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2024 Entrance Examination (Mathematics Course/Mathematical Sciences
Course)
Master’s Program, Division of Mathematics and Mathematical Sciences, Kyoto

University
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There are 13 problems. Applicants to the Mathematics Course (¥%#3&) should
select and answer 2 problems out of the 11 problems 11}, but are not al-
lowed to select [9] and at the same time. Applicants to the Mathematical
Sciences Course (FFf#HTR) should select and answer 2 problems out of the 13
problems 13|, (Applicants to either the Mathematics Course or the Mathe-
matical Sciences Course should only answer 2 problems, and applicants to both
courses should answer 2-4 problems in total, depending on their choices.) Write
the problem numbers you choose on the selection sheet.

O BN 2300 TH 5.

The duration of the examination is 2 hours and 30 minutes.

O [H#E 0iE|21§ EBLQEBTEIPNTVS. BEIIHAB L ZIZHFEE S 50
THLZ
The problems are given both in Japanese and in English. The answers should be

written either in Japanese or in English.
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5. FRESNMESICEL

It is not allowed to refer to any textbooks, notebooks, calculators, cell phones,
information devices or personal clocks and watches during the examination. Such

materials and devices must be kept in the designated area.



RETET
[&E,'\ Instructions

1.

FERDDH 5 FCTRIEL Rz nwZ k.
Do not look at the problems until it is permitted by the proctor.

L BRAAL - TEHAMOTRTIE, ZBRES - Rz A L.

Write your name and applicant number on each answer sheet and each
draft/calculation sheet.

B 2 0B R E YV, BEES 2 SERAROBMICEEA
XK.

Use a separate answer sheet for each problem and, on each sheet, write the
number of the problem being attempted within the box.

L% 2B B TRET 2 L Eid, 2020 H 5 Z & 2K MmZ
IR L T ROHMICE S Z L.

If you need more than one answer sheet for a problem, you may continue to
an additional answer sheet (or more). If you do so, indicate clearly at the
bottom of the page that there is a continuation.

RO, kAo RE, BERMAM (FERSIE), NEHRROIHICER,

FMALZHZIMCL T L T2 hiIcLTiRET 2 2 k.

When handing in your exam to the proctor, stack your selection sheet and an-
swer sheets (ordered by problem number), followed by the draft/calculation
sheets. Fold the stack in half, with the filled-in side facing outward.

Z OREMFIEFFB o T X,
You may keep this problem sheet.

[%E 7:5"] Notation

DFOMET Z, Q, R, ClidEhzh, BHoeK, FHEORKR, EHo2K,
HEHD LR %R T . In the problems, we denote the set of all integers by Z, the
set of all rational numbers by Q, the set of all real numbers by R and the set of all

complex numbers by C.
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The English translation follows.

HIRBET I LT, [TIET A, Aut(D)IET OHCRARAET L 55,

KLARBEC ISR LT, RDOSEMF

(xr) |Hi| = |Hy| 2 AT TEEDOZODOEGREHy, Hy C TN LT, a(H,)) =
Hy % %725 a € Aut (1) DFET 5.

ZEZL. p3FRBEL, ARG (x¢) ZATphtLT5. ZOLE,
DU oicE z K.

(1) GIEFEEFHTRNW T —NAHTHZ ERET . ZOLE, GOHENIT
TRWILONEIZ p TH % Z & BRE.
(i) G OHD Z(G) BEME (+2(0)) BHTF 2 L EBTE.

(iil) GIE7 =NV TRVERET S. 2O =, GOME p DI EEDME
—DfET 5 2 L 2t

n X IEDER L 3 5. BHREEE LD 1 ZEIEAIR X HRBOR Ct] oF7ER A
EADMARA T 7 mODMH (A,m) THoT, UFDITXRTOKRSEEAKT
H D% —DOREE X.

(a) AlZC%EEA, dime(C[t]/A) < .
(b) A DREIKICBT 2 A BB C[t] 12 —3F 3.

(c) dimg(m/m?) = n.

KIZIEOER Y U, f(X)= X0+ kX3 + 27 1328 X 123 2 AHERE O
1 EBZERN T3, 20 E, RO&HE

(*) fla) = 0% ALTEEOEREM I LT, Q(a)/Q X6 RT v 7HLK
Th5.

