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1 Preliminary topics

1.1 Overview

Spin glass theory is closely related to the problem to determine properties of the law of
the maximum max,eyx, H (o) for stochastic random fields, where ¥ is a finite (but large)
set and H = {H (0)} .5 is a family of real valued random variables.

To write H for the random variables is done in order to align (partly) with the
physicists viewpoint where H is a random Hamiltonian. However, physicists prefer to
look at the minimum, the so-called ground state, but that’s only a question of changing
the sign, of course. We stay here with the probabilists preference to be interested in the
maximum.

In many cases H is a Gaussian family. This simplifies quite a number of arguments.

It is important that there is a “soft” version of this problem, by introducing a para-
meter [ > 0, the so-called inverse temperature, and investigating (in physicists jargon)

the partition function
Z5 =Y M)
g

Physicists prefer to have a minus sign in the exponent, but this is a bit of a nuisance, and
we stay with the 4. It is clear that for large g, this sum is dominated by the summands
where H (o) is near its maximum. The maximum can typically be recovered by a  — oo
procedure, but the analysis of the situation for finite (or even small) S is often much
simplerﬂ

The main fascination is coming from the fact that there is a supposed universality
for a large class of very different models, where for large 3 a limit object is appearing,
Ruelle’s probability cascades, introduced in [39] which are closely related to what is now
called the Bolthausen-Sznitman [I0] coalescent process. This is proved just in a very
limited number of cases. Here are very few examples:

!Please keep in mind that B is the inverse temperature. Therefore, the case of small 3, which is
typically the less interesting situation, is called “high-temperature” case in physics jargon, which gives
it a more interesting touch.



e The d-dimensional lattice free field: Here ¥ = Xy = {1,...,N }d, and H is cen-
tered Gaussian with EH (o) H (¢') = Gy 4 (0,0"), Gn,q being the Green’s function
on Xy of the discrete Laplacian with Dirichlet boundary conditions. Probabilisti-
cally, Gn 4 (0,0") is the mean number of visits of o’ of a random walk starting in
o’ with killing when exiting ¥ . For d = 1, this is a random walk with Gaussian
increments, tied down at both ends. This case is rather simple, and is not really
related to spin glass theory. The most interesting case is d = 2 where max, H (o)
was first determined in leading order in Bolthausen-Deuschel-Giacomin [12], and
where the relations with spin glass theory had been proved. Although it is a kind
of “trivial” from the spin glass viewpoint, it got tremendous popularity recently,
as it is related to branching random walks, SLEs, Liouville quantum gravity, and
even the Riemann hypothesis, and there are many more refined works on it, e.g.
by Bramson-Zeitouni [19], Biskup-Louidor [9], Arguin-Zindy [6], and many others.

e The Sherrington-Kirkpatrick model with Xy = {—1,1}"

E 9ijoi0

1<i<j<N

with g;; being standard Gaussians (typically scaled down by a factor v'N which
is not important for the moment). Here, the leading order of max, H (o) is much
more interesting than in the free field case, but also much less is known rigorously.
The leading order was first rigorously determined by Talagrand [41], proving a fa-
mous formula of Parisi. There is a recent new approach on the topic by Panchenko
[37], [38].

1.2 Notations

We generally use (2, F,P) for the basic probability space on which the random Hamil-
tonians H (o) are defined. Occasionally, if we want to stress the random character, we
write H, (o). For a finite parameter § > 0, the random Gibbs distribution on ¥ is
defined by G, 3 :

Gpw(0) := exp [BH,, ()] .

For many considerations, it is important to investigate properties of a replicated system,
by taking, for fixed w, product measures of G, :

,w

G ng ) —(01,...,0")

on ¥". The o', ..., 0" are called “replicas”. Typically, we write £ or sometimes simply
() for the expectations under this measure: If ® : ¥ — R

EM . —Zcp ) G2 (o



It is important to note that this expectation is still a random variable defined on
(Q,F,P).
Of crucial importance for many investigations are the measures v(™ on  x " given
by
() (dw, o) =P (dw) G2 (o),

or it’s marginal on X"

v (o) = /ngn (o) P (dw) . (1.1)

We don’t distinguish in notations between the two, as it will always be clear from the
context if we consider the measure on €2 x X" or only its marginal on X". It is important
to note that v(™ is not the product measure of (), but it is important to note that the
marginal of v+ on ¥ is ("), We therefore often drop the index n in v, and write
just v, if there it is clear from the context how many replicas are considered.

Often, we write expectations of a function ® : ¥ — R with respect to v(™ just as

v (D) or v (®).

1.3 Gaussian random variables

Let N € N, and «x be the standard normal distribution on RY. vn has the den-
sity (27r)_N/2 exp [— x| /2} with respect to Lebesgue measure, where |x| denotes the

Euclidean norm. vy is invariant under rotations, i.e. if ¢ : RV — R¥ is an orthogonal
map, then yy¢~! = vn. If f: RY — R is Lipshitz continuous then it is integrable with
respect to yn. We write vy (f) for its expectation.

Theorem 1.1
Let f: RN — R be Lipshitz continuous with

f (@)~ £ )
Il o= sup == — 5 < oo

Then for any t > 0

w ({o €RY < |f (1) = (£)] > 1)) < 2exp [—2/2]1 £,

Proof. See e.g. [32] m
The second result we need from Gaussian variables is Wick’s identity:

Theorem 1.2

Let (Xi,...,X4) be a centered Gaussian random vector with covariance matrix I' =
(7ij) , and let @ : R? — R be a continuously differentiable function with partial deriva-
tives 0;®, satisfying for some C > 0

|D (z1,...,2q)| < Cexp[C |x]],



where |x| is the Euclidean norm of x = (x1,...,x4). Then

E(Xi® (X1,...,Xa)) = Y 7 B0;® (X1,..., Xq) .
J
Proof. For the case of i.i.d. standard Gaussians X;, the statement is

E(Xi® (Xy,...,Xq)) = EO;® (X1, ..., Xq),

and it suffices to consider the case d = 1. For that special case, it is partial integration

oo
1

E(X® (X)) = / — e 23d (z) dz
—oo V21

= _Le_$2/2q) (l’) - + /OO Le_ﬁ/?@/ (1’) dx

V2T = —0o —co V21 ’
and the first term vanishes by the growth condition on ®, and so the rhs is E®’ (X).
For the general case, we represent the X’s through a linear transformation of i.i.d.

Gaussians &; :

d
Xi= Z a;i;&;j,
j=1
where the matrix A = (a;;) satisfies AAT =T'. Then

E(Xi®(X1,...,Xq)) = Y a;BEP (AL),
J

¢ as a column vector, and

E&® (AS) =) ay EO® (A¢)
l

=> a;Eg®(X).
l

This proves the claim. m

We give a simple application which will be used several times.

Let ¥ be a finite set, and {H (o)} .5, be a Gaussian vector. Define the Gibbs
distribution and v(™ as in Section

Consider an additional centered Gaussian random vector {X (o)}, 5 such that {X (o), H (o)}
is jointly Gaussian.

ceY

Proposition 1.3
Under the above conditions

VX (0Y) @ (0)] =) [@(0) 3" cov (X (o), H (o"))]
— ™ (@ (o) cov (X (o), H (e"1))].
with o = (al, e ,a”) . (In the second summand, the (n + 1)-th replica c™*! enters only
via H).



Proof.
V) [X (01) 8 (0)] = Y@ () BX (o) e[S H (o).

From Theorem one obtains

EX (o) Zi exp |30 H(0)] = Z} cov (X (o), H (o)) EZL exp |30 H ()]

—n Z Eﬁ cov (X (o') ,H (0)) exp [Zizl H(o")+H (O’)] .

oceEY

We may denote the new summation over ¢ as a summation over a “new” variable o"*1.
Implementing this, we get the claimed expression. m

Remark 1.4
The H-variables don’t have to be centered. Writing them as H (¢) = Hy (0)4a (o), a (o)
€ R, and Hy centered, one evidently gets the same formula.

1.4 Point processes

The point processes we consider are all either on R, Rt or R?. We write X for either
of these spaces, being more specific when needed. We just give a summary of the fact
which are relevant for us. For proofs, see for instance [31] or [21].

The Borel-o-field on X is denoted by &. A measure p on (X, X) is called Radon
measure if 4 (K) < oo for any compact K C X. We write RADx for the set of Radon
measures on (X, X). We can equip RAD x with the topology of vague convergence which
is generated by the evaluation mappings pp — [ fdu, f € Co (X), where Cp (X) denotes
the set of continuous functions X — R of compact support. We leave out the index X if
there is no danger of confusion. It is known that on RAD there exists a metric p which is
complete, and such that RAD has a countable dense subset, which is a metric for vague
convergence. The Borel o-field is denoted by Brap-

A sequence {Qn},cy of probability measures on (RAD, Brap) is said to converge
weakly to a probability measure @ if

Jn [ F ) @) = [ F Q)
for any bounded continuous function F' : RAD — R.

A convenient tool is the Laplace functional. Let ¢ € Cy (X). These are the non-
negative functions in Cy (X) . If @ is a probability measure on (RAD, Brap) , the Laplace
functional Lg on Cy (X) is defined by

Lq(¢) = /exp [—/¢ du] Q (du) -



Proposition 1.5
a) If Lo (¢) = Loy (¢) for all ¢, then Q = Q'.

b) If {Q,} is a sequence of probability measures on (RAD, Brap), and @ is a prob-
ability measure, then {Q,} converges weakly to Q if and only if

lim Lg, (¢) = Lg (¢)

n—oo

holds for all p € Cy (X).

For proofs, see for instance [2I] Prop. 11.1.VIII.
Of interest for us are only point measures on X, i.e. measures of the form

> 6,

el

where {x;} is a finite or countable sequence in X which has the property that >, 1x (z;) <
oo for any compact subset K C X. The set of Radon measures of this form is denoted
by PTx . It is easy to see that this is a Borel subset of RADx.

Definition 1.6
A random variable = defined on some probability space (2, F, P) with values in (PT, Bpr)
is called a point process.

One can always realize such a point process through a finite or infinite sequence {&}
or X-valued random variables: Z = >, 0¢,. The ordering of the random variables is
irrelevant for the point process. If X = R or R*, and = is almost surely a single point
measure where the points have a largest element, then one can choose a fixed ordering
of the points by ordering them downwards & > & > ... . This is sometimes convenient.

Definition 1.7

Let p be a Radon measure on (X,X). A point process Z is called a Poisson point
process with intensity measure p (supposed to be Radon) if the following two
conditions are satisfied

e If A C X has compact closure then E(A) is Poisson distributed with parameter

1 (A).

o If Ay,..., A, are pairwise disjoint sets, then Z(A;),...,E(A,) are independent
random variables.

We say that Z is a PPP (u) if it is a Poisson point process with intensity measure f.
For a point process, we write L= for the Laplace functional of its distribution:

Lﬂ@szpfj¢w]Elwszmﬂ—/¢£]



Proposition 1.8
If 2 is a PPP (u) then for all ¢ € Cf (X)

Lz (¢) = exp [— / (1 - e*‘f’@)) p (dx)] :

Proof. Let ¢ € Cy (X). Given € > 0, we can find finitely many A;,..., 4, € X
with compact closure, and nonnegative numbers ay, ..., a, such that

HQS—ZZ. aila;

Replacing ¢ by the simple function s =), a;14,, we get

Eexp [— / sdE} = EBexp =Y a=(4)]

<e.

o0

Eexp {—/sdE} —exp [= D (4 (7~ 1)]
— exp [— / (1-e) ,u(dm)]

The result now follows by an approximation procedure.
A basic result in point process theory is:

Theorem 1.9
For any Radon measure p on (X, X), a PPP (u) exists.

For a proof, see e.g. [21].

We are interested only in the case where X is R or R? or an open subset of these
spaces, and where p has a density with respect to Lebesgue measure. If g is such a
density, we say that a PPP (u) is a Poisson point process with density g, and sometimes
write PPP (g (t) dt) .

If X, X’ are two separable, locally compact metric spaces, and f : X — X' is a
continuous mapping, then f defines a mapping from measures ;o on X to measures pif !
on X'. However, if y1 is Radon, then not necessarily, 1f ! is Radon. We therefore assume
that f has the property that f~!(K) is compact in X whenever K C X' is compact.



Lemma 1.10
Let f : X — X' be a continuous mapping such that f~! (K) is compact whenever
K C X' is compact. If 2 is a PPP (), then 2f ! is a PPP (puf1).

Proof. Check the Laplace functional. m

2 Examples of spin glasses

The most “natural” example of a spin glass is the

2.1 Edwards-Anderson model
This is a spin glass version of the standard Ising model. Take Ay := {1,..., N}d , LN =
{—1, 1} . For 0 = {04} ,cn, € Zn, 0z € {—1,1}", take
Hyo(0):= Y gij(w)aioj,
i~vjEAN

where g;; are i.i.d. standard Gaussian random variables, defined on a probability space
(Q, F,P) and the sum is over unordered nearest neighbor pairs. (g;; should depend only
on {7, j}, not on the ordering). The partition function is defined by

INBuw = Zexp BHNw (0)],

and the Gibbs measure

ON Bw (0) = exp [BHNw (0)] -

N,Bw

Natural questions are to determine the free energy:

1
= lim —logZ .
f(B) = lim —logZys.
The following result is not difficult to prove, using the subadditive ergodic theorem, and
Gaussian concentration:

Proposition 2.1
f(B) exists and

1
= lim —Elog Zy 3.
f(B) = lim ZElogZys
In particular, the free energy is non-random.

I leave the proof as an exercise. It will play no role in what follows.
The fact that

. 1 . 1
lim N log Zn gw = A}gnoo NElog ZNg

N—oo



is usually called self-averaging of the free energy.

For d = 1, the model can be discussed through a transfer matrix approach using the
theory of products of random matrices.

Unfortunately, for d > 2, besides of elementary properties, essentially nothing is
known about the EA-model. At the moment, there are no techniques available to eval-
uate or seriously discuss f (). There are some results for high temperature, i.e. small
B, but for instance, the question about a phase transition and its properties is largely
unknown.

