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LOCAL MEAN DIMENSION OF ASD MODULI SPACES OVER THE
CYLINDER

SHINICHIROH MATSUO AND MASAKI TSUKAMOTO

ABSTRACT. We study an infinite dimensional ASD moduli space over the cylinder. Our
main result is the formula of its local mean dimension. A key ingredient of the argument
is the notion of non-degenerate ASD connections. We develop its deformation theory
and show that there exist sufficiently many non-degenerate ASD connections by using

the method of gluing infinitely many instantons.

1. INTRODUCTION

1.1. Main result. This paper is a continuation of [17]. (But readers don’t need a knowl-
edge of [17].) We study a certain infinite dimensional ASD moduli space over the cylinder
R x S3. The main motivation is to develop an infinite dimensional analogue of the pi-
oneering work of Atiyah-Hitchin—Singer [2]. The paper [2] is a starting point of the
mathematical study of Yang-Mills gauge theory. One of their main results [2, Theorem
6.1] is a calculation of the dimension of an ASD moduli space by using the Atiyah—Singer
index theorem. Their result can be stated as follows: Let A be an irreducible SU(2) ASD
connection over a compact anti-self-dual 4-manifold of positive scalar curvature. Then
the number of the parameters of its deformation is

8(instanton number of A) — 3(1 — by).

Here b; is the first Betti number of the underlying 4-manifold. The “instanton number”
means the second Chern number of the bundle which the connection A belongs to, and
it is equal to the Yang—Mills functional

1
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This dimension formula is the target of our work. Our main result (Theorem 1.2) is an
infinite dimensional analogue of the above formula. Although there is still much work to
be done, probably our theorem is the first satisfactory result in this direction.

Let S3 := {23+ x5 +23+2% = 1} C R?* be the unit 3-sphere with the Riemannian metric
induced by the Euclidean metric on R*. Let X := R x S? be the cylinder with the product
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metric. The reason why we consider R x S? is as follows: In [2, Theorem 6.1] they needed
the assumption that the underling 4-manifold is anti-self-dual and has positive scalar
curvature. These metrical conditions were used via a certain Weitzenbock formula. In the
present paper we also need to use the Weitzenbock formula several times. The cylinder
R x S? is one of the simplest non-compact 4-manifolds which are anti-self-dual and has
uniformly positive scalar curvature. We need these metrical conditions.

Let £ := X x SU(2) be the product principal SU(2) bundle. (Every principal SU(2)
bundle on X is isomorphic to the product bundle E.) Let A be a connection on E. Its
curvature F)y is a 2-form valued in the adjoint bundle adE = X x su(2). So it gives a
linear map:

Fa(p) : AT, X) — su(2) (Vp € X).

Let |F4(p)|op be the operator norm of this linear map, and let | Fy4],, be the supremum of
|Fa(p)|op over p € X. The explicit formula is as follows: Let p € X, and let (21, z2, z3, 24)
be the normal coordinate system of X centered at p. We suppose that the curvature Fy
is expressed by Fa = >, ;<4 Fijdz; A dz; around the point p. Then the norm |F4(p)lop

sup {

Here the Lie algebra su(2) = {X € My(C)| X + X* =0, tr(X) = 0} is endowed with the
inner product (X,Y) = —tr(XY). In this paper we also use the Euclidean norm |F4(p)|
defined by

(1) Fa)? = D> |F;m)*

1<i<j<4

is equal to

Z aij Fij(p)

1<i<j<4

|aij€R, Z aszl}

1<i<j<4

For a subset U C X we denote by |Fal ) the essential supremum of |Fia(p)| over
pel.
For a non-negative number d we define M, as the space of the gauge equivalence classes

of ASD connections A on E satisfying
HFA ”op S d.

This space is endowed with the topology of C'*°-convergence over compact subsets: A
sequence [A,] converges to [A] in My if and only if there exists a sequence of gauge
transformations g, : F — E such that g,(A,) converges to A in C* over every compact
subset. From the Uhlenbeck compactness (|24, 25]), the space M, is compact and metriz-
able. The above condition |F4,, < d is motivated by the notion of Brody curves (Brody
[4]) in Nevanlinna theory. Note that the norm | Fy4],, does not dominate the L*-norm of
F4. So the L%norm of the curvature of [A] € M, can be infinite.

The space M, becomes a dynamical system with respect to the following natural R-
action: R acts on X = R x S% by s(t,0) := (¢t + s,6). This action is lifted to the action
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on E =X xSU(2) by s(t,0,u) :== (t+s,0,u). The group R continuously acts on M, by
s[A] := [s*(A)] where s*(A) is the pull-back of A by s: E — E. The main subject of this
paper is the study of the dynamical system M. Let’s start with the following example:

Example 1.1. If d < 1 then M, is equal to the one-point space. The only one element is
the gauge equivalence class of the trivial flat connection. This fact is proved in [23]. (The
threshold value d = 1 is different from the value given in [23]. This is because the norm
on su(2) in the present paper is different from the norm in [23] by the multiple factor
Vv2)

If d =1 then the space M contains a non-trivial element: We define an SU(2) ASD
connection A over the Euclidean space R* by (BPST instanton [3])

1 v—1

-1 0
+(0\/—_1

1
+ ( 0 > (l’ldl’g — l’gdl’l + l’2d$4 - LL’4d.Z‘2)

v—1 0
Let I be the pull-back of A by the conformal map
R x S% — R*\ {0}, (t,0)+ c'0.

Then [ is an ASD connection on F = X x SU(2) with
4
(et +e7t)?’

Hence [I] is contained in M;. Therefore M; contains a flat connection and the R-orbit

) (I1d$4 — l’4dI1 — (L’le’g + .ngl’g)}.

|F1(t7 0)|0P = HFIHOP =1

of [I]. The authors don’t know whether it contains other elements or not.

Therefore My is trivial for d < 1, and possibly a simple space for d = 1. On the other
hand we will see later that the space M, is infinite dimensional for d > 1 (Remark 1.12).
Moreover its topological entropy (as a topological dynamical system) is also infinite. So
M, (d > 1) is a very large dynamical system. A good invariant for the study of this
kind of huge dynamical systems is mean dimension introduced by Gromov [13]. But
our present technology is a little inadequate for the study of the mean dimension of M,.
So we study the local mean dimension of M, instead of mean dimension. Local mean
dimension is a variant of mean dimension introduced by [17]. For each point [A] € M,
we have the non-negative number dim4(Mg : R) called the local mean dimension of M,
at [A]. We define dim,.(Mg : R) as the supremum of dimp(My : R) over [A] € M,.
Mean dimension and local mean dimension are topological invariants of dynamical systems
which count “dimension averaged by a group action” in certain ways. We review their

definitions in Section 2.
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Let A be a connection on E. We define the energy density p(A) by

1
A) = lim su / F deol) .
P( ) T—+o0 (87T2T te]g (t,4+T)x S3 | A|

Here |F4| is the Euclidean norm defined in (1). This limit always exists because we have

the natural sub-additivity:

sup/ | F4|2dvol < sup/ \FA\de01+sup/ | F4|*dvol.
teER J (tt+T1+T2)xS3 teR J(t,t+Ty)xS3 teER J(t,t+T3)xS3

The energy density p(A) was first introduced in [17]. p(A) is zero for finite energy ASD
connections. So it becomes meaningful only for infinite energy ones. p(A) can be seen as
an “averaged” instanton number of A. We define p(d) as the supremum of p(A) over all
[A] € My. p(d) is a non-decreasing function in d. It is zero for d < 1 (Example 1.1). We
will see later that p(d) is positive for d > 1 (Remark 1.12) and that it goes to infinity as
d — oo (Example 1.6).

Let D C [0,400) be the set of left-discontinuous points of p(d):

D ={d e [0,+00)| lim p(d —¢) # p(d)}.

Since p is monotone, the set D is at most countable. (Indeed we don’t know whether it
is empty or not.) Our main result is the following theorem.

Theorem 1.2. For any d € [0, +00) \ D
dimyee(Mgy : R) = 8p(d).

Since D is at most countable, we get the formula of the local mean dimension of My
for almost every d > 0.

Remark 1.3. Some readers might feel that the operator norm |Fy4| op Used in the defini-
tion of M, seems strange. Indeed this choice leads us to a very satisfactory result. But
we will briefly discuss another possibility in Appendix.

1.2. Non-degenerate ASD connections. The following notion is very important in
the argument of the paper:

Definition 1.4. Let [A] € M, (d > 0). Ais said to be non-degenerate if the closure of
the R-orbit of [A] in M, does not contain a gauge equivalence class of a flat connection.

This definition is motivated by the classical work of Yosida [26] in complex analysis.
Yosida studied a similar non-degeneracy condition for meromorphic functions f : C —
CP!. (He used the terminology “meromorphic functions of first category”.) Eremenko
7, Section 4] discussed it for holomorphic curves f : C — CPY, and Gromov [13, p. 399]

studied a similar condition for more general holomorphic maps.
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Example 1.5. Let A be an instanton, i.e. an ASD connection on E with finite energy
/ | F4|*dvol < +oo.
b's

Then s[A] converges to a gauge equivalence class of a flat connection when s — +oo
(Donaldson [5, Chapter 4, Proposition 4.3]). So A is a degenerate (i.e. not non-degenerate)
ASD connection.

