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2027 Entrance Examination (Mathematics Course/Mathematical Sciences Course)
Master’s Program, Division of Mathematics and Mathematical Sciences, Kyoto University

@ F"ﬂ%ﬂ‘ E Advanced Mathematics

O M 12855, BrEREDEE [1~10] 0550 2 EA R LTRSS L. HE
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There are 12 problems. Applicants to the Mathematics Course (¥%3%&) should select and
answer 2 problems out of the 10 problems . Applicants to the Mathematical Sciences
Course (BFEMHTR) should select and answer 2 problems out of the 12 problems .
(Applicants to either the Mathematics Course or the Mathematical Sciences Course should
only answer 2 problems, and applicants to both courses should answer 2-4 problems in total,
depending on their choices.) Write the problem numbers you choose on the selection sheet.

O MAERIZ 2K 3097 TH 5.
The duration of the examination is 2 hours and 30 minutes.

O MEIIHAEBIURETEIATVS. BERZHAREFRIIEEE LN TEHLZ
L.

The problems are given both in Japanese and in English. The answers should be written

either in Japanese or in English.

O ZEE -/ — M- B - P EE - WS - KETFEORBIAARR ik 52, 15
E SN ESHICELS Z 2.
It is not allowed to refer to any textbooks, notebooks, calculators, cell phones, information

devices or personal watches/clocks during the examination. Such materials and devices

must be kept in the designated area.
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[EE&] Instructions

1. FER0d 3 FTHEXE Rxnwz k.
Do not look at the problems until it is permitted by the proctor.

2. BLEAM - FEAMROITRTIZ, ZFES - RKAZHLALE L.

Write your name and applicant number on each answer sheet and each draft /calculation
sheet.

3. MBI Z L ITHIOBERAMZ Y, FEES 2 FERAMOMNICEEAE £.
Use a separate answer sheet for each problem and, on each sheet, write the number
of the problem being attempted within the box.

4. 10z 2B RICh s THET 2L ld, 202D H 2 Z e ZAMFIIHRLT
ROFHMIHES Z L.
If you need more than one answer sheet for a problem, you may continue to an
additional answer sheet (or more). If you do so, indicate clearly at the bottom of the
sheet that there is a continuation.

5. fRHDBE, b oiEIRE, BRI (WERSIE), FTEHROIRCER, ALK
HEAMILTHL T hICL TR T2 2 L.
When handing in your exam to the proctor, stack your selection sheet and answer
sheets (ordered by problem number), followed by the draft/calculation sheets. Fold
the stack in half, with the filled-in side facing outward.

6. ZDOMEMFIEFRBIR > T X,
You may keep this problem sheet.

[%E%:I Notation

DIFoMET 7, Q, R, Cldzhzh, BHEOLER, FHEO2K, FEHOLK, HHEK
DEEERT.
In the problems, we denote the set of all integers by Z, the set of all rational numbers by
R, the set of all real numbers by R and the set of all complex numbers by C.



The English translation follows.

QEDZHEA f(X)=X*-2X2 20 Q LORNIIEE K 255, 2O %, X
DENCEZ X.

(1) Ha 78 Gal(K/Q) &R X.
(2) K/QDHRKF ThHh-T, f(X)DF LOZHR LTHNICRZ2bDELRT

Kb k.
C Lo 3 ZHZEALECIX,Y, Z| DA T 7L
I=(X>Y+ 7% X*—Y3+2XY2Z)
WZOWT, ROMIZEZ X.
(1) C DEREREV,W %

V ={(a,b,c) € C* | {EED f € [T LT, f(a,b,c) =0}
W ={( —t*t) e C®|teC}

TEDD. ZOLE, VEWREBFELLWRE I DZIER K.

2) IOWREATT7NAE T T3, 2O %, CX,Y,Z]/JB—EDERE (UFD)
MY D P RRER K.



S3={(z,y,z,w) ERY | 22+ + 22 +wt =1} T 5. SSOBEARU &, S DHE
DERKL, M 2RO XS ITED .