BT IEOBE k2T XNTRD XK.



X %&Eay Ry b TElER CC M3 RITEHIEAL T2, X LD CCHRT b
Vi, Vo, V3 THHT, XD_DD5M (A) & (B) Zili/zTbDHIET D &
RET 3.

(A) X ODFEpIZBWT, BRT MLV, Vay, Ve, E—XKMTH 3.
(B) X £ C=#KBIEL f, g, h DIFAEL T

Vi, Vo] = V3, [Vi, V3] = gV5, [Vo, V5] =hVj;
Ty
IR ORICE 2
(1) X LD C=#% 1 X5 TEK 0 5
(Vi) =1, 6(V2) =0(V3) =0

i3 01F, 03PN TH 2 2 2mnE.

(2) X ® 1 X de Rham aRERY—H% H(X) 35, dim H(X) > 2
.

(3) h(p) =0 7B p € X BFET 5 2 L Bt

S?={(21,29,23) ER? |23+ 25+ 22 =1} &F5. BfEf xS >R%
[ (w1, 22, 23), (Y1, 42, 93)) = T3 + 3
CEDD. LIFTORIZEZ

(1) f750) DR AT Y -2 RD L.
(2) f7H1) ORI RER Y —#EE KD XK.



6] @ X [0,00) EO BT FIc A EERTH D, X512 0(0) = 0
BERUO@E) >t (t€]0,00)) Ziii/lzT LT 5.

[ER EOFEEEAR—ZAIHIBIET, 2 X > 010 LT

= [o() iy <

LEDD. £z, fELITMLT,
|f(@)]

(Dfeng%,/u@mmgmmfﬁéza%ﬁﬁ.
R

(2) fgeLLF o, f-gelLTHHILY, |f—gl <If]+]lgl AHD
D ZEERE.

(3) LOTTH SR BN fupry PROMHEERO LT 5.

FED:e> 01X LT, HIEDERNBEFHELT, m> N,
n>NDEE|fn— full <eZWiizd.

:@Z%,ﬁ?Hﬁrjﬂ:O%ﬁtT£®ﬁfﬁﬁET5:K%%ﬁ.

HfH:nﬁ{A>0

55, LLNOBICER K.



HZEANLNERE L, H, H,.. 2 EVCERT % H OBEXTTHS

ZEfE T,
o 1
(U Hn> = {0}
n=1

i3 dbDr 35, FEOEBnISHLTPR, % HH»5 H, N\OERFHL
L, Bln<0lHLTIER=0F5%.

BFRAWERZET: H > HDRD 25472 0il-32 5.
(i) @MW&MZU

(i) a, =sup [|PoxTh| &5 5L %,
k>1

Z}M<m.

nez

CZCERHZACHLT A FADIERHZE / Va2 T 5.
neZWZXNLUTEHES,: H—> HZ%

SnT = Z P, TPx, xe€H
k=1

EEDD.

(1) [ISull < an Z7RE.
(2) Splday 7 MEHRTH 2 2t 2RE.
(3) TWEay 7 MEHRTH S Z L ZRE.



CH#RBIE u: [0,00) x R — R1% (0,00) x R _ETHER

ou *u

E(t,l’) + Fy

BT L, 5RO (1), (i) 2RET 3.

(t,z) =0

(i) t>012BNT
du

sup (1+x2)]u(z€,x)\, sup (1—|—ZE2) _(t,.T) (.] = 172a374)7
zeR zeR ox7

sup (1 + 2?) @(t x)

zER at ’

WEIRTHRETHD, 2OV THEfE.
(ii) /u(O,x)dm;«éO.
R
ZOrE, FEOEKC,ConHo>T, IRXTDt>1T

Cit= V4 < sup |u(t, z)| < Cot /4
z€R

DDA DI L HRE.

e>202l, BMHH - RP > RERXRTEERT 5.
H(z,y)=(z+y+@+y—D—-y+1)(z—-y—1).
FEE D C R % 455(1,0),(0,1),(-1,0),(0,-1) 2TEHM 2 T2 IEHED
NEREIR Y 3%, o, ROR? FOEMDHEREZEZ 3.

dr OH OH
E = a_y(xay) - E%(Iay)H(mﬁy)v

dy  OH OH
a _a_x(xay) - €a—y(x,y)H(JC,y).

