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DISCRETE-TIME GRADIENT FLOWS AND LAW OF LARGE
NUMBERS IN ALEXANDROV SPACES

SHIN-ICHI OHTA AND MIKLOS PALFIA

ABSTRACT. We develop the theory of discrete-time gradient flows for convex func-
tions on Alexandrov spaces with arbitrary upper or lower curvature bounds. We
employ different resolvent maps in the upper and lower curvature bound cases to
construct such a flow, and show its convergence to a minimizer of the potential
function. We also prove a stochastic version, a generalized law of large numbers
for convex function valued random variables, this version seems new even in the
Euclidean setting. These results generalize those in nonpositively curved spaces
(partly for squared distance functions) due to Bacdk, Sturm and others, and the

lower curvature bound case seems entirely new.

1. INTRODUCTION

In this paper, we consider discrete-time gradient flows for convex functions on
Alexandrov spaces (X, d) with arbitrary upper or lower curvature bounds. An Alexan-
drov space is a metric space whose sectional curvature is bounded above or below by
some constant in the sense of triangle comparison theorem (see Section 2). The
discrete-time gradient flow is introduced with an appropriate notion of resolvent op-
erator J{ : X — X defined for a fixed geodesically convex function f and a positive
number A > 0. The operator Jf\c provides a gradient descent step towards the set of
minimizers of f. Under upper and lower curvature bounds, we define our J )]\c differ-

ently. In the case of upper curvature bounds, we employ the standard Moreau—Yosida
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resolvent:

(1.1) J{(a:) = argerélin {f(y) + %d(m, y)2}

for a closed geodesically convex set G containing a nonempty sublevel set of f. In

the case of lower curvature bounds, we define

(1.2) T (@) := g-exp(AV (= f)(2)),

where g-exp is the gradient exponential map and V(—f)(z) denotes the gradient
vector of —f (see [33, 34] and Sections 3, 4 for these notions). Before discussing the
reason why we use these different resolvents, we present our results in this paper.

With these mappings at hand, we define the sequence

Th+1 = J,{k (z1)

for k > 0 with an arbitrary starting point z¢ and for an a priori given positive sequence
Ar > 0. We prove the convergence of x; to a minimizer of f under various, plausible
conditions on f and the sequence ;. In particular, we generalize the classical results
in [12] to arbitrary Alexandrov spaces. Furthermore, our results generalize the ones
recently given in [5] for NPC spaces (Alexandrov spaces with upper curvature bound
by 0) to arbitrary Alexandrov spaces. In the upper curvature bound case, we allow X
to be infinite dimensional, while in the lower curvature bound case we formulate our
results for finite dimensions for technical reasons, although our techniques would work
in infinite dimensions equally well. The most general known results in the literature,
according to our knowledge, consider NPC spaces and Riemannian manifolds with
nonpositive sectional curvature, see for example [7, 15, 23| just to mention a few
among the numerous results.

We also consider the case of f(z) = Y "I, fi(xz), where f; are also gedoesically
convex functions. Then, under the assumption of Y 72 ;A7 < 400 and the Lipschitz

continuity of f;, we prove that the sequence generated by
(1.3) Ty 1= J{; 0---0 J{:(zk)

converges to a minimizer of f in any Alexandrov space. On the one hand, this result
generalizes the ones given for Euclidean spaces in [9, 8, 28, 29] and for NPC spaces in

[6]. On the other hand, this is also a generalization of the “no dice” approximation
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result given in NPC spaces for the Karcher mean, which is the minimizer of f(z) =
S wid(x, a;)* with fixed points a; € X, in [24, 16]. The Karcher mean [18], or more
generally the p-mean obtained as the unique minimizer of f(z) = >  w;d(x,a;)?
for p € [1,+00), is of great interest, see for example [3, 4, 10, 11, 22, 19, 20]. Our
general approximation results applied for p-means carry over to positively curved
Riemannian setting, for example, compact Lie groups with bi-invariant Riemannian
metrics [3, 4, 27, 19, 20].

We also prove a stochastic version of the convergence of the discrete-time flow given

in (1.3). In this setting, we assume that

f(a) = /F ),

where g is a probability measure supported over the vector lattice of lower semi-
continuous, K-convex functions Fi(G) over G, with K > 0. Then we prove a law of

large numbers result for the stochastic sequence
Tryr = JIF(x)
k+1 - )\k k)

where f; is a sequence of independent, identically distributed Fi (G)-valued random
variables with distribution p. That is to say, we prove that x; — Eu almost surely,
where Ey is the (unique) minimizer of f(z) = [ Fre(C) h(z)dp(h). This result provides
the Euclidean case of law of large numbers as a special case, and generalizes a result
of Sturm [38, 39], given again for the Karcher mean on NPC spaces, to arbitrary
Alexandrov spaces and arbitrary convex functions. Sturm [36, 37, 38, 40] used his
result in his stochastic approach to the theory of harmonic maps between metric
spaces. Also the result of Sturm became useful for the Karcher mean in the case of
the NPC space of positive definite matrices [22, 24, 16].

The definitions and properties of J /{c distinguish two different kinds of approaches
in the lower and upper curvature bound cases. In [2] among many others, for setting
up the minimizing movements, the original resolvent (1.1) given in [12] is being used
that we also adopt in the upper curvature bound case. Besides technical reasons, the
usefulness of (1.1) in discrete-time gradient flows is due to the fact that Alexandrov
spaces with upper curvature bounds are simply connected and have unique minimal

geodesics in balls with designated radii. We cannot expect these properties in the
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lower curvature bound case, the injectivity radius can be 0 even locally. Then it is
difficult to control the behavior of discrete-time flows and there are no investigation
in this direction as far as the authors know, while continuous-time gradient flows are
intensively studied in [33, 34, 25, 31].

To overcome this difficulty, we introduce the other (but natural) construction (1.2)

relying on gradient vectors directly. This makes an interesting contrast with (1.1):

(1.4) log,, ., 1 = AV f(k41),
(1.5) log,, Tr11 = AV(—f)(z1),

in the upper and lower curvature bounds, respectively, where log, y is the direction
from z to y. In other words, these two flows provided in the opposite curvature
bounds are in reverse relation. In the upper curvature bound case, we take the
backward flow for the convex function f, while we take the forward flow for the
concave function —f in the lower curvature bound case. In Euclidean spaces, both
methods work equivalently well [9, 8, 28, 29]. In general, it seems that the curvature
bound determines whether a proximal step (1.1) or a gradient step (1.2) is more
suitable from the analytic point of view of discrete flows. For instance, the convexity
of squared distance functions, which is the very definition of upper curvature bounds,
can give a contraction estimate of discrete-time gradient flows together with (1.4)
(estimate d(zgi1,yrs1) from above by using d(xy,yx) and the convexity of f along
a geodesic between zp,; and ygi1). Similarly, the concavity of squared distance
functions is useful only with (1.5) (via the convexity of f along a geodesic between

xy and yg).

2. ALEXANDROV SPACES

We refer to [13] for the basics of metric geometry and Alexandrov spaces. Let
(X,d) be a metric space. A continuous curve 7 : [0,1] — X is called a minimal
geodesic if it satisfies d(y(s),v(t)) = |s — t|d(7(0),~(1)) for all s,t € [0,1]. We say
that (X, d) is geodesic if any two points x,y € X admit a minimal geodesic between
them. Though minimal geodesics are not necessarily unique, we abuse the notation

x#wy, t € [0, 1], for denoting a minimal geodesic from = to y. A subset G C X is said
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to be geodesically convex if, for any x,y € G, all minimal geodesics x#;y between
them are contained in G.

For k € R, we denote by M?(x) a complete, simply connected, 2-dimensional
Riemannian manifold of constant sectional curvature x. For three points x,y,z € X
with d(z,y) + d(y, z) + d(z,2) < 27 /y/k if K > 0, we can take corresponding points
7,7, 2 € M?(k) uniquely up to rigid motions such that

vz () (2, 9) = d(@,y),  duz) (¥, 2) = d(y, 2),  dwe(e)(2,7) = d(z,2).

We call AZjz a comparison triangle of Axyz in M?(k).

Definition 2.1. [Alexandrov spaces] A geodesic metric space (X,d) is called an
Alezandrov space of curvature bounded above by k if, for any x,y, z € X with d(z,y)+
d(y,z) + d(z,x) < 2w /\/k if kK > 0, we have

(2.1) d(y#ez, ) < due(ey(J#42, 7)

for any minimal geodesic y#;z joining y and z.
Similarly, (X, d) is called an Alexandrov space of curvature bounded below by r if

we have

(2.2) d(y#ez,x) > due()(J#42, 7)

for any minimal geodesic y#;z.

For instance, if k = 0, then (2.1) is calculated as
d(x,y#.:2)? < (1 —t)d(x,y)* + td(x, 2)* — t(1 — t)d(y, 2)?,
and (2.2) is
d(x,y#.:2)? > (1 —t)d(x,y)* + td(x, 2)* — t(1 — t)d(y, 2)*.

By the parallelogram identity, Hilbert spaces have curvature bounded both above and

below by 0. Here are some further examples.

Example 2.2. (1) A complete, simply connected Riemannian manifold with the
Riemannian distance is an Alexandrov space with curvature bounded above by «

if and only if its sectional curvature is not greater than x. Typical examples of
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nonpositively curved spaces admitting singularities include trees, FEuclidean buildings
and gluing of nonpositively curved spaces. See [13, §9.1] for further examples.

(2) A complete Riemannian manifold is an Alexandrov space of curvature bounded
below by « if and only if its sectional curvature is not less than . Typical examples of
nonnegatively curved spaces admitting singularities include the boundaries of convex
domains in Euclidean spaces, quotients of nonnegatively curved spaces by isometries
(e.g., orbifolds), and the L?-Wasserstein spaces over nonnegatively curved spaces (see
[41, 31]). We refer to [13, §10.2] for further examples.

An important feature of Alexandrov spaces is that angles are well defined between

two geodesics v and 7 emanating from the same point v(0) = n(0) = «:

Ze(y,m) = lim Zy(t)an(s),

where 7(t)Zn(s) is a comparison triangle in M?(x). For fixed z € X, we define X/ X
as the set of unit speed minimal geodesics v : [0,0] — X, § > 0, emanating from
x. The angle Z,(v,n) defines a pseudo-distance on the set ¥/ X. The completion of
(X! X/{Z, = 0}, Z,) with respect to Z, is denoted by (X,X, Z,), and is called the
space of directions at x € X.

The tangent cone (C,X,0,) at * € X is defined as the Euclidean cone over
(2 X, Zs):

CoX 1= (B, X x [0,00))/ ~,

where (v,0) ~ (n,0) and

o:((7,8),(n,t)) = \/32 + 12 — 2st cos L. (v, M)

for (v,s),(n,t) € C,X. We denote by o, the origin (x,0) € C,X. For any u =
(7,8),v = (n,t) € C, X, we can define their inner product as

(u,v) 1= stcos Z,(v,m).

If X is complete, finite Hausdorff dimensional and has curvature bounded above
in the sense of Definition 2.1, then (X,X, Z,) is an Alexandrov space of curvature
bounded above by 1 and (C,X,0,) is an Alexandrov space of curvature bounded

above by 0. In the case of curvature bounded below, we have the same curvature
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bounds for (¥,X,Z,) and (C,X,0,), but from below. In the infinite dimensional
case, however, this is not the case in general.

By the definition of the angle, we readily have the following (see [13, Corol-
lary 4.5.7]).

Theorem 2.3 (First variation formula). Let v : [0,0] — X be a geodesic in an
Alexandrov space (X, d) with curvature bounded above or below by k, and assume that

X s locally compact in the lower curvature bound case. Put x := v(0) and take y € X
with d(x,y) < w/\/k if kK > 0. Then the function d(t) := d(y(t),y) satisfies

d(e) — d(0) 1

(2.3) Jim ——— = g (v'(0),7'(0)),

where n: [0,1] — X runs over all minimal geodesics from x to y.

We remark that 7 is unique under the upper curvature bound. The inequality ‘<’
holds in (2.3) for any 1 in a more general situation without any compactness assump-
tion ([13, Proposition 4.5.2]), and such an inequality is enough in our discussion in
the lower curvature bound case. Equality in (2.3) is necessary only in the proof of
Lemma 4.6(1I).

3. CONVEX FUNCTIONS ON ALEXANDROV SPACES

Let (X,d) be an Alexandrov space with curvature bounded above or below by
k € R. We say that a function f : X — (—o0,00] is K-(geodesically) convex for
K eRif

(3) Flet) < (0= 0 (@) + /() — 511~ D)l y)”

holds for any z,y € X, t € [0,1] and any minimal geodesic z#;y. The 0-convexity

will be simply called the convexity.

Definition 3.1. [Absolute gradients| Let f : X — (—o00, 00] be lower semi-continuous
and K-convex. Then the (descending) absolute gradient of f at x € X with f(z) # oo
is defined by
. f(x) = fy) }
V_f|(x) := max {O,hmsup e I
IV-71(z) y—r d(2,y)
Note that |V_f|(x) € [0, 00] and also |V_f|(z) =0 if f(x) = inf,ex f(y).
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Definition 3.2. [Directional derivatives] For f : X — (—o0,00], the directional
derivative of f at x with f(x) # oo in the direction v € C, X is defined as
D, f(v) :=lim inf{ lim fo(st) = fz) } ,

(v,8)—v (t=0+ t

where (7,s) € XL X x [0,00) C C, X.

The above limit along v indeed exists for lower semi-continuous, K-convex func-
tions. Note that D, f(v) > —|V_ f|(x)-|v| clearly holds. Typical examples of K-convex
(or K-concave) functions are squared distance functions. We set d,(x) := d(a,z) for

a,r € X, and denote closed metric balls by
By(r):={x € X :d(a,v) <1}, a€X, r>0.

Proposition 3.3 (Proposition 3.1 in [30]). Let (X,d) be an Alexandrov space with
curvature bounded above by k > 0. Then, for any a € X, the function d? is K-
convez on the (geodesically conver) metric ball B,(r) with 2r = (7/2 — €)//k and
K = (7w — 2¢) tane for arbitrary € € (0,7/2).

Proposition 3.4 (Lemma 3.3 in [31]). Let (X,d) be an Alexandrov space with cur-
vature bounded below by k < 0. Then, for any a € X, the function —d? is K-convex
on the metric ball B,(r) with K = —2(1 — x(2r)?) for all v > 0.

Slightly more generally, we can take a geodesically convex set G C X with diam G <
2r in Propositions 3.3, 3.4.

In the lower curvature bound case, by comparing the convexity of f and the con-
cavity of the squared distance function, one can find the useful notion of gradient
vectors as follows (see [33, 34, 25, 31] for details). Let (X, d) be an Alexandrov space
of curvature bounded below and f : X — (—o0, 0] be a lower semi-continuous, K-
convex function. Then, at every € X with 0 < |V_f|(x) < oo, we can find the
unique direction v € ¥, X such that D, f(y) = —|V_f|(z) and

(3.2) Dy f(n) = =|V-fl(z){v,m)

for all n € ¥, X. Thus V(—f)(z) := (7,|V-f|(x)) € C.X can be regarded as the
gradient vector of —f at x. Set also V(—f)(x) := o, if |V_f|(z) = 0. The gradient

vector will be used to define an appropriate resolvent map for f.



DISCRETE-TIME GRADIENT FLOWS IN ALEXANDROV SPACES 9
4. RESOLVENT MAPS

In this section, we introduce our key tool, the resolvent map Jf\c , to construct
discrete-time gradient flows for convex functions. We will adopt different definitions
of J)’f in the upper and lower curvature bound cases. Throughout the section, let
f: X — (—o00,00| be a convex, lower semi-continuous function not identically +o0,
and fix the size A > 0 of the discrete-time step and a closed, geodesically convex set
G C X containing a nonempty sublevel set of f.

First, let (X, d) be a complete Alexandrov space with curvature bounded above by
k. If kK > 0, then we assume diam G < 7/(2/k). In this case, we employ the standard

resolvent map used in, e.g., [17, 26, 2].

Definition 4.1. [Resolvent map, upper curvature bound case] For each = € X, we
define

(4.1) J(z) = ar;gj;erélin {f(y) + %d(x, y)Q} :

Lemma 4.2. Let (X, d), G and f be as above. Then there exists a unique pointy € G

attaining the minimum (4.1).

Proof. By Proposition 3.3 and diam G < 7/(2y/k), the function y — f(y)+5xd(z, y)?
is K-convex on G for some K > 0. The rest of the argument can be obtained by a

straightforward optimization argument, see for example [39, Proposition 1.7]. O

For any minimal geodesic 7 : [0,0] — G with v(0) = JJ (), we deduce from the
first variation formula (Theorem 2.3) that
(4.2 D1 FGO) = 5 (3(0),4(0)) >
where 7 : [0,1] — X is any minimal geodesic from J{(z) to z.

Next we consider the lower curvature bound case. In this setting, the definition
provided by (4.1) for J{(z) is not convenient, because the squared distance function
is no longer convex, but is concave instead. This concavity leads to, however, the
advantage of well defined gradient vectors of —f. Then we shall define the resolvent
map by using an “exponential map” from C, X to X. Although we can not simply use
geodesics since there may be no geodesic with a given initial direction, the gradient

curves of the convex function —d2 will do the job.
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Let (X, d) be a complete, finite dimensional Alexandrov space of curvature bounded
below by x with X = (). Note that, even for x < 0, the function —d? is K-convex
on balls B,(r) for some K = K(x,r) < 0 by Proposition 3.4. Hence we can construct
the gradient flow ® : [0,00) X X — X of —d?, i.e., each curve £(t) = ®(t,y) satisfies
£(t) = V(d2)(&(t)) at almost all ¢ > 0. The convexity of —d2 ensures the uniqueness
and contraction of @, see [33, 34|. The gradient exponential map g-exp, : C, X — X

is obtained by a re-parametrized scaling of ®: Define g-exp, as the limit of the map
O(s,-)oidy : (X, e°d) — (X, d)

as s — 00, where e°d is the scaled distance and idy : (X, e*d) — (X, d) is the identity
map. The gradient exponential map enjoys many nice properties, for instance, the

curve {(t) = g-exp,(tv) satisfies

(13) 0 =v. &0 =" Vgg (e, deew) <l

Moreover, the following useful comparison estimate holds.

Lemma 4.3 (Lemma 3.1.2 in [34]). Put £(t) = g-exp,(tv) with v € C,X. Then, for
any (—K)-convez function h: X — R with K > 0 and all t > 0, we have

h(€(t)) = h(z) + tDyh(v) — g(t|v|)2.

Remark 4.4. The gradient flow ® of —d? can be constructed also in proper, infinite
dimensional Alexandrov spaces (see [33, Appendix] and [25, 31]). However, the proof
of Lemma 4.3 above in [34] essentially requires both dim X < oo and 90X = 0.
One may consult the argument in [33, Appendix] proving an estimate comparable to
Lemma 4.3 (called the monotonicity there) along gradient curves parametrized in a

different way. However, these curves may be defined only on small intervals.

We are ready to define the resolvent map under lower curvature bound. We abuse

the same notation J f\c () as the upper curvature bound case.

Definition 4.5. [Resolvent map, lower curvature bound case] For z € X with
|V_f|(z) < oo, we define

(4.4) J(z) == g-exp(AV(—f)(2)),

where V(—f) € C, X is the gradient vector of —f at x given in Section 3.
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The following estimates will play crucial roles in the next section.
Lemma 4.6. Let (X,d) be a complete Alexandrov space either with curvature bounded

above or below by k.

(I) If (X,d) has curvature bounded above by k > 0, then also assume diam G <
7/(2y/K). Then we have

(4.5) d(y, J{(2))* < d(y,z)* = 2\[f(J{(x)) — f(¥)]

forall z,y € G.
(IT) In the lower curvature bound case, we assume that X is finite dimensional,
0X =0, and that diam G < oo if kK < 0. Then we have

@6) . (@) < d(y, 2 27 (@) — F)] + 5 AIV-F|(@)?

for all z,y € G satisfying J}f(x) € G, where K = K(k,diam G) > 0.

Proof. (I) By assumption, the squared distance function is convex (Proposition 3.3).

Hence, by Theorem 2.3,
d(y,x)* > d(y, J{ (x))* — 2 (3(0),(0))

for v(t) = J{ (x)#y and n(t) = J{ (x)#,x (they are unique since diam G < 7/(2v/k)).
Combine this with (4.2) to get

(4.7) d(y, J{(2))* < d(y,x)* + 27D 1, f(5(0)).

Now the convexity of f along 7 yields that Djf(x)f(‘y((])) < f(y) = f(JL(x)), so we
get from (4.7) that

d(y, J{())* < d(y. 2)* = 2\[f (J{(2)) = f(y)]-
(IT) Put £(X) := g-exp(AV(—f)(z)). By Proposition 3.4, the function —d is (—K)-
convex on G for some K = K(k,diam G) > 0. Thus Lemma 4.3 shows that
Ay, €O < d(y,2)? + AD(E)(V(~)(2)) + 5 AV f](2))”

Fixing arbitrary minimal geodesic v(t) = z#,y, we deduce from the first variation
formula (Theorem 2.3) and (3.2) that

Dy (dy)(V-f () < =2(3(0), V- f(x)) < 2D.f(7(0)).
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Finally the convexity of f shows that f(y) > f(z) + D, f(¥(0)). Therefore we obtain

Ay, H(@))? < dly, 2~ 2[F(x) ~ F@)] + 5 V()

5. PROXIMAL AND SUB-GRADIENT METHODS

The resolvent map JI can be used to consider proximal point algorithms or, in
other words, discrete-time gradient flows for general convex functions in the upper
curvature bound case. We start with a basic result that generalizes the one in [5]
given in NPC spaces. The algorithm has been used at many places, one of the first

occasions was in [12]. The situation is the same as Lemma 4.6(I).

Theorem 5.1. Let (X,d) be a complete Alezandrov space with curvature bounded
above by k. Let f: X — (—o0,00| be a converx, lower semi-continuous function and
G C X be a closed, geodesically convexr set containing a sublevel set of f such that
diam G < 7/(2y/k) if K > 0. Take a positive sequence {\g}rp>1 with > 7o, Ay = +00.

Fiz an arbitrary starting point xo € G and put
T = J{k(‘l’k,l), k 2 1.
Then we have limy_, f(xx) = inf eq f(y).

Proof. By the definition (4.1) of J/, the sequence f(z}) is monotone non-increasing.

Indeed, we have

(z1)) + d(zy, J{, (x))” < flax).

2Ak41
Furthermore, by (4.5) in Lemma 4.6, we have for any y € G

d(y, zi1)” < d(y, 21)" = 2N [f (1) — f(W)]-

This combined with the monotonicity of f(xzy) yields

207 (@) = F@I DN <2 Nilf () = Fy)] < dly,0)* = dly, wi)?,

which gives
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By the choice of A, this implies that limy .., f(zx) < f(y) for any y € G. Therefore

we obtain limy_, f(zx) = infyeq f(y). O

Remark 5.2. Weak convergence in Alexandrov spaces with upper curvature bounds
has been introduced in [14]. The same results for weak convergence as in NPC
spaces hold if we restrict the analysis to closed metric balls of diameter at most
7/(2y/K). Hence actually one can prove weak convergence to a minimizer (if it exists)
in Theorem 5.1 in the same way as in [5] for NPC spaces. Furthermore, if f is

K-convex with K > 0, then we have (strong) convergence to the unique minimizer y.

In the rest of this section, we set up a discrete-time gradient flow converging to a
minimizer of a convex function that is the sum of finitely many convex functions. We

adjust the setting of Lemma 4.6 to admit such sum of functions.

Definition 5.3. [Proximal Point Algorithm] Let (X,d) be a complete Alexandrov
space either with curvature bounded above or below by x, and G C X be a closed,

geodesically convex set satisfying the following:

(I) In the upper curvature bound case, diam G < 7/(2+/k) if kK > 0;
(IT) In the lower curvature bound case, dim X < oo, X = (), and diam G < oo if
Kk < 0.

Let f; : G — (—o0, 00| be a convex, lower semi-continuous function for i = 1,... n.
Set f(z) := >, fi(x) and suppose that it is not identically +oco. Take a positive
sequence Ay > 0 such that Y2 A\ = 400 and also Y po ;A7 < +oo. Given 2y € G
and for each £ > 0 and 1 <17 < n, we set

Thnri = T (Thnsicr),

where the resolvent map is defined by (4.1) or (4.4), assuming that z,, € G for all

m > 0 in the lower curvature bound case.

Before turning to our result on the convergence of the sequences generated in

Definition 5.3, we state an elementary lemma from [9, Lemma 3.4] for later use.

Lemma 5.4. Let ay, by, ¢, > 0 be sequences such that axy1 < ap—br+cy for any k > 1,

and assume Zzozl cr < 4+00. Then the sequence a; converges and also Z;ozl b < 4o00.
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Theorem 5.5. Let (X,d), G C X, f=>3", fi and {\;}x>0 be as in Definition 5.3.
Assume further that X is locally compact, f; is L-Lipschitz for some L > 1 and all 7,
and that infg f 1s attained at some point. Then x,, converges to some minimizer of

fin G asm — oo.

Proof. Fix a minimizer y € G of f.
Upper curvature bound case (I): By (4.5) in Lemma 4.6, we have

Ay, Trnri)® < d(Y, Thnrio1)? = 2M[fi(@rnss) — fi(y)]-

Summing the above for 1 <1 < n implies

n

(Y, Trnin)® < Ay, win)” = 20 Y [ filwmnrs) — fiy)],

i=1

which is equivalent to

(5.1) d(y, Trnin)? < d(y, Tn)* =2 Z[fi(xkn)—fi(y)]+2)\k Z[fi(l'kn)—fi(iﬂknﬂ)]-
=1 1=1

The next step is to estimate Y . [fi(zxn) — fi(Trnss)] from above. By (4.1), for any

1 < j <n, we have

fi(@rnsi) + =—d(@knts, Trnri-1)® < [i(@kntjo1),

22X

which yields by using the L-Lipschitz continuity that

fi@rntj—1) = fi(Tknty)

d(xkn+j7 xkn—i—j—l)

A(Thntj, Thntj—1) < 2 < 2X\.L.

Since d(Tpn, Trnii) < Z;zl d(Tntj—1, Tkntj), this gives also that
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Furthermore, we have

n

D filwn) = filwens)) = Y ) Ufil@rnis1) = filwrnss)]

i=1 i=1 j=1

S Z Z Ld(xkn-i—jv xlm-ﬁ-j—l)

i=1 j=1

<Y 2\ L% = MLPn(n 4 1),

i=1
This combined with (5.1) yields

n

(5.3) (Y, Tangn)® < d(y, wn)” = 206 Y _[filwwn) = Fi(0)] + 22 LPn(n + 1).

i=1
Since f(xx,) — f(y) > 0, Lemma 5.4 implies that the sequence aj, = d(y, Tg,)>

converges and
> lf (@rn) — ()] < +oo.
k=0

Hence, by the assumption > - A, = +oo, there exists a subsequence zy,, such
that limy_o f(2kn) = f(y). Since zy,, is bounded, by local compactness it has a
subsequence converging to a point z € GG, which by lower semicontinuity of f must be
a minimizer of f. Then, by replacing y with z in the above discussion, the sequence
ay = d(z, Ty, )? is convergent and has a subsequence converging to 0. Hence the whole

sequence ay converges to 0, i.e., Ty, — z as k — oo. Moreover, (5.2) gives
d(2, Tknyi) < d(2, Tpn) + d(Trn, Thnti) < d(2, Tpn) + 22X Li

for all 1 < ¢ < n. Since we have Ay — 0 by ZZOZO )\ﬁ < 400, we conclude that
Tinii — 2 as k — oo for all 4. Therefore x,, — z as m — oo.
Lower curvature bound case (II): The proof is similar to Case (I). From (4.6) in
Lemma 4.6, we get
K
Ay, Thnti)? < AY, Trnrio1)? — 20 fi(@rntio1) — fi(y)] + 3)%[/2-

Summing the above for 1 <17 < n yields

n

K
Ay, Thnsn)® < Ay, 7in)” = 20D [fil@ansior) — fily)] + 3)%[/2”7

=1
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which is equivalent to

n

d(y, Tnin)® <Ay, 2n)? =20 ) [fi(wan) = fi(y)]

(5.4) =1

n

20 D (i) — fildnsi )] + 5 N0,

We find by (4.3) and assumption that d(zxnii—1, Tenti) < AL, and hence

1—1
[i(@rn) = fi(Trntio1) < Ld(@pp, Tpnrio1) < LZ A(Lhntj—1, Trntg) < ML?(i = 1),

J=1

Then these bounds combined with (5.4) give

A(Y, Thnin)? < (Y, Trn)? — 20k Z[fz(xkn) — [i(y)] + A\ L*n (% +n— 1) .

=1

The rest of the argument is identical to Case (I). O

Remark 5.6. In the lower curvature bound case (II), the assumption that z,, € G
can be met, since d(y, z,,) is bounded as we saw in the proof. Thus, choosing the

sequence )\ appropriately, we can assure that z,, stays inside G.

The above theorem relies on local compactness. In fact, it is known that in the
infinite dimensional case we cannot always have convergence under these assumptions
[6]. However, if we assume that f is K-convex for positive K, then the assumption

of local compactness can be dropped.

Proposition 5.7. Let (X,d), G C X, f = """, fi be as in Definition 5.3 and further
assume that f; is L-Lipschitz for some L > 1 and all i, and that f is K-convex for
some K > 0. Take \;, > 0 with \ ;K <1, A\, — 0 and Z;O:O AL = 400, and consider
a sequence {Tmtm>o generated by Definition 5.3. Then x,, converges to the unique
minimizer y € G of f as m — oo.

More concretely, in the upper curvature bound case, d(Tpn,y)? < ap holds with
ag := d(zg,y)? and apy = (1 — MeK)ay + 202 L*n(n + 1) inductively, that is,

k

k k
e = [ (1= NiE)ag +2L%n(n + 1) > (X3, [J(1 = MK) + A7),

1=0 ]:1 z:]
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In the lower curvature bound case, d(Tgn,y)* < ay similarly holds for ay := d(xq,y)?
and ajpy1 = (1 — MeK)ay + ML*n(5 +n — 1) with K > 0 given in Lemma 4.6(11).

Also
k k

ak+1:H(1—/\K)a0+Ln( n—l)Z)\Q [ - xE)+ A7)

1=0 1=

i this case.

Proof. Thanks to the K-convexity with K > 0 and the completeness of (X, d), there
is a unique minimizer y € G of f (see, e.g., [39, Proposition 1.7]). For any x € G, by
dividing (3.1) with 1 — ¢ and letting ¢t — 1, we have

(5.5 B de)? < £@) ~ 1),

Let us consider Case (I), the proof of Case (II) will be similar. By (5.3), we have

Using (5.5), we get
(5.6) d(y, xkn+n)2 < (1 = MK)d(y, xlm)Q + QAiLZn(n +1).

Then by induction it is easy to see that d(x,,y)? < ap. The explicit formula for az,
is proved also by induction.

Now we prove liminf,_ . ar = 0 by contradiction. Assume that there are N > 0
and ¢ > 0 such that, for every k > N, we have a; > ¢ and 2L*n(n + 1)\, < cK/2.
Then

MK
Ap+1 = Qf + )\k(QLQn(n + 1))\k - CLkK) S Qp — k; s

which is a contradiction, since Z;OZO A = 4oo. We finally show limyg_,o, ap = 0. If
ap > 2L*n(n + 1)\,/K, then clearly axi1 < ay. If ap < 2L*n(n + 1)\,/K, then

apy1 < (1= MK)(2L*n(n + 1)A\/K) + 20 L*n(n + 1) = 2L*n(n + 1)\ /K.

Thus we have
ari1 < max{ay, 2L°n(n + 1)\, /K7,

from which we get, for any [ > k,

aj41 < max {ak, (2L*n(n +1)/K) - max{\g, Meg1, - - - )\l}} .
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Take limsup,_,,, and then liminf, .., of the above to see that a; — 0. The con-
vergence of the rest of the sequence d(z,,,y)? to 0 follows from setting up a similar
inequality of the form (5.2). O

For the explicit convergence rate analysis, let us quote a lemma from [28]:
Lemma 5.8. Let ax > 0 be a sequence such that

N S D A
U1 = k1) T kD

where o, B > 0. Then

(k+2) (ag—l—w> if 0 < a <1

. <6+(“k+12‘23 P) ifa>1.

From this we obtain that the convergence is sublinear in Proposition 5.7.

6. LAW OF LARGE NUMBERS AND JENSEN’S INEQUALITY

In this section, we give a stochastic discrete-time gradient flow for arbitrary convex
(infinite) combinations of convex functions. We will restrict ourselves to K-convex
functions with K > 0, however, our proofs can be adapted to the case K = 0 in
the same manner as we have seen in Theorem 5.5, which is a generalized form of
Proposition 5.7 in this sense.

Let G C X be a closed, geodesically convex set. For K > 0, consider the set
of all lower semi-continuous, K-convex functions f : G — (—00, 0] not identically
+00, denoted by Fi(G). We equip Fx(G) with the norm || f|| = sup,cq |f(2)]-
Let P(Fk(G)) denote the set of all real-valued probability measures (with separable
support) in Fx(G). Notice that the function g(z fFK @) fz)du(f)is also in Fk(G)
for any pu € P(Fr(G)). In particular, the set FK(G) is a convex cone.

Definition 6.1. [Variance] We define the variance of p € P(Fk(G)) by

var(p) = inf f(@)du(f).

zeG FK(G)
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Fixed u € Fg(G) can be viewed as the distribution of an Fk(G)-valued random
variable. In this sense, integration with respect to pu can be viewed as taking expec-

tations:
E¢::L/ o(H)du(f)
Fg(G)

where ¢ : F(G) — R is assumed to be measurable and integrable.

Definition 6.2. [Expectation] Let u € P(Fk(G)). We define the expectation of u as
Ep = argmin/ f(@)du(f),
2€G  JFg(G)

which is indeed uniquely determined by the K-convexity of g(z) = |, Fr(©) flz)du(f).

Note that g(Eu) = var(u). Using our new notation, we have a generalization of the
variance inequality in [39, Proposition 4.4] (see also [40, 32] for the reverse variance
inequality for squared distance functions under lower curvature bounds). Let L,
denote the evaluation operator at z € G defined as L,f := f(x). Clearly L, is a

linear functional on the cone Fi (G).

Proposition 6.3 (Variance inequality). Let u € P(Fx(G)). Then, for all x € G, we

have
2 2

K Fr(G)
Proof. Put g(x) = fFK(G) f(x)du(f) and note that g(Eu) = infg g. Then the claim
follows from (5.5). O

(6.1) d(z, Ep)* < [f(z) = f(Ep)ldp(f)-

Before proceeding to the law of large numbers result, we need the following lemma.

Lemma 6.4. Let (X,d) be a complete Alexandrov space with curvature bounded above
by , and assume diam G < 7/(2/k) if K > 0. Then f — J(z) for fired x € G, as

a map Fi(G) — X, is Héolder continuous.

Proof. Let f,g € Fx(G) and suppose ||f — g|| < e. Set f(y) :== f(y) + 5d(y,z)?
and g(y) = g(y) + 5xd(y,x)* for fixed z € G, and notice that f,j € Fx(G) and
|f — gll < e. Assume without loss of generality that f(J{(x)) > g(J{(x)). Then the
K-convexity of f yields (recall (5.5))

PO + gyl ), 2 > T @) + (), (@)
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which is equivalent to

PO = g((w)) > FOH() — 3(3()) + 5d(F (), ()

This shows that
2

A (@), H (@) <

€.

O

Remark 6.5. Lemma 6.4 ensures us that, in the case of upper curvature bound, the

map f — d(y, J{(x))2 is measurable and integrable for any =,y € G, i.e.,
(©:2) [ dw @
Fr(G)

exists. In the case of lower curvature bound, the measurability of f — d(y, J{(z))? is
nontrivial and verified only in special cases. If p is finitely supported, then integra-
bility is clear. Also if X is a Euclidean space and g is supported over differentiable
functions, then the measurability follows from the continuity of the gradient vectors

of convex functions, see Theorem 25.7 in [35].

In the following, we prove a stochastic variant of Proposition 5.7, which extends
the law of large numbers proved in [39, Theorem 4.7] to the case of Alexandrov spaces

with arbitrary upper or lower curvature bounds, and arbitrary functions on Fi(G).

Theorem 6.6 (Law of large numbers). Let (X,d) and G C X be as in Defini-
tion 5.3. Fixz p € P(Fr(G)) supported on L-Lipschitz functions and let { fi}r>0
denote a sequence of independent, identically distributed random variables taking val-
ues in Fr(G) with distribution p. Take a positive sequence { g }r>o with MK < 1,
M — 0 and Y02 ) A = +00. Define the sequence Sy, € G recursively as

Ser == JI(S), k>0,

with an arbitrary starting point Sy € G, assuming that S, € G for all k > 0 and
the integral in (6.2) exists in the lower curvature bound case. Then S, — Ep almost

surely.



DISCRETE-TIME GRADIENT FLOWS IN ALEXANDROV SPACES 21

Proof. We prove only the upper curvature bound case, the lower curvature bound

case is similar. By (4.5) in Lemma 4.6, we have

d(y, J{F(2))? < d(y, z)* = 2\ fu(J{ (@) = fily)]

for all z,y € GG. Therefore we have

(6.3)  d(Ep, Sp41)® < d(Ep, Sg)* — 22k fa(Sk) — fr(Ep)] + 20 [ fr(Sk) — fie(Sk41)].
By (4.1), we have

1
Jr(Sk41) + 2—)\kd(5k+1, Sk)? < fu(Sk),

which yields by using the L-Lipschitz continuity that

Je(Sk) = fr(Sk1)
d(SkJrh Sk)

d(Sks1,Sk) < 2\ < 2\ L.

Thus we obtain
fe(Sk) — fr(Sk+1) < Ld(Ski1, Sk) < 20 L2
This combined with (6.3) yields
d(Ep, Spy1)? < d(Bp, S)? — 2M[fo(Sk) — fu(BEp)] + 4AZL°.

Taking expectations in f; conditioned on Fy_; := {f1,..., fr—1} and using the vari-
ance inequality (6.1), we get
E (d(Ep, Spi1)*|Fror) < d(Bp, Si)? = 2ME[fi(Sk) — fr(Bp)] + 4AEL7
< d(Epu, Sp)? — MK d(Ep, Sp)* + 4\I L2,
and hence
E (d(Ep, Sp41)?|Frm1) < (1 — MNeK)d(Ep, Sg)? + 4N; L2
Taking expectations again yields

Ed(Ep, Sps1)? < (1 — MK)Ed(Ep, Si)? + 4\3 L2

From here proving the convergence Ed(Eu, Syy1)? — 0 can be done in the same way
as in the proof of Proposition 5.7 after (5.6). To get a convergence rate estimate one

can refer to Lemma 5.8. [l
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Remark 6.7. Suppose that (X,d) has curvature bounded above by x > 0. Fix
arbitrary o € X and let G = B,(r) with 2r = (7/2 — ¢)//k for € € (0,7/2).
Then, by Proposition 3.3, the function f,(z) := d(a,z)* with a € G is K-convex and
Lipschitz continuous on G with K = (7 — 2¢)tane > 0. Take p € P(Fk(G)) such

that suppp C {f. : a € G}. Then Theorem 6.6 generalizes Sturm’s law of large

1

55> then we have

numbers in [38; 39]. In particular, if A, :=

d 2
Ski1 = J{:(Sk) = argmin {d(&k, 2)* + dz, 5e)” }
ze@G 2/\k

2\

142X

d(z,Sk)2}

where a; is a G-valued random variable with distribution provided by the push-
forward measure of p under the bijective map f, — a. In this case, one can reproduce
the same sublinear order of convergence O(1/k) as in [39]. More generally, one can
consider f,(z) := d(z,a)? for any p € [2,00), still f,(x) being K-convex and Lipschitz

continuous on the same G, hence Theorem 6.6 can be applied.

It seems reasonable to expect that, in the upper curvature bound case in Re-
mark 6.7, one can take any 2r < m/y/k even though the functions f, are then not
convex on whole G. This is motivated by the results in [1] on the existence and

uniqueness of the center of mass in Riemannian manifolds.

Remark 6.8. Theorem 6.6 generalizes the law of large numbers from Euclidean
spaces to Alexandrov spaces, moreover, to the case of measures supported over the
vector lattice of K-convex Lipschitz functions. We recover the original law of large
numbers in Hilbert spaces by choosing X to be a Hilbert space in Remark 6.7. Also
the setting in Remark 6.7 is of interest if we choose X to be a sphere, or any compact

Lie group with a bi-invariant Riemannian metric.

Using our law of large numbers, we have an alternative proof for Jensen’s inequality

of Kuwae [21], along the line of the second proof of [39, Theorem 6.2].

Proposition 6.9 (Jensen’s inequality). Let X be a complete Alezandrov space with

curvature bound above by k > 0, and G C X be a closed, geodesically convex set
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with diam G < 7w/(2\/k). Take a probability measure p on G and a convezx, lower

semi-continuous function f: G — R. Then we have

f(Ep) <Ef,
where By := argmin, c, [, d(a,y)*dp(a) and Bf := [, f(a)du(a).
Proof. Choose a sequence of independent, identically distributed random variables Y}
with values in G, and with distribution u. Let S € G be defined as in Remark 6.7,
ie., S1: =Y and Spyq1 = Sk#%ﬂYkH. Similarly, let Z; € R be defined as Z; := f(Y7)
and Zp 1 := Zk#k%lf(YkH). We can explicitly write as

k 1
Iy = 2t 1 f(Yien) = P 1Zk T 1f(Yk+1)'
By Theorem 6.6, we have Sy — Eu and 7, — E(f.u) = Ef, where f.u denoted the

push-forward of . We proceed by induction showing

(6.4) f(Sk) < Z.

For k = 1, this clearly holds. For general k£ > 1, we have by induction

f(Sky1) = f(Sk#ﬁlYkH)

k 1
< mf(sk‘) + k—Hf(YkH)

= +

1
7, + ——FfY, =7
] k+k+1f( 1) k+1

showing (6.4). Hence, by the lower semi-continuity of f, we obtain

<

f(Ep) < lilgn inf f(Sk) < hgn inf Z, =Ef
and complete the proof. O
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