Example 1.6. An ASD connection A on E is said to be periodic ([17]) if there exist
T > 0, a principal SU(2) bundle F over (R/T7Z) x S? and an ASD connection B on F' such
that (E, A) is isomorphic to the pull-back (7*(F), 7*(B)). Here 7 : Rx S3 — (R/TZ) x S*
is the natural projection. If A is periodic, then the energy density p(A) is given by

p(A) = co(F)/T.
If A is periodic and non-flat, then A is non-degenerate. By Taubes [19], every principal
SU(2) bundle F on (R/TZ) x S with ¢y(F) > 0 admits an ASD connection. Therefore

we have a lot of periodic ASD connections. From this fact we can easily see that the

function p(d) introduced in the previous subsection goes to infinity as d — oc.

Lemma 1.7. Let [A] € My. A is non-degenerate if and only if there exist 6 > 0 and
T > 0 such that for any interval (o, 5) C R of length T we have

(2) | Fal oo ()0 53) = O

Proof. This is a Yang—Mills analogue of the result of Yosida [26, Theorem 4. Sup-
pose that A does not satisfy (2) for 7" = 1. Then there exist {a,},>1 C R such that
| Fall Lo (@ amt1)x53) < 1/m. By choosing a subsequence we can assume that a,[A] con-
verges to [B] in My. Then Fg = 0 over (0,1) x S3. By the unique continuation, Fg = 0
all over X. Hence B is flat and A is degenerate.

Suppose the above condition (2) holds for some 6 > 0 and 7" > 0. Then any element
[B] in the closure of the R-orbit of [A] satisfies |Fi[ (o gxs3) = 0 for every interval
(c, B) C R of length T'. Hence B is not flat.

Note that the above argument also proves the following: [A] is non-degenerate if and
only if for any 7" > 0 there exists 0 > 0 such that for any interval («, 5) C R of length T’
we have |Fallpoo (o552 = 0- O

Remark 1.8. By the same argument we can prove the following: [A] € M, is non-
degenerate if and only if there exist § > 0 and 7' > 0 such that for any interval («, 5) C R
of length T" we have

HFA”LQ((a,B)XS3) > 0.

In particular if [A] € M, is non-degenerate then its energy density p(A) is positive.

The following Theorem 1.9 is proved in [17, Theorem 1.2]. (The paper [17] adopts a
little different setting. So we explain how to deduce this result from [17] in Appendix.)
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Theorem 1.9. For any [A] € My,
dimpg) (Mg : R) < 8p(A).

Hence

dimyee (Mg : R) = sup dimpa (Mg : R) < 8p(d).
[AleMq

The lower bound on the local mean dimension is given by using the next two theorems.
Theorem 1.10. Let A be a non-degenerate ASD connection on E with |Fa|,, < d. Then
dimpa (Mg : R) = 8p(A).

In this theorem the strict inequality condition | F4|,, < d is purely technical. The point
is the non-degeneracy assumption. This makes the situation simpler. It is more difficult
to study the local structure of M, around degenerate ASD connections. We postpone it
to a future paper. In the present paper we bypass it by using the following theorem.

Theorem 1.11. Suppose d > 1, and let A be an ASD connection on E with |Fal,, < d.

For any € > 0 there exists a non-degenerate ASD connection A on E satisfying

|FA)

<d, p(A)>p(A)—e.

Roughly speaking, this theorem means that we can replace a degenerate ASD connec-
tion by a non-degenerate one without losing energy. In the above statement we supposed
d > 1 because there does not exist a non-flat ASD connection A on E satisfying | Fal,, <1
(Example 1.1).

The main task of the paper is to prove Theorems 1.10 and 1.11. Here we prove the

main theorem by assuming them:

Proof of Theorem 1.2 (assuming Theorems 1.10 and 1.11). We always have the upper bound
dimyee(My : R) < 8p(d) by Theorem 1.9. So the problem is the lower bound.

Let po(d) be the supremum of p(A) over [A] € My satisfying |Fal,, < d. Obviously
pold) < p(d). Then

(3) dim,.(My : R) > 8po(d).

This is proved as follows:

(Case 1) Suppose d < 1. Then the condition |Fa|,, < d implies Fy = 0. (See Example
1.1.) Hence po(d) = 0 and the above (3) trivially holds.

(Case 2) Suppose d > 1. Take [A] € My with |F4,, < d. For any € > 0 there exists

a non-degenerate ASD connection A on E satisfying HF(A) <dand p(A) > p(A) —¢
p

O

(Theorem 1.11). By applying Theorem 1.10 to A
dimyoe (Mg : R) > dimg5(Mg : R) = 8p(A) > 8(p(A) — ).
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Since € > 0 is arbitrary, dim,.(M, : R) > 8p(A). Taking the supremum over A, we get
the above (3).

For any £ > 0, we have p(d — ¢) < po(d) < p(d). Hence if p is left-continuous at d (i.e.
d € D), then we have py(d) = p(d). Therefore

dimgoe (Mg : R) 2 8p(d) (d € [0,+00) \ D).
O

Remark 1.12. Let d > 1. By applying Theorem 1.11 to a flat connection, we can
conclude that M, always contains a non-degenerate ASD connection. (Indeed M, always
contains a non-flat periodic ASD connection. See Remark 6.3.) Since the energy density
of a non-degenerate ASD connection is positive (Remark 1.8), the function p(d) is positive
for d > 1. Moreover by Theorem 1.10, the local mean dimension of M, is also positive
for d > 1. In particular My is infinite dimensional for d > 1.

1.3. Ideas of the proofs. We explain the ideas of the proofs of Theorems 1.10 and 1.11.

The basic idea of the proof of Theorem 1.10 is a deformation theory. Let A be a non-
degenerate ASD connection on E satisfying [Fal,, < d. Let H) be the Banach space of
a € Q' (adF) satisfying

da=dla=0, lal oo x) < o0

Here d% is the formal adjoint of da : Q°(adE) — Q!(adFE), and d} is the self-adjoint
part of dy : Q'(adE) — Q*(adF). For each a € H} the connection A + a is almost
ASD: F™(A + a) = O(a®). Therefore there exists a small R > 0 such that for each
a € Br(H}) (the R-ball with respect to || (x)) We can construct a small perturbation
a’ of a satisfying F*(A +a’) = 0. So we get a deformation map:

(4) Br(HY) = My, a— [A+d).

We study the local mean dimension of M, through this map.

A construction of the map (4) does not require the non-degeneracy condition of A. But
a further study of (4) requires it. We need to compare the distances of the both sides of
(4). M, is a quotient space by gauge transformations. Hence its metric structure is more
complicated than that of Br(H}). For example, even if a,b € Br(H}) are not close to
each other, the points [A + @] and [A 4 0'] might be very close to each other in M . We
need the non-degeneracy condition for addressing this problem. This is a technical issue.
So here we don’t go into the detail but just point out that the above map (4) becomes
injective if R < 1 and A is non-degenerate. (This injectivity is not enough for our main
purpose. The result we need is stated in Lemma 5.5, and it is based on the study of the
Coulomb gauge condition in Section 3.)

Assume that we have a good understanding of the deformation map (4). A next prob-

lem is the study of the Banach space H). We investigate a structure of finite dimensional
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linear subspaces of H}. (H} itself is infinite dimensional.) We need the following re-
sult (Proposition 4.1): For any interval (o, ) C R of length > 2 there exists a finite
dimensional linear subspace V' C H} such that

1
dimV > — | Fa|*dvol — const 4,
T J () x 53

Va € Hflx : ”a”LOO(X) <2 ||a”L°°((o<,ﬂ)><S3) .

The energy density p(A) comes into our argument through the first condition of V. The
second condition means that essentially all the information of @ € V' is contained in the
region (o, ) x S?. A main ingredient of the proof of this result is the Atiyah—Singer index
theorem. Combining this knowledge on H} with the study of the deformation map (4),
we can prove Theorem 1.10. The proof is finished in Section 5.2.

Next we explain the idea of the proof of Theorem 1.11. Suppose d > 1 and that A
is a degenerate ASD connection on E with |F4[,, < d. We want to replace A with a
non-degenerate one. The idea is gluing instantons. Lemma 1.7 implies that A has a region
where the curvature F, is very small. We glue an instanton I (described in Example 1.1)
to A over such a “degenerate region”. A has infinitely many degenerate regions. So we
need to glue infinitely many instantons to A.

More precisely the argument goes as follows: Let 0 < § < 1 and T" > 1. We define
J C Z as the set of n € Z such that |Fa| < 6 over [nT,(n + 1)T] x S3. Since A is
degenerate, the set J is infinite. For each n € J we glue (an appropriate translation
of) the instanton I to A over the region [nT, (n + 1)T] x S3. If we choose § sufficiently
small and T sufficiently large, then the resulting new ASD connection A becomes non-

degenerate and satisfies HF ([l)‘ < d. Moreover, roughly speaking, gluing instantons
op
increases the energy of connections. So we have p(A) > p(A) —e.

The paper [18] is the origin of our idea to use the deformation theory of non-degenerate
objects and gluing infinitely many instantons. In [18] we study the mean dimension of
the system of Brody curves (holomorphic 1-Lipschitz maps) f : C — CPY by developing
the deformation theory of non-degenerate Brody curves and gluing technique of infinitely
many rational curves. After the authors wrote the paper [18], they felt that the ideas
of [18] have a wide applicability beyond the holomorphic curve theory. The second main
purpose of the present paper is to show that a basic structure of the argument in [18] is
certainly flexible and can be also applied to Yang—Mills theory. The authors are satisfied
with the result.

The main difference between the case of Brody curves and Yang—Mills theory is the
presence of gauge transformations. A substantial part of the present paper is devoted to
the study of the method to deal with gauge transformations. (The technique of perturbing
Hermitian metrics described in [18, Section 4.2] might have a flavor of gauge fixing. But

it is much simpler.) At least for our present technology, the Yang—Mills case is more
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involved than Brody curves. Another, relatively minor, difference is the techniques of
gluing. The gluing construction in [18] is more elementary than that of the present paper.
The reason is that for meromorphic functions f and g in C we have a natural definition of
their sum f 4 g. But we don’t have such a definition for the “sum” of ASD connections.

1.4. Organization of the paper. Section 2 is a review of mean dimension and local
mean dimension. Section 3 is devoted to the study of the Coulomb gauge condition. In
Section 4 we study the Banach space HY. In Section 5 we develop the deformation theory
of non-degenerate ASD connections and prove Theorem 1.10. In Section 6 we study the
gluing method and prove Theorem 1.11. In Appendix we investigate another definition
of the ASD moduli space.

1.5. Notations. e In most of the argument the variable t means the natural projection
t:Rx S =R

e The value of d (which is used to define M,) is fixed in the rest of this paper (except
for Appendix). So we usually omit to write the dependence on d. We adopt the following

notation:

Notation 1.13. For two quantities x and y we write
Ny

if there exists a positive constant C'(d) which depends only on d such that z < C(d)y.
Let A be a connection on E. We also use the following notation:

Ay

This means that there exists a positive constant C'(d, A) which depends only on d and A
such that x < C(d, A)y. The notation z <y y is used in Sections 3, 4 and 5 where we fix

a connection A in most of the argument.

e Let A be a connection on E. Let k > 0 be an integer, and let p > 1. For £ € Q'(adE)
(0 <i<4)and asubset U C X, we define a norm ||§||LZ L) by

& 1/p
€2y ) = (Z [V \I’ipw)) '
j=0

For oo < 8 we often denote the norm HganyA((a,ﬂ)XSS) by H£||L£YA(04<1§<B).

2. REVIEW OF MEAN DIMENSION AND LOCAL MEAN DIMENSION

In this section we review mean dimension and local mean dimension. Mean dimension
was introduced by Gromov [13]. Lindenstrauss-Weiss [15] and Lindenstrauss [14] also
gave fundamental contributions to the basics of this invariant. Local mean dimension was
introduced in [17].
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Let (M, dist) be a compact metric space (dist is a distance function on M). Let N be
a topological space, and let f : M — N be a continuous map. For ¢ > 0, f is called
an e-embedding if Diamf~!(y) < e for all y € N. Here Diamf~!(y) is the supremum of
dist(x1, z2) over all x; and z5 in the fiber f~'(y). Let Widim.(M, dist) be the minimum
integer n > 0 such that there exist an n-dimensional polyhedron P and an e-embedding
f: M — P. The topological dimension dim M is equal to the limit of Widim, (M, dist)
as e — 0.

The following important example was given in [13, p. 333]. This will be used in
Section 5. The detailed proofs are given in Gournay [12, Lemma 2.5] and Tsukamoto [22,
Appendix].

Example 2.1. Let (V,|-|) be a finite dimensional Banach space. Let B,.(V') be the closed
ball of radius » > 0 centered at the origin. Then

Widim, (B, (V), |-]) = dimV, (0 <& < r).

Suppose that the Lie group R continuously acts on a compact metric space (M, dist).
For a subset {2 C R, we define a new distance distg on M by distg(z, y) := sup,eq dist(a.z, a.y)
(x,y € M). We define the mean dimension dim(M : R) by

( . Widim, (M, dist(o,T)) )
lim )
T—4o00 T

dim(M : R) := lim

e—0

This limit always exists because we have the following sub-additivity:
Widimg(M, diSt(O,T1+T2)) < Widima(M, diSt(OyTl)) + Widima(M, diSt(O’TQ)).

The mean dimension dim(M : R) is a topological invariant. (This means that its value is
independent of the choice of a distance function compatible with the topology.) If M is
finite dimensional, then the mean dimension dim(M : R) is equal to 0.
Let N C M be a closed subset. The function
T +— sup Widim, (N, dist q,q17))
a€R
is also sub-additive. So we can define the following quantity:
Widim, (N, dist, 4
dim(N : R) := lim < lim Pack WITHH (V, distq, +T))) .

e—=0 \ T— 100 T

Forr > 0 and p € M we define B, (p)g as the set of points x € M satisfying distg(p, z) <
r. (Note that distg(p, ) < r means dist(a.p,a.x) < r for all a € R.) We define the local
mean dimension dim,(M : R) at p by

dim, (M : R) := liH(l) dim(B,(p)r : R).
r—
We define the local mean dimension dimy,.(M : R) by

dimye.(M : R) := sup dim, (M : R).
peEM
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dim, (M : R) and dimy,.(M : R) are topological invariants of the dynamical system M.
We always have

dim,(M : R) < dimy,.(M : R) < dim(M : R).

In this paper we define mean dimension only for R-actions. But we can define it for
more general group actions. Gromov [13] defined mean dimension for actions of amenable
groups. The most basic example is the natural Z-action (shift action) on the infinite

dimensional cube
0,1]% := - x [0,1] x [0,1] x [0,1] x --- .
Its mean dimension and local mean dimension are given by
dimg([0, 1% : Z) = dimy,.([0, 1)* : Z) = dim([0, 1]* : Z) = 1.

Here 0 = (...,0,0,0,...) € [0,1]%Z. We don’t need this result in this paper. So we omit the
detail. The detailed explanations can be found in Lindenstrauss—Weiss [15, Proposition
3.3] and [17, Example 2.9].

3. COULOMB GAUGE

In this section we study a gauge fixing condition. This is a technical step toward the
proof of Theorem 1.10. The ASD equation is not elliptic and admits a large symmetry of
gauge transformations. So in the standard Yang-Mills theory we introduce the Coulomb
gauge condition in order to break the gauge symmetry and get the ellipticity of the
equation. In our situation the gauge fixing seems more involved than in the standard
argument. A difficulty lies in the point that we need to consider all gauge transformations
g : E — E (without any asymptotic condition at the end) and that they don’t form a
Banach Lie group. The main result of this section is Proposition 3.6. But its statement
is not simple. Probably Corollary 3.7 is easier to understand. So it might be helpful for
some readers to look at Corollary 3.7 before reading the proof of Proposition 3.6.

The next lemma is proved in [17, Corollary 6.3]. This is crucial for our argument.

Lemma 3.1. If A is a non-flat ASD connection on E satisfying |Fal,, < oo, then A is
irreducible. (Recall that A is said to be reducible if there is a gauge transformation g # +1
satisfying g(A) = A. A is said to be irreducible if A is not reducible.)

In the rest of this section we always suppose that A is a non-degenerate ASD connection
on I satisfying |Fa,, < d. The next lemma shows crucial properties of non-degenerate

ASD connections.

Lemma 3.2. (i) For any s € R and any u € Q°(adFE),

/ |u|?dvol < C’l(A)/ |d gu|*dvol.
s<t<s+1

s<t<s+1
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(i) For any s € R and any gauge transformation g : E — F,

min ("9 - 1||L°°(s<t<s+1) g+ 1||L°°(s<t<s+1)> < C5(A) ||dA9||Loo(s<t<s+1) :

We will abbreviate the left-hand-side to ming [|g £ 1| o (s si1)-

Proof. (i) Suppose that the statement is false. Then there exist s, € R and u,, € Q°(adF)

satisfying
1= / |, |*dvol > n/ |d g, |2dvol.
Sp<t<sp+1 sn<t<sp+1

Set v, := s (u,) and A, := s’ (A) (the pull-backs by s, : £ — FE). Then

1= / v, |2dvol > n/ |d 4, vp|*dvol.
0<t<1 0<t<1

Since M is compact, there exist a sequence of natural numbers n; < ny < nz < --- and
gauge transformations g : E — E (k > 1) such that By, := gx(A,,) converges to some
B in C* over every compact subset of X. Since A is non-degenerate, B is not flat and
hence irreducible by Lemma 3.1. Set wy := gg(vy, ). Then

1= / |wy |*dvol > nk/ |, w|*dvol.
0<t<1 0<t<1

Since dpwy, = dp,wy, + [B — By, wy], the sequence {wy} is bounded in L7 5((0,1) x S°).
Hence, by choosing a subsequence, we can assume that w, weakly converges to some w
in I3 5((0,1) x S%). We have w2y = 1 and dgw = 0 over (0, 1) x S®. This means
that the connection B is reducible over (0,1) x S3. By the unique continuation theorem
[6, p. 150], B is reducible over X. This is a contradiction.

(ii) Fix 4 < p < oo. (Note that the Sobolev embedding L} < C° is compact.) By an
argument similar to the above (i), we can prove the following statement: For any s € R
and any u € Q%(adE)

(5) ”u”Lw(s<t<s+1) Sa Clp) ”dAu”LP(s<t<s+1) :

We prove (ii) by using this statement. Suppose (ii) is false. Then, as in the proof of
(i), there exist connections A, (which are translations of A) and gauge transformations

gn - F — E satistying
miin lgn = 1||L<>°(0<t<1) > nda,gn “LOO(0<t<1) .

We can choose a sequence of natural numbers n; < ny < ng < --- and gauge transforma-
tions hy : E — E (k > 1) such that By := hg(A,,) converges to some B in C* over every
compact subset. B is irreducible. Set g, := hygy, h; . Then

(6) miin lgs. £ 1||Loo(0<t<1) > Nk ||dBkgl/€”L°°(0<t<1) :

{g1.} is bounded in L% 5((0,1) x S%). By choosing a subsequence, g converges to some
g' weakly in LY 5((0,1) x S%) and strongly in L>((0,1) x S?). We have dgg’ = 0. Since
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B is irreducible, ¢’ = +1. We can assume ¢’ = 1 without loss of generality. Then there
are up € L} 5((0,1) x S%, A°(adE)) (k> 1) satisfying g; = e and |ugx| S [g;, — 1| over
0 <t < 1. Then by (5)

lgk — 1||L°°(0<t<1) S ||“k||Loo(0<t<1) Sa Clp) ”dBkuk”LP(0<t<1) :

We have |dp,ur|poeicry < 2 |dB, 95l 1o for k> 1. Hence, for k > 1,

0<t<1)
lgi — 1”L°°(0<t<1) Sa lds, g, HL°°(0<t<l) :

This contradicts (6). O

Lemma 3.3. There exists a positive number €1 = 1(A) such that, for any integers m < n

and any gauge transformation g : E — E, if |dag| < ey then

m<t<n)
min g £ 1 oo g esany < Co(A) [dagl oo gmeran) -

This is also true for the case (m,n) = (—o00,00).

Proof. For simplicity we suppose m = 0. By Lemma 3.2 (ii), for every k € Z,

(7) rnin lg £ 1”L°°(k<t<k+1) < Ch ”dAQHLoo(k<t<k+1) :

Take a positive number €1 = €1(A) satisfying (C>+1)e1 < 1. Suppose [dag| < gcicn) < €1-
We can also suppose

lg = Uz oetcry < 19+ U poeoctany
without loss of generality. Then g — 1]« (goyeq) < Ca1. Since |[dag| < &1 over 0 <t <2,
we have

|9 = U aracny < (Co 4+ 1er < 1.

Then |g + 1] poc(1<sey = 2 — (C2 + 1)e1 > 1. Hence

Hg - 1”L°°(1<t<2) < ”g + 1”L°O(1<t<2) :

In the same way, we can prove that for every 0 < k <n

lg — 1”L°°(k<t<k+1) <|g+ 1”L°°(k<t<k:+1) :
By (7),
lg — 1”L°°(k<t<k+1) < (s HdAQHLoo(k<t<k+1) :
Thus |lg — 1||L°°(0<t<n) < (G ||dAg||L°°(0<t<n)' H

Fix a positive integer 7' = T'(A) satisfying

10C; + 20/ C 1

(®) LTIV
T 4

Here C; = C1(A) is the positive constant introduced in Lemma 3.2 (i). For the later

convenience (Lemma 5.5) we assume T > 3. For £ € Q'(adF) and integers m < n, we set

115, = mnglggn ||§||L2(kT<t<(k+1)T) :
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Let d% : Q'(adE) — Q°(adFE) be the formal adjoint of d4 : Q°(adE) — Q'(adE). We
set Aqu = d%dau for u € Q°(adE).

Lemma 3.4. Let n € Z and K € Z~q, and let u € Q°(adE). Then

2
L a0l £ 275 (i) DAl Lol
nT'<t<(n+

Proof. For simplicity, we suppose n = 0. Take any m € Z. Let ¢ : R — [0, 1] be a cut-off
such that supp(¢) C [(m—1)T,(m+2)T], ¢ = 1L on [mT,(m~+1)T] and |¢'|, |¢"| < 10/T.

Then
/ daul? < / dalpu)]? = / (Aalpu), u).
mT<t<(m+1)T X X

We have A4 (pu) = A u+ Ap - u+ *(xdp A dau — dp A *dau).
[Aa(pu)| < (10/T)[uf + (20/T)|dau] + [Aaul.
Since Ag(pu) = Agu over mT <t < (m+1)T,

/ dauf? < / (10/T)[uf? + (20/T)|dyullu
mT<t<(m+1)T {(m—=1)T<t<mT or (m+1)T<t<(m+2)T}

+ / |A qu||ul.
(m—-1)T<t<(m+2)T

Using Lemma 3.2 (i), the right-hand-side is bounded by

100, + 20/ C4
T |A qu||ul.
{(

]dAu|2 +/
m—1)T<t<mT or (m+1)T<t<(m+2)T} (m—1)T<t<(m+2)T
From (8), this is bounded by
1

4 /{(m—l)T<t<mT or (mA1)T<t<(m+2)T}
We define a sequence a,, (—K < m < K) by

Ay = / |d qu|*dvol.
mT<t<(m+1)T

|dau)®dvol 4+ 3 |Aqu|7 T Jul ™t .

m—1 m—1

Then the above implies
< Om-1 + Amt1
- 4
By applying Sublemma 3.5 below to this relation, we get

am +3]Aau% ulx (K +1<m< K —1).

max(ary,a_k)

1 2
K K K K K
a0 < PN 18 |Aaul Sy Jul e < g (dael)” + 18 18wl Jul

Sublemma 3.5. Let K be a positive integer, and let b > 0 be a real number. Let
{am}-Kk<m<k be a sequence of non-negative real numbers satisfying

Am—1 + Am+1

< 1 +b (-K+1<m<K-—1).

am
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Then we have

max(ag, a_g)

< g ob.

Qo

Proof. Set by, := max(a_pm,a,) (0 < m < K). We have by < b;/2+b. For m > 1, we
have b, < (b1 + byy1)/4+ b, ie. 4b,, < byt + byt + 4b. Hence, for m > 1,

2(bm - bm—l) S 2bm - bm—l S _Qbm + bm+1 + 4b S bm—i—l - bm + 4b.

Thus by, — b1 < (b1 — bm)/2 + 2b (m > 1). Using this inequality recursively, we get

— b 1 1 b
bl—bo§M+2b(1+_+...+ )SbK bK1+4b'

QK -1 2 QK -2 9K -1

On the other hand, 2by — b; < 2b. Hence

bK — bK_1 bK max(aK, (I_K)
Cbozbog W+6b§ 2K—1 +6b:T+6b
0
We have finished the proof of Lemma 3.4. O

The next proposition is the main result of this section. Recall that we have supposed
that A is a non-degenerate ASD connection on E with [ Fa|,, < d.

Proposition 3.6. For any 7 > 0, there exist g = e2(A,7) > 0 and K = K(A,T) € Z~o
satisfying the following statement.

Let n € Z. Let a,b € Q' adE) with dya = d%b = 0, and let g : E — E be a gauge
transformation. Set a := g(A + a) — (A +b). If the L>®-norms of a, b and « over
(n—K)T <t<(n+ K+ 1)T are all less than ey, then

n+K n+K * n+K
(9) la = bl 2 urcrcqnrinyry < 7 la— bl g + \/IIOéHLx +[dsaly

(10) min lg £ 1HL2(nT<t<(n+1)T) Sa ”04”L2(nT<t<(n+1)T) + Ja - b”L?(nT<t<(n+1)T) :

Proof. For simplicity of the notations, we assume n = 0. Set U := S® x (=KT, KT +T).
We have dag = —ag + ga — bg. Then |dag| < 3e9 over U. We choose g5 so that
3e9 < &1 (the constant introduced in Lemma 3.3). Then by Lemma 3.3, we can suppose
|9 — 1l ooy Sa €2 < 1. So there is a section u of A°(adE) over U satisfying g = e* and
lul ooy <4 €2 < 1. Then 27 Ydau| < |dag] < 2|dau| and |g — 1| < 2|u| over U. By
Lemma 3.2 (i),

(11) lg = 1155 < 2Jul®y < 20/C1 [dau]™y < 41/C [dagl ™y -
We have

(12) dag=—ag+(g—1a—0b(g—1)+ (a—0).
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Then
gl < 1o + 19 = 1% (Ial iy + Bl ) + o = D"
< ol + la = b + 822v/C1 [dag] ™ -
We choose g5 > 0 so small that 8c51/C] < 1/2. Then

(13) ldagly <2 (lal +la = b5 )
This and (11) shows
(14) lg = 1% <8V (Jal % + o = 015 )

In the same way we get (10):
lg — 1||L2(0<t<T) <8 Cl(||a||L2(0<t<T) +fa - b||L2(0<t<T))-
From (12),
la =0l 120cicry < Idaglr2ciar) + 1l 2ciary T 19 = Ur2ciar <“a“L°°(U) + ||bHL°°(U)>

< ||dA9||L2(O<t<T) + ”a”L2(0<t<T) +2e2 g - 1||L2(0<t<T)

< HdAg”L2(0<t<T) + (1 + 16e2/Ch) HaHL2(0<t<T) + 16221/ Cy |la — b||L2(0<t<T) :
Since |dag| < 2|dau| and €3 < 1,

(15) Ja — b||L2(0<t<T) Sa ||dAU||L2(o<t<T) + ||a||L2(0<t<T) :

We have the Coulomb gauge condition d*%a = d%b = 0. Therefore Ayg = —*xds*xdag =
—xds(—xag+ g*a—xbg) = —(d%a)g — *x(xa Adag) — *x(dag A xa) — x(xb A dag). By
(13),