The problems are stemming to a large extent from the fact that the model exhibits
so-called frustration, because the g can take both positive and negative values. For
instance, in d = 2, there will (for large N) be points (i1,42) € Xn With g, i) (i14+1,i0) >
05 Gir i), (in,i2+1) < 05 G(iy41i),(i1+Lia+1) > 05 Gy int1),(i4+1,i2+1) > 0, which implies
that under the Gibbs measure, o(;, ;,) would “like” to be the same as o(; 114,), and
this the same as o(;; 41 4,41), and the latter, because of g(;, i,+1),(i,+1,i+1) > 0 to be the
same as 0(;, j,41)- However, o(;, ;,+1) would like to have opposite sign to o;, ;,) because
of G(iy,in),(ir,in+1) < 0. This causes already a problem to find the ground state, i.e. the
configuration o which minimizes H (o) which would be a trivial problem if all g’s would
be positive. In fact, to find min, H (o) is an enormously hard and unsolved problem for
the EA model and this is then also reflected for the finite but large 5 Gibbs measure.
For the high-temperature case, see [24].

For a recent survey about the problems arising in short range spin glasses, and also
a discussion of possible relation with mean-field glasses, see [36].

One should add that the problems appearing here are very standard problems in
classical probability theory. Remark that the collection {Hy (0)},cx, is a family of
centered Gaussian random variables. The covariance structure is easily computed:

cov(Hy (o), Hn (1)) = > Y. Bgiguyoio;maty

i~njEAN, i~ EAN

= E O'i(TjTZ'Tj.

i~jEAN,

To find min, Hy (o) therefore amount to find the minimum of Gaussian field of random
variables which have a “simple” covariance structure.

2.2 Sherrington-Kirkpatrick model: A mean field version of the EA
model

In a mean-field model, all the sites in the base space interact with any other on equal
footing. There is then no point to assume a geometric structure of Ay and one just
takes Ay = {1,...,N} and Xy := {—1,1}"". The Hamiltonian is defined by

gij (w)
Hyy (o) == Z 0i0;.
1<i<j<N VN

10



The g;; are again standard Gaussian random variables. It is convenient to define the g;;
for all pairs of indices by putting g;; := g;; for ¢ > j, and g;; = 0.

At first sight, when one compares with the Curie-Weiss model (see Section E[), the
v/N normalization looks strange, but a moment’s reflection reveals that it is the right
one: A specific spin o; interacts with the other ones through

1
— 9i5035-
This quantity, for fixed o, j # i, is a Gaussian with variance (N — 1) /N, so the influence
of the other spins on o; is of order 1 with the above normalization. In this respect, the
situation is the same as in the Curie-Weiss or the EA model.
Typically, one includes also a non-random external field with strength h, i.e. the
Hamiltonian is

9ij (@)
Hype (o) = Z oio; + h Z o (2.1)
1<i<j<N \/N i

sometimes also random one:

3 9ij (W) 3
HN,h,w (O’) = 005 + g; (w) 0;,
1<i<j<N VY N i

with new independent Gaussians g;, but we stay mainly with (2.1). The partition func-
tion, and the Gibbs measure are then defined by

ZNugvhvw = Z eXp [IBHN,h,OJ (U)] )
(o2

1
GN B (0) 7= ————exp [BHN hw (0)]
N7B7h7w
In the case of a non-vanishing external field, also h would get multiplied by 5. That’s
the way physicists like it, but mathematically, there is no point to multiply h by 3, and
we set

ZNNQJL’W = Zexp I3 Z gzj/%J) 005 + hZO’i ,

1<i<j<N

and the Gibbs measure accordingly.
The covariance structure of the Hamiltonian is easily computed:

1<i<j<N 1<i<j<N 1<i<j<N
N
D ;
_ it — &
QN L= "I
i,j=1
N , 1
=y fvien =y

11



where the overlap is defined by the inner product:
N
RN (O’,’T): NleiTi. (22)
1=

2.3 The perceptron

The perceptron is a particular neural net. In its simplest form, one has M patterns
(Sf)l <ien: 1 <k < M, of £1 and one has to find “neural net parameters” o; which

produce 1 as the output of sign (ZZ aiSf) ,k=1,..., M. There are many more versions,
for instance where the function sign (x) is replaced by another one, and mainly, where
the network has several “layers”, i.e. where the output of a first layer is the input for
a second layer, and so on. Also there can be (and typically is in networks which are
applied in practice) a complicated pattern how the outputs are used in the next layer.
We completely neglect these subtleties and ask only how many patterns in the single
layer perceptron can be stored safely, meaning how big can M be such that ¢’s are found
which give output one to all the patterns.

That’s not really a well posed problem as the answer will depend very much on the
interrelations between the patterns. To simplify further, we assume that the patterns
are randomly chosen. Further simplifications arise by assuming that the S¥ are i.i.d.
Gaussians: write g;, instead, and the o; are +1. These latter simplifications are actually
not so important, and with some efforts, many of the results which were obtained (rig-
orously mainly by Talagrand, or non-rigorously mainly by Gardner and Derrida) can be
generalized relaxing the conditions, but not the basic independence of the patterns. In
the above framework, the problems have some similarity with the problems in the SK
model. Let’s first define

Hy = {xGRN:Zixigikz()}, k=1,....M

which are random half spaces defined by the patterns. Then question about the existence
of neural net parameters o is if ﬂfyzl Hi N Xy is “typically” non-empty where Xy =
{—1,1}".

Bernard Derrida and Elizabeth Gardner in the late eighties derived by non-rigorous
replica computations a number remarkable results. Finally, Talagrand gave rigorous
proofs for a number of their results by a complicated version of his “cavity method”
(Chap 2, 8, 9 of [42]).

A trivial observation is:

E‘ﬂflﬂkmzN‘ => IP’(U € ﬂlilek)

gEXN

__oN M
=2 ]P’(aeﬂlek

=oNg=M _ gN-M

12



Therefore, for a > 1
aN
P <ﬂk:1 H,NYy # (2)) — 0. (2.3)

On the other hand, for a < 1, M = aN, the above expectation is exponentially growing
in N. Does that mean that P (ﬂgﬁl H,NYy # @) — 17 The answer is of course “No”, as

otherwise there would be no point to publish on the problem. Here is one of Talagrand’s
result:

Theorem 2.2
a) There exists o < 1 such that (2.3) holds.

b) For small o« € (0,1)

1 aN
Nlog ﬂk_lHkﬁEN‘ —log2+ RS (a), as.

RS (a) := —g (1 —gq)+FElogcosh (y/qZ)+aElog ¢ ([%,m)) , Z Gaussian.

where ¢ is the standard normal distribution, and r, q satisfy
~Z 1 —22/2
e pr (EAY. g ool
1—gq 1—g¢q o2r P(Z > )

(a formula of which Talagrand wrote that “you should rush to require medical
attention if it seems transparent to you”).

g = E tanh? (\/;Z), r=

There is a “soft” version of the problem. Given a smooth function v : R — R, and
the so-called “cavity variables”,

N
1
= — ik 2.4
ya,k \/N;glk 2 ( )

define
aN
ZNua =Y €xp [Zkzl u (yg,k)] : (2.5)

Our original problem corresponds to the special choice

u(r) = —00l(_ ) (z), with 0- 00 = 0.

With this choice, exp Zgivl U (?/o—,k)} = 1 if and only if y, > 0 for all &, and so

alN
ZN,u,a = ‘ﬂk Hk N ZN’ .

13



This choice for u is of course not “smooth” which creates a lot of problems. Talagrand
first derived a formula for

f(u,a) = l1m %logZNua,
N—o0
for smooth u (and small ), and finally, by a very complicated approximation procedure
with a choice of N-dependent smooth uy approximating —ool(_ ) he was able to
prove the above theorem.
There are a number of reasons why the perceptron, i.e. the spin glass with Hamil-
tonian

Ho):=Y""" ulymp)

is interesting. For instance, the so-called bipartite SK-model with two sets of spin

variables o1,...,0n,7T1,...,78 € {—1,1} and Hamiltonian
H( 0,T) = ZZQZjUsz
=1 j=1

can easily reduced to it: Summing out for instance the 7’s, one gets a perceptron with
u (z) = Blogcosh (z).

Despite the fact that the bipartite SK-model “looks” being simpler than the ordinary
SK-model, much less is known about it (for large 3).

There are other models which can be reduced to the perceptron, for instance the
Hopfield model.

The form of the partition function suggests a connection with classical large
deviation theory: Defining with the “cavity” variables y,; from the empirical

distribution
alN

1
LN7a,a (w) = W Z 6ykyg(w)
k=1

one can write

D Yk (w —aN/ ) Ly oo (dT),

=1

o

i.e. the Hamiltonian is simply a linear function of the empirical measure. One may ask
if there is a “quenched” large deviation principle for Ly o . For a given fixed o, this is
of course nothing but the classical Sanov theorem as the y; , are independent in k, and
standard normally distributed. Therefore, for fixed o, one has

hmsupﬁlogIP)(LNag €A < — 1nf I(p|<;$) A closed € M{ (R)

N—o0

hmsupﬁlogIP’(LNag el)>— mf I(ulg), U open C Mf (R),

N—oo

where I (u1|¢) is the usual relative entropy of p w.r.t. the standard normal distribution
¢, and where M7 (R) is the set of probability measures on R.

14



The proper formulation for our problem is to look at
Ny (A,w) :=#{o: LNaow € A},

so that
ENy (A) = 2"P (Ly oo € A),

where the RHS is independent of . The proper question is

Conjecture 2.3
There exists a “rate function” J : M{ (R) — [0, oo] such that

1
limsup — log Ny (A) <log?2 — inf J (1), A closed C M{ (R), as.
N—oo NV peA

.1 :
lﬁglof v log Ny (4) > log2 — ;IelfUJ(M)’ U open C M (R), as..

This is beyond reach at the moment. Such a result has been proved for a “perceptron
version” of the generalized random energy model in [I5].

2.4 Combinatorial optimization: The assignment problem

There are similar models of interest in combinatorics, for instance in combinatorial
optimization. One such case is the optimal assignment problem. In the simplest case
one has twice N objects, say N girls and N boys. For every girl ¢ and boy j, there is
a mutual “satisfaction” of matching ¢ with j, say U;;. The problem is to find a perfect
matching, i.e. an assignment of girls to the boys such that the sum of the satisfactions
is maximal. Mathematically formulated, one is looking at

N

SN = mT?X Z Uiﬂ'(i)?
=1

the maximum running over all permutations of N elements. We assume now that the
Uij are i.i.d. uniformly distributed on [0, 1]. Mathematically, it is the same whether we
are maximizing the satisfaction or minimizing it. The latter is formally slightly more
convenient. Of course, we could try to find a matching such that for any ¢, 7 (i) is chosen
that Ujr(;) = min; Usj, but a moments reflection shows that this will not work as there
may be different girls ¢ which would choose the same boy, something which is forbidden.
It however turns out that ), min; U;; is not so far off from Sy. A simple computation
gives that

. 1 1
Enljanij = N-i—o <N> ,

and therefore
EE minU;; =14 0(1).
— ij (1)
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It is a mathematical proved result, that

2

Jim ESy = . (2.6)

This was first derived in the physics literature by regarding it as spin glass problem.
One introduces a finite temperature model by taking 8 > 0, and setting

FB7N = %logzexp |:7BN Zz Um’(z)i| )

one lets N — oo, and then divide it by 5, and lets 8 — oco. The outcome from spin glass
computation (see [34]) was that the limit is indeed 72/6. However, this was by no means
a mathematically rigorous proof. A proof of was first given by David Aldous in 2001
[4]. From the spin glass theory viewpoint however, the problem is not very interesting
and rather “trivial”, as it does not exhibit the so-called “replica symmetry breaking”
like the SK model. For a thorough discussion of the model from a spin glass viewpoint,
see [33].

2.5 The simplest spin glass: The Random Energy Model (REM)

The main difficulty of the SK-model is coming from the fact that the Gaussian random
variables are correlated. Derrida [22] had the idea to ask if something interesting
is happening if one just considers i.i.d. random variables as the Hamiltonian. However,
one wants to keep the variance of the right order. The SK-Hamiltonian has a variance of
order N. We assume that the variance is exactly V. Evidently, then also the ¢ need not
to carry an internal structure. We therefore assume that we have just 2V independent
Gaussian random variables, call them w — Hy, (o), 1 < o < 2V, defined on some
probability space (€2, F,P), which are centered and have variance N. Of course, one may
still assume that o € ¥y, but this will be of no relevance here. We then define the
“Gibbs measure” on the o by defining for any w € 2, and any 5 > 0

exp [BHNw ()]
ZN,B,w

Onpw(o) = , (2.7)

where Zn g = >, exp [BHn (0)]. We leave the index w typically out. The free energy
is as usual defined by
1
= lim —logZng3.
f(B) = lim —-logZng
In principle, this could still be a random variable, but we will see in a moment, that

the limit exists almost P-almost surely, and does not depend on w. In fact, we have the
following result:

Theorem 2.4
f(B) exists almost surely and is given by

F(8) = %—HogQ if B < 4/2log?2
] V2Iog23 ifB>+/2log2
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Remark 2.5
The high temperature (small ) value is the annealed free energy

) 1
z\}linoo N loglEZ N g.

If EZ% <C (EZB)Q, with C not depending on N, then one gets in a standard way (see
the discussion in Section

1
= lim —logEZy 3.
f(B) = lim < logBZyg
One should however observe that this method rarely gives

1 1
lim —log Zys = lim ~ logBZ
Do IV OBANE = VL OB HANS

N—o0

in the correct range of 5. Also here

EZ%s=» Bexp[8 (Hy (o) + Hy (o'))]

= Zexp [2B2N] + Z exp [,6’2]\[]
o 0'750'”
= exp [28%N + Nlog2] + 2V (2 — 1) exp [N5?] .

EZ2
The first summand dominates the second as soon as 8 > +/log 2, and in fact, 5z il ’B)Q is
N.B

exponentially growing in this case. One therefore sees that the second moment method
fails to prove f (8) = %/2 +log2 in the full region.

Proof of Theorem The trick is to apply the “second moment method” not

directly to Z but to

An(s) ¥ 4{o : Hy (0) > sN}. (2.8)

Let ® as usual be the standard normal distribution function. Then
EAy(s) =2V (1 B (S\/N)) = N N/2,

Here we use the following notation: Given two sequences {an},{bn} of positive real
numbers, which may depend on other parameters (like s above), then we write ay =< by,
provided for any € > 0 there exists Ny (which may depend on the auxiliary parameters),
such that

e Nay <by <eNay

for N > Nj.
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For s > y/2log2, EAn(s) converges to 0, exponentially fast in N. From the Markov
inequality, one gets P (Ax (s) # 0) converges to 0, exponentially fast, and then by Borel-
Cantelli argument, we get that Ay (s) = 0 for large enough N, a.s. As this holds true

for all s > +/2log2, we get

1
P <lim SUPD 7 SUp Hy (0) < +/2log 2) =1 (2.9)

N—oo o

For the second moment, we obtain
BAn(s) =27 (1= @ (V) ) + 272 - 1) (1- 2 (sVN))

we see that for 0 < s < /2log 2, this is [EAx(s)]?, up to a factor, which is exponentially
close to 1. From that we get

Ay (5) < BAy(s) =2V (1- @ (sVN) ) < exp [N <log2 - 322)] .

Summarizing, we get

0 if s > +/2log?2
Apn (s) << exp [N <log2 — %)] if s € [0,/2log2)
2N if s <0

with high probability. Using
(o)
ZeBHN(") = Nﬁ/ An(s)eNPds
o —0o0

the reader will have no difficulty to derive the theorem. m

We next want to describe the large /N behavior of the Gibbs measure G, g n. We
have to distinguish between the high temperature case 5 < +/2log2, and the low tem-
perature case 3 > \/2log2. We abstain from discussing the critical case 8 = /2log 2.
The fundamental difference is that in the high temperature case, the Gibbs measure
is concentrated on a growing number of energy levels, which become dense and denser
packed as N — oo. In contrast, in the low temperature regime, the Gibbs distribution
is essentially concentrated on the top energy levels. We now make this precise.

Exercise 2.6

Assume ff < /2log 2
a) For any € > 0, there exist K,6 > 0 such that

P ({w G p N ({a X, € [BN _ KVN, AN +K\/N] }) >1— s}) >1—e 9N,

i.e. up to a negligible P-probability, G is concentrated o’s for which the energy levels are
in a window of size of order v/ N around SN. (The fact that exactly 3 is the value where
the energy levels concentrate under the Gibbs measure is an “accident”.)

b) max, P, g n(0) is exponentially decaying, P-a.s.
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The low temperature regime 5 > /2log2 is more interesting, as there, the energies
get a macroscopic but random weight. For any sequence ay of real numbers, > dx, —qy
defines a point process on R. We will sometimes just call such an object “the point process

{Xa' _ aN}U”

Proposition 2.7
If ay = /2log2N — 2\/W log N + 2\/2110? log(27), then the above point process con-
verges weakly to a PPP (\/210g2 exp [—\/2log Qt] dt) .

Proof. We denote by Qn the law of > _dx,_qy. If ¢ € CI(R), the
S (0 - a)

1 x?
— { I /exp [—¢(m —an) — 2]\7} dx}

:{1 \/F 1—e )exp

Loy (¢) =Eexp

We abbreviate

1 —o(z T+ a 2
5 (x,N) = \/277\7(1_6 %)) exp _(2sz)]

e Loy (¢) = exp [QN log (1 — / §(x,N) dm)] .

As ¢ has compact support, there exist K > 0 such that ¢ = 0 outside [—K, K|, and
therefore ¢ (x, N) = 0, too, outside this interval. On the other hand

(x + aN)2

exp [ — ON

] — /A7 log 2e~ V21982 exp [~ N log 2] VN (1 4 o(1)),

uniformly in = € [-K, K|, and therefore

§(z,N) =2~V (1 - e—¢<w>) V2 log 2¢"V2E2(1 1 (1)),

uniformly in z € [-K, K]. Expanding log (1 —¢) = —e — O (¢?) for ¢ small, it follows
from the fact that § (z, N) = 0 outside [—K, K] :

exp [2N log <1 — /5(:1:,N) dxﬂ

= exp [—/ <1 — e_¢(’”)) \/2 log 2e_x\/21°g2d:1c(1 +0(1))+ 0O (2_N)
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ie.
A}im Loy (¢) =exp [—\/210g2/ (1 — eﬂi’(m)) exp {—\/QIOg 256} dw} .

|

We next have to discuss the properties and some transformations of a PPP (ae™**dx)
= = {&} on R where the parameter a is > 0. As fae_‘“:da: = o0, the point process
has infinitely many points. On the other hand, as the density is rapidly decaying for
T — 00, it is evident that there are only finitely many points on the positive real axis.
So, there is almost surely a largest point, and we can order the points downwards. For
B > 0, the point process {eﬁ@'} is again a Poisson point process on R™, which, according
to Lemma has as its intensity measure the one obtained from p (dx) = ae™**dz
under the transformation f given by f (z) = ¢°* with inverse f~! (z) = S~ 'logz. So
the resulting Poisson point process has density

1 _
aexp [—aﬁfl logx] e =af g™ -1
T
We set ¢ :=ap~ L
Lemma 2.8

Assume 0 < ¢ < 1 and {n;} be a PPP (Cm_c_ldx) on R*. Then the point process has
infinitely many points, but only finitely many above any ¢ > 0. Furthermore

Zm < 00, a.s.
i

Proof. That there are only finitely many points above € > 0 follows from the
integrability of the density on [e, 00). But there are infinitely many points as the density
is not integrable over R™. On the other hand

1
B (Zl 77i1m§1) = /0 zCz™ ¢ tda < oo,

as we assumed ¢ < 1. So ), 1;1,,<1 < oo almost surely. As there are only finitely points
above 1, we conclude that ). n; < oo.
(Remark that E (3>, n:) = [~ ¢z~ ¢"ldx = oo, but that does of course not exclude

Zini < OO) ]

Remark 2.9
If ¢ > 1, then ), n; = oo almost surely.

Given a PPP (Cﬂi_g_ldiﬁ) {n;} with ¢ < 1 we can normalize the points by putting

i = i
;= .
Zj 1y

Then of course ), 7; = 1. We may regard {7;} as a random probability distribution on
N. For that, we have to attach the points to set of natural numbers. This is typically
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done by ordering the points downwards 7; > 7 > --- which can always be done. It
should be kept in mind that this ordering is not encoded into the notion of a point
process, and we do it only when it is necessary, or convenient.

Definition 2.10
The point process {i;} is called the Poisson-Dirichlet point process with parameter
¢ €(0,1). We denote it by PD (() .

We want to combine this result with Proposition to obtain the limiting point
process of the Gibbs weights { X} of the REM, for g > y/2log 2. First, we realize that

_ €xXp [BX,] _ eXp [BXs — Ban]
gﬁ’N (O-) - - .
2. exp[BXo] Dl exp[6X, — fan]
As {X; — an}, converges to a PPP <\/2 log 2e~V?2log 2Id$) , the following result is plau-

sible:

Exercise 2.11
Prove that for 3 > +/2log?2, the point processes {Gg N (0)}; ., <on converge as N — oo

weakly to PD <7Vz}3°g2> .

The proof is not completely trivial as the operation of normalizing to a random
probability distribution is not continuous in the standard vague topology. One needs a
truncation argument to prove the result.

The remarkable claim of the Parisi theory is that the Poisson-Dirichlet point process
appears quite generally as the limit point process of the Gibbs weights of the so-called
“pure states”. It has however to be remarked that the notion of a “pure state” has not
been made rigorous for most of the models.

3 First properties of the SK-model

In this chapter, we use the basic Hamiltonian of the SK model (2.1).

3.1 Basic properties of the free energy
An important property is the self-averaging of the free energy:

Theorem 3.1

1 1
lim sup NE log Zﬁ,h,N - N log Z@h’]\[ = 0, a.s.

N—oo

Proof. This follows by Theorem applied to the functions ¢ : RN(N-1/2 R
given by

N
o) = logZexp \/’% Z xi;0i05 + hZO'i

1<i<j<N i=1
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Clearly

> wigoiog— Y yyoioy| = | > (i~ yi)oio;

1<i<j<N 1<i<j<N 1<i<j<N
N(N-1) .
S\ G
1<i<j<N
lz =yl ARGV Y oyl
= €T — _— — ||l —
y 2 Y

by the Cauchy-Schwarz inequality, where ||-|| denotes the Euclidean norm on RN(V-1)/2,
Therefore, with

N
def 6
1/)(3770') = — Z xijaiaj+hzai
VN 1<i<j<N i=1
we obtain
BVN
exp [¢ (y,0)] exp | — |z —yll| <exp[y(z,0)]
V2
N
<exp ¢ (y,0)|exp [B\\g |z — yH] ,
and therefore
N
o) -0 @)l < 2 -,
i.e. @ is Lipshitz with
From Theorem [L.1] we obtain
- R > < —— . .
P(‘NlogZN NElogZN‘_N > _2exp[ 52 (3.1)
As
VN
Zexp 7? < 00,
N

it follows by the Borel-Cantelli Lemma that with P-probability one, the set of N € N
with
ilogz — iElogZ > N4
N N~y N|Z

is finite. m
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As a consequence, one sees that if limy_,.o N~!log Zy exists, it is non-random. For
the existence of the limit, one only has to investigate the limit of the expectation. This
was mathematically an open problem for quite some time, and was first proved by Guerra
and Toninelli [30].

Theorem 3.2

1
h) = lim —ElogZ R
fB.h) = lim —ElogZspn €
exists.

Proof. The proof is due to Guerra and Toninelli [30]. It uses one of the basic
tools on which much of the recent progress in spin glass theory relies, namely a clever
interpolation argument.

Let N1, Ny € N, and N := Nj + Ns. We choose independent standard Gaussians
9ij» 9ij» 9ij» and define for ¢ € [0, 1] the Hamiltonian H; (o) which depends on the g,¢', g" :

Hi (o) := /B\/E Z gijUin+B\/T Z 900} (3.2)

1<i<j<N 1<i<j<Ni
N
-t "
+0 N E 9i;0i05 + h E ;.
2 Ny<i<j<N i—1

(We incorporate (3 into the Hamiltonian H;). We will need the derivative with respect

tot:
dH 1
;t(a) - g{\/ N 2 9% (3:3)

1<i<j<N
_ # Z g/~0"0" _ 1 Z gl-/-O"O"
(1_t)N11<' ; v (1—1t) Ny T
<i<j<Ni N1 <i<j<N

Then we define the partition function

Z(t) = Z exp He (o),

TEXN

and the Gibbs measure G; (0) := exp [H¢ (0)] /Z (t) , with expectation &. (Please always
remember that these are quenched expectations, i.e. they still depend on w). Evidently,
Z (1) is the partition function Zy we are looking after (depending on the random vari-
ables g), and Z (0) is the product of two of our partition function Zy, (¢') Zn, (¢”) , where
the important point is that the factors are independent, as they depend on independent
random variables.
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Differentiating with respect to t, we get

d 1 1 1 ( )
——ElogZ (t) = =E——
anPsZ =B g
1 Z EeXp )] dHy (o)
ac -
UEEN
For the derivative we implement the expression (3.3)) getting
E—Elo Z({t)=51—-5 -5
dt N g 1 2 3,
where
exp [Hy (0)]

51:= 2\/N3/2 >, ). owiByy Z (1)

ceXy 1<i<j<N

2\/N3/2 Z 147 UzU]gz]

1<j

where we use v; as introduced in , here with the interpolated Hamiltonian. Ss, S35
are similarly defined terms from the second and third summand of ({3.3).

We can apply Proposition|1.3{with n = 1, F'(0) = 004, X (0) = g; (this latter does
not depend on o). So, we get

UZU]ng /8\/7 UZUJ — (O’Z‘O']‘O'QO';-)]
= ﬁ\/> ¢ (0i050i0%)]

with a replicated set o’ of spin variables. Please remember that v is applied to a possible
arbitrary number of replicas, here two, as explained in Section So

2
S1 = Qﬂﬁ Z [1 — (aiajal{ag)}

1<i<j<N
ﬁj (1= w1 (B (00)?)).

with the overlap Ry (o, 0”) defined by (2.2]).
By a similar computation, one gets

5= (1 (7 ()

T (1= (o (0.0))

S3 =

24



with

RN1 00 = — E oo,

1 N1+N2 N
RNy Ni+N, (a, U') = Z oo,
i=N1+1
so that
Ry = WlRNl N RNl,N2 (34)

Plugging that into the computation for Sy and 5’3, we get

d 1 32 M
ﬁﬁElogZ( ) S1— 8 —53=——1; (RJ2V - 7R2 N RNl,N2> :

From (3.4), one gets

N
R% < R 2RN1N2
and therefore g1
——Elog Z (t 0.
T v Elos (t) >
From that we conclude
1 1
—Elog Z (1) > —Elog Z
yBlogZ (1) 2 Blog Z (0)
1 N Ny 1
E—log Zn > E—l Z E—log Zy, .
NOgN_NNlogNl NN20gN2

This is a superadditivity property of the sequence of real numbers E% log Zn. Therefore
it follows that

1
h)= lim E—logZ
f(B,h) = lim B logZy
exists, and equals

1
E— log Zx.
sup B log Zy

In order to prove the theorem, it only remains to show that this supremum is finite
but this follows from Jensen’s inequality

1 1
E—logZy < —logEZ
N Og4LN = N og N
and the supremum of the latter is finite by the annealed computation we had done before
We in fact have the following annealed bound (see the Proposition below).

f(B,h) < /642 + log cosh (h) + log 2.

Finally, two simple properties
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Proposition 3.3
a) f(B,h) is a convex function of (3,h) € RT x R.

b)
1
f(B,h) < fA(B,h) := A}im NlogEZN V3, h
Proof. b) follows from Jensen. a) follows in the usual way from the Holder inequal-

ity: Let 3,8 > 0, and h,h' € R, and A € [0,1]. Put B(\) ;== A8+ (1—=X) 3, h(}\) =
Ah 4+ (1 = A)h'. Then

h()\),N:ZeXp >\B+ 1_ ZgngzUj )\h+ 1-A Zaz

1<j

= Z exp ZQUUZUJ + hZUZ
o

'L<]
1-X
X < exp \/» Z 9ij0i0; + n Z o;
1<J
A
< Zexp \/»ZQUUng‘FhZUz
1<)
1-A
X

Zexp \ﬁZg”UZU] +h Zo*l

o 1<)

by the Holder inequality. Therefore

1 1 1
N 198 Zp() )N S Aqlog Zgpn + (1= A) 57 log Zgr v

Going the the N — oo limit, we get
FBON)RN) <Af(Bh)+(1=N) f(B,1).

Exercise 3.4

Replace the Gaussian variables g;; in the Hamiltonian by ii.d. symmetric Bernoulli
variables §;; taking values 1. Write ZBfrj\?uni for the corresponding partition function.
Prove that

lim NE log ZBernoulh — f (ﬁv h)

N—oo
for all 8, h, where the expectation on the left hand side is with respect to the Bernoulli-
variables &;;, and the right hand side is the SK free energy.
Hint: Interpolate in a suitable way between the SK-Hamiltonian and the Bernoulli one,
and try to control the derivative.
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3.2 High temperature, no external field

This was first discussed by Aizenman, Lebowitz and Ruelle, and Frohlich and Zegarlinski

([, [26]):

Theorem 3.5
Assume h = 0 and 3 < 1. Then

2
f(5,0) = Z—i—log?.

Proof. The so-called annealed free energy is easily computed:

1 B
2(B,0) = lim —logEg exp | —— E Gij0i0;
N—oo N o VN 1<i<j<N
=log2+ lim ilogeXp 6—2 E o202
N—oo N 2N - vod
1<i<j<N
62
= — +log2.
1 + log

Therefore, the claim is that for 5 < 1, the free energy agrees with the annealed one. The
proof is based on the “second moment method”. We compute EZ? :

g
EZE,O,N:ZE‘?XP VN Z 9ij (oioj + 7iT;)

1<i<j<N

62
= Zexp oN Z (oi0j + 7i7j)?
o,T 1<i<j<N

B2
= E exp | == g 14 0,077
- PN ( i057i7;)

1<i<j<N

ﬁ2 N-—-1 B 62
= 22N exp {( 5 ) 2 2NZexp N Z 0i0jT;Tj

= 92N exp ['82 (]\; — 1)} 92N Zexp [25;[ (Zl UiT’L’>2 - ﬂ;]
77- 2

= e [PO ] S [ 2 (52 o)

The o, 7-sum with the 272V in front is just an expectation over two independent coin

tossing sequence, and then o;7; under this measure has just the same distribution as a
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single coin tossing. Therefore
2

r NS e [25; (5, om) ] =2 S ex ()]

This is exactly the partition function of the Curie-Weiss model (see Section @ with an
additional 27" in front, and 3 replaced by 32/2. Therefore

]\}Enoo llog 2_NZeXp [2/6; (ZZ O'Z'>2:| = sup [B;acz — I(w)] =0

z€[—1,1]

where I () is given in (9.2). The last equation is for 82/2 < 1/2, i.e. 8 < 1. We claim

NI = I f!N i 7 — .

It can be proved by carefully evaluating Stirling’s formula. Another method is to remove
the square by an extra Gaussian integration, relying on the fact that

ea2/2 = F (eaZ)

for a standard Gaussian variable Z, which is evident by completing squares in the expo-
nent

E (e“Z) = \/12?/exp laz — 22/2] dz.

Therefore, we have?]

exp [26; (Z aiﬂ —E (exp [\%Z > aD .

The o-summation can now easily be done individually on the o;, leading to
2 2
2N za:exp [QBN (ZZ 01) ] = E cosh” <\/’%Z>

)
=Fexp|Nlogcosh| —=Z2 ).
p{ ° <m
Now,
d? log cosh () 9
Tzl—tanh (x) <1,

and so
log cosh (z) < x2/2,

2The trick is widely used in physics, and sometimes is called “Hubbard-Stratonovich transformation”.
The physicist Res Jost (1918-1990) used the call it the “Babylonian trick”, because the Babylonians
invented the method of completing squares.
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FEexp [Nlogcosh (\;%Z)] < Fexp [52 ] _ 1 < 00,

if 8 < 1. Therefore, we have for g < 1

—B%/2 2(N —
BZon < =gt o [2
e—B%/2

\/TW( 5,01\7) :

Let AN = {ZN 2 EZN/2} Then

BZy = B (Zy: A3) + B(Zn: Av) < 22 4 /B (23) B (4w)

and therefore
(EZN)2

>C(B) >0,

ie.

1 1 log 2

— > - > ,
]P’(NlogZN > NlogEZN N ) > C(B)

Combining with (3.1]), we see that

1 1 2
£(8.0)= Jim ~BlogZy > lim logBZy = o + log?

for § < 1. Using Theoremd), we conclude that f (3,0) = 82/4+1log2 for 3 < 1. The
same holds true for 8 = 1 because of the convexity of f which implies continuity, as f is
bounded. m

We will see in Section that f(3,0) < 82/4 for B > 1. Furthermore, for h # 0,
one has for all B f (B,h) # limy oo N~ 'logEZy.

3.3 Guerra’s replica symmetric upper bound
The original claim by Sherrington-Kirkpatrick was that

F(8,h) =RS (8, h) & 'nf{(l_q) F +Ezlogcosh(h+ﬁﬁ2)+1og2},

>0 4

where Z is a standard normal random variable, and E; here denotes the expectation
with respect to Z. We will later see that this is correct for small enough 3, but is wrong
for large (. It is readily checked that the infimum in ¢ satisfies the following fixed point
equation

q = Eztanh? (h+ ,/q7). (3.5)

For h =0, ¢ = 0 is clearly a solution.
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Exercise 3.6
Check that for h = 0 and 8 < 1 the equation (3.5) has the unique solution ¢ = 0, and
for B > 1, there is another solution q () > 0 which gives the minimum.

Trickier is the situation for h # 0.

Lemma 3.7
Let B,h # 0 be arbitrary. Then the equation (3.5) has a unique solution q (3, h) > 0.

The proof is quite tricky and was given by Latala and Guerra. It can be found in
Talagrand’s book [42]. It is convenient to have this property, but it is not really needed
in the proofs that f(8,h) = RS(B,h) in certain regions. There are many situations
where similar fixed point equations are not known to have unique solutions. As it does
not add much to the understanding of the basic problems in spin glasses, I skip the proof
here.

Guerra’s idea for an upper bound for f (3, h) which goes beyond the annealed upper
bound, was to try a comparison of the system with SK-Hamiltonian with a simple Hamil-
tonian with independent spins. The first result was the following remarkable bound:

Theorem 3.8 (Guerra)
For all 3 >0, h € R, and any N, one has

1
NE IOg Zﬂ,h,N S RS (/67 h) ’
and in particular
f(B,h) <RS(B,h).

Proof. EIThe proof is again by interpolation quite similar as in (3.2). Let for an
arbitrary number ¢ > 0, (not necessarily the solution of the fixed point equation above),
and t € [0, 1]

N N
Hy (o) :6\/5 Z 9ijoi0; + BV1 —tz\/agm’i—i-hz:ai (3.6)
=1 =1

1<i<j<N

where g; is a set of standard Gaussian variables, independent of the g;;’s.

We write
_exp[H; (0)]

Zn () =) exp[H;(0)], G (0) = —Z0 (3.7)

1
o(t) = NElog Zn (t). (3.8)
Remark that

¢ (0) = /log cosh (8y/qx + h) \/12?ex2/2d:c + log 2,

1
o (1) = NElog Z8 h,N

3The proof was first presented by Francesco Guerra at a conference in Vulcano in 1998.
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We again compute the derivative of ¢ (¢) with respect to ¢.

d¢><>_1E 1 dz()
it N Z(t) dt

IEexp o) dHy (o)
5%

dt

dH,
7; \/7 Z G9ij0i0;5 — \/ﬁzgz 7

1<i<j<N
leading to
do
—=5-5
dt 29
where

_ exp [H; (0)]
Sl = 2\[]\73/2 Z Z 0103E91]W7

cEXN 1<’L<]<N

o epot )]
B N =D 1—t ZZ BT w

UEE

and as in the section above,

5= 2 0 (8 (0.o)).

with

1 N
Ry (O’, a’) =N Zaiag.
i=1

The computation of Sy is similar. Here one takes in Proposition n=1 ®(o) =
oi, X (0) = g;, leading to

3 1
Sy = QN\/X/QE (Z ﬂ Zz gio; exp [Hy (U)]>

= 2N\/1TZ vt gzUz
vi (9i0i) = BVaV1 =t = By/gV1 =ty (0i0})

dp _p*
a4

-0t —u [y (0.0) — 0]}

v {l—-R% —2¢(1—Ry)}
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which integrated gives

2 2t
o -0 ="Ca-0*- T [wfrxen-oTas o)
and dropping the second summand and taking t =1 :
_ iy
6(1) 0 (0) < 2 (1)

This implies that for any N, we have

1
SBlog Zsn SRS (5,h).

|
The proof does not only give the desired result, but gives also an expression of the
difference, namely

2 1
RS (8, h) — %Elog Zsnn = 54/0 ” [(RN (0,7) — q)2] dt (3.10)

In order to prove that f (5,h) = RS (5, h), one therefore “only” has to show that for the
optimal ¢ (i.e. the one given by ), one has Ry (o, 7) ~ ¢q with large 1/15(2) -probability,
at least in the t-average. This is not true for large 3, but it is true for small 5, as we
will prove in the next section.

It should also be remarked that Guerra’s bound already proves that f (3,0) < 32/4
for 8 > 1. Up to 8 = 1, the unique fixed point of with h = 0 is at ¢ = 0 which gives
RS (B,0) = 32/4 for 8 < 1, but for B > 1, there is a fixed point at ¢ > 0 which gives a
smaller value, so RS (3,0) < 32/4 and Guerra’s bound proves that f (3,0) # f2™ (3,0),

as soon as 3 > 1. This was first proved by Comets [20] with a more complicated argument.

3.4 Latala’s proof of f = RS

The following result was first proved by Talagrand. The simple proof given here is based
on an unpublished argument by Latala.

Theorem 3.9
If 8 < 1/2, then for every h

. 1
1\}51100 NElog Zﬁ,h,N =RS (B,h) . (3.11)

Remark 3.10
In the physics literature, there is a precise prediction about the region for which the above
statement should be true which is the celebrated de Almeida - Thouless condition
2 . 1 <1

cosh (h + B4 )

(3.12)
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This is mathematically still not proved, despite the fact that the full Parisi formula for
f (B, h) is proved. The Parisi formula is analytically very difficult to analyze. On the
other hand, it was proved in [I6] that a simple iteration scheme for the TAP equations is
stable and converges up to and including the AT-line (see the next Section). The TAP
equations are closely connected to the free energy via the cavity method. There is also
a lot of numerical evidence that is the correct condition. (Oral communication
by Michel Talagrand). So, I think, there is no reasonable doubt that the AT condition
is the precise condition for the validity of . It is actually rigorously known, that
is not correct if the de Almeida-Thouless condition is not satisfied. [43].

Latala’s argument works only up to 8 = 1/2. So, even for h = 0, it does not catch
the correct critical value.

Proof of Theorem The basis of the argument is the representation (3.10)).
We use the same interpolating Hamiltonian (3.6)) and have to apply it to two replicas

that is we consider the product measure g§2 . As usual, we write v, *) for Ik Qt WP (dw),
dropping often the index k, and use it also for the expectation. For a deterministic
function f : ¥3, — R, we want to compute d (1;f) /dt. The f we have in mind is the
expression (R (o,0") — ¢)*. In contrast to the previous section where we investigated the
derivative of log Zn ¢, we already get an additional replica from the derivative. We write
ol o2 instead of o, ¢’, and write 0, o for additional replicas. The reader should keep
in mind that f will always only depend on the first two. We will also assume that f is

symmetric: f (01, 02) =f (02, al) which covers the situation we are interested in.

4y g S g 01,07y SR ()

oot Z 1)
:EZfWﬂumwnm@mmW“2;m<n

7 1o\ g1 (3 SP [  (0F) + Hi (0%) + H; (07)]
- 01;03 Fleb o B () Z(t)?

= 214 [f (01,02) Hj (01)} — 21y [f (01,02) Hj (0'3)] .

In the first summand, we have used the fact that f is symmetric, and therefore

vi [f (o, 0®) Hi (01)] = wi [f (o', 0%) H] (o%)].

All the terms are of the same type as we have already encountered with

Hé (0'1) 2\/7 Z 9ij0; ]1—2 %1_15 Zgz g;,

1<i<j<N
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so that

vi [f (o', 0%) H ()]

B
|l [W 2 cicen 99971 1—t P L ”

2
= |f (01,02) f—N Z oro} (0101 + 0202)

i%j

1<i<j<N
_@ 12 - 11, 2 B7q 1 2 - 1.3
5 Vt f(a,o)Zoi (O’z—i-O'Z) +2—u f(a,a)z:(fzoZ
i=1 i=1
— NB Vt[f (o1, 02) 1+4Rlz f (o4, 0?) Rjg
~af (0,0%) T 4 gf (07, 0%) Ry
and similarly
2
v [f (01702) H (03)} — NSy, {f (01 02) % —f (01702) 3]134
—af (oh,0?) TR L or (00 0%) 2]

Combining, we get

2u f (01, 02) Hj (01) —2u f (01, 02) Hj (03)

1+ R? R} 1+R
ZQNBQVt[f[ +4 12*713*@1%1“11%13
1+2R2 3R} 1+2R 3R
_ 13 4 2N o + 18 _, 34”
4 4 2 2

- %Nﬁ%t [ f [ng — 4R%, — 2qR15 + 8qR13
+3R%, — 6qR34H

*N/B2Vt[ {(312 —q)? = 4(Ri3 — ¢)°

|

T e |
We apply this inequality to f (o1,02) := exp [AN (Ris — q)ﬂ, A > 0. For the mo-

ment, ¢ is still completely arbitrary. Under g,f‘”, Ri12 and R34 are independent, and
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therefore
&Y ((Rsa— ) exp AN (Riz = ]
= & (12— 0 ? (exp AN (12— 0]
< &7 ((Riz— ) (exp [\ (Riz = 0)?])).

as for X > 0, X and exp [aX] are positively correlated for a > 0. After integrating over
P, we get the same inequality for the v-expectation. Therefore, we get

L (exp [N (Rix — 4]) < 2N8%0 (i — ) (exp AN (R~ 0)7]) ).

As a consequence, we conclude that

d
v (exp [(A — 232 N (R — q)QD <0 (3.13)
for t < \/2B2.

The crucial point with choosing ¢ just comes now. We investigate exponential mo-
ments of N (R — q)2 under v9. Under Gi;—g the single spins are independent, and
distributed according to

Groo (05 = 1) = exp [Bv/qgi + h] '
cosh (ﬁ\/@gi + h)
Therefore
Ei=o (o) = tanh (B\/qg; + 1) ,
and
Et(i)o (Uilaf) = tanh? (6\/qg; + h) .
Therefore,

Vo (oila?) = Eztanh? (8/qZ + h).

If g is the solution of the fixed point equation , then this is ¢. It is therefore clear
that Rjs concentrates around ¢ under vy. The 01-107;2 are under vy i.i.d. +1 random
variables with expectation ¢ if the fixed point equation is satisfied. Some elementary
computation for the binomial distribution then lead easily to the fact that for A < 1/2,

q the solution of (3.5) and all NV
Vo exp [/\N (Riz — q)ﬂ <(1-2))7". (3.14)

If 3 < 1/2, then k (B) := 1/4—$% > 0, and with X := 1/2—k, we have A—23% = k > 0.
Using (3.14)), together with (3.13]) leads to

Vi €Xp {H (B) N (Ri2 — Q)Q] <

< 00

1
K (B)
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forall N e N, t <1, and 5 < 1/2.
Together with (3.9)), this immediately proves the Theorem [ ]
In fact, the exponential estimate in the proposition evidently implies that

C
vt ((R12 - Q)2) < Jifﬁ)»
so that we obtain much more, namely
1 C ()
_ _ < 27
‘NEIOgZB:th RS (ﬁ,h)' ~ N

3.5 On the TAP equations

The appearance of ¢ and the fixed point equation is a bit mysterious, but the form
of the second summand of indicates that the o; under the Gibbs measure in the
high temperature (small 3) regime essentially look like independent ones with a random
expectation. This is indeed the case and has been proved by Talagrand in [42].

The Gibbs expectations m; (w) := &,0; satisfy the the TAP equations (for Thouless,
Anderson and Palmer). These equations are somewhat similar to the mean field equation
for the Curie-Weiss model

m = tanh (h + Sm),

but they are more tricky. (We drop § in front of A in accordance with our habit in the
SK-model).

We first give a heuristic derivation of the TAP equations. Let’s try to compute mq
in terms of the others:

N
>, 01€xXp [% 2 i<j 9ij0195 3 Ui]
my =
N
2o OXP {% 2ui<j 9j0i05 T h 2 imy 02}

We can split the Hamiltonian by taking everything which depends on o7 outside: With
Yy o1) = N—1/2 Z;VZQ g1jo; for the so-called cavity variables, and where oM .= (02,...,0N) -

N

=y 2.
9ijoi0; +h Y o, =01 |:/6y170.(1) + h}

N =1

1<j
3 N
—I-iﬁN Z 9ij0i0) —I—hZUz‘-
2<i<j<N i=2
The second part is just the Hamiltonian for os,...,on where all the interactions with

o1 are dropped. We denote the corresponding Gibbs expectation as £(1),
Summing out o1, one obtains

) geut(l) ginh (51/1,0(1) + h)
N gcut(1) cosh (ﬁyl,a(l) + h) |

m1
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The curious fact is that one can take £9¢(1) inside sinh and cosh:
gcut(l) sinh (Byl,o(l) + h) sinh (,Bgcut(l)ylp(l) + h>
gcut(l) cosh (/691,0(1) + h) cosh (550m(1)yl,a(1) + h)

_ g (1)
=tanh | h + ﬁ Z:gumj )

where mg.l) = EC“t(l)aj. There is no mystery in the above computation. In fact, one

cannot just take the £eut(1) expectation inside sinh and cosh, but one can do it up to a
factor which cancels out [
In order to see this, write

N N
1 1 1 1
Ve = 7= > 91 (Uj —m )) i > gumy,
j=2 j=2

(1)

where now m,’ denotes the Gibbs expectation of o; under £t One should now

remark that {m;.l)} and {gi1,;} are independent random variables. We pretend now

that the variables {aj —mM are sufficiently independent under G**(Y) that they

J }2<j<N
satisfy a central limit theorem, and assuming that this is correct, it is then easy to see

J
us. Anyway, accepting these somewhat dubious facts, one would get

that —= Zj 2 91 (aj — m(l)) satisfies a CLT, too. The variance 42 does not interest

1 N
gcut(l) sinh (Byl,g(l) + h> ~ 5 exp |:\/’i Z i gljmgl) + h:| e72/2

1
5P [ Z o 91 h] 672/27

and similarly, with £%(1) cosh </By170'(1) + h) . Therefore, the €7*/2 factor cancels out,
and

~ BN M
mp = tanh <\/N 2]22 g]_Jm] + hi.

Similarly, one can do that with any m; :

m; ~ tanh < QN h> (3.15)

VN Za i

where mg-i) = £°0) (5,), and g;; = g;; for i > j. This is one form of the TAP equations.
It is clear that they should hold only in an approximate sense as N — oo, as we have

4This is an artifact of some very special properties of the SK model. In only slightly more complicated
models, for instance if the o; take more than two possible values, this is no longer the case, and the TAP
equations become more complicated.
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used a CLT argument. Typically, one writes them in a form where one replaces m( D by

m. It turns out that the correction is for each j only of order 1/+/N but this contrlbutes
to the outcome. We sketch the argument. Using the TAP equation for the m; we have

B .

On the other hand, mg»i) is obtained by just cutting the interaction between ¢ and j :

(i) o, B )
m;’ &~ tanh <\/N Zk:k#ﬂ, gjkmy’ + h) .
Therefore, by Taylor, as tanh’ (z) = 1 — tanh? (z)

g /)2
m; ~ m( Dy Ngﬂm(J) (1 _ my) )
The correction is of order 1/v/ N, and we are not interested in corrections of lower order.

One should also observe that for N~! Zl . m?, the correction is 1rre1evant If one
believes that there should be a LLN for this quantity, one gets from ) that

— 2
q—]\}gnooNZm = Eztanh” (h + \/qBZ),

that implies that ¢ = ¢ (3, h) satisfies exactly our fixed point equation (3.5). We next

implement the corrections for mY into (3.15). We then obtain

J

m; =~ tanh | h + ﬁ Z gijmj — 52 mins Z gza (1 _ z)2>

JijFi ] e
2 1 )2
LS (a2 T () e
JiyFi JiyFi
Therefore,
~tanh | h + —= Z giymj — (1 —q) B*m; | . (3.16)
J JF#

This is the TAP equation in the usual form. The correction term — (1 — q) 8%m; is
usually called “Omnsager correction”, but it is there for the very same reason as the
correction term in Itd calculus, so I usually call it “Onsager-Itd-correction”.

In physics literature, the equations are claimed to be correct also in the low temper-
ature regime, but there, m; is not the (global) Gibbs mean of the spin variables, but
rather the average under “pure states”, whatever that exactly meansﬂ

Despite of the recent progress on the low-temperature SK-model, there are absolutely no rigorous
results on the validity of the TAP equations in low temperature.
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The equation has some precise global stability property exactly up to the AT-line.
This has been discussed in my recent paper [16]. One can define what a solution means

(in a N — oo sense) without any reference to the SK model. The way it was set up was

via an iterative construction. For every N one defines a sequence {mgk] }1<'<N , k>0,
1

by -

mEO] =0, mgl} =./q,

k+1] _ g k] 2 [k—1]
m; := tanh h+\/—ﬁ'.z'gwm]~ - (1—gq)p*m; , k> 1.
JijFi
Then
Theorem 3.11

N
1 2
lim sup lim sup v E (my] — mgk}) =0, as.

k,—oo N-—oo i—1
if and only if the AT-condition is satisfied.

As the construction leads to an interesting representation and has lead to develop-
ments in other fields (see [§]), we sketch it.
In order to keep the formulas short, we use the abbreviation

Th (z) = tanh (h + Sz).

Then
m£2] —Th (\/@Sl[ﬂ>
where
o 1+
fi = = 9ij,
and

m; = Th (\/1N Zjil giymy = B (1 - q) \/5> : (3.17)

We first discuss now m!3 carefully, and then sketch the general scheme for the higher
order iterates. A seeming difficulty in the analysis is that m/2 depends on the gij in a
non-linear way. However, it turns out that this can be analyzed in a simple way. For
that, we “correct” the matrix (g;;) and make it independent of the €M and therefore
independent of the m!?. As the £l are linear combinations of the matrix elements, this
can be done in a straightforward way. The exact formula is a bit complicated, but

1 1
o, 6 +g
Gij =90 T TN
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is “sufficiently” independent of [, Just check the covariances: Whereas

E (flmgij) = \/1N’
we have

o <§Z[ﬂgl[§]> —oN-3/2.

For the sketchy approach done here, it suffices to work with (gﬁ) as defined above, but

one should be aware that in order to get g2 fully independent of the &I, one needs a
more complicated expression. If we substitute /2 for the gij in 1j we get

mld — Th(\ﬁz gBm® 4~ ) Z] m?
e Y 500 va).

By the law of large numbers

RN i
w2 = o (vae )~ [ Thivas) o ds).
Jj= j=

where ¢ is the standard normal distribution. We set v; := [ Th (\/Q:B) ¢ (dz) .

1 N 1 N
¥ i elml = ¥ el Tn (\/(351[”)
~ /mTh(\/&w)gb(d:c) —Bya(1—q),

which cancels the Onsager term. Therefore, we get

UNTh<\ﬁZ gm} +7§[> (3.18)

We don’t give precise estimates for the approximations involved. This is indeed quite
a delicate point in the later iterations, and it contributed to the length of [16], but we
don’t wish to discuss this point here, as it would become too lengthy, and somewhat
obscures the basic simplicity of the structure.

The above expression reveals a simple structure of ml3: The 51[1] are of course
Gaussian with variance 1 — 1/N = 1, and are nearly independent, as

L.
Be el = 5 i 45

The first summand inside Th (-) in (3.18)) is of course not Gaussian, but it is Gaussian

conditioned on Fi := o (51[1] :1 <7< N).We compute the conditional variance. First

T ol s ST ol ()
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as Zj gg] ~ 0 by construction. (Actually, one gets exactly 0 if one corrects the g;;
precisely such that they become independent of the & [1})_ If one chooses i.i.d. copies of
the §Zm, independent of everything defined so far, call them &;, then

has the same distribution as the original g;; and is independent of the the { 1. Further-

more
N
e S (Y - ) =

Therefore, we see that the conditional dlstrlbution of

\ﬁ Z] gam (3.19)

is centered Gaussian with variance

S 2 L, 02
2 2|2 2 2
<> (mh —71) =M~ Aa
j=1 Jj=1
Therefore, although the unconditional distribution is for finite N clearly not Gaussian,
it is approximately so, because the conditional variance is by the LLN, in the N — oo
limit, s constant. Furthermore, it becomes asymptotically independent of & 1]

We describe now the construction for general k, and give an outline of the proof.
ml[k] has the following representation:

— k—2
m ~ Th < Vi >y m Y %dﬂ> (3.20)

with real coefficients ~;, random variables £Z[ﬂ, and transformed matrices (gl[?_”) which

[1]

we will describe. 9ij = Yijs and ¢/2 we have defined already above. To define them,

let (-,-) be the inner product in R which is the standard one, divided by N. II} is
the orthogonal projection in RY, with respect to this inner product, onto the subspace
spanned by the vectors 1, mll, ... m. Let

mm My (mi¥)
mlkl — II_y (mlM)

.

where ||z|| := \/(z,z), € RY. ¢! is the vector identically to 1.
The representation 1} leads to an evaluation of the inner products <m[s], m[t]> in
the form

J\;i_r)noo <m[t],m[t]> =gq, Vt (3.21)
]\}me <m[s],m[t]> = ps, 8 <t,
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where the sequence {p;} is related to the sequence {7}, as will be explained below. It
is important that limy_, s <m[5], m[t]> does not depend on ¢ provided ¢ > s.

The 52-[1] we have defined above. They are Gaussian’s, and for N — oo, essentially
ii.d. standard. The exact construction of the random variables and constants entering

1]

3.20) is intertwined. The crucial point is the construction of the gl where 9ij = Yij-
Given these, the &M are defined by

N
1 [t] 4[]
el .= > giel. (3.22)
! VN =7

We define F; as the o-field generated by the &I, s < ¢.
Next the recursive construction of glfl. Tt is done such that ¢l is conditionally
Gaussian given F;_o, and conditionally independent of F;_;1. We describe now, how to

construct glt1): On the RHS of (3.22), the qﬁm are F;_1-m.b., and the g are, conditioned
g ; g

ij
on F;_ Gaussians which are independent of the ¢l). We can therefore correct the gl[z]

by linear combinations of the ¢£?]. These corrected matrix we call gz[z-ﬂ}. It is evidently
Gaussian, conditioned on F;_1, and by construction, conditionally independent of F;.
The exact expression is unfortunately slightly involved, but as before with ¢/, we use a

simplified formula which gives asymptotically as N — oo the correct expression

i g’Lj \/N

(For t = 1, this is the old expression as ¢£1] = 1). It is readily checked by this construction
that

t [t t] |t
Sl g &0 &0

1 o [t] ,[s]

t| s
= 9,9, =0
/le YW

for s < t, and therefore

1 ivj (1,1 Hm[t] 1 (m[t]) H 1 i [t]¢[t}
\/szl 93 My~ k—1 \/szl 9i; Py
== e ()

Furthermore, in the same way as in the analysis of (3.19)), one gets, that conditionally

on Fp_1, N~1/2 Zjvzl gz[z-] gbg-t] has the same distribution as N—1/2 Zjvzl gijqﬁg-t] with copies

gij of gi;; which are independent of F;_;.

el

1 EN: t], [t]

t t
— Gii M
VN =7
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is Gaussian, as N — oo, with variance

i =Ty () "= " s ()

We will see that

lim HmmH2 =gq, lim ’Ht,l (m[t]> H2 =12 (3.23)

N—oo N—oo

where
t—1
2 2
'y ;= E V-
Jj=1

We have however not yet explained how the coefficients v; are constructed. Let us

first explain that the validity of (3.20)) and ({3.23])
Assume that (3.20)) is valid for k. The considerations above reveal that in the limit

as N — oo, the expression inside Th (+) is a sum of independent Gaussians, the {Z[t] with

variance 1, and N—1/2 Zjvzl gg_l]mg-k_l] with variance ¢ — T%_Q. From that, we get

i =

For s < k, we get that

lim <mW,m[S]> — ETh (1 lq—T2_,2" + 7o Z' + FS_2Z>
% Th (, lq—T2 7' + FSQZ>

with independent standard Gaussians Z, 7', Z".
Define the function v : [0, q] — [0, ¢] by

0 ()= BTh (ViZ +Vg—2') Th (Viz + Vg—i2")

again with independent Z,Z’, Z"”. Remark that ¢ (0) = (E Th (\/E]Z))2 _ ’Y%, and
¥ (q) = q. A simple computation gives

ETh (\ Jq—T2_ 2" + v 1Z' + FSQZ) Th <, [q—T2_,7' + F522>
=1 <%1\/q -T2 ,+ F§_2> .

So, we see that the relation between the p’s and the v’s is given as

ps = <'Ysl (VA F§—2 + F§—2> .
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We will see that actually the expression inside ¥ (-) is ps_1, i.e.

—T2
nl (3.24)

Tn = )
\/ q— Fn—l

but for the moment, these relations are a bit of a miracle. This is now solved by boosting
the crucial relation . Assume that is valid for k, and we sketch the argument how
to prove it for k 4+ 1 instead of k assuming that it is valid smaller levels. For that, we
start with the original definition

[k+1] [k—1]

1 K
S T 72 mb — B (1 — .
7 \/N ] g]mj ﬁ( Q)ml

m

Replacing g = ¢! by ¢! gives

[k+1} — Th (f Z gw 5[1 Zj\; mg.’“]
+ ijl gJ[,l]mj —B(1—q) \/a),

Given the representation (3.20)) for k, we get

1 N k]
N Zj:l m] ~ 71,

and for k£ > 3

1 N
~ ZFI Ml ~ Bz Th (« la—~22' + 'ylZ>
= ﬂ (1 - q) 1,

so that

w1 Th< fz gamyt el ﬁ(l—q)(mE’“‘”—m))

Based on the inductive use of (3.20)), it is not difficult to check that by the sequence of
replacements gl2 — g3 — ... = gl*l we successively produce the terms &2, 45€B) ..
Yie—1EF1 and “eat up” successively the Onsager term with 8 (1 — q), where the 4’s are

given recursively by (3.24)).
All this is correct for any parameter , and also in the low temperature regime.

However, it is useful only if
lim var 1 g g[k 1 [k 1 E 72 =0.
N—oo VN —i~" J
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The reader will have no difficult to check that this is true if and only if
klim Pk =q. (3.25)

It is elementary to check that the function ¢ is strictly convex, and as it has ¢ as a fixed
point and satisfies ¥ (0) = v > 0 if h > 0, we get that holds true if and only if
1’ (q) < 1. By an elementary computation, this is equivalent to the AT-condition. So,
the Theorem [3.17] follows.

In principle, TAP type equations can be discussed for most of the mean-field spin
glasses, for instance also for the perceptron. The details of an iterative scheme have
however not been worked out in other cases besides SK. Even more important would be
a discussion of the TAP equations in low temperature.

4 Ruelle’s probability cascades

4.1 The Poisson-Dirichlet point process

We have already introduced the Poisson Dirichlet point process PD ({) with parameter
0 < ¢ < 1. It is obtained from a PPP ((z=¢~'dz) {n;} on R via the normalization
M = mi/ >_;nj, see Definition ¢ < 1 implies ) ;n; < oo almost surely. If =
is a point process on Rt where the points have a finite sum, we write A/ (Z) for this
normalization.

As remarked, the point processes don’t care for the labeling of the points by the
natural numbers. Such a labeling can always be done by ordering the points downwards
if there exists a largest point.

Proposition 4.1
a) Let {n;} be a PPP (Ca=¢"!dz) on RT, and let {Y;} be an iid. sequence of
real-valued random variables with distribution p. Assume that ¥ : R — R is a
measurable function with C (¢) := [e¥®Wy(dy) < oco. Then the point process

{ (e‘”(yi)m7 Y;) }l on RT xR has the same law as the point process { (C (C)l/c Mis YZ’) } ‘

where Y/ is i.i.d. with distribution
p (dy) = C () e Wp (dy) .
b) If {n;}; is a PPP ((z=¢"'dz), and 0 < ¢ < {/ < 1, then {nfl}. is a
PPP (gx—é“/ﬁ’—lda:)

c) Let Ej = {nf}i, k € N be an i.id. sequence of PPP ((z~¢"'dz)’s, and let {y)}
be a sequence of positive real numbers satistying C (¢) def ok y,g < 00. Then the
point process {ymf/C (C)I/C} . is also a PPP (Cz~¢1dz) .

(2

)
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d) Let 0 < ¢ < ¢’ <1,y = {y;} be a sequence in Rt with C ({,y) = >k yg < 00,
and =2 = {nlk}i, k € N be an i.i.d. sequence of PPP (C.’E—C_ld.’lﬁ) ’s. Then

ik

N ({ (mnf)c}i’k) £ PD (é) .

In particular, the law of the right-hand side does not depend on the sequence y.

almost surely, and

Proof. a) {(1;,Y;)}, is a Poisson point process on Rt x R with intensity measure
K (dz,dy) = Cz=¢"'dx ® pu(dy). If we map the points by the mapping ¢ : (z,y) —
(mew(y), y) we get a new Poisson point process, and we just have to compute the trans-
formation of the intensity measure (z~¢~'dz under ¢: r¢~!(dz,dy) = (z~¢"'dr ®
eSPW  (dy) .

Remark that this is again a marked Poisson point process with independent marks.
Indeed, we can write

Ca™ T dweSP Wy (dy) = C () ¢ - 1 (dy),

where

C(0) = / SV 1 (dy)

W (dy) = ==eV Wy (dy).

1
Q)
So, {(n:e¥(¥),Y;)} is equal in distribution with {(n},Y/)} with {n/} being a
PPP (C (¢) (z~°~'dz) with independent marks Y/ having distribution x’. However, the
above PPP (C €) {x_c_ld:c) is simply a PPP (C:c_c_ldx) with the points stretched by

a fixed factor C (¢)'/¢ .
b) follows from the basic transformation formula for Poisson point processes.
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¢) We compute the Laplace functional. Let ¢ € Cg (R"). Then
E (exp |- Zlkgb( M yet)))
=TI, Brew [- 30 0 (@)
=1, ex» [— / (1 _ e¢(0(<)—1/<ykx)) (a1 dx]

¢
) J (=) CZ“dZ]
¢
= exp [— 4 C’y(i“) / (1 —e¢(z)) gzcldz]

= exp |:_/ (1 _ e¢(z)> CZ—C—le} ’
as claimed.

d) follows from b) and ¢). =
Part a) of the proposition has the following consequence:

Corollary 4.2
Consider a PD (¢) {#;} and independent Y; with Ee¢¥(Y4) < oo. Define

Then {(7;,Y;)} is (as a point process) identical in law to {(7;,Y;)} with Y; independent
marks with the law 1/ as defined above.

Proof. We represent {7};} as N ({n;}), where {n;} is a PPP ((:U‘C_ld:n) , and apply

the Proposition. As the scaling factor C (¢ )1/ ¢ cancels out after normalization, the claim
follows. m

We will draw an important conclusion from this corollary.

A PD (¢) {7} can be interpreted as a random probability distribution on the integers
N. For that we have to use an ordering which is usually done by order them downwards:
M1 > T2 > ---. Then 1 gets probability 71, 2 gets probability 72 etc. Actually all the
final properties we derive don’t depend on this ordering. We could start with the fifth
largest, and go on in some way.

We denote this random probability law by G, as it will turn out to be related to our
random Gibbs measures. We can then also consider the product measures G on N™.
One should keep in mind that these laws are random through the random character of
the point process. We will write as usual E for the expectation under this, and use again
v(™) for the probability measure f G dP on N” but often drop the index n.

For 1 <i,j5 < N we define the “overlap” R;; : N — {0,1} as Rjj (x) := 0y, 2;, X €
N", and the matrix R = (Rij), <ij<n The aim now is to derive the Ghirlanda-Guerra-
identity for the R(™:

Mi 1=
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Proposition 4.3
a)
V(ngzl)zl—C

b) For n > 2, the conditional law of Ry 41 given R™ s

v (Ri2) + z ORy .

Firts proof. We apply Corollary [4.2] with Y; = ¢; — ¢, ¢; standard normal, and
¥ (y) = y. In this case, y is just the standard normal distribution.

Let F' be a real valued function defined on the set of n x n-matrices, and consider
the point process {(7;,Y;)} as defined above. Below, we compute expectations E with
respect to this point process, and one has to take into account that the Y; enter into the
point process {7);} . However, {7);} is simply a PD (¢). From the corollary, we get

In the point process {(7;,Y;)},, the Y] are independent marks. So the RHS above is 0
as the Y; are standard normal.

A e ¢
ni = = 20 —C°
> je%

Using the partial integration (Proposition , we get with (") := i GMdp

0= ™ (F (RW (x)) (921 — C))

n

_ Z (™M cov (9a1» Guy) ' (R(n) (X)>

k=1
— /" oy (9znsrs901) F (R(”) (X)) — v [F (R(”) (x))} .

Here x is regarded as a random variable under v. | finally integrates out the whole point
process {(7;,Y;)} including the Gauss variables. Remark that cov (9s,, 9z),) = Oz1z, =
Ry, (x). Taking into account R (1,1) = 1, we obtain

n

(1) [le-i-lF (R(”))] _ 1 ; ) p (R(n)) + %Zy(n) [Rl,kF (R(m))} . (41

In particular, with n =1, and F = 1, we get
) (Ri2) EZm =1-¢, (4.2)
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which is a). Applying the above formula for n > 2 then proves b). m

Second proof. The above proof is from Panchenko’s book [38]. A less elegant but
maybe more intuitive argument runs as follows. I use a slightly non-rigorous formulation
which can easily be made precise.

A point process {n;} which is a PPP (f () d¢) on R, and for which Z := ), & < o0
almost surely, can be described as follows: In each infinitesimal interval [¢, ¢ + dt] there is
the chance f (t) dt to have a point in this interval, and the different infinitesimal intervals
are independent. Therefore, conditioned on [t, ¢ + dt| containing a point, the conditional
distribution of Z is the unconditional distribution of ¢ + Z. Therefore, for any m > 0,

e BY 7 = /0 Tt f () <mlz),n) | (4.3)

Applying that to f (t) = (¢~ and m = 2, we get

” _ * —(—142 1
(R12) /0 dt Ct tE((t+Z>2>

*° 1
=(1- g)/o dt ¢t UE (HZ>
=(1-QBEY mi=(1-0),
by partial integration, which is a). b) can be proved along the same line.ﬂ [
Exercise 4.4

Let again {7;} be a PD (¢), and define for r = (ry,...,r,) € N§ (Ng:={0,1,2,...})

xm .- Zi M2 e 7", (4.4)

where Y ; means that we take the sum over n-tuplesi = (i1, ... ,i,) which are all distinct.
Prove that and imply the following formula

(n —

n D!
EXI'( ) - (N—l))'C 1Hg(ri7<-)a
) i=1

where N := >}, r and

1 ifr=1

106:9={ e 1 g2 2 -

Exercise 4.5

Prove that and characterize PD (), that is if a point process {&} on RT
satisfies Y & = 1 and these two equations, then it has to be a PD (¢). This follows by
the fact that the moments characterize the point process.

5Of course, the argument with infinitesimal intervals has to be replaced by a more careful reasoning

to justify (4.3).
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4.2 The GREM and the Ruelle cascades

Derrida evidently felt that the REM is too simple to shed any light on “real” spin
glasses. He therefore invented a modification, called the “generalized random energy
model”, GREM for short, where the energies are correlated, like in the SK-model, but
in a very special hierarchical way.

I will not prove anything of substance about Derrida’s GREM, but I will quickly go
to the limiting object, the Ruelle cascadesm I will however give a short description of
the GREM, and discuss some of its properties, as it sheds some light on the concepts of
the physicists, particularly what they understand by the notion of “pure states”.

Consider a tree with a root and K levels. On each level, a bond branches into
“children” bonds. The leaves which we call ¢ can then be written as

oN/K

.. . . N/K
o= (i1,l2,...,ix), 1 <i; <2 /K,

(We assume that NNV is divisible by K). The bonds from (i1,...,4j-1) to (i1,...,7;) of
the graph can be identified with (i1,...,4;), j < K. To pass from the root to the leaf &
on passes through the bonds

ilv(ilaiZ)v(ilai27i3)7' "7(il7i2a" . a,LK) .

The energies of the GREM are given by summing independent bond energies along the
path from the root to the leaves.

def

Ho) ¥ xP 4+ x® 4. 4 x5

1 11,2 115yl

All the X U)-variables are assumed to be independent and centered Gaussians. On level
7 < K, all variables have the same variances

var (Xz(f,),zj) = K,?N.
Usually, one assumes that k3 > k3 > -+ > k%, but it is not really necessary. (If it is

not satisfied, then some of the levels simply disappear in the limit. See the discussion in
Section [7.1)). We also assume

which is a normalization of no importance.
The covariances are trivially computed

"Ruelle did not prove that Derrida’s GREM converges to the object he introduced, although he
seemed to have taken it as a kind of “evident”.
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where

q((il,...,iK),(i'l,...,i'K)) :max(m:(il,...,im) = (z'l,,zm))

Particularly, the variance of the variables is NV as in the REM case.
The partition function and the Gibbs measure are defined in the usual way:

exp [BH (o)].

ZNpw = Zexp [BH (0)], Gnpw (o) = s

The free energy
) 1
f(8) = lim ~logZy

can be computed explicitly. It is piecewise quadratic with K pieces of different second
derivative (provided s > k% > --- > k%.). The model has K critical values:

o v/2log?2 or v2log2 v2log?2
LT R T VR N

For B < 5§, the free energy equals the annealed free energy. f (3) = 5%/2 + log2.
For 8 > B%, the free energy is linear in 3. The second derivative of the free energy in
jumps at all critical values down, but the first derivative stays continuous.

It may be instructive to discuss quickly K = 2 which has all the ingredients.

Let’s first look back at the random energy model which is the special case K = 1,
k2 = 1. There, for s > 0,

< << PRo=

2
#{o:H (o)~ sN}~ 2" exp [—SQN},

with high probability. We are neglecting parts which are not exponentially in N. Also
~ sN should mean sN —o(N) < H (c) < sN +o(N). If s > \/2log 2, then the right
hand side goes to 0 exponentially fast, meaning that {0 : H (0) ~ sN} = () with high
probability. In fact max, H (o) is v/2Iog 2N + o (V) with high probability, where o (N)
actually is only of order log N. The free energy is then obtained through

Zy~ Y #{o:H(o)~sN}ePN
s<+/2log2

~exp |N  sup (ﬁs — 52/2)
0<s<+/21og 2
leading to the expression we have obtained in Section For g < +/2log2, the sup

over s is attained at s () := 3, and for 5 > \/2log2, it is attained at s () := /2log 2.
This suggests (it’s actually just an exercise) that the Gibbs distribution is concentrated

on o’s for which H (o) ~ s(8) N. The crucial distinction is whether 5 < y/2log2 or
not. In the former case, no single spin gets a Gibbs weight which is of order 1, and
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in fact max G (o) is exponentially decaying. There are simply “too many” o¢’s which
satisfy G (0) ~ s(8) N. On the other hand, if 5 > y/2log2, then the Gibbs weights
just concentrate on the o’s for which H (¢) is among the top values, and in the limit as
N — 00, the Gibbs distribution is given by a Poisson-Dirichlet point process. In physics
jargon, for 8 < v/2log2, there is just one “pure state”, and for 8 > /2log 2, there are
countably many with random weights, given by a PD. We abstain from discussing the
border line case § = y/2log 2 which is slightly tricky.

Let’s now look at the modification for K = 2. We again want to compute the number
of configurations ¢ with H (¢) ~ sN. This is now slightly more difficult. We best fix
s1 < s, and ask about about #A (s1, s) where

A(s1,8) == {0 = (i1,42) : X]

21

~s1N, X2, ~(s—s1)N}

1,12
We first observe that with A4; (s1) := {il : Xz-l1 ~ slN} we have, as in the REM case

2
51

IN 1
#A1 (s1) = 2V 2% exp [—812} = exp [N{logQ - H .
2K7 2

2
2K7

The exponent gets negative for
s1 > K14/ log2

which means that A; (s1) = 0 and therefore also A (s1,s) = @ with high probability. So,
we have to restrict to s; < k14/log2. In that case

#A(Sl, ) #Al (81 X#{ZQ le (S—Sl)N}
1
2

1 s (s —s1)?
~exp |N 510g2—2—ml exp |N logQ—T%

It is not difficult to prove that, up to corrections of subexponential order, one has

&2 2
#A(s) = sup exp [N {log? —1 - (8_81)}]

s1:51<Kk1v/log?2 2 2’%2

2 - 2
— exp [N {logQ —  inf (1 (5 —51) ) H .
s1:51<k1y/10g 2 2K3

- s, =)’
o (s): inf + 5 (4.6)

Write

s1:51<k1+/log?2 25% 2/%2

For fixed s the unrestricted minimum in s; is attained at

51 = K1S.

52



This is however only < xk1+/log 2 if

vl1og 2
s < o8 < 4/2log?2

R1

as we had assumed x? + k3 = 1 and k2 > k2. For s satisfying this restriction, we have

which is the same as for the REM. On the other hand, if s > 7vl§1g2 we have

_ log2 N (8 — K1v/1og 2)2

o(s) = = 212

Therefore, # A (s) can be # 0 only if ¢ (s) < log2, i.e.

s < (k1 + Kk2) \/log 2.

Having computed ¢ (s) for all s, it is easy to see that

. 1
f(B) = lim N log Zn g = sup (Bs — ¢ (s)) +log2
N—oo s<(k1+k2)v1og2

The reader may easily check that for g < " = /ﬁl_lx/log 2, the supremum is attained

at s = s(B) := B leading to f(B) = £%/2 4 log2. For B§" = k;'Iog2 < B < A5 =
Ko 1\/log 2, the supremum is attained at

Vlog 2
s (B) := k1\/log2 + K36 € Elg , (k1 + Kra) \/log 2| .

Finally, for 3 > S35, the supremum is attained at s(83) := (k1 + k2) VIog2. Remark
that (k1 + k2) V1og 2N is the maximum of H (o) (up to smaller order in N). We write
also s1 (B) for the maximizer in the variational formula which satisfies s1 () <
k1v/1og2 if and only if 5 < Bf". (Remember that k1y/log2N was in leading order the
maximal value of Xi(l) , 1 << 2N/2 Plugging that in, one gets the explicit formula for
the free energy which is not very interesting. More interesting is what the above analysis
suggests for the behavior of the Gibbs distribution. (For more details about that, see

[11] and [I8]).
For f < f{', nothing interesting happens: The Gibbs measure concentrates at o’s
for which H (0) ~ s(f) N which means that it concentrates on o = (i1,i2) where

Xi(ll) ~ s1(B) N, ngfi)Q ~ (s(8) —s1(8)) N, up to smaller order in N, and the reader
will have no difficulty to check that in fact the maximal Gibbs weight is exponential

small in N. Not only that, also the marginal distribution on the first level

Gl (i) = Zg(m,z‘z))
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has the property that max;, G! (i1) is exponentially small in N.
In the region " < 8 < B§'. The Gibbs distribution concentrates on o = (i1, i2)

where Xi(ll) ~ k1v/10g2N (up to smaller order in N), and Xi(fi)2 ~ (s (B) — k1/Iog2) N.
The maximum of the Gibbs distribution is still exponentially small in NN, but now G'
concentrates on ¢ for which XZ-(ll) is maximal. This then implies that G! remains macro-

scopic in the N — oo limit, and in fact
PBLAN
i1

converges weakly to a Poisson-Dirichlet point process. One says that the Gibbs distribu-
tion “freezes” on the first level. In physics jargon, there are countably many pure states
in this caseﬁ They consist of the exponentially large collection of ¢’s which have i1’s for
which G! (i1) belongs to the top ones. Finally for 8 > £S° the Gibbs distribution itself
freezes, and ) dg(s) converges to a Poisson-Dirichlet point process. In that case, the
“pure states” are the single configurations.

The most interesting case is the intermediate one 5" < 8 < 57. There, the individ-
ual configurations have only exponential small Gibbs weights. The configurations can
however be bundled into lumps with the same first component i1. The lumps then have
Gibbs weights given by Poisson-Dirichlet, and they are what in physics literature are
called “pure states”. In physics literature on mean-field spin glasses like in [35], it is
suggested that something like that should be true in other more interesting models like
the SK-model. There is however no mathematical proof except in some special cases of
p-spin models which are investigated in [42].

We don’t give any more details about that, which has been thoroughly investigated
by Bovier and Kurkova [I8], but now present Ruelle’s limit object [39].

Ruelle argued that the limit Gibbs measure (for § large) should have the following
cascade structure. One chooses K parameters 0 < (3 < --- < (g < 1. Then, on a
first level one chooses a PPP (g‘lx_gl_ldm) , Bl = {77@1}2 On the next level, one chooses

for any ¢ € N a PPP ((gx*CZ*Ida:) =2 whose countably many points are denoted by
{7722]} N’ and we furthermore assume that these point processes are all independent,
j€

and also independent of Z!. In this way, one proceeds: On the third level, one chooses in-

; —_ def o )
dependent point processes :?1 iy = {77;31 inj }j for any 41,42 € N, and these point processes
have intensity measure Cg:Z}_C3_1d:1;_

=1 =2 =3 =K

Such a cascade of point processes = is called a Ruelle

i S R Ry AR D R Rl S X 2 JON S S |
cascade to the parameter ((,...,(x) -
We can multiply the points of the all the processes: For i = (i1,...,ix) € NK | we
put
def 1 2 K
= My Mivia " iy in,eine (4.7)

8Strictly speaking, this does not make any mathematically precise sense as it would refer to a N = oo
situation. The proper notion will appear later in Section
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This leads to the point process
—tot def
=20 = {m}

One should think of the points of this point process as the unnormalized Gibbs weights
of a limiting GREM-type spin glass. For a proof of this fact, see [I§]. In a special case,
it was also proved in [I1].

The first surprise is

Proposition 4.6
N (EtOt) is stochastically independent of the cascade up to level K — 1 and its law is

PD (Ck) -
Proof. Take K = 2. Remark that because of (1 < (3 < 1 we have f(o 1) 2 dy

< 00, and therefore
C:= Z (172-1)C2 < 00 (4.8)

almost surely. We can now apply Proposition For that we condition on the first
level {n}}, and apply the Proposition with y; def nt, ¢ = (2, ¢ =1. Then

N ({min3}) =“PD ().

That is the conditioned law on the first level. As this law does not depend on {7711} ,
the statement follows.

The general K case follows easily by induction, always conditioning on the level
K-1 m

At first sight, this proposition seems to tell that the introduction of the cascade
structure does not give anything new which is not already present in the case K = 1,
but this is wrong, as there is a non-trivial notion of an overlap structure.

To discuss it, it is best to order the points downwards. Therefore, we assume 17% >
ng > --- and for any i : n3 > 13 > 771'23 > --- etc. In this way, the index set i for n; is
identified with N, We can order the 7; downwards which leads to a random bijection
¢:N—-NK: Ng(k) 1s the k-th biggest among the 7;.

Let 0 < k < K and fix it for the moment. We define a (random) equivalence relation
on N by setting

i~k § S5 6(0), =0 (j), Vr<k

In other words, 7 is equivalent to j if and only if the branching between the i-th largest
and the j-th largest is at level k or later.

The equivalence relation induces a partition Z; of N into disjoint subsets, the equiv-
alence classes under the equivalence relations ~y . By the very definition, it is clear that
Zj11 is a finer partition than Z;. If Z and Z’ are to partitionings of N we write 2’ < Z
if Z is obtained by possibly dividing the sets of Z’, i.e. if it is the finer partitioning.
Using this notation, we evidently have

Zr={{i}:1eN} = Zx 1= 21 = Zy = {N}. (4.9)
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The Ruelle cascade therefore leads to a sequence of random partitionings (Zy, 21, ..., Zx) .
Of course only the Z;, with 1 < k < K — 1 are random.
A most remarkable property is

Proposition 4.7
N ({m}) and (20, Z1, ..., ZK) are stochastically independent.

Proof. We do the proof only for K = 2 which contains essentially all the ingredients.
The general case is only notational more cumbersome. For K = 2, the only point is to
prove that Z; is independent of N ({n;}) .

We start with a sequence y = {yx} of positive reals, and independent point processes
{771%@}1 which are PPP (g‘gx_CQ_ldx) . For notational simplicity, we drop the index 2 for

the moment. Then consider N ({ykmm}m) . Assuming C (,y) := Eyi < 00, we know

that it is a PD(¢). We order the points ypnr; downwards, creating in this way the
random partitionings Z of the natural numbers. Formally, we simply attach to a point
of the point-process N’ ({yknm}zk) the number ¢ if the point stems from the group y;ny..
This creates a marked point process with marks in N.

We now prove that this marked point process is a PD (¢) point process with inde-
pendently attached marks in N, where the law of the marks depends on the sequence
{yx} . Having proved that, we have proved the proposition applying it to {yx} = {n,i}
which is, as a point process, independent of N <{771£77131}1k) .

A point process with values in R* with marks in N is a point process with values in
R* x N which has the property that almost surely, one has for all s € R™ there is at most
one point in {s} x N. One also requires that the projection of the points to Rt gives a
point process on R™ (which is not automatic from the requirement that one has a point
process on R™ x N). On the other hand, there is no requirement that the projection
onto N leads to a point process on N. A very special case is the one where independent
marks are attached to a point process on RT. We have encountered that before (with
marks in R).

We compute the Laplace functional of a point process {n;} with independent marks
X; in N which are distributed according to probability weights p = {p (k)},cn- If ¢ €
Cl (R x N), then

Eexp [— ZZ ¢ (i, Xz)} = ZP (k) Eexp [— ZZ ¢ (ni, k)}
k
= FEexp {— Zitb (Th)} )

where

e ¥V — Zp (k) e ?Wk),
k
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So, if {n;} is a PPP ((z~¢"'dz), this is

exp [— / (1 _ e*w(ﬂf)) Cazclda:}
— exp [— > pk) / (1 _ e_¢($’k)) C:L'_C_ldm} .

We apply this to {(yknki, k), k} :Let ¢ : Rt x N — RT be continuous with compact
support. Then

Eexp [— Zmd)(yknki,k)] = H EeXp[ Z & (Ykmki, }
Lo [ f (1o o) ol

ok € [T —¢-1
= Hk exp [—/ (1 —e ¥ k)) " <yk> dx]
= exXp [_ Zk/ (1 - e_¢($’k)) pey (K)C(Cy) C:E_C_ldm} ,
where

Pey (k) = 4;/C(Cy).
This proves that, for fixed sequences y with C' ((,y) < oo, the point process

{(yknkia k)k,i}

is a marked point process which is a PPP (C ¢,y) C:c_c_ld:c) with independently at-
tached points in N with law p¢y, and therefore {(ykﬁkz‘/c (C’y)1/47k>k} is a

PPP (Cx_c_ldat) with independently attached marks in N. After normalization

( YkNki k:)
ey )
we get a PD (¢) with independent marks in N, distributed according to p¢ .

The statement (for K = 2) now follows easily. Conditionally on the first level
{77-1 } , the clustering is through marks, independently attached to the point process
11 J 4y

E=N ({7711771122}) The law of the latter does not depend on the realization of {n;},
however the distribution of the marks does. As {77Z } and N/ ({77Z 17]1 o }) are independent
by Proposition [£.6] the claim follows. m

Therefore, the clustering is stochastlcally independent of Z*°*, and is obtained through
a two-stage procedure: Depending on 7', one computes a probability law on N through

—tot

{pCNﬂ (i)}@'eN
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and chosen conditionally independent marks, given n!, the marks attached to the point
process =. The matching is performed by matching points with the same marks. The
total distribution of the matching is obtained by choosing n' according to its law.

Remark 4.8

It is important to carefully spell out the mechanism of the matching procedure. Condi-
tionally on the first level ', both, the point process =, and the matching depend on the
point process 7%, and are stochastically independent. The point process = is however
independent of n', whereas the matching is not. Nevertheless, this implies that = and
the matching are also unconditionally independent.

The point process {p@ml (z)}Z ¢y itself is obtained through normalizing {(n})CQ},
i.e. it is a PD ({2/(1) according to Proposition [4.1| d).

Another important property of the Ruelle cascades is that they satisfy the Ghirlanda-
Guerra identities. It is irrelevant if one formulates this in terms of the original indices
for nf°*, or after reordering the weights in decreasing order. Let’s do the former, as
then the overlap is “not random”. We define the the overlap R (i, i') to be the largest
number k such that (i1,...,4;) = (i],...,1). Here, these are numbers in {0,1,...,K}.
For the formulation of the Ghirlanda-Guerra identity, we can take this as the overlap.
Later we will use a monotone map {0,1,...,K} — [0,1], but for the moment, this
is irrelevant. We take the normalized weights 7{°* which defines a random probability
distribution in NX, and take product measures. We can as well take the infinite one,
but it does not matter for the formulation. Integrating out, after taking the product

—tot)

measure: v := [ (17 o dP, where P refers to the law for the Ruelle cascades, we arrive

at a probability measure on (NK )N. We write I, for the projections (NK )N — NK,

Proposition 4.9
Let n € N. Under v, the conditional distribution of R (I;,1,41) given the random matrix

(R (Ij, Ik>)j,k§n iS

1 & 1
n jZQ 5R(11,Ij) + ﬁ[’R(Il,h)'

Proof. I don’t give a proof. It is a good exercise to try to prove the K = 2 case. m
The Ghirlanda-Guerra identity characterizes the Ruelle cascades in a way which will
be made precise later.

4.3 The coalescent process

The aim of this section is to give further information about the structure of the distri-
bution of (2, Z1, ..., Zk) . For that, we define a continuous time , time homogeneous,
Markov process {I';},~, taking values in the set of partitionings of N (or equivalently,
in the set of equivalence relations). We write Iy for the set of equivalence relations on
N. The set of equivalence relations is a subset of the set of all relations on N. The latter
is evidently a compact set, as it can be presented as a subset of {0, 1}P(N) , where P (N)
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denotes the set of (unordered) pairs of N.. It is readily checked that ITy is a closed subset
of the set of relations, and therefore, it is compact as well.

If I is a finite subset of N, then we write II; for the set of equivalence relations on 1.
This is a finite set. We write 7 for the projection I1; — II;.

We construct the process {I';} via its projections I'; s def w7 (I'e) for I CC N {T'y 1}
itself is a Markov process which is not automatic from the Markov property of {T';}, of
course. Anyway, {I'; 1} being a continuous time Markov process on the finite set Iz, it
is perfectly described by its transition matrix Ry (7v,7'), 7,7 € II;, which then can be
written as

Ry = exp [tQg],

with the Q-matrix Q; (v,7), satisfying

> Q(v.) =0, v,

Y
Q(7,7) =0, vy #4".

Here it is: Transitions are possible only to coarser partitionings, i.e. from v to a
7' < 7. Therefore, if v has just one class, then no transitions are possible, and this is
absorbing. This means that Q7 (v,7") = 0 if |y| = 1. || here the number of classes in ~.
If |y = N > 2, and if 4/ is obtained from 7 by clumping together exactly k > 2 classes,

then )
1y def

All other Qg (v,7') with 4/ # ~ are 0. So, infinitesimally, only one clumping act is
possible, but the number of clumped sets is not restricted. Furthermore, of course,

Qv == > Q(v7).

¥ FEy
This defines in the standard way a Markov process {T'sr},~ -

Exercise 4.10

The transitions of the Markov process {I't 1}, I CC N, are given in the following way.
Conditioned on {I'y j = v}, the process stays in 7 for an exponential time with expec-
tation (|| —1)~". (Of course, if |y| = 1, then the process stays there forever). At the
jump time, £ € {2,...,|v|} classes are clumped with

| 1
P(=k)= .
Y= 1k(k—1)
Conditioned on {§ = k}, the k classes to be clumped together in one new class are chosen
with equal probability among the (]Z ) possibilities.
With probability one, the process reaches the absorbing one-class state after a finite
time.
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Somewhat surprisingly, the transition kernel R;; for I finite, can be computed ex-
plicitly:

Proposition 4.11
Assume ~ € TI; has N classes, and «' is obtained by clumping r1,72,...,r, > 1 classes
of v, with ), r; = N. Then

k
Rur () = (e o (e ). (4.10)
=1

where g (r,() is defined in .
Proof. We write ¢ (v,7) for the right-hand side of (4.10). Evidently, go is the

identity matrix. We prove

dqy .
dt Qqt-
From that, the claim follows.
We write z = e™*, f, (s) = s%, s > 0. Then

k
a(v,7) = (DN F H [T,
=1

where f(™) denotes the m-th derivative w.r.t. s.
For m > 1, one has

afim o
: ot - pam (w1088) fa (5)

The functions f, (s) satisfy the identity

ef (1) = fD @) + 0 (1),
and implementing that, we get
(m—j+1)

i (1) N, i (1) m
o ML me g

=2

where the sum over j is 0 in case m = 1.
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Let now 7, be as in the statement of the proposition. Then

dt
ka(k-—lﬂ
+=) m
|fxmlfr+1) .
x D Z e 1 £ima)
zmz>2r 2 ]]#Z

=(—N+ 1) g (v, 7’)

B

m; >2 r= 2

(k‘) B 1) 1 m —r+1) m]
% (N —r)! £L‘ H Ja
Jij#i

= > QY a(".Y).

,yll :,yl _<,Y// _<,y

This proves the claim. m

We next claim that the Markov processes on II;, I CC N, are compatible, meaning
that if I C J, then the Markov process constructed with values in Il;, projected onto
II; is the Markov process with this state space. This is proved by checking that the
Q-matrices have the appropriate compatibility property, namely

Lemma 4.12
Let v,y € II;, o <, and 4 be any element in I1; with m ;1 () = . Then

Qr(v.7) = Z Qs (%:7) -

y' el :4'<7,
mr1(3)="

Proof. We only have to check the formula when 4’ is obtained from ~ by clumping k
classes, v having N > k classes, k > 2. The chosen 4 may have N classes, too, or more.
Say, it has N > N classes. Now, in order to get by a simple clumping a partitioning
4" which when restricted to I equals 4/, one has several possibilities, but certainly, the
extensions of the classes clumped in « have to be clumped. Of the N — N new classes
in 7, the clumping of them has no influence on the trace on I. Therefore, if we decide
to clump [ < N — N of them, there are simply (N ?N ) to select this group which should
be clumped, and in this case, we have

o 1
Qs (7,%) = (N—l)(N—Q)'

k+1-2
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Therefore, all we have to check is

<N11><N>‘ <N?N> (N—1)1<N-2>

which is elementary. =
As a consequence, one obtains the compatibility of the semigroups Ry ;, namely that
if I C J, and 4 € 11, then

Rip(m11 (3),) = Rig (3755 (0)) (4.11)

and then, by soft arguments, one can extend the semigroup to a Feller semigroup {R;}
on Iy, satisfying

Ryr(mng(7),7) = R (’ym@ (')> (4.12)

for any I CC N, 4 € Ily. This leads to a Feller process {I';},-, taking values in IIy which
we start with the trivial partitioning of N into single points. This process is characterized
by the property that its projections to II;, I CC N, are Markov with the semigroup R; ;.

A nice direct description of the coalescent process is due to Goldschmidt and Martin
[28], which we shortly describe.

We start with an infinite random tree, i.e. a graph with no loops, which has vertex set
N. The construction is as follows. We start with the vertex 1 and 2 with a bond between
them. Then vertex 3 is with probability 1/2 either attached to 1 or 2. “Attached” means
that we draw a bond either to 1 or 2. Then vertex 4 is with probability 1/3 attached
either to 1,2 or 3, and one proceeds in this way. It is clear that in this way an infinite tree
is constructed. We consider 1 to be the root of the tree. The unique path from 1 to vertex
n # 1 is evidently an increasing random sequence of vertices 1 < i1 < -+ < i = n. If
two bonds 4, j are connected by a path ¢ < ¢; < ---i; = j, we say that j is below 1.

For the dynamics, we have to switch to a formally more general notions, where the
vertices are no longer single numbers but subsets of N. The set of all subsets belonging
to a tree is supposed to be a partition of N. This notion appears with the dynamics
we will describe in a few lines. It will turn out that with probability one, one always
falls on infinite partitions where each of the sets is infinite, except at the time 0. We can
order the sets in the partition according to the smallest element in the sets, i.e. if A, A’
are members of a partition, then A < A’ if min A < min A’. Therefore, from the point of
view of the graph, the interpretation of the vertices as sets is just a formal labeling. It
is however important for the dynamics and the relation with the coalescent, as we will
explain.

We equip now all bonds of the tree with an exponential clock. If a clock rings at
time ¢, then the part of the tree below the bond is erased and the erased sets are added
to the vertex above the bond. Of course, as there are infinitely many bonds, there are
in any finite time interval infinitely many clocks ringing, and so, it is a priory not clear
that in this way a dynamics is defined. This point can however be easily handled by an
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approximation with finite trees and a compatibility similar to . It is then proved
in [28] that the dynamics of the partitions, i.e. forgetting the tree structure behind, is
identical in law with the dynamics of coalescent process.

The tree representation is particularly useful to prove several crucial properties, like
the following one:

Exercise 4.13
Prove that for any t > 0, I'y has infinitely many countably infinite classes, and no finite
classes, almost surely. In particular, I'y is non-trivial for any t > 0.

Our next task is to relate the above semigroup to the clusterings coming from the
Ruelle cascades.

To do that, we describe the semigroup in a different way.

Assume that + is a partitioning of N, v = {C1, Cq, ...}, and let t > 0. We first choose
a PD (e_t) , leading to a random probability distribution 7 = {#;},cy . Conditioned on
this realization of the Poisson-Dirichlet process, we choose for every C} independent
random numbers Y} where

P (Y, = jl7) =17

Then we cluster the sets with the same number. This constructs a random partitioning
7' < 7. The corresponding kernel is denoted by S, i.e. S¢ (7, ) is the distribution of the
above constructed random /.

Lemma 4.14

Sy = Ry, Vt > 0.

Proof. For any finite I CC N, we can define kernels S;; in an evident way by
restricting the above random matching mechanism to finitely many classes. By the very
construction, one has satisfied for the kernels Sy, S 1. It therefore suffices to prove
Sy 1 = Ry for all finite 1.

Let v € II; have N classes, and 7/ be a coarsening obtained by clumping 71, ...,7%
classes together, > 7; = N. Then, conditioned on 7, the probability that under S; ; one

arrives at 7/
*
=71 =72 =Tk
TS PR 'k

Ser (1) = EY S, a0k,

Uk

and so

the expectation with respect to the Poisson-Dirichlet process PD (e_t). This quantity,
the reader has (hopefully) computed in Exercise

k

* B S T (k - 1)' —t(k-1) ot
E Zh,...,ik 7721177122 77% - (N — 1>'e 119 (Tza (S ) ;
1=

where g (r, () is from (4.5). This is exactly the expression, we obtained Proposition
for Ser(v,7). =
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We are now in the position to identify the law of the Ruelle-clustering in terms of
the coalescent process:
We take as before 0 < (1 < --- < (x < 1, and define the clustering Z;, 0 < j < K,

by .

Theorem 4.15
The law of (Zx, Zx_1,...,21) is the same as that of (FO,Ftl, .. 7]‘—‘th1) with

e ti — CK—i.
(K

Proof. We first check the case K = 2 where there is only one non-trivial partitioning,
namely Z1, and where we have already done the computation in the proof of Proposition
There we have proved that Z; is obtained by attaching marks to N coming from

a PD (C—l> , and identifying points with the same marks. (See Remark . So this is

exactly the procedure we have for the kernel Sy, with e™% = Cl

For the general K > 2 case, the same argument shows that Zx_1 is obtained from
the trivial (i.e. non-)clustering Zx by applying the kernel Sy, with e™** = (x_1/(k.
Now, the way Zx_o is obtained from Zx_ ;1 is again simply by setting marks to the
points of the (K — 1)-th level, coming from the (K — 2)-th level, and matching points
(i.e. clusters of the finite point process) which have the same marks. This transition is
done via the kernel S;, where to = (x—2/Cx—1. There is however one difficulty: One has
to check that the new clustering is not influenced (stochastically) by the first clustering.

For that, remember that Zx_; is obtained through a two-stage procedure: One
chooses the marks conditionally independent, according to a probability distribution

which is computed from 7', ..., n® =1 trough
CK
1,2 K-1
(K-1) . (nilmlaw iy i - 1>
b (217"‘7ZK71)_
normalization

This is a PD (Cx_1/Cx) which is independent of of n',...,n 2. Now, the clustering
from Zx_ 1 to Zx_o is obtained again through conditionally independent marks, the
distribution of the marks being given by

1,2 Koz )oK
(K—2) . iy Mivyin " Miy,i o
p (Zlv""ZKfZ):
normalization
which is a PD (Cx_2/Cx—1) , depends on n€ =2, of course, but is independent of n*, ..., 7% =3

Therefore, the clustering procedure from Zx 1 to Zx_o is independent of the clustering
procedure from Zx to Zx_1 : One just takes the clusters, puts the marks according to
p(K 2) which itself is a PD (Cx—2/CKx—1), so that the transition is simply by S;,. Then
again, this clustering is independent of n',...,n" =3, and one proceeds in this way. m
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5 Guerra’s replica symmetry breaking bound: The Aizen-
man-Sims-Starr proof

5.1 The Aizenman-Sims-Starr random overlap structures

Definition 5.1

A random overlap structure R (ROSt for short) consists of a finite or countable set
A, a probability space (Q, F,P), and random variables 1o > 0, qo.o’, @, &' € A, defined
on this probability space, satisfying the following properties

1. Y, Ma < 00

2. (qa,a) is positive definite and satisfies ga,o = 1.

The 74 play the role of (unnormalized) Gibbs weights, and the ¢’s are the abstract
overlaps.

E le 5.2
xample ot

As an example take A =Xy = {—1, 1}N. For n,, 0 € Xy, we take

N
d
Ny = €exXp \/’% Z 9ij0i0; + hz;ffi

1<i<j<N i—

For q, .+ we take the standard overlap Ry (o,0’), as introduced before. We write R]SVK
for this overlap structure. The q here are nonrandom. On the other hand, we can use a
(random) reordering of the set A by ordering the 1, downwards: n1 > 13 > ... > 1N
After this random reordering, the ¢ become random: ¢ o for instance is the overlap of
the two indices with the largest n-weight.

Example 5.3

Another overlap structure is defined by Ruelle’s probability cascades introduced in the
last section. Fix 0 = (g < (1 < ... < (g < 1. We take A = NX | and the n are the
(unnormalized) weights n; as in the last section with (;, 1 < i < K, see (4.7). The
overlaps are defined in the following way. Fix a sequence 0 < 1 < @2 < ... < qg <
qk+1 = 1, and we set ¢; y = q, with

r=r (i) € max {k: (in,... i) = (i, 0} + 1,

i.e. we measure the hierarchical distance on the tree, and weight it with the function q.
For this random overlap structure, we write R[R(ue“e. Remark that if i,i don’t overlap,
we still give them an overlap q; which may be positive.

One may also just take the clustering process of Section to define the overlaps,
avoiding in this way the necessity to work with finitely many levels.

65



Given any ROSt, we attach to it families of Gaussian random variables (yq ;)

- a€A, ieN>
(Ka)qea by Tequiring

E (kaka) = qiva,, (5.1)
and the “cavity field” by
E (YY) = daar 057+ (5.2)

The k and the y are independent. In case, the ¢’s itself are random variables, these are
just the conditional distributions, