f: V — W factors through Z and

(Z,v"(Kx+A), f: (V,Ay) = Z)

becomes a quasi-log scheme, where Ay is defined by (Ky + Ay)ly = Ky + Ay. By
construction, we have v, Ingkit(Zv (K x+A)) = INaklt(W,(K x+A)|w)- Hence

Noklt(Z, v*(Kx + A)) = v Ngklt(W, (Kx + A)|w)
holds.

Step 4. Then f: (V,Ay) — Z is a basic R-slc-trivial fibration. Hence we can apply
Corollary 5.2 and Remark 5.3 to f: (V,Ay) — Z. We note that f: (V,Ay) — Z is a basic
Q-sle-trivial fibration when Ky + A is Q-Cartier. In that case, Theorem 3.6 with Theorem
3.7 is sufficient.

Step 5. By [7, Theorem 7.1] and Steps 1, 2, and 3 in its proof, we can construct a projective
birational morphism p: Z’ — Z from a smooth quasi-projective variety Z’ satisfying (i),
(i), (iii), and (v). We note that we can directly apply Step 3 in the proof of [7, Theorem
7.1] to basic R-sle-trivial fibrations by Corollary 5.2. We also note that B is a well-defined
R-b-divisor on Z and is independent of f: Y — X (see [10, Lemma 5.1] and [11, Theorem
1.2]).

Step 6 (see [10, Theorem 5.4]). In this final step, we will prove (iv). This step is essentially
[10, Theorem 5.4]. We explain it here for the reader’s convenience.

Without loss of generality, we may assume that X is affine by taking a finite affine open
cover of X. Let gar: Xax — X be a good dlt blow-up of (X, A) such that Kx,, + Ax,, =
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g (Kx+A) (see [10, Lemma 3.5]). We may assume that there is an irreducible component
S of AR with g (S) = W. We put
D= A)Z(ilt — Supp A)Z(ilt - Aizu — Supp A—?(illt'

Then —D is semi-ample over X and Supp D = Nlc(Xay, Ay,,) holds set theoretically (see
[10, Lemma 3.5]). By taking the contraction morphism ¢: X4 — X, associated to —D
over X, we get a log canonical modification g;.: X;. — X with Kx,_ +Ax, = g/.(Kx +A)
(see [10, Theorem 1.3]).

)

Xdlt

m Jic

X
We put D' = ¢, D. Then —D’ is ample over X, and

92" Nle(X, A) = Nle(X;,, Ax,.) = Supp D’
holds set theoretically. We note that
NlC(Xdlt, AXdlt) = gOil NlC(XlC, Ach) = g;ltl NIC(X, A)

holds set theoretically. Let W be the strict transform of W on Xie. Let U Z — W be the
normalization. Then we can easily see that

SuppBZ' =v*D' = v~ (NIC(XZC, Ax, )N W) = (gie o )" (Nle(X, A) N W)

ch

holds set theoretically. We note that B! = 0 over X \ Nl¢(X, A) by construction. Hence
we obtain v o p(B7!) = W N Nlc(X, A) set theoretically.

We finish the proof of Theorem 1.2. Il
Finally, we prove Theorem 1.1 and Corollary 1.4.

Proof of Theorem 1.1. Here, we use the same notation as in Theorem 1.2. We put By =
B, and M; = M in Theorem 1.2. We note that My is a finite R.g-linear combination
of potentially nef Cartier divisors on Z’' with p,Mz = M . Hence the desired statement
follows from Theorem 1.2. U

Proof of Corollary 1.4. By the definition of B in Theorem 1.2 (see the proof of Theorem
1.2 and Definition 1.3), we can easily check that Bz is nothing but Shokurov’s different (see
[4, Section 14]) and v*(Kx + A) = Kz + Bz holds, where v: Z — W is the normalization
of W. In particular, we have Mz = 0. By (A) in Theorem 1.1, we obtain that (X, A) is log
canonical in a neighborhood of W if and only if (Z, By) is log canonical in the usual sense.
It recovers Kawakita’s inversion of adjunction (see [15, Theorem|). By (B), we see that
(Z, Bz) is kawamata log terminal if and only if (X, A) is log canonical in a neighborhood
of W and W is a minimal log canonical center of (X, A) (see [4, Theorem 9.1] and [5,
Theorem 6.3.11]). Note that (X, A) is purely log terminal in a neighborhood of W if and
only if (X, A) is log canonical in a neighborhood of W and W is a minimal log canonical
center of (X, A). O

We close this section with the following remark which summarizes the construction of
the R-b-divisors B and M on Z.

Remark 6.1. Let X be a normal variety and let A be an effective R-divisor on X such
that Kx + A is R-Cartier. Let W be a log canonical center of (X, A) and let v: Z — W
be the normalization of WW.

We take a log resolution f:Y — X of (X,A) which is a sufficiently high birational
model. We define Ay by Ky +Ay = f*(Kx+A), and let V' be the union of the irreducible
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components of A7' which map onto W. Let Ay be an R-divisor on V defined by Ky +Ay =
(Ky 4+ Ay)|y, then we get the morphism f: (V,Ay) — Z which has the structure of a
basic R-slc-trivial fibration. Then B and M are defined to be the discriminant R-b-divisor
and the moduli R-b-divisor as in Definition 3.5. By construction, we can easily check that
the construction in the proof of Theorem 1.2 and the one in Definition 1.3 define the same
R-b-divisor B on Z (see [10, Lemma 5.1] and [11, Theorem 1.2]). Precisely speaking, when
dim W < dim X — 2, we consider the R-line bundle £ on X associated to Kx + A. We fix
an R-Cartier R-divisor D on Z whose associated R-line bundle is the pullback of £. Then
we put M = D — K — B, where D is the R-Cartier closure of D and K is the canonical
b-divisor of Z.

7. ADJUNCTION FOR CODIMENSION TWO LOG CANONICAL CENTERS

In this final section, we first discuss basic slc-trivial fibrations under some extra assump-
tion and then prove adjunction for codimension two log canonical centers.

Theorem 7.1. Let f: (X,B) — Y be a basic R-sle-trivial fibration. Assume that there
exists a stratum S of (X, B) such that the induced morphism S — Y is generically finite
and surjective. Then there exists a proper birational morphism p: Y’ —'Y from a smooth
quasi-projective variety Y' such that M = My, with My: ~g 0. In particular, M is
b-semi-ample.

Proof. By Theorem 5.6, we may assume that f: (X, B) — Y is a basic Q-slc-trivial fi-
bration. Let v: X¥ — X be the normalization. We define a Q-divisor B¥ on X" by
Kxv+ BY = v*(Kx + B). Note that after the reduction we may find a log canonical center
S of (XV, B”) such that the induced morphism S — Y is generically finite and surjective.
By [6, Lemma 4.12], we may further assume that Y is a complete variety. By replacing Y
with a smooth higher birational model and f: (X, B) — Y with the induced basic Q-slc-
trivial fibration, we may assume that Y is a smooth projective variety, M = My, and My
is nef. The induced morphism S — Y is denoted by fs. We define a Q-divisor Bg on S
by K¢+ Bg = (KXU + BV)|S.

From now on, we will show that —My- is QQ-linearly equivalent to an effective Q-divisor.
We consider the divisor v*f*My ~q Kxv + BY — v*f*(Ky + By). By restricting it to
S, we get the relation fEMy ~g Kg + Bs — f§(Ky + By). Let g: S — T be the Stein
factorization of fg. The finite morphism 7" — Y is denoted by fr. We put By = ¢,Bs.
Then the relation Kg + Bg = ¢*(Kr + Br) holds because Kg + Bg is Q-linearly trivial
over Y. We also have the relation

frMy ~q Kr + Br — fr(Ky + By).
To show that —My is Q-linearly equivalent to an effective Q-divisor, it is sufficient to
prove that — (KT + Br — fi(Ky + By)) is Q-linearly equivalent to an effective Q-divisor.

By the definition of the discriminant Q-b-divisor (see Definition 3.5), for every prime
divisor P on Y, we have coeff p(By) = 1 — bp where bp is the log canonical threshold of
(X7, B¥) with respect to v* f* P over the generic point of P. Since fr is finite, we may write
frP =3 o, miQi, where @; runs over prime divisors on T' with fr(Q;) = P and m; is the
multiplicity of (); with respect to fr. By the ramification formula, over a neighborhood of
the generic point of P we may write

f1(Ky + By) =f7(Ky + (1 = bp)P)
=Kr =Y (m; = DQi+ (1-bp) Y miQ;
Qi Qi

=Kr + Z(l — m;bp)Qi.
Qi
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We define E =}, (coeffq,(Br) — (1 — m;bp))Qi. Then, over a neighborhood of the
generic point of P, we have

fj*wMy ~Q KT + BT — fj*w(Ky + By) = Z(COGH‘Qi(BT) — (1 — mlbp))Q, = E
Qi

On the other hand, by the definition of bp (see Definition 3.5) and the fact that S is
a log canonical center of (X¥, B¥), the pair (S, Bg + bpfiP) is sub log canonical over
the generic point of P. Since g: S — T is birational and K¢ + Bs = ¢*(Kr + Br),
the pair (T, By + bpf;P) is sub log canonical over the generic point of P. This shows
coeff,(Br) + m;bp < 1 for all @; such that fr(Q;) = P. Thus, —F is effective. Hence
—My is Q-linearly equivalent to an effective QQ-divisor.

Finally, since My is nef, we see that My ~q 0. U

We prove the b-semi-ampleness of M for basic sle-trivial fibrations of relative dimension
one under some extra assumption.

Theorem 7.2. Let f: (X, B) — Y be a basic R-sle-trivial fibration with dim X = dim Y +1
such that the horizontal part B" of B is effective. Then the moduli R-b-divisor M is b-
semi-ample.

Proof. By Theorem 5.6, we may assume that f: (X, B) — Y is a basic Q-slc-trivial fibra-
tion. By [6, Lemma 4.12], we may further assume that Y is a complete variety. When X
is reducible, by the definition of basic sle-trivial fibrations (see Definition 3.2), there is a
stratum S of X such that the morphism S — Y is generically finite and surjective since
dim X = dimY + 1. Thus, we can apply Theorem 7.1. By Theorem 7.1, the moduli Q-b-
divisor M is b-semi-ample when X is reducible. So we may assume that X is irreducible.
Let F' be a general fiber of f. Then B|p > 0 by the assumption B" > 0. If (F, B|p) is
not kawamata log terminal, then there is a log canonical center S’ of (X, B), that is, S’ is
a stratum of (X, B), such that the morphism S” — Y is generically finite and surjective.
As in the reducible case, by applying Theorem 7.1, we see that the moduli Q-b-divisor M
is b-semi-ample. If (F, B|r) is kawamata log terminal, then the morphism f: (X, B) — Y
satisfies [17, Assumption 7.11]. Therefore, by [17, Theorem 8.1], the moduli Q-b-divisor M
is b-semi-ample. In this way, in any case, the moduli Q-b-divisor M is b-semi-ample. [

By combining Theorem 7.2 with the proof of Theorem 1.2, we obtain the following result,
which generalizes Kawamata’s theorem (see [16, Theorem 1]).

Corollary 7.3 (Adjunction and Inversion of Adjunction in codimension two). Under the
same notation as in Theorem 1.2, we further assume that dimW = dim X — 2. Then M
is b-semi-ample. Equivalently, My is semi-ample. In particular, there exists an effective
R-divisor Az on Z such that

o V(Kx+A)~p Kz + Ay,

o (Z,Ayz) is log canonical if and only if (X, A) is log canonical near W, and

o (Z,Ayz) is kawamata log terminal if and only if (X, A) is log canonical near W and
W is a minimal log canonical center of (X, A).

When Kx + A is Q-Cartier, we further make Az an effective Q-divisor on Z such that
V' (Kx + A) ~g Kz + Az in the above statement.

Proof. We use the same notation as in Theorem 1.2. Note that W is a codimension two
log canonical center of (X, A) by assumption. Let f: Y — X be a projective birational
morphism from a smooth quasi-projective variety Y such that Ky +Ay = f*(Kx+A) and
that Supp Ay is a simple normal crossing divisor on Y. Without loss of generality, we may
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assume that f~'(W) is a simple normal crossing divisor on Y such that f~(W) = 3", E;
is the irreducible decomposition. We put

E = Z E;.

a(E;,X,A)=—1

We define A by Kg + Ag = (Ky + Ay)|g. In this situation, we can check that Ap is
effective over the generic point of W. Indeed, if X is a surface then we can check this fact
by using the minimal resolution. In the general case, by shrinking X and cutting X by
general hyperplanes, we can reduce the problem to the case where X is a surface.

Let Z be the normalization of W. By the same arguments as in Steps 1, 2, and 3 in
the proof of Theorem 1.2, we can construct a basic R-slc-trivial fibration f: (V,Ay) — Z.
Then dim V' = dim Z + 1 because dimV = dim X — 1 and W is a codimension two log
canonical center of (X,A). Furthermore, by the discussion in the first paragraph, we
see that the horizontal part A% of Ay with respect to f: V — Z is effective. By the
same arguments as in Steps 4, 5, and 6 in the proof of Theorem 1.2, we get a projective
birational morphism p: Z" — Z from a smooth quasi-projective variety Z’ satisfying (i)—(v)
of Theorem 1.2. Moreover, by Theorem 7.2, M is b-semi-ample, that is, M is semi-ample.

Let N ~gr Mz be a general effective R-divisor such that N and By have no common
components, Supp(/N + Byz/) is a simple normal crossing divisor on Z’, and all the coef-
ficients of N are less than one. We put Ay = p,N + Bz. Then, it is easy to see that
Ay satisfies the desired three conditions of Corollary 7.3. By the above construction, we
can make Ay an effective Q-divisor such that Kz + Ay ~g v*(Kx + A) when Kx + A is
Q-Cartier. So we are done. O
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