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2026 Entrance Examination (Mathematics Course/Mathematical Sciences Course)
Master’s Program, Division of Mathematics and Mathematical Sciences, Kyoto University

@ F"ﬂ%ﬂ‘ E Advanced Mathematics

O M 13855, BrREDEE [111] 0550 2 Ee R LTRSS L. 5
RN RELE L, (113|055 0 2 BEEIR LU CRER XK. ¥R & BORRHTRO— /7
DAHEEEEL TV HEDHREMERII2ETHD, iRz & HITEEL TV EEDBERM
B, BRI K > T2~48 e 2 5.) BHRLMERESZHERBICRHATS 2 L.

There are 13 problems. Applicants to the Mathematics Course (¥(%3%&) should select and
answer 2 problems out of the 11 problems . Applicants to the Mathematical Sciences
Course (BFEMHTR) should select and answer 2 problems out of the 13 problems .
(Applicants to either the Mathematics Course or the Mathematical Sciences Course should
only answer 2 problems, and applicants to both courses should answer 2-4 problems in total,
depending on their choices.) Write the problem numbers you choose on the selection sheet.

O MAERIZ 2K 3097 TH 5.
The duration of the examination is 2 hours and 30 minutes.

O MEIIHAEBIURETEIATVS. BERZHAREFRIIEEE LN TEHLZ
L.

The problems are given both in Japanese and in English. The answers should be written

either in Japanese or in English.

O ZEE -/ — M- B - P EE - WS - KETFEORBIAARR ik 52, 15
E SN ESHICELS Z 2.
It is not allowed to refer to any textbooks, notebooks, calculators, cell phones, information

devices or personal watches/clocks during the examination. Such materials and devices

must be kept in the designated area.



D=
[EE&] Instructions

1. FER0d 3 FTHEXE Rxnwz k.
Do not look at the problems until it is permitted by the proctor.

2. BLEAM - FEAROITRTIZ, ZFES - RKAZEHALE L.

Write your name and applicant number on each answer sheet and each draft /calculation
sheet.

3. B IMEZ L ICHIOBERHRE HV, MEES 2 SEEZAROBMICEEAY K.
Use a separate answer sheet for each problem and, on each sheet, write the number
of the problem being attempted within the box.

4. 1z 2B RIChbo TIREST 2L B, DO0Z2DH 2 Z e ZHMFMICIHRLT
ROFHMIHES Z L.
If you need more than one answer sheet for a problem, you may continue to an
additional answer sheet (or more). If you do so, indicate clearly at the bottom of the
page that there is a continuation.

5. RHODOBNZ, b2 o38HRE, BXRMAMK (FEERSIH), MEHROIACER, ALK
HEAMILTHL T hICL TR T2 2 L.
When handing in your exam to the proctor, stack your selection sheet and answer
sheets (ordered by problem number), followed by the draft/calculation sheets. Fold
the stack in half, with the filled-in side facing outward.

6. ZDOMEMFIEFRBIR > T X,
You may keep this problem sheet.

[%E%:I Notation

FOMET 7, Q, R, Cldzheh, Bloek, FHEORK, ERoRK, HHEKD
2{K%FF. In the problems, we denote the set of all integers by Z, the set of all rational
numbers by @, the set of all real numbers by R and the set of all complex numbers by C.

ii



The English translation follows.

B R — RIX,Y]/(X2+Y?— ) 1S LTROBICE 2 .

(1) RIIEBHTH % Z & 2Rt
(2) RDHIEA 77 VB (PID) h & 5 2 RER K.

o]

K=QW1+v=3) L, K& QLoghoruriikikz Fr¥3%. Zot
% FurBG=Gal(F/Q &k k.

HEM P IHLT, G = GLo(F,) ZHRIKF, = Z/pZ L0 2 KGR T 3.
DX E, GOMWHEEH T (2/27)? A O OEEERD XK.
R2 L0 O™ BMATER ¢ ZRD & 5 128D 3.

