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2024 Entrance Examination (Mathematics Course/Mathematical Sciences
Course)
Master’s Program, Division of Mathematics and Mathematical Sciences, Kyoto

University

%E/‘%ﬁr E Basic Mathematics
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There are 7 problems. Applicants to the Mathematics Course (£(%#%) should
answer the 6 problems f@. Applicants to the Mathematical Sciences Course
(BHfEHTR) should answer the 5 problems [1 5], and also one problem from [6],
. (Applicants to either the Mathematics Course or the Mathematical Sciences
Course should only answer 6 problems in total, and applicants to both courses
should answer 6-7 problems in total, depending on their choices.) Write the prob-
lem numbers you choose on the selection sheet.
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The duration of the examination is 3 hours and 30 minutes.
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The problems are given both in Japanese and in English. The answers should be

written either in Japanese or in English.
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It is not allowed to refer to any textbooks, notebooks, calculator, cell phones, infor-
mation devices or personal watches/clocks during the examination. Such materials

and devices must be kept in the designated area.



RETET
[&E,'\ Instructions

1. #8RDd 2 ETHECE RN L.
Do not look at the problems until it is permitted by the proctor.

2. BLRAM - TEHKDOTRTIZ, ZBHES - KAERTLAE K.
Write your name and the applicant number on each answer sheet and each
draft/calculation sheet.

3. BB Z 2 IR OBERARE IV, BEES 2 S ERHAROBAICEEA
XK.
Use a separate answer sheet for each problem and, on each sheet, write the
number of the problem being attempted within the box.

4. 1% 22U LD o TRE ST 2 L Zld, DDEFDH 5 T & 2 AT
IR L T ROHMICE S Z L.
If you need more than one answer sheet for a problem, you may continue to
an additional answer sheet (or more). If you do so, indicate clearly at the
bottom of the page that there is a continuation.

5. IRHDEIE, br 53FIRE, BRAM (FEESIE), FERMOIEICER, 3
ALZHZAMI LT LT 2 DICLTIRET 5 2 L.

When handing in your exam to the proctor, stack your selection sheet and an-

bl
o

swer sheets (ordered by problem number), followed by the draft/calculation
sheets. Fold the stack in half, with the filled-in side facing outward.

6. ZOMEMFIEFBIR-> TXw.
You may keep this problem sheet.

[%E 7:5"] Notation

ToOMET Z, Q, R, C i3z th, BEO2ROES, AHBO2ERDESR,
FRORKOEE, BREORKOEEERT.
In the problems, we denote the set of all integers by Z, the set of all rational

numbers by Q, the set of all real numbers by R and the set of all complex numbers

by C.
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The English translation follows.

R? ODEWHES D %

D={(z,y) eR*|2>0, y>0, (2> +¢°)?<2>+ 2%}

// Ty elmv—v? dxdy
D

TED . 7y

DEZERKD X.

o BEHERY L, HHE 3 KEHTH A %

a—1 0 0
A= 1 —a 1
2a —2a a+1

LED S, T A OEBEEETRTRD L. £72, A OBEERD &.
nom % n > om R TEORKY T5. V 2 ERITHEY b2
YFB. [ VoV E = R TRVERE TS, COrE,

V = Ker(f™) @ Im(f™)

. 22T, Ker(fMIEfmoxTdh, Im(f") i fmoETH 5.

r R EOFHYE L, R OB p,(x) %

pr(x) = sin (re’ﬂﬁ)
LERT B, R EOHRREREEEIIE f(r) ISH L, KOMCEL X,

(1) FEEDr > 01cH L, KR / F(@)po () do DUTRT B = & BTt

o0

(2) TILIEO f(@)py(z)dx =0 ZRE.

(3) f(z) Dz =0 THWITRIRET f(0) = 0 Ziii/z T & &, li_)m 7’/00 f(x)pr(x)dx =0
BT, -
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aZIEDFEB LT 5. ROIRFEETDEEZRD X.
/°° (cosz —1)(z+1) s

z(x? + a?)

SZE 2 RICERIH { (21, w9, 23) ER? |2l + a3 +a2i =1} 2RI T5. H
Bf=(fi,fo f3): S? xS =R %

(1,02, 23), (Y1, Y2,Y3)) = (71 + Y1, T2 + Y2, T3 + Y3)

WEDEDD. ZOEBOEEFEEZ TRXTRKD L., 72720 ¢ € R3D f DEf
FYETH 21k, D2REpe X SPHHEELT f(p)=q¢TdHH, KpDFE
HHDS?x S? DRFTFERER (ur, u, us, us) 1T 2 f DY a3 175

(52w)
du, 1<i<3,1<5<4
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n ZEQREE 35, BFEn KIEGITH2ROEE M,(C) 2175 0of & R
B 7 — IS X D ERNRT PVER AT MATHA e M,(C) &

0
0
O 0 --- n
YEDDE. DL E, BB Be M,(C)BFELT
{A'B? € M,,(C) |4,j €{0,1,...,n—1}}

23 M,(C) DEEL 2 ZERE. 2720 A = B = B (BAfTH]) &
95.



The English translation starts here.

Define a subset D of R? by
D={(r,y) eR* |2 >0, y >0, (2* +y*)? < 2*+2y°}.

Find the value of the integral

// xy el =%’ dzxdy.
D

Let a be a complex number. Define a complex 3 x 3 matrix A by

a—1 0 0
A= 1 —a 1
2a —2a a+1

Find all the eigenvalues of A and the rank of A.

Let n, m be positive integers satisfying n > 2m. Let V' be a finite dimensional
C-vector space. Let f: V — V be a linear map satistying f* = f™. Prove
that

V = Ker(f™) & Im(f™).

Here Ker(f™) is the kernel of f™ and Im(f™) is the image of f™.

Let 7 be a positive real number and define a function p,(z) on R by

pr(x) = sin (re’r2z2> :

For a bounded continuous real-valued function f(z) on R, answer the follow-
ing questions.

(1) For any r > 0, show that the improper integral / f(x)p,(x)dx con-

verges.
o)

(2) Show that lim f(z)pr(z)dx = 0.

T—00 — 00

(3) Suppose that f(z) is differentiable at = 0 and that f(0) = 0. Show
that lim 7“/ f(z)pr(z)dx = 0.
r—00

—00



Let a be a positive real number. Find the value of the following improper

integral.

/°° (cosz —1)(z+1) i,

o  x(z?4a?)

Let S? be the 2-dimensional sphere {(z1,7q,73) € R® | 23 + 23 + 23 = 1}.
Define a map f = (f1, fo, f3): 5% x S? — R3 by
f((z1, 32, 23), (Y1,92,93)) = (21 + Y1, T2 + Yo, T3 + y3).

Find all critical values of f. Here we say that ¢ € R? is a critical value of f if
there exists p € S? x 52 such that f(p) = ¢ and that, for a local coordinate
system (uy,ug, u3, ug) on S? x S% around p, the Jacobian matrix

(w)
Ouy 1<i<3,1<;5<4

09y L) >

has rank less than or equal to 2.

Let n be a positive integer. Let M, (C) be the set of n X n complex square
matrices, seen as a complex vector space with matrix addition and scalar
multiplication. Define the diagonal matrix A € M, (C) by

10 0
2 0

A= _
0O 0 - n

Prove that there is B € M,,(C) such that
{A'B’ € M, (C) |4,j €{0,1,...,n—1}}

forms a basis for M, (C), where A° = BY = E (the unit matrix).