1
2 2

> = )
-ty 2}

M ={(z,y, z,w) €S3|x:y:0}.

LIZI3AENEDLNTVD LT 5.
(1) S* Lo C® 1 MDAy T
dny =0, /17:1 (+)
L

iz TOOREMAET 2 EpmE. 22T, dyfpl&dy®UANDHFIRERT.

(2) n 25 (x) 273 93 L Ol 1 XMaEXE 5. 3 MoAZzz
WYNGERE X, ADWIALT 5 e ZRE. S3 LD C° %1 XD & »
supp(df) Cc U Z{i7= 3725

/Sfl“f:/Mf

DAL T B, T T, supp(dé) i {p e S?| (d€), # 0} DEATIZRT.

S={zecR||lz|=1}F3. 22T, [/ BRICBIT2 z OB ) LATHS.
S x S D52 E %

E={(z,y) €SxSCR xR |z-y=0}
Y35, IZT, -yl ERRICBI S x L y DEENETH 3.

(1) E OBBURB R ER Y — 2Kk k.
(2) m: E— S%r(z,y) = TEDD. ExEDEDEBRF %

F={(e1,e3) € Ex E | m(ey) = 7(es)}

Y35, FOBEGEHRFE Y -2 RD X.



(X, M, ) ZRIEZR e L, MRS h: X — C & r e (1,00) IR L

1/r
nmu:(/wam)
X

LEDB. pe(l,00), q= p%l YU, M-ATHIEEEL £, X — COF {f,}°, & M-
AJHIBEEY [ X — ClERDEM (A), (B), (C) ZHilzT T %:

(A) prae.z € X ITHL nlg& fu(z) = f(2).
(B) EEDIEDEE n XL || full, < oo
(C) |lglly < oo ZHi7z THEED M-AIHIBIE g: X — CIlTRL

lim / fngdp = 0.
n—oo X

D E, IFTOMWIZEZ K.

(1) 11l < supl full, < 00 THB & k2R,

(2) FEMIZu(E) <o Zii7lzd &35, ZOLX

lim nwz/fw
R B o Y B

(3) prae.z € XITHL f(z) =0TH B ZmrE.

6] X #MEERITE Banach L L, K% X 95 X ~A03 Y7 MABEAZSEKD
BEEGIVZEE T 5. £, X 20 X ~OHRBIVERAE T ML |T)| % T 0
EFZE ) LA T2

(1) EQEENITHLT, e KL, TIRX 20 X ANOHFYPAFHZRT lin ||T, — T =0
iz T35, COLEXTeKTHSIZmnE.

(2) L, RIZK 25 KNOEEHRTH D, fEED S, T € KITH LT

DIDNDE T B, ZDLE LI/ ALZEE (K| -||) 262 EEADHE R
AERHZETH 2 Z 2 2Rt.



7l &

X, Y ZRTED 5:

f:10,00) x [0, 7] — R IF:H#HL,

X={7 fiZ (t,z) € (0,00) x (0,7) IZDOWT C*#%,
of of O°f o b e R X
9 9T TF 1310, 00) x [0, 7] |- OB EERERIRORIET = 2
ot’ Ox’ Ox?
v g: [0, 7] — RIZ#HE, g% (0,7) LTC* K, »o
V| g g & 0, 7] Eo RS T x B [
DRoRIWWZE Z &

(1)

(2)

ug € Y1iduh(0) = up(r) = 0 Ziii7zzd 52, TOLZFue X TRD (A) &
7T DONRE—DFET 5 2 L Z2RE:

ou 0%u

a(t,x):@(t,x)—ku(t,x), t>0,0<z<m,
ou ou (A)
- = = >
o) = ttm =0, 120
u(0,z) = up(x), 0<z<m.
a € (0,00) &L, wy € YIFw)(0) =c, wy(r) = —a BXERD (B) Ziilz 5 &
ERAE _ _
/ wo(y) dy = 2« / wo(y) cosy dy = 0. (B)
0 0
EHICwe X ERD (C) Zii/lz5 L7 5:
ow 0?
E(t,x) o2 (t,x) +w(t,xz), t>0, 0<z<m,
Z_Zj(t,()) =, a_w(t77T> = —q, t> 07 (C)
w(0, ) = wp(x), 0<z<m

ZOrE, HHEHC c(0,0) ¢ €Y DFELT, [EED (t,2) €[0,00) x
[0, 7] 12X LT
w(t, ) — ¢(z)] < Ce™

L5 et



%t € R DERUERE (1), y(t), 2(t) D, a € RENT X =& ¥ T DM FER

(dx

E:ax—i-y%—yz
d

(%) d—‘g:x—l—aijz:c
d
\d—i:az—2xy

ZilzLT0wd &, UROBWIZEZ K.

(1) BA%V  R* >R %
Viz,y,z) = % ($2+y2+z2)

TEDD. HIEBCHFEL, EEDte RIIXTLT

%vmmmmdmgcvmmmmdm

DD LD Z L RRE.

(2) YOI BUHEE T XA —Rac RIZHLTD, Mo HRER (x) OIIHIRE
TEBFE LW L ERE.

(3) A (z,y,2) = (0,0,0) DPHRIELEL R B72DD a DRETI5RMEZRD XK.

(4) B (7,y,2) = (0,0,0) DRIELETH S & X, MOTER (x) DIEEDHEHN
t — oo TIRFEICIKT 2 Z & ZnE.
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TR X D T ECVHNF2RAETZUEL TOW SRR ZEZ 2. —D2—D2DOWKF
OHEFNIES L |WFIHHID Eo T3, Wk FREOMEBEERIEZE 2720,

(1) z EzshE LmZice b, ENO2 ¢ BEAFAZEBCTWE T2, NTEEZ
m, —2D—DDKFD x FRIOEEZ u, I Z —yu, ENZ —mg(z) T 5
CE, MNTOEFZEDIREEEXTE. XL m e v ZEDEHRTH 5.

PURTIE, go >0 ZIEDERE LT g(z) = gox E5Z 5.

(2) T o = mgo/y ZRVTHRTONME 2(t) ©HE ut) ZRD K. 72720 ¢ 130
ZTHY, t=0TONEZ 2(0)=£(>0 &T 5.
(3) MBI T DEEEEE DA p(a,t) 1&
@H”Q@@:Q

KIS T3, ZZTuld (2 TROLHEICFLVWE TS, HEEEDED

WP LT FFEEL TV AR ZE 2T p(0,t) = poo,t) =0 £ T 5. Z
DL E,
d o0
i ), p(z,t)de =0
DD ILD Z & EIRE.
(4) t =0 TORMD p(x,0) = f(z) EHGRAONB LTS, z=C “,t=7 TED
bND (&,7) N\ (2,t) BEBEMT 52 212XD p(x,t) ZED K.
(5) flx) DFRD LS iz LTWd e X, BEE p D x 7HOMENRE D K
SWKIRHZILT 2 D0%, 77 72N Tillt &.

xr
A
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(1) FEBHLROEAE N EL. (A <) 2BFIEEL T2, Bt A-ND
55, ARMEZRS TRTDac ATta)=0rk22bDEKDESE M(A)
£5%. £/, M(A) LD 2THBEMR <pra) ZAPTED 5.

t<muyu <= DHdac ADBHFIEL, t(a) <ula) DD
ETDa >4 alZ2WTtd) = uld).
DL E (M(A), <ma)) FBIEETH 5 Z & ZilHIE K.

(2) FFEEBEHDV X T = [my,ma,...,mi] EIFEEE n 1T 2L TOBREZZE
Z5.

len(() = k,

cons(n,l) = [n,mq,ma,...,myl,
hd(¢) = my,

t1(¢) = [ma,...,mgl.

PR L EDZ2) 2 kDY & hd(f) ¥ 1) ERERL T 5. FEEHOEED Y
2R OTHLUT, DT 25 23MEET 5 2 L RAEHE X,

L+—0; X+ 0;Y <0, Z«+0;
while len(L) > 1 do
X « hd(L); L+ tl(L); Y < hd(L); L « tl(L);
while X > 0 do
while Y > 0 do
Y«Y—-1,Z+<Z+1; L+ cons(X,cons(Y, L))
done;
X+« X-1Y<«+Z7
done
done

TRLV+eld, ReDEZ 7077 2EBVITRAT 2 H8EEZRT.



G=(V,E)ZHRERV LIRS E 2 b ORI AR Z 73 5. THAEED
BEXCVIZHLT, X e V\X 2R GCOHUOAEE f(X) e RS, ¥/, F%

XAPEARTXCVDIE f(X)2R/MET2db02R0EE T 5. LINOM
WIZE R .

(1) FED X, Y CVIIHNLT, UTFD 2K MDD & 2RE.

fFX)+ f(Y)

> f(XNY)+ f(XUY)
fX)+ (V) =

f

SIXAY)+ f(Y\X)

(2) XNY #DH»PrDXUY £V EALT XY € FITNLT, XNY, XUY € F
DD E, EHIZX\Y Y\ X ZHRNGOEPFIELRNZ L 2RE.

B) XNY #0, XUY £V, X\Y#0, Y\X#ADZ2AKT XY € FOFET
5% min{f(X)| XCV, X#0} DEIEHKTH 2 Z L ErE.

p BERIITEZ L~V N ERH EOEEITHIE 55, H EORIBERRZ X 120
W

(X) =Tr(pX), AX =X —(X)idy

YEDDL. T2 Lidy 3 H FOEFEERAEZETH . H EOFEIERAE X 1I2OWT X*
FFDOHMEHEL 35, HEEB IOV T e B EERE, |o 2HEY T 3.

(1) H EOMIBIERZE X 1290 T

(X™) = (X)
BT,
(2) H Lo HDHBERE A, B 12T

((AA®*) ((AB)*)y > — [([A, B))|?

A~ =

%

5

¥. ZZT[A B)=AB—BATH53.



The English translation starts here.

Let K be the minimal splitting field of the polynomial f(X) = X* — 2X? — 2 over
Q. Answer the following questions.
(1) Determine the Galois group Gal(K/Q).

(2) Determine all intermediate fields F' of K/Q such that f(X) is irreducible as a
polynomial over F.

Let C[X,Y, Z] be the polynomial ring in three variables over C. We define the ideal
I of C[X,Y, Z] by
I = (XY +27% X*-Y?4+2XY2).

Answer the following questions.

(1) We define the subsets V, W of C? by

V ={(a,b,c) € C*| f(a,b,c) =0 for every f € I},
W ={( —t*t") e C*| t € C}.

Determine whether or not V' is equal to W.

(2) Let J be the radical of I. Determine whether or not C[X,Y, Z]/J is a unique
factorization domain (UFD).



Let S% = {(x,y,z,w) € R* | 22 + y* + 22 + w? = 1}. We define an open set U of 53
and submanifolds L, M of S? by

2
M ={(z,y,z,w) € §° |z =y = 0}.

1
x2+y2>—},

We assume that L is oriented.

(1) Prove that there exists a C* 1-form 7 on S? satisfying

dn|ly =0, /77 =1. (%)
L

Here dn|y is the restriction of dn to U.

(2) Let n be a C*° 1-form on S* that satisfies the condition (). Prove that the
following statement holds for suitable choices of the orientations of S® and M.
If a C* 1-form & on S? satisfies supp(d¢) C U, then we have

/Sgdn/\fz/Mf.

Here supp(d¢) is the closure of {p € S* | (d§), # 0}.

We set S = {x € R? | |z| = 1}, where |z| is the standard norm of x in R*. We define
a subspace F of S x S by

E={(z,y) €SxSCRxR*|z-y =0},
where « - y is the standard inner product of & and y in R.

(1) Compute the homology groups of E with integer coefficients.

(2) We define a map 7: £ — S by 7(x,y) = . We define a subspace F' of E x E
by
F ={(e1,e2) € Ex E|m(e1) =m(eq)}.

Compute the homology groups of F' with integer coefficients.



Let (X, M, u) be a measure space, and set

1/r
1Al = ( / |h|”du)
X

for each M-measurable function h: X — C and r € (1,00). Let p € (1,00), set

P
q = p—
C and an M-measurable function f: X — C satisfy the following conditions (A), (B)
and (C):

T and suppose that a sequence { f,,}>°; of M-measurable functions f,,: X —

(A) nlg{)lo fo(z) = f(z) for p-a.e.z € X.

(B) || fullp < oo for any positive integer n.

(C) For any M-measurable function g: X — C satisfying ||g||, < oo, it holds that

lim frngdu = 0.
X

n—oo

Answer the following questions.
(1) Show that [|f], < sup [ fuf, < oo.
(2) Let E € M satisty p(E) < co. Show that
lim / frndu = / fdu.

(3) Show that f(z) =0 for p-a.e.x € X.

Let X be an infinite-dimensional real Banach space, and let K be the real vector
space of compact linear operators from X to X. For each bounded linear operator T’
from X to X, let | T|| denote the operator norm of 7T

(1) Let T,, € K for each positive integer n, let T' be a bounded linear operator from
X to X, and suppose that lim ||7,, — T'|| = 0. Show that T" € K.
n—oo

(2) Let L and R be linear maps from K to K. Suppose that

for all S, T' € K. Show that L is a bounded linear operator from the normed
space (K, || - ||) to itself.



Define sets X and Y as follows:

( f:10,00) x [0,7] = R is continuous,

fis C? for (t,x) € (0,00) x (0,7), and
X=q97T10of of O*f

and —= are extended to

ot Oz Ox?

real valued continuous functions on [0, 00) x [0, 7] |

g: [0, 7] — R is continuous, g is C* on (0,7),
Y =<9 |7, ¢" and ¢" are extended to

real valued continuous functions on [0, 7]

Answer the following questions.

(1) Let up € Y satisfy u(0) = uj(m) = 0. Show that there exists a unique element

u of X satisfying the following:

ou 0%u

E(t,x):@(t,x)—}-u(t,x), t>07 O<.I'<7T,
ou ou

-~ - _ = >

M0 =Dm=0,  tz0

u(0,z) = up(x), 0<z<m.

(A)

(2) Let o € (0,00) and wy € Y satisty w((0) = o, wjy(m) = —«, and the following:

/ wo(y) dy = 2a, / wo(y) cosy dy = 0.
0 0

Furthermore, let w € X satisfy the following:

ow 0w

E(t,l’)—w(t,l’)ﬁ‘ﬂ)(t,l‘), t>07 O<I‘<7T,
ow ow

e - - - _ >

or (ta O) «, ox (ta 7T> «, t 07

Show that there exist a constant C' € (0,00) and ¢ € Y such that
w(t,z) — ¢(z)| < Ce™

for any (t,z) € [0,00) x [0, 7].

(B)



Let a € R. Consider the following differential equations for real-valued functions
x(t), y(t), z(t) with respect to time ¢t € R,

(dx .
— =azr z
dt y y7
d

(%) d—gt/:xjhay—l—zx,
d
\d—j:az—Qa:y.

Answer the following questions.

(1) Let V : R* — R be a function, given by
Lio o o

Show that there exists a constant C' such that for any ¢t € R, the inequality

Dy w(t). (0. 20)) < OV (2(0).w(2) 2(0)

holds.

(2) Show that for any initial values and any a € R, the solutions of the differential

equations (x) do not blow up at a finite time.
(3) Find the condition on a such that the origin (z,y, z) = (0,0, 0) is linearly stable.
(4) When the origin (x,y,z) = (0,0,0) is linearly stable, show that all solutions of

the differential equations (*) converge to the origin as t — oo.



Let us consider sedimentation of small particles. These particles are sufficiently
heavier than the surrounding fluid. The forces of gravity and resistance are balanced
for each particle. The interactions between particles are ignored.

(1) Take the x axis to denote the vertical upward direction and assume that gravity
operates in the negative x direction. Let us denote the particle mass by m, the
upward velocity by u, the resistance by —yu and the gravity by —mg(x), where
m and ~ are positive constants. Write an equation determining the motion of
each particle.

Suppose that g(z) = gox, where gy is a positive constant.

(2) Find the position of the particle x(t), and its velocity u(t), using the constant,
a = mgo/vy. Here, t is time, and the position at ¢ = 0 is defined as z(0) = £ > 0.

(3) Suppose that the particle’s number density, p(x,t), obeys the following equation:

dp 0 B
a + a_l‘(pu) = 0.

Here, u denotes the velocity obtained in (2). Furthermore, we assume p(0,t) =
p(00,t) = 0 by supposing that the particles concentrate around a certain height.
Then, show the relation

o0

— t)dz = 0.

(4) When the initial distribution is given as p(z,0) = f(x), obtain the distribution
at time ¢, p(x,t), by performing the coordinate transformation from (x,t) to
(&,7), where z = e and t = 7.

(5) Assuming that the initial distribution f(x) is shown as in the figure below,
explain how the z-profile of the number density p evolves over time by drawing
a graph.

€T
A




(1) We write N for the set of nonnegative integers. Let (A, <4) be a well-ordered
set. Define M(A) to be the set of functions ¢t: A — N such that t(a) = 0 for all
but finitely many a € A. Define a binary relation <jsc4) on M(A) by

t <m(a) u <= there exists some a € A such that t(a) < u(a)
and t(a') = u(a’) for every a’ >4 a.
Prove that (M(A), <a(a)) is a well-ordered set.

(2) Consider the following operations on a list £ = [mq, ma, ..., my| of nonnegative
integers and a nonnegative integer n:

len(?) = k,

cons(n,l) = [n,mq,ma,...,myl,
hd(¢) = my,

t1(¢) = [ma,...,myl,

where hd(¢) and t1(¢) are undefined when ¢ is the empty list. Prove that the
following program halts for any list ¢ of nonnegative integers.

L+ 0; X+ 0;Y«0;,7Z<+0;
while len(L) > 1 do
X < hd(L); L+ tl(L); Y < hd(L); L < tl(L);
while X > 0 do
while Y > 0 do
Y«Y—-1,Z«+ Z+1; L+ cons(X,cons(Y, L))
done;
X+ X-1Y+7
done
done

Here, V < e stands for an operation that assigns the value of expression e to
program variable V.



Let G = (V, E) be a simple finite undirected graph with the vertex set V' and the
edge set E. For a vertex set X C V', we write f(X) for the number of edges of G
between X and V'\ X. Let F denote the set of all X C V with X # () that minimize
f(X). Answer the following questions.

(1) Show that for every X, Y C V| we have

FX)+ (V)= f(XNY)+ f(XUY),
FX)+ ) 2 f(X\Y) + f(Y\ X).
(2) Show that for every X, Y € F with X NY # () and X UY # V, we have X NY,
X UY € F, and there is no edge of G between X \ Y and Y \ X.

(3) Suppose that there are X, Y € F satisfying X NY £ 0, XUY AV, X\Y #0
and Y\ X # (. Show that min{ f(X) | X CV, X # 0} is an even number.

Let ‘H be a finite-dimensional complex Hilbert space, and p be a density matrix on

‘H. For each linear operator X on H, set
(X)=Tr(pX), AX =X -—(X)idy.

Here, idy denotes the identity operator on H. For each linear operator X on H,
X* denotes its adjoint operator. For each complex number ¢, let ¢ be its complex

conjugate and |c| its absolute value.

(1) Prove that any linear operator X on H satisfies

(X7) = (X).
(2) Prove that any self-adjoint operators A and B on H satisfy

((AA*Y ((AB)*) = — [{[A, B])|*.

AN

Here, [A, B] = AB — BA.