B dz N\ dy
7T (1422 +y?)*

F72, RO O RERDTZREAR S? ZRD K 512

S% = {(s,t,u) € R®* | & + 2 +u® =1}
BKL.
(1) B f: R = S2ERDEIIZ

flz,y) = (

2 2y —1+ 2%+
T+22+y2 14+ 22 +y? 1+ 22+ 92

EDB. S? LD C®HWAEHK Y T f* = p 2ALTHOR—ENFET S
ZEZRE.

(2) 12 S? = R R AEERL T3, B L0 0= WEAMSIER 3T (1o f)'6 = ¢ &
AT HDIIFEL R W & ZIEHE K.

RS x R x RS DEHEE U, V, W ERD &5 IED 5.

U={(p,q.r) e R* xR xR*|p+#q},
V={paqr) e xR xR|q#r},
W ={(p.q,r) € R’*x R* x R*|r # p}.

(1) X =UUVUW OBEFREARER Y —RF2 KD K.
(2) Y =UnVNW OBERBAED Y —RfZ2 KD K.



6] (X, M, ) u(X) < o BBETHEZME L, LREORKET 2. X FoFEKE
F 7 AU (TS B £ 1OV, ROBMEP 2EZ .

ol P ‘gmmMﬁE%®AeA4momfﬁbﬁO&6@,

|f(x)| <L, p-aex
N AIRVASR

(1) fOERETH S L =, MEP ZIHE X
2) fPEERIETH B =, MEP R k.

D={zeC:l|z| <1} 2T 3. H®D) % D LOFFRFHIFBKEAKRD L TEENF v
NZEfE L, fe H(D) D/ VL%

[f1lee = sup [f(2)]
zeD

£95. 0<r<1XLT, fEHZET,.: H*(D) - H*(D) &

= /Tf(tz)dt
0
EEDD.

(1) 0<r<s<l1ZRBEETZ. ROFEMH () 27z 3 @i PR
k:[0,7] x[0,27] x D — C

DT 5 Z L Rt
(x) FED f € H®(D) & 2 € DITH LT

:/W/%k@&zﬁwé%Wﬁ.
0 0

72U i BRBUANLE § 5.
(2) i iZa 7 MEHRTH 5 2 L 2nE.

QO C RIFCHMDER QN 2 OFREHLEL, Q% QOMTELT5. v(z) =
(i (), va(2), v3(2)) & 2 € OB % 00 DI E BRI Z b e 5. B
u: Q x [0,00) = RIZEHT Q x (0,00) EO®HLTH D, 5D uDEREOREREENE
Q% [0,00) FOBFRLERREKE LTHIIRTE, I5ICuld3ReHALTLT5:

(
%—Au—o (x,t) € Q x (0, 00)
%:O, (x,t) € 9Q x (0,00)

\/Qu(x,())dx;éo.



ou ou
FEL, Au—zaxi, o =2 a—uk“Cééé BB M (), E(t) %

M(t):/Qu(a:,t)dx, E(t):/Q]u(:z:,t)\zda:
WEDEDZEE, LTD (1), (2), (3), (4) ZmrE.

1) M) IZtITEK SR WERBEKTDH 5.
2) EEDt > 01X LT, E(t) < E0) DD ILD.

dt?

(
(
(3) H(t) = log E(t) b5 v %, HHD 1> 01w LT, T4y > 090 1o,
(4) FEOT >0 te (0,T)ICHLT, E(t) < E0)"TE(T)T 255 Do,

C*HBEE p: R = RiZp(z+1) =plz) 22 |p(x)] < 1 /=T, ZOLE teRD
BEEL (x(t),y(t)) € R2ITT 2L F oM 12X

dx dy
kel —9_
T =Y y —p' ().

EEZD. LFOMWIZEZ K.

(1) yo € [1,3] 3 5. WHEE 2(0) = 0, y(0) = yo & T ZUHMEMEEE X 3.
v E, PIHHERTEOMZER (z,y) 1B B RHEIR, H2HERORR T T,
=1 7E—RmTRbE I ERE.