ZorE, LNoOMICEZ K.
() e=0&F5. (x2(t),yt) D (x) DR SR, (—x(-t),y(-t)) BXK
(x(=t), —y(—=1)) d () DR L7225 Z & e,

2)e=0kL, FEICO<zi< 1%t 3. ZOL X, WIHHHE (z0,0) 125
T3 (x) DIFIFENHEIC R 5 2 L 2Rt

(3)e>0&Ll, R (vo,p0) EDZED. ZDEE, HIHAHE (20, yo) 10
T3 (x) DFED t — oo TOMHIEENZFLRE XK.
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FEFEHH = {(v,y)|ly > 0} 2N 2 IEEMMETRAD, BRE y =0 D
z STTAOIRINC K DEREI SN RN ZEZ 5. FIHIRZ ¢ = 0 IZBWT
(z,y) = (a,0) 2D ZEEFRE EORDEZL ¢ > 0T (X(a,t),0) IKHZET 5.
R t 1I2 BT 2TRDHEES % u = (u(z,y,t),v(z,y, 1)), EN%% p(x,y,t),
KRB p Z EDOEB T2, TABIEA =27 2AT7ER

Pu oy _
H\ a2 oy2)  ox’

o0 #\ _ o
H\ 022 o) Oy’

%4_@ = 0
or oy
WZHEW, y = 0 TOBERREM:
X(a,t
u(z,0,t) = 0X(a,1) , v(x,0,t) =0,
ot a=a(x,t)

g, 72720 a(z,t) & v = X(a,t) DK LTEZoN5.
LUR oM (1)~(4) ITE X X.

(1) RNBEE (2, y,t) &

W

ay U o

LI ZHEEMEREE L TEAT 5. AR R

2 97\’
(3 3) ¥ =0

u =

R Y IR i A
(2) L5t y = 0 LR o#EE) D
X(a,t) = a+ esin(ka — wt)
THEZLBNZET 5. TIT e R, kEBE, o 3 REBTHD,
mfn%iﬁf@a|qﬁ+ﬁ¢émzuf@%%ﬁ %o
t THRL O(2) TTRD X.
(3) TRNBEE ¢ & e DRNZEAE E LTRML,
= €ehy + Py + - -

a=a(x,t)

rELL D E
U = Y(y) cos(kx — wt)

DIEDIEZIEL T oy KD X.
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(4) o KD, FLRDKEFE &
A
(u) = ?/o udt

%O&%ifﬁ@;.kﬁbT=%§Mﬁﬁ@l%%%%T

ap & a1 ZEEL, c1,0o,. . ZEBOVEERYE T 5. £ EEOBK &
, 1 (i=j)
j@:iﬂ‘bf, 51": . . Ziﬁ@é
! 0 (i#7)
TorE MRORT Y565 ERS. 1ELFOYS 4H, X « ()
X, Tl 0 EZHX~D (X)) DEORAERT.
Z <+ 1; M+ 0;
while M < 2 do
if M =0 then
if czin = ap then M < M + 1 else Z < Z 4 1 endif
else if ¢z = a; then
M+ M+1
else
Z—Z+ 1404505 M0
endif
done
D5 HZOWT, UNOMWHE (A) & (B) &2 & b/ B [ Z
5z XK.
(A) 1E78 27 Z LD while V— 7T DARELNETH 5.
(B) I A-(M <2)7%B51Z,
(CZ = CL()) VAN (CZ+1 = al) /\\V/Z(l <i< Z= (Ci 7é ag V Cit1 7é al)).

G=(V,BE)=ERER 7772, r2V ORR, kB T5. £/,
EDKEDHES By, ..., B X738 TE, EEIEGCHOEEAKRTHEL T
5. D=(V,A) %, GIZBITF 28I {u,v} € EZAMA (u,v) LI
(v,u) TEZMZ B THELNLHRAIZ 7T 5. UTFEVBREAMETHS Z
L Ent.

(1) FEDZETHEWX CV\{r} WL T, DIZV\X 556 X NOHMAA%E
kAR EE T

(2) DIZBWVWT, rOAZXEIIOTHD, EEDv e V\{r} DAXEIZ kT
»5.
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FoMIicEZ &

(1) Wt € RICHAFS 2 AIREIE w(t) > 0 2RO BENE & O — ot fliR
TEERS. FHRICBT NI =7 VEH) = L (0 + w()’e),
(p,q) e RZTHB. 72721, plXEEE, ¢ 6i1ﬁ%"5ﬁi§‘3‘ NIV
IEE R O H AR (p(t), ¢(t)) B X OHlBIM D 72X

E(t) +w(t)e(t) =

DEMRE(H) BER BN L &,

BREE, b Z(H) =0TH 5 L &2RE.

(i) ZNXDHIHOETFNIFREEZSZICTS. h=1,i=+/-127F
X, EEFEEET P B XOMEEE T Q FEERHEER (Q, P =1
7. NINPZT VIR H®E) =5 (P24 w(t)?Q?) L RE D, N
HEEZGEARAT S22 —HET U)X

U(t) = —iHOU(t), U©0) =1

Zifii=3. ZZTPEt)=U®)TPO)U®t), Qt) =U)TQ)U(t), P(0) =
P,QO)=QtL, RO Z)IZBVTpt) BLLq(t) 2FA4P(t) B
FUQU) TEEXHMZATHRONZEETEZIH) T 5. 5

120 = = {9 5 (swp - Q) |

LI, SR [A_(1), AL(t)] = LD D YLD, I(t) = A ()A_(t)+
Ly £E5 L ETE.
(i) A(t) D3

+i

As(t) = @Aj:(t)

BT I ERTILICED, I(t) =0 ZHErD k.



The English translation starts here.

If I is a finite group, then we denote the order of I' by |I'| and the auto-
morphism group of I' by Aut (I'). Given a finite group I', we consider the
following condition:

(#r) For any two subgroups Hy, Hy C I' such that |H,| = |H2|, there exists
a € Aut (I') such that a(H,) = Ho.

Let p be a prime number, G a finite p-group that satisfies the condition (k).
Answer the following questions.

(i) Suppose that G is an abelian group which is not a cyclic group. Then
show that the order of every non-identity element of G is p.
(ii) Show that the center Z(G) of G satisfies the condition (xz(q)).

(iii) Suppose that G is not an abelian group. Then show that there exists a
unique subgroup of G of order p.

Let n be a positive integer. Find a pair (A, m) of a subring A of the ring C[t]
of formal power series in ¢ over the field of complex numbers and a maximal
ideal m of A such that the following conditions hold.

(a) A contains C and dime(C[t]/A) < oo.
(b) The integral closure of A in its quotient field is equal to C[t].

(c) dimg(m/m?) = n.

Let k be a positive integer, f(X) = X%+kX?3+427 a polynomial with rational
coefficients in a single variable X. Find all positive integers k£ that satisfy
the following condition:

() For every complex number « that satisfies f(a) = 0, Q(a)/Q is a Galois
extension of degree 6.



Let X be a 3-dimensional, compact and connected C'°° manifold. Suppose
that there exist C'*™° vector fields Vi, V5, V3 on X satisfying the following two
conditions (A) and (B).

(A) The tangent vectors Vj,,Va,, Vs, are linearly independent at every
point p € X.

(B) There exist C* functions f, g, h on X satisfying
Vi, Vo] = fV3, Vi, V3] = gV5,  [V2, V3] = AVs.
Answer the following questions.
(1) Suppose that a C*° 1-form 6 on X satisfies
0(Vi) =1, 6(V2) =6(V3) =0.

Prove that 0 is a closed form.

(2) Let H'(X) be the first de Rham cohomology group of X. Prove that
dim H'(X) > 2.

(3) Prove that there exists a point p € X satisfying h(p) = 0.

Let S? = {(x1, 72, 23) € R* | 22 + 23+ 2% = 1}. Define amap f: S? x5 - R
by

I (1, w2, 23), (Y1, Y2, y3)) = 3 + Y3.