12ag1% < 130l + (ol + ol + Pliey) 1dagl’
(16) K K K

< Idal + 625 (lal e + la —b1%)

Aag=>7 g Aa(u™/nl) and Ay (u™)] < n(n — 1)ju""2|daul* + nfu[" "' |A su|. Hence
[Aug — Agu| < edaul® + (e = 1)|A4u| S &2 (|dagl + | Aaul)

over U. Here we have used |u| S4 €2 < 1 and |dau| < 2|dag| < 6e2 over U. We choose
g9 so small that |A u| < |Aag| + e2|dag| over U. By (13) and (16),

K K * K K
(17) [Aau]Zy S e2llafZy + |daalZg + 2 lla— b2

From (15), Lemma 3.4 and |af e ) < €2,

9 2 2
lo = b0 s0crery S (ldaulzocrery) + (laliocien)

— K 2 K K K
$a 27 (Jdaul™c) + 1A aul S Jul g + &2 Jol
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From (13), |dau| < 2[dag| on U and |af ey < €2,

2 2 2 2
(laut)” 5 (lal) "+ (la =015 ) Sa 2 lal e + (la =015 )

K K K
From (14), [u|Zx Sa |l =g + la = b= From (17) and [al o iy s [0] poo 0y [ poe 1y <

€2,
K K K * K K K K
2wl Jul i Sa (s ol + 1daal e +e2la = 015 ) (lad S + la = b1 )
2
K * K K
Saea (lalx + 1a3al%) + 2 (lo — bl )

(The strange square root in (9) comes from the term |d%a|*, |a — b]" in this estimate.)
Thus

2

2 — K K * K

la = bl 20erer Sa (2 +27%) (Ja = 815 ) " + 22 (lal S + ol )
We choose K > 0 sufficiently large and 5 > 0 sufficiently small. Then we get
2
2 K K « 1K
lo = W gerery < 7 (la = b1 )+l + Il
O

Corollary 3.7. Suppose that a,b € Q' (adE) satisfy diya = d3b = 0 and |a] po(x) » [0l oo () <
e9(A,1/2) (the constant introduced in Proposition 3.6 for 7 = 1/2). If a gauge transfor-
mation g : B — E satisfies g(A+a) = A+, then a =0 and g = £1.

Proof. For any n € Z, from Proposition 3.6 (9),

1 ek 1
la — b||L2(nT<t<(n+1)T) <5 fa— b”nJ—rK < S sup fa— b||L2(mT<t<(m+1)T) :
2 2 meZ
Hence
S}g la — b||L2(mT<t<(m+1)T) < 2 ilélz la — b||L2(mT<t<(m+1)T) -
This implies @ = b. Then Proposition 3.6 (10) shows g = +1. OJ

4. PARAMETER SPACE OF THE DEFORMATION

For a connection A on FE, we set Dy := d¥ + d} : Q'(adF) — Q°adFE) & QO (adE).
Here d% is the formal adjoint of d4 : Q°(adE) — Q'(adFE), and d7 is the self-dual part of
da: Q' (adE) — Q*(adE). We define a linear space H} by

(18) Hj = {a € Q'(adE)| Daa =0, |a] x) < o0}

(H, N oo (x)) is a (possibly infinite dimensional) Banach space. This space will be the
parameter space of the deformation theory developed in the next section. The main

purpose of this section is to prove the following proposition:
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Proposition 4.1. Let A be a non-degenerate ASD connection on E satisfying | FA”op <d.
Then for any interval (o, f) C R of length > 2 there exists a finite dimensional linear
subspace V. C HY satisfying the following two conditions.

(1)

1

dimV > —2/ | Fa|?dvol — C3(A).
™ a<t<f

Here C3(A) is a positive constant depending only on A. The important point is that it is

independent of the interval (o, 3).

(it) All a € V' satisfy |a] poe(x) < 2] poc (ueiep)-
The following is a preliminary version of Proposition 4.1:

Proposition 4.2. Let A be an ASD connection on E satisfying |Fal,, < d. For any
e > 0 and any interval (o, f) C R of length > 2, there exists a finite dimensional linear
subspace W C Q(adE) such that

(i) ,
dim TV > —2/ | Ful2dvol — C(e).
a<t<f

T
(11) All a € W satisfy supp(a) C (a, 3) x S3.
(iii) Alla € W satisfy supp(Daa) C (o, a+1) x SPU (B —1,8) x S° and | Daal oo (x) <
€ ”a”LOO(X)‘
Proof. From the compactness of My, there is a bundle trivialization g of E over U :=
{a—1l<t<a+1}U{f—-1<t< p+1} C X such that the connection matrix g(A)
satisfies

lg()]crwy S C (k) (Vk = 0).
Let ¢ : R — [0, 1] be a cut-off function such that ) = 1 over a small neighborhood of
la+ 1,5 — 1], supp(¢)) C (a+1/2,8 — 1/2) and |dip| < 4. Define a connection A’ over
(a—1,8+1) x 83 by A" :=1A. (The precise definition is as follows: A’ is equal to A on
a small neighborhood of [a+ 1,8 — 1] x S3, and it is equal to g~!(1g(A)) over U.) We
have F(A') = wF(A) +dy A A+ (? — ) A%

[F(A)] < d+4]A[+]4% S 1.

Set X' := (R/(8—a)Z) x S3, and let 7 : X — X’ be the natural projection. We define
a principal SU(2) bundle £’ on X’ as follows: We identify the region {a <t < g} C X
with its projection 7{a < t < } and set

E' = Eloci<p U (m(U) x SU(2)),

where we glue the two terms of the right-hand-side by using the trivialization g. We can
naturally identify the connection A’ with a connection on E’ (also denoted by A’).

1 1
c(E') = —/ tr(F3%) > —/ , | Fa|*dvol — const.
! a<t<

872 72
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Let H), be the linear space of a € Q% (adE’) satisfying Daa = d%,a + d},a = 0. From
the Atiyah—Singer index theorem,
1

|
dim H,, > 8¢2(E') > =

/ | Fa|*dvol — const.
a<t<f

Lemma 4.3. All a € H), satisfy
”VA’a”Lw(X') S ”a”LOO(X/) .

Proof. Take any v € R. From the construction, we can choose a connection matrix of A’
over m{y <t <~ + 1} so that

[ ANk iyt ayy S C(R) - (VE = 0).

Then the standard elliptic regularity theory (Gilbarg-Trudinger [9, Theorem 9.11]) shows

”VA'G’HLOO(7r{7+1/4<t<'y+3/4}) S, ||a||L°°(7r{'y<t<‘y+1}) :

A similar argument will be also used in the proof of Lemma 6.2. 0J

Set Q := w(U) C X'. Let 7 = 7(¢) > 0 be a small number which will be fixed later.
Take points 1, Ts,...,xx (N < 1/71) in Q such that for any x € € there is some z;
satisfying d(x,z;) < 7. Let V be the kernel of the following linear map:

Hy = DA (adE)),, ar (alz)L.

i=1

We have

1
dimV > dim H}, — 12N > — / | F4|*dvol — const — 12N.
T Ja<t<p

Take any a € V and = € €. Choose z; satisfying d(z,z;) < 7. From Lemma 4.3 and

a(x;) =0,
|a(@)] < 7[Vara] ooy S 7l g xry

We can choose 7 > 0 so that the maximum of |a| is attained at a point in X'\ Q. For
a € V, we define a € Q'(adE) over X by a := 1a. (The precise definition is as follows:
We identify the region {a < t < [} with its projection in X'. a is equal to ©a over
a <t < f3,and it is equal to 0 outside of supp(¢)).) Set W := {ala € V} C Q' (adE). W
satisfies the condition (i) in the statement. We have |a|,x) = [a]p(xr, because the
maximum of |a| is attained at a point in X'\ €. Hence

1
dimW =dimV > — | F4|*dvol — const — 12N.

™ a<t<f
We have
Dya=(A—A)xa+ Dy(va) = (A—A)xa+ (dY) *a.
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Here * are algebraic multiplications. D a is supported in {a < t < a+1}U{f—-1 <t < 8}
and

[Dadl oo (x) S 1ol Lo (qas1)xs3us-1,8)x53) S T l@lLoo(x) -
We can choose 7 = 7(¢) > 0 so that [Dadfpe(x) < €]afp(x). Then W satisfies the
conditions (i), (ii), (iii) in the statement. O

Lemma 4.4. Let o < 3. Let A be an ASD connection on E satisfying |Fal,, < d.

(i) If A is non-degenerate, then there is a linear map
{u € QadE)|supp(u) C (a,a+1) x SPU(B—1,8) x S*} — Q%adE), uws v,

satisfying
dydav = u, ||UHL<><>(X) + ||dAU”L°<>(X) Sa "u”LOO(X) :
(ii) There is a linear map
{€ € QM (adE)|supp(é) C (a,a+1) x SPU (B —1,8) x S*} = QF (adE), &+,
satisfying

dydyn =&, ”77HL°°(X) + HvAnHLw(X) S ”5”@0(){) :

The statement (ii) does not require the non-degeneracy of A.

Proof. (i) Set L3 4(adE) = {w € L*(adE)|dsw € L*(X)} with the inner product
(wy,w2)" := (dawy, daws)p2(x). From Lemma 3.2 (i), every compactly supported w €
Q%(adFE) satisfies lwlrex) < VO [daw] e = vV |w|’. Hence the norm |-|" is equiva-
lent to ||~||L%A(X). In particular (L} 4(adE), (-,-)") becomes a Hilbert space.

The rest of the argument is the standard L2-method: Take u € Q°(adE) with supp(u) C
(a, a+1)x S3U(B—1,8) xS3. We apply the Riesz representation theorem to the following
bounded linear functional:

(',U)LQ(X) . LiA(adE) — R, w (w,u)Lz(X).

rom Lemma 3.2 (1), |[(w,u)rzx)| < LWl 1w] 720wy - en there uniquely exists
From L 3.2 (i x| < VO |w] |ul2(xy.) Then th iquely exi
v € L} ,(adE) satisfying (daw,dav) = (w,v)" = (w,u)2(x). This means that djdav = u
as a distribution. Moreover |dav] s x) = lv]" < VCi lul2(x) Sa lulpoe(x)- From Lemma
3.2 (1), |vll L2y Sa lul poo(x)- As in the proof of Lemma 4.3, the elliptic regularity theory
gives
[0] o (x) + 1dav] g () S 1022y + [dadav] po ) Sa Tl o) -

(ii) We have the Weitzenbock formula [8, Chapter 6]: dfidin = 5 (V4 Va + 5/3)n for

n € Qt(adE). Here S is the scalar curvature of X, and it is a positive constant. Then the

L?%-method shows the above statement. (Indeed a stronger result will be given in Lemma
6.1 in Section 6.2.) O
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Proof of Proposition 4.1. Let € = €(A) > 0 be a small number which will be fixed later.
For this € and the interval (a, 3) C R there is a finite dimensional subspace W C Q!(adE)
satisfying the conditions (i), (ii), (iii) in Proposition 4.2.

From Lemma 4.4, there is a linear map W — Q%(adE)® Q" (adE), a — (v,n), satisfying
did v = dya, dfdyn = d}a and

||dAU||Loo(X) + ”dZT/”LOO(X) <C ”DAa”LOO(X) <eC ”a”LOO(X) (=eC ||a||Lw(a<t<5))

where C' = C(A) is a positive constant depending only on A. Here we have used the
conditions (ii) and (iii) in Proposition 4.2. Set o' := a — daqv — d%n. This satisfies
Dad" = 0. Set V := {d'|a € W} C Hj. We have || w(x) > (1 = €C) a] () for
a € W. We choose ¢ > 0 sufficiently small so that (1 —eC') > 0. Then dimV = dim W.
From the condition (i) of Proposition 4.2,

1
dimV > — | Fa|?dvol — const,.
T Ja<t<pB
We have |a'| o x) < (14€C) |a] o« (x) for a € W. On the other hand, from the conditions
(ii) and (iii) of Proposition 4.2,

||a/||Loo(a<t<ﬁ) 2 ||a||Loo(a<t<6) —eC ”a“LOO(X) =(1-¢eC) ”a”LOO(X) :

Hence
, 14+eC
la ||L°°(X) =1_C la ||L°<>(a<t<,8) :
We choose & > 0 so that (14¢eC)/(1 —eC) < 2. Then |a'| ;o x) < 2[0'] oo (qesep) for all
aevV. O

5. DEFORMATION THEORY AND THE PROOF OF THEOREM 1.10

In this section we develop a deformation theory of non-degenerate ASD connections
and prove Theorem 1.10. (The paper [17] studied a deformation theory of periodic ASD
connections.) Let A be a non-degenerate ASD connection on E satisfying | Fal,, < d.
Note that this is a strict inequality. We fix this A throughout this section.

5.1. Deformation theory. Let H) C Q'(adF) be the Banach space defined by (18).
Let k> 0 and 0 < 4 < 4 be integers. For £ € L} ;,.(A'(adE)) (a locally Li-section of
Ai(adE)), we set

k
1€l 2 == jgo i ‘|VZ4£HL2(n<t<n+1) :

From the elliptic regularity, we have |a|;«x) < |af 12 < consty [af oy for a € H}
(cf. the proof of Lemma 4.3).
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Let (*Lj(A*(adE)) be the Banach space of £ € L ;,.(A"(adE)) satisfying ”€||£°°Li <
co. From the Sobolev embedding theorem, [¢];w(y) < ||§||£°°L§ for £ € (*L3(AT(adF)).
Consider

®: Hy x (®LE(AY(adE)) — (*L3(AT (adE)),

(a,9) = FT(A+a+dyd) = (a A )" + djdyo + e Adig]" + (dig A dyo)™

This is a smooth map between the Banach spaces with ®(0,0) = 0. We want to describe
the fiber ®71(0) around the origin by using the implicit function theorem. Let (9,®); :
(*L2(AT(adE)) — (*Li(AT(adE)) be the derivative of ® at the origin with respect
to the second variable ¢. We have (0,®)o(¢) = d}dy¢ = 3(V5Va + S/3)¢ for ¢ €
(*Li(AT(adE)) by the Weitzenbock formula. (S is the scalar curvature of X, and it is a
positive constant.) The following L*-estimate is proved in [17, Proposition A.5]:

Lemma 5.1. Let & be a C?-section of AT (adE) over X. We set n := (V4Va + S/3)¢,
and suppose €] oy < 00 and |1 x) < 00. Then

1€l oo x) < (24/5) 1] oo (x -

Lemma 5.2. The operator (0s®)g : (°LE(AT(adE)) — (*Li(AT(adFE)) is an isomor-
phism. This means that a local deformation of A is “unobstructed”.

Proof. This can be proved by using Lemma 6.1 in Section 6.2. But here we give a direct
proof. From the L*°-estimate in Lemma 5.1, the above operator is injective. Hence the
problem is its surjectivity. Take n € (*L3(AT(adE)). Let ¢, : R — [0,1] be a cut-off
function such that ¢,, = 1 over [—n, n] and supp(p,) C (—n—1,n+1). Set n, := ¢,n. By
the L?-method (see the proof of Lemma 4.4), there exists &, € L7 4(AT(adE)) satisfying
(ViVa+5/3)& = nn as a distribution and &) o) S |9l 12(x) < 0o. From the elliptic
regularity, &, is in L2, and hence of class C*. Moreover [&,] 1o x) S [nll 2 (x) + 17l 1 <
oo. Hence by the L*®-estimate (Lemma 5.1)

[l oo () < (24/5) [0l oo (x) < (24/5) Il oo (x) S Il oo 2 -

For any integer m,

1€l z2enescminy S 1€nloo ey + Mnlleoe g < Il

By choosing a subsequence {&,, }x>1, there exists § € L3, (A*(adFE)) such that &,, con-
verges to & weakly in LZ((m,m + 1) x S?) for every m € Z. Then (V4Va + S/3)¢ =1
and €]z S 7l ooz < 00 N

By the implicit function theorem, we can choose R > 0 and R’ > 0 such that for
any a € H} with |af ey < R there uniquely exists ¢, € (*LZ(A*(adE)) satisfying
FHA+a+ dy¢a) =0 and [@alpeerz < R We have ¢g = 0. For a € Br(H}) :=={a €
Hilla|; < R} weset @' := a+d¥¢d,. This satisfies the ASD equation F*(A+a’) = 0 and
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the Coulomb gauge condition dja’ = 0. Since |F4l,, < d, we can choose R > 0 sufficiently
small so that |F'(A+a')|,, < d for all a € Br(H}). Thus we get a deformation map:

(19) Br(H}) — My, aw [A+d].

The derivative (0;®)y : HYy — (*L3(AT(adE)) of ® at the origin with respect to the
first variable is equal to zero. Hence the derivative of the following map at the origin is

also zero:
Br(HY) = (®L3(AT(adE)), ar ¢q.
Then we get
(20) 160 = Otz S (Jaliery + 1B ) la = Bl

for a,b € Br(HY). In particular the map (Br(H}), | | 20 (x)) = M is continuous.

Remark 5.3. Note that the construction of the deformation map (19) does not use the
non-degeneracy condition of A. It will be used for the further study of the deformation
map. Indeed, since A is non-degenerate, we can apply Corollary 3.7 to this situation.
Then we can show that the above map (19) is injective if R is sufficiently small. Moreover
if Br(HY) is endowed with the topology of uniform convergence over compact subsets
(this is not equal to the norm topology), then Br(HY) is compact and the map (19)
becomes a topological embedding. We don’t need these facts for the proof of Theorem
1.10. So we omit the detail. But it is not difficult.

Remark 5.4. In the above argument we have solved the equation F*(A+a+d’¢) = 0 by
using the implicit function theorem. But indeed we can solve it more directly by using the
method of Section 6.2. So there exists a little redundancy in our way of the explanation.
We can prepare a unified method for both Sections 5.1 and 6.2. But we don’t take this
way here because this redundancy is not so heavy and the above implicit function theorem
argument seems conceptually easier (at least for the authors) to understand.

5.2. Proof of Theorem 1.10. We need a distance on M. Any choice will do. One
choice is: For [A;], [A2] € My, we define the distance dist([A], [A2]) as the infimum of

Z n lg(A1) — Az ”L00(7n<t<n)
- 1+ [g(A1) — 2||L°°(—n<t<n)
over all gauge transformatlons g E — E. We don’t need this explicit formula. But
probably it will be helpful for the understanding.
Recall the following notation: For  C R we define distq([A1], [A2]) as the supremum
of dist([s*(A1)], [s*(Asg)]) over s € Q. s*(+) is the pull-back by s : E — E. In particular,
for s € R, the distance distys([A1], [A2]) is the infimum of

$yon 14D = il rco
n=1 1+ [g(A1) — A, ”Lw(s—n<t<s+n)
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over all gauge transformations g : E — E. We will abbreviate distys([A1], [A2]) to
dists([A1], [A2])-

For the proof of Theorem 1.10, we need to compare the distances dist(, s on M, and
| £ (i) O Bgr(HY) for intervals («, 3) C R. The next lemma gives us a solution. It

is a consequence of Proposition 3.6.

Lemma 5.5. We can choose 0 < Ry < R so that the following statement holds. For any
0 > 0 there exists € > 0 such that if a,b € Hj with |a] e xy: [0l poe(x) < Ru satisfy

dists([A+d'],[A+V]) <e

for some s € R, then

la — b”Loo(s<t<s+1) < 1 la — b”Loo(X) +0.

Proof. Let T = T(A) > 3 be the positive constant introduced in Section 3. See the
discussion around (8). We choose n € Z so that

n'<s—1<s+2<(n+2)T.

Then from the elliptic regularity

la— b||L°°(s<t<s+1) S fla— b”L2(s—l<t<s+2) < Ja— b”L?(nT<t<(n+2)T) -

Let 0 < 7 < 1 be a small number which will be fixed later. Let €5 = €2(A,7) > 0 and
K = K(A,T) € Z+¢ be the positive constants introduced in Proposition 3.6. From (20),
if R <1,

la— b“L?(nT<t<(n+2)T) <" =V ||L2(nT<t<(n+2)T) + 7 fa— bHLOO(X) :

Hence

(21) Ja — b”LOO(s<t<s+1) S la” — b/”L2(nT<t<(n+2)T) +7fa— b”LOO(X) :

We estimate the term [a’ — b’ ;2,7 i< (n12)r) DY using Proposition 3.6.

n+2
We can assume 0% < g5. From the Uhlenbeck compactness we can choose € > 0 so that
if two connections [A;], [As] € M, satisfy dist([A1], [A2]) < e then there exists a gauge

transformation g : E — FE satisfying

« 22
dy, (9(Ar) — A2)‘|L°°(7KT72T<t<KT+2T) <770

lg(Ar) — Ay HLOO(fKT72T<t<KT+2T) + |

Then the assumption dists([A + @], [A + b]) < € implies that there exists a gauge trans-
formation g : E — E satisfying (set o := g(A+d') — (A+ 1))

* 2¢2
”a||L°°((n—K)T<t<(n+K+2)T) + HdAH?'aHLOO((n—K)T<t<(n+K+2)T) <707 < ey
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In particular ”a||L°°((n—K)T<t<(n+K+2)T) < g9. Hence if Ry < €9 then we can apply Propo-
sition 3.6 to the present situation:

la" = 'l 2 urcicnrayry Sa Tla" = Vlysope +76
SaTla—=blpexy+70 (by (20)).
By applying this estimate to the above (21), we get
la = bl oo (sctasiry Sa T la = b oo ) + 70

We choose 7 > 0 sufficiently small. Then

la — b”L°°(s<t<s+1) < 1 la — b”Loo(X) +0.

0

Recall that B,.([A])r C My is the closed ball of radius r centered at [A] with respect
to the distance distp.

Proposition 5.6. For any r > 0 there exists e(r) > 0 such that for any 0 < e < e(r) and
any interval (o, ) C R of length > 2 we have

1
Widinn (B, ([A] ), distes)) > — / |FaPdvol — Cs,

a<t<f

Here C3 = C3(A) is the positive constant introduced in Proposition 4.1.

Proof. We can choose 0 < ' < Ry such that every a € B.(H}) satisfies [A + da'] €
B.([A])r. (R; is the constant introduced in the previous lemma.) From Lemma 5.5 we
can choose £(r) > 0 so that if a,b € B,.(HY) satisfy

dist (a5 ([A + d'],[A+V]) < e(r)

then
1 /
(22) la — b”Loo(a<t<B) <7 1 la b”Loo + §
By Proposition 4.1, there exists a linear subspace V' C H} such that
1
dim V > — ’FA’QdVOl—Cg
™ a<t<f

and that all a € V' satisty |a] o x) < 2]a] 0o (4eicp)- We investigate the restriction of the
deformation map (19) to B,(V ) ={a e Vl|a|poex) < 7'}

By applying the above (22) to B./(V), we get the following: If a,b € B, (V) satisfy
dist(a,5)([A + '], [A 4+ b']) < e(r), then

/

Ja — b”Loo < 2a— b||L°°(a<t<5 =9 Ha - bHLoo + Z
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and hence [a — b] () < 7'/2. Therefore we get: For 0 <& < e(r)

Widim, (B, ([A])r, dist(a,g)) > Widim,2(By(V), || oo () = dim V' (by Example 2.1)
1
> — | Fa|*dvol — Cs.

™ a<t<f

O

Proof of Theorem 1.10. The upper bound dims (M, : R) < 8p(A) is given by Theorem
1.9. So the problem is the lower bound.
dimpa (Mg : R) = lim, o dim(B, ([A])r : R), and dim(B,([A])r : R) is given by

sup,er Widim, (B, ([A])r, dist(z z4n))
e—0 \ n—>+oc0 ’

lim [ lim
n
By Proposition 5.6, for 0 < ¢ < &(r) and n > 2

1
sup Widim, (B, ([A])r, dist(z,z1n)) > - sup/ | F4|?dvol — Cs.
r<lt<z+n

zeR T zeR
Since
o) = lim —msp [ | vl
we have
dim(B, ([A]) - B) > 8p(A).
Thus dimpy (Mg : R) > 8p(A). O

6. GLUING INFINITELY MANY INSTANTONS

In this section we prove Theorem 1.11: Suppose d > 1. Let € > 0, and let A be an ASD
connection on B with |Fy|,, < d. We want to find a non-degenerate ASD connection A
on F satisfying
(23) HF@

<d, p(A)>plA)—e.

op
If A itself is non-degenerate, then A := A satisfies the condition. So we assume that A is
degenerate.

As we described in Section 1.3, the idea of the proof is gluing instantons. We glue
infinitely many copies of the instanton I (given in Example 1.1) to A over the regions where
the curvature F, has very small norm. Then we get a non-degenerate ASD connection A.
The technique of gluing infinitely many instantons in the context of Yang—Mills theory
was first developed in [20]. It was further expanded in [21]. Infinite gluing techniques
(in other words, shadowing lemmas) for other equations can be found in Angenent [1],
Eremenko [7], Macri-Nolasco—Ricciardi [16] and Gournay [10, 11].

Throughout this section, we fix a positive number 7 such that

||FAHOp<d_7'7 d—71>1.
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Let § = d(e,7) > 0 be a sufficiently small number, and 7' = T'(¢, 7, ) > 0 be a sufficiently
large number. We choose § and T so that the following argument works well.
The variable ¢ means the natural projection ¢ : X — R.

6.1. Cut and paste. Let I be an ASD connection on E defined in Example 1.1. For
s € Rlet I; := (—s)*(I) be the pull-back of I by (—s): E — E. I is an ASD connection

on F with
4

(et=5 + e—t+5)2’
Most of its energy is contained in a neighborhood of ¢ = s.

We define J C Z as the set of n € Z satistying |Fa| o (pcicninyr) < 0. Since A is
degenerate, J is an infinite set. In this subsection we describe a “cut and paste” procedure:
We cut and paste the instanton [nTJr% to A over [nT, (n+ 1)T] x S3 for each n € J. The
resulting new connection will be denoted by B. (B is not ASD in general.)

|F(Is)|op =

[E (L) op = 1.

For simplicity of the notation, we suppose 0 € J, and we explain the cut and paste
procedure over the region [0, 7] x S3. Let ¢ : X — [0, 1] be a cut-off function such that

e=00n{t <T/3}U{t>2T/3}, ¢=1on{T/3+1<t<2T/3—1}.

Set U:={T/3—-1<t<T/3+2}U{2T/3-2<t<2T/3+1} C X. Since "> 1 and
| Fall oo (9ctery < 6 < 1, we can choose connection matrices of A and Iy, over U such
that

| Al ek oy < C(k)o, HIT/QHC;C(U) <C(k)o (Vk>0).

Then we define a connection B on [0, 7] x S by

A on{0<t<T/3U{2T/3<t<T}
B:=q(1—9A+@lr), on U
I on {T'/3+1<t<2T/3 -1}

In the same way we construct a connection B by cutting and pasting the instanton I, ;. =
2
to A over [nT, (n+ 1)T] x S? for every n € J.
Since 6 < 1 and [ Fy[,, =1 < d — 7, the connection B satisfies

(24) ”FBH0p < d - T

For n ¢ J, we have B = A over nT <t < (n-+1)T. For n € J, we have

1 / ) 62vol(S3) e
|Fadvol < “——2 L <« = (5 < <),
82T nT<t<(n+1)T 8 2

From this estimate we get

(25) p(B) > p(A) - .
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Moreover B satisfies the following non-degeneracy condition (cf. Lemma 1.7):

(26) ”FB ||L°°(nT<t<(n+1)T) Z o forn g J7
||FB||L°°(nT<t<(n+1)T) 2 ||FI||Loo(_1<t<1) >1 fornelJ.

Therefore B satisfies almost all the desired conditions. The only one problem is that B
is not ASD. But B is an approximately ASD connection: Fj is supported in

T T 2T 2T
U({nTnLg§t§nT—|—§+1}U{nT%—?—lStSnT%—?}).

neJ

Since § < 1,

(27) 175 oy S8 1VEFS [ 1) S 6

Y Y

6.2. Perturbation. In this subsection we construct an ASD connection A by slightly
perturbing the connection B constructed in the previous subsection. We want to solve
the equation F*(B + di¢) = 0 for ¢ € Q*(adFE). By using the Weitzenbock formula [8,
Chapter 6],
F*(B+ dy0) = Fi + dbdyé + (A6 A dyo)*
S

1
=+ 5 (VT4 ) o B ok (o n e

where S is the scalar curvature of X = R x §3. S is a positive constant. The following
fact on the operator (V5V g+ .S5/3) is proved in [17, Appendix, Proposition A.7, Lemmas
A1, A2

Lemma 6.1. For any smooth § € Q" (adE) with |{|,~ < oo, there uniquely ezists a
smooth ¢ € QT (adF) satisfying

. S
olie <00, (V5Va+3 ) o=
We will denote this ¢ by (VVp + S/3)7E. It satisfies

()] S/Xg(x,y)lf(y)ldvol(y), [0l Lo S €] -

Here g(x,y) > 0 is the Green kernel of the operator V*V +S/3 (this is the operator acting

on functions). It is positive and uniformly integrable:

/ g(z,y)dvol(y) <1 (independent of ).
X
Moreover it decays exponentially: For d(x,y) > 1

0 < g(x,y) S e VIBIeY  (d(x,y): distance between x and y).
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Lemma 6.2. Suppose £ € QF (adE) is smooth and || ;. < co. Then ¢ := (V5Vp +
S/3)71¢ satisfies
[0 e +1VBOl e S 1)L -

Proof. |¢],« < €] was already given in Lemma 6.1. So we want to prove |[Vgo| e <
|€] ;- From the compactness of M, (or the Uhlenbeck compactness) and the construction
of B, for any s € R we can choose a connection matrix of B over (s, s+ 1) x S? satisfying

”B”Ck(s<t<s+1) S, C(k> (Vk 2> 0)-

Then from the LP-estimate (Gilbarg-Trudinger [9, Theorem 9.11]) and |¢] ;00 S €]
for 1 <p< oo

(28) ”¢”L’2’73(5+1/4<t<s+3/4) < Cp) ”5”@0(){) :
Then the desired estimate |Vgo|; o S [€];« follows from the Sobolev embedding LY —
C° (p > 4). O

Set ¢ :=2(V5Vp 4+ 5/3)71¢ where € € Q (adE) is smooth and €], < co. We want
to solve the equation F*(B + dy¢) =0, i.e.

§=—Ff —Fj-¢— (dpd Ndpd)™
Set Q&) := —Fj — Fff - ¢ — (Ao Ndp¢) ™. From |[F|,.. <6 and Lemma 6.2,

1Q(E) = Qe S (0 + 1€l oo + 1l ) 1€ = 1l oo -
Then we can easily check that (when § < 1) the sequence {§,} C Q*(adE) defined by

§0:=0, &1 :=0Q(6)

satisfies [€,];« S 0 (the implicit constant is independent of n) and becomes a Cauchy
sequence in L®(X). Let &, = {x in L>®(X). We have |[{x|;~ S 6. We will show that
€5 1s smooth and satisfies Q(€x) = €wo-

Set ¢, :=2(V5Vp +5/3)71&,. Then
(29) §n+1 = Q(fn) = _Fg - Fg “Qp — (d*B¢n A d*B¢H)+

From the above (28) and [, ]~ < d, the sequence {,} is bounded in L} 5(K) for every
1 < p < o0 and compact subset K C X. Then from the equation (29) the sequence {&,}
is bounded in L} 3(K). In the same way (the standard bootstrapping argument) we can
show that the sequence {{,} is bounded in L} 5(K) for every & > 0, 1 < p < oo and
compact subset K C X. Therefore &, is smooth, and &, converges to &, in C* over
every compact subset. Then

(30) b =—Ff = Fp - b — (dpdes Ndpoes)”, (0o = 2(VEVE + 5/3) ).
Set A := B+ d¢o. The connection A is ASD. The rest of the work is to show that A is

non-degenerate and satisfies the condition (23).
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From Lemma 6.2, [¢oo| 0 + |VBOoo| oo S [€scll e S 0. Moreover the equation
dpdp¢e + (Ao Ndpdes)t = —Fg

and HE_,;ﬂ’Loo + HVBFEHLOO S 9 (see (27)) implies |[VEVEooo| e S 9. (See the proof of
Lemma 6.2.) Hence the curvature

F(A) = Fp + dpdpde + dpdes N dpdo

satisfies HF(A) - FB”L < 0. Since B satisfies |Fp[,, < d — 7 and p(B) > p(A) —¢/2
(see (24) and (25)), if 6 = (e, 7) < 1, we get
<d, p(A)>p(A)—e.

op

|7

Therefore A satisfies the condition (23).
Finally we show that A is non-degenerate. It is enough to prove that for all n € Z the
connection A satisfies (see Lemma 1.7)

(31) Hzr@i)H > 6/2.

Lo (nT<t<(n+1)T)

When n € J, we have |Fi| < reicninyry = 1 (see (26)) and HF(A) - FBHLoo Sk
So the above (31) holds for n € J.

Choose n ¢ J. For simplicity, we suppose n = 0. From the Green kernel estimate in
Lemma 6.1,

o (2)] < 2 / 9, 9) € () dvol(y).
X
From (30) and |F}|, |¢oo|, | VBPso| S 6,
€l < |FF| + 0%,

Since 0 ¢ J, the distance between (—1,7 + 1) x S® and supp(F3) is = T. The Green
kernel g(z,y) decays exponentially. So if we choose T'= T'(g, 7,0) sufficiently large, then

”(boo ”LOO(—1<t<T+1) S 6.
¢ satisfies the following equation over (—1,7 + 1) x S3:
dhdsdoo = —(dyboe A dydse)
Since [di¢oc A o] e S |VEdoo Hioo < 62, the bootstrapping argument shows
||VBVB¢00”L°0(0<t<T) < 6%

Therefore |F(A) — Fp| < 62 over (0,7) x S*. Since | EBl oo (0<ter) = 0 (see (26)) and
d < 1, we get (31) for n = 0. We have finished the proof of Theorem 1.11.
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Remark 6.3. If we start with the trivial flat connection A in this gluing argument, then
we can make the argument invariant under the action of the subgroup TZ C R. Then the
resulting non-degenerate ASD connection A becomes periodic (Example 1.6). So we can
conclude that the space My (d > 1) always contains a non-flat periodic ASD connection.

APPENDIX A. ANOTHER ASD MODULI SPACE

Here we briefly discuss another possibility of the definition of the ASD moduli space.
Let X = R x S and F = X x SU(2) as in the main body of the paper. For d > 0
we define NV as the space of the gauge equivalence classes of ASD connections A on E
satisfying

[Eall oo (x) <
Note that here we use the L°°-norm, which is different from the operator norm used in
the definition of M . The space Ny is endowed with the topology of C'*°-convergence over
compact subsets. N is compact and metrizable, and it admits a natural R-action. The
paper [17] studies the mean dimension and local mean dimension of this . In particular

[17, Theorem 1.2] shows the following upper bound on the local mean dimension:

Theorem A.1. For any [A] € Ny,
dimp(Ng : R) < 8p(A).

If Ais an ASD connection on E, then the operator norm [F4|o, and the Euclidean
norm |Fy| bound each other by

1
V3
(This uses the ASD condition.) Hence

Nd C Md CN\/gd.

|Fa| < [Falop < |Fal.

Then for any [A] € My
dimg) (Mg : R) < dima) (N 5, : R) < 8p(A).

This is Theorem 1.9 in Section 1.2. From the knowledge on M, we can prove the results

on Ndi
Theorem A.2. Let A be a non-degenerate ASD connection on E with |Fa| ;- < d. Then
dim[A] (Nd : ]R) = 8p<A).

Proof. We assume that My is endowed with a distance and that N is endowed with
its restriction. Then we have B, ([A];Ny)r = B,([A]; My)r for sufficiently small » > 0.
Hence by Theorem 1.10

dimpg(Ng : R) = dimpa (Mg : R) = 8p(A).
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Theorem A.3. Suppose d > /3, and let A be an ASD connection on E with | F4 |10 < d.

For any € > 0 there exists a non-degenerate ASD connection A on E satisfying
‘ F(A)HL <d, plA)>p(A) -

Proof. The point is that the instanton I defined in Example 1.1 satisfies

4/3
(et +e~t)?’

Then the gluing construction in Section 6 gives the result. U

[Fi(£,0)] = [Frl e = /3.

Let par(d) be the supremum of p(A) over [A] € Ny. Let Dy C [0,400) be the set of
left-discontinuous points of ppr(d). This is at most countable. From the above theorems,

we can prove the following theorem. (The proof is the same as the proof of Theorem 1.2.)
Theorem A.4. For any d € (v/3,+00) \ Dy,
dimyee(Ng = R) = 8ppr(d).

So if d > v/3 we have a good understanding of the local mean dimension of Nj. For
d < 1, Ny = My = {[flat connection]} is the one-point space (Example 1.1). The
remaining problem is the case of 1 < d < V3. We don’t have any good information of
this range.

The main good property of the operator norm [ Fa|,, is our knowledge of the sharp
threshold value described in Example 1.1.
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