(2) p(z) DREEAEEL D, ZOWMHHERNIHEEER/Z x R LOfFEEDTVWS. T

DrE, (1) TELNYHMEREDMOHI, Z OMZER_ Lo B T o &
EORFET 5 Z 8 Eme.

(3) A(t) %
2(t
A = L8 4 pa)
TEDS. ZOrE, (2) THLNLEEDRBHGEIIHN LT A0) = A(T) &
7B ZexMioT, (2) DEMLEDIE—DOTHEZ 2Rt

3 XRICZEMF DIFEREERSRTRIA 2 E 2 5. EXREERE (2,y,2) £ LT, TAD&E
Y w L1835 B, 726 IS p BROAUTHES .

V-u=0, V- -B=0,

ou |
E—l—u V’LL——V(

| 2

B2>+B~VB,

B
%;+u VB - B-Vu=V’B

ZZT B> 0 dMSKILHRTH D EHTH 5.



(1) u = (0,v(x,1),0), B = (1,b(x,1),0), p = p(x,t) €T 2L ED bz, t) DHES R
W AR LT
(2) 2 =0T b0,t) = e BEZLNLEEZD L > 0 TD bz, t) ©BEZD.
b=b(z)e " DFEREL,  — 00 T |b| WERTHZ LT 5.
1
2 _
R R
DESITERINBEER o ZHVT b(x) MK bz, t) ZRDE. 22T il
RN T 5.
e L b
(3) (2) D LITDWVWT f = 0F d
(4) (3) TRz f % B DEAEE AT, 0 < B < oo OHIPFAT f(B) DRAMEERD
T f(B) DR 2V Z Rk k.

Ima>0

ZRIEE &

IVENORRES
Term s M == K | W | (M M)
TEF2HDOEA Term &2 5. 37205, Term i,

(i) K& W Z2ZRIIEL, »D,

(i) My & My BBEHRTHZ L & (M, M) bEHRTH 3
EOBREBORIPTRNDDDTHS. FHMBEFR (1) | () C Term x Term %, MU
D 6 fE DA

MK MW
KK W I W (MN) |l (KN) (M N) |} (W N)

MUy (KL) LV MYy (WL) (LN)N)|JV
(MN) |V (MN){JV

%A1 Term LO ZHHBERO RO TR/INDD DT 5. 772U, HAHI

A ... A,
B

(n>0)1&, TAy, ..., A, DD IDRBIEBAEDILD) WS Ze%2RT. UTFOD
IV Z K.

(1) EEDE M,V € TermiZOWT, M |V ThHdIZe (IM)|VThHiIL
MEMEE 722 X5 2IE T € Term D %E O & DZT XK.
(2) MUV ZH=FV e Term BIFELIRWIE M € Term OfllE U & DZEITF XK.

(3) MM, Vi, Vo € TermiZOWT, M Vi & M Vo232 I DD X, Vi &
Vo lZ—E3 5% Z 2t



G=(V,E) zAROERES V CUER F 2FOER 7778 L, w: E— Ry
RUEAL TS, 72770, Ro WEOERBALF2. UTOLME () & (1) 2
HTHsr iy,

() G OIERDOHMAFPRR C LT, [Lege wle) <1PBLT 2. 7272L,
E(C) 1 C olEAL T 5.

(I) H2BE p: V = Roog DFAEL T, HEED e = (u,v) € EWIM LT, plu)w(e) <
p(v) BILT 5.

ERBEAINN=T Y HEFROBRTNIYREEZS. TOIA~L MEEH DL
EHERZR L LTI —EERE {n) )20, 2B 5 b DL RET 2. 7271, |n)
T 2TV —[EEEE E, bidT. H EOBERRACHEHEET ANEZ 60
72 &= AERDOIFEERE L 1OV T

o0

Y (Bu— B[k [Aln)* = (k|B| k)

n=0

YAk H FOBCHBKREREFBTALY HEPHWTRINEZHDZ VDK
» XK.