Answer the following questions.

(1) Compute the homology groups of f~1(0) with integer coefficients.
(2) Compute the homology groups of f~!(1) with integer coefficients.



@ Let ® be a continuous and non-decreasing convex function on the interval
[0, 00). Suppose further that ®(0) = 0 and ®(t) > t for every t € [0,00). Let
L be defined as

f is a real-valued Lebesgue measurable function on R and

f there exists A > 0 such that /CD <@> dr <1
R

L=

For f € L, let || f]| be defined as

||f||:mf{»o‘A@<'fgw>'>dxg1}.

Answer the following questions.

(1) Show that /[R|f(x)]dx < |If|| for any f € L.

(2) Let f,g € L. Show that f —g € £ and |f — gl £l + ]|
(3) Suppose that a sequence {f,,,}>°_; in L satisfies the following property:

For every € > 0, there exists a positive integer N such that, for
any m > N and n > N, || fm — fall < € holds.

Show that there exists an element f of £ such that lim | f,, — f|]| = 0.
m—0o0



Let H be a Hilbert space, and let Hy, Hs, ... be mutually orthogonal finite

dimensional subspaces of H satisfying

(U Hn> = {0}.

For a positive integer n, we denote by P, the orthogonal projection from H
onto H,. For an integer n < 0, we set P, = 0.

Let T: H — H be a bounded linear operator satisfying the following condi-
tions:

(i) lim [[TF,| = 0.

(ii) Letting a, = sup || P,1xT Py||, we have
k>1

Za’” < 00.

nez

Here for an operator A, we denote by ||A|| the operator norm of A.

For n € 7, we define S,,: H — H by

Spt = Z P, ThPx, x¢€H.

k=1

(1) Show that ||.S,|| < a, holds.
(2) Show that S, is a compact operator.
(3) Show that T is a compact operator.



Let u: [0,00) x R — R be a C* function satisfying the equation

ou u
a(tax) + _(tvx) =0

on (0,00) x R. In addition, assume the following (i), (ii).

(i) For ¢t >0,
2 2 [Pu -
sup (1 + z°)|u(t, )|, sup(l+27)|=—=(tz)| (j=1,2,3,4), and
z€R z€R O
ou
1+ a%) |- (t
sup (1 +27) | 5 (%, 7)

are finite and continuous with respect to t.
(ii) /u(O,x) dx # 0.
R

Prove that there exist positive real numbers C;, Cy such that for all t > 1
we have
Cyt™Y* < sup |u(t, z)| < Cyt~Y/4.

z€R
Let € 2 0, and let the function H: R? — R be defined by
Hzy)=@+y+D@+y-DE-y+@-y-1).

Let D C R? denote the domain enclosed by the square with vertices (1,0),
(0,1), (=1,0) and (0,—1). We consider the following differential equations
on R?.

dv O0H oH
@~ oy OV o @wHEY),

(*)
@ OH o0H

Answer the following questions:
(1) Let e = 0. Show that if (z(¢), y(t)) is a solution of (%) then (—x(—t),y(—t))
and (z(—t), —y(—t)) are also solutions of (x).

(2) Let € = 0, and choose 0 < 25 < 1. Show that the solution of (x) is
periodic for (z(0),y(0)) = (z0,0).

(3) Let € > 0, and choose (xg,y9) € D. Describe the asymptotic behavior
of the solution of (%) as t — oo for (z(0),y(0)) = (zo, yo)-



Let us consider an incompressible fluid in the upper plane H = {(z,y)|y > 0}.
Fluid motion is driven by oscillation of the boundary at y = 0 in the z
direction. Let a point on the boundary located at (x,y) = (a,0) at the
initial time ¢ = 0 be located at (X (a,t),0) for ¢ > 0. Velocity and pressure,
u = (u(x,y,t),v(z,y,t)) and p(x,y,t), satisfy the following Stokes equations,

u  O%*u Op
P\ a5 Ta3)] = 70
or?  Oy? ox

v v Op
Pl a5 ta3)] = 50
ox?  0y? dy

ou N ov 0
or Oy ’
and the boundary condition at y = 0,
0X(a,t
u(z,0,t) = M . v(z,0,t) =0,
ot a=a(x,t)

where viscosity p is a positive constant, and a(x,t) is given as the inverse
function of x = X(a,t).

Answer the following questions (1)-(4).

(1) Let us introduce the stream function ¢ (x,y,t) as a real-valued function

defined by
W
oy = Ox’
Show that the stream function satisfies the following equation

92 92\’
(g ap) v =0

(2) Let the motion of the boundary at y = 0 be given by
X(a,t) = a+ esin(ka — wt),

where the constants ¢, k, and w are the amplitude, wavenumber and
0X (a,t) :
o in terms of  and ¢ up

a=a(x,t)

frequency, respectively. Express

to the order of €2.

(3) Let us expand the stream function 1 in a power function of € as,

=€y + Pyt
Then, obtain 1, by assuming the form of

Y = U(y) cos(kx — wt).
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(4) Evaluate the time-averaged velocity

(u) = %/OTudt

2
up to the order of €2 by calculating 1),. Here, T' = ;ﬂ is the period of

the oscillation.

Let ag, a; be integers, and ¢y, ¢, . .. an infinite sequence of integers. For any
. . . L (=)
integers ¢ and 7, define 9;; = T

Tl o (i#£))

Consider the program shown below. In the program, the expression X <+ e
means a substitution that assigns the value of e to X.

Z 1, M <+ 0;
while M < 2 do
if M =0 then
if cz = ap then M < M + 1 else Z <+ Z + 1 endif
else if ¢z, = a; then
M+ M+1
else
Z—Z+ 1404505 M0
endif
done

For this program, give a condition I which satisfies the following properties

(A) and (B).

(A) I is aloop invariant for the while loop in this program.

(B) Whenever I A =(M < 2),
(cz=ap) N(czr1 =) AVi.(1 <i< Z = (¢; £ apV cip1 # a1))

holds.



Let G = (V, E) be a finite undirected graph with » € V and let k be a positive
integer. Suppose that E can be partitioned into k edge sets Ei, ..., Ex such
that each Fj; is the edge set of a spanning tree in G. Let D = (V, A) be a
directed graph that is obtained from G by replacing each undirected edge
{u,v} € E with a directed edge (u,v) or (v,u). Show that the following are

equivalent.

(1) For any nonempty X C V\{r}, D contains at least k directed edges
from V\X to X.

(2) In D, the indegree of r is 0 and, for any v € V\{r}, the indegree of v
is k.

Answer the following questions.

(i) Consider a one-dimensional unit-mass harmonic oscillator with its an-
gular frequency w(t) > 0 depending on time ¢ € R. The Hamiltonian in
classical mechanics of the oscillator is given by H(t) = 3 (p* + w(t)?*¢?),
(p,q) € R%, where p and ¢ represent momentum and position respec-
tively. Suppose that a solution (p(t), ¢(t)) to Hamilton’s canonical equa-

tions and a real solution £(t) to the auxiliary differential equation
- 1
)+ wt)’(t) = —=
(1) + (060 = g

are given. Then, show that

is conserved, namely, Z(t) = 0.

(ii) Now we study the quantum version of the above. The momentum oper-
ator P and the position operator () satisfy the canonical commutation
relation [Q, P] = i where we set h = 1 and i = v/—1. The Hamilto-
nian can be expressed as H(t) = 5 (P? +w(t)’Q?). The unitary time-
evolution operator U (t) satisfies

U(t) = —iH®U(), U®0)=1.

Put P(t) = U()TP0)U(t), Q(t) = U1)'QO0)U(t), P(0) =P, Q(0) =
@ and let I(t) be the operator obtained from Z(t) by replacing p(t) by
P(t) and ¢(t) by Q(t). Furthermore, let

1 fQ®)

At = 2= { 2+ (epo - éwan) |
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Verify the commutation relation [A_(t), A (t)] = 1. Prove that I(¢)

can be expressed as I(t) = A, (t)A_(¢)
(iii) Verify that I(t) = 0 by showing that Ay (t) satisfy

t),
+ 3.

i—;Ai(t).

A =g