The English translation starts here.

Answer the following questions concerning the ring R = R[X,Y]/(X? + Y2 —1).

(1) Show that R is an integral domain.
(2) Determine whether or not R is a principal ideal domain (PID).

Let K = Q(v/1+ v/—3). Denote by F the minimal Galois extension over Q contain-
ing K. Determine the Galois group G = Gal(F'/Q).

Let G = GLo(F,) be the general linear group of degree 2 over the finite field F, =
Z/pZ, for p an odd prime number. Find the number of subgroups H of G isomorphic
to (Z/27).

We define a C* differential form ¢ on R? by

B dz N\ dy
T Ut 22t

We define a C*° submanifold of R? by
S? ={(s,t,u) € R* | s* + > +u* = 1}.

(1) We define a map f: R* — S? by

fla,y) = (

2z 2y 1+ 2%+
L+a?+y?" T+a?+y? 1+a2+y? )
Prove that there exists a unique C*° differential form ¢ on S? such that f*y = o.

(2) Let ¢: S? — R3 denote the inclusion map. Prove that there does not exist a C™
closed differential form ¢ on R* such that (1o f)*@ = .

We define subsets U, V, W of R? x R? x R3 by

U={(p,q.r) e R* xR xR*|p#q},
V={pq¢r) e xR xR|q#r},
W ={(p,q,r) e > xR’ x R*|r # p}.

(1) Compute the homology groups with integer coefficients of X = U UV U W.
(2) Compute the homology groups with integer coefficients of Y =U NV NW.



Let (X, M, 1) be a measure space with p(X) < co. Let L be a positive real number.
Consider the following Proposition P for p-integrable, real-valued or complex-valued

functions f on X.

Proposition P. If

/ fdu’ < Lu(A) for every A € M, then it holds that
A

[f(x)] < L, pae..

(1) Prove Proposition P when f is real-valued.

(2) Prove Proposition P when f is complex-valued.

Let D={z € C: |z| < 1}. Let H*(D) be the complex Banach space of all bounded
holomorphic functions over D, and we define the norm of f € H>(D) by

[flloe = sup [£(2)].
zeD

For each 0 < r < 1, we define an operator T,: H*(D) — H>*(D) by

TE = [ e
0
(1) Fix 0 <r < s < 1. Show that there exists a continuous function
k:[0,7] x[0,2n] x D — C

satisfying the following condition (x).
(x) For every f € H*(D) and z € D, we have

(Tof)(2) = /O ' /O " R(8,0, 2) f(s¢) dodt.

Here 7 denotes the imaginary unit.

(2) Show that 77 is a compact operator.

Let © C R? be a bounded domain with C* boundary 9 and let © be the closure
of Q. Let v(z) = (v1(z),v2(x), v3(x)) be the outward unit normal vector of 99 at
xr € 0Q. Assume that u: Q x [0,00) — R is continuous and infinitely many times
differentiable in ©Q x (0,00), and that each partial derivative of w of any order is
extendable as a bounded continuous function on € x [0, 00). Assume in addition that
u satisfies the following:

(
%—Au:o, (x,t) € Q x (0, 00)
%:O, (x,t) € 9Q x (0,00)

\/Qu(x,())dx;éo.



a 9
Here Au = w g a_;kuk. Let us define M(t), E(t) as follows:

M(t) = /Qu(x,t) dx , E(t) = /Q lu(x,t)*dx .
Show the following (1), (2), (3), and (4).

1) M(t) is a constant function, i.e., M (t) is independent of t.

)
2) For any ¢ > 0, the inequality E(t) < FE(0) holds.
2
)
)

d°H
Set H(t) = log E(t). Then for any ¢ > 0, the inequality W(t) > 0 holds.

(
(
(3
(

4) For any T > 0 and t € (0,7, the inequality E(t) < E(0)'"7E(T)T holds.

Let p: R — R be a C? function that satisfies p(z + 1) = p(x) and |p'(z)| < 1, and
consider the following ordinary differential equations for (z(t),y(t)) € R? with respect
tot e R:

Answer the following questions.

(1) We consider an initial value problem with initial values 2(0) = 0 and y(0) = o
with yo € [1,3]. Prove that the solution orbit in phase space (z,y) intersects
with x = 1 at exactly one point at a finite time 7.

(2) In light of the periodicity of p(x), the above differential equations define a so-
lution on the phase space R/Z x R. Prove that there exists a periodic orbit of
period T in this phase space as a solution to the initial value problem of (1).

(3) Define A(t) as follows:

2
t
A =L 4 patr),
Prove, by using A(0) = A(T') for any periodic orbit obtained in (2), that the

periodic orbit is unique.

Let us consider an incompressible magneto-hydrodynamic fluid in three-dimensional
space. In cartesian coordinates (x,y, z), the velocity, magnetic and pressure fields of
the fluid w,B, and p obey the following equations

V.u=0, V-B=0,

ou |B|?

E‘I—’UJ VU——V<p+T>+B-VB,
B

aa_t+“ VB - B-Vu = 3V?B,

where [ > 0 is the constant magnetic diffusivity.



(1) Derive the partial differential equation for b(z,t) by assuming v = (0, v(z, t),0),
B = (1,b(z,1),0) and p = p(z, 1)

(2) Let us consider b(z,t) for x > 0 when b(0,¢) = e~ is given at x = 0. Assuming
that b = b(z)e™*, and |b| is bounded as © — oo, describe b(x) and b(x,t) by
using the complex number « defined as follows:

9 1

(0] :m, IHIO(>O,

where ¢ denotes the imaginary unit.
1 d[b]?

T

(4) Let us consider the function f obtained in (3) as a function of g. Find the
maximum of f(f) for 0 < 8 < oo, and describe the behavior of f(f).

(3) Calculate f = , where b is as in (2).

Consider the set Term of terms generated by the following grammar:
Term> M == K| W | (M M).
That is, Term is the smallest set such that

(i) K and W are elements of the set, and

(ii) whenever M; and M, are elements of the set, so is (M; M,).

Let the evaluation relation (_) § (L) € Term x Term be the smallest binary relation
on Term satisfying the following six rules:

M| K M| W
K| K W (| W (MN)| (KN) (MN)| (WN)
MJ(KL) LIV MJWL) (LN)N)JV
(MN)JV (MN)yV :
where the rule
A ... A,
B

(n > 0) means that B holds whenever Ay, ..., A, hold. Answer the following ques-

tions.

(1) Give a term I € Term such that, for any terms M,V € Term, M |} V holds if
and only if (I M) | V holds.

(2) Give a term M € Term such that there is no V' € Term satisfying M | V.

(3) Let M, Vi, V4 € Term. Show that, if both M |} V; and M |} V5 hold, then V;
and V5 are the same term.



Let G = (V, E) be a directed graph with finite vertex set V' and edge set E, and let
w: E — Ry be an edge weight, where R is the set of all positive real numbers.
Show that the following conditions (I) and (II) are equivalent.

(I) For any simple directed cycle C'in G, [[.cpyw(e) < 1 holds, where E(C) is
the set of edges in C.

(IT) There exists a function p: V' — Rs( such that p(u)w(e) < p(v) holds for any
edge e = (u,v) € E.

Consider a quantum mechanical system whose Hamiltonian H is bounded. Sup-
pose that its Hilbert space ‘H has a complete orthonormal system given by energy
eigenstates {|n)}>>,. We denote by E, the energy eigenvalue corresponding to the
eigenstate |n). Let A be a bounded self-adjoint operator on H. Find a self-adjoint
operator B on H given in terms of A and H satisfying

o

> (Bu— B[k [Aln)* = (k|B| k)

n=0

for all non-negative integers k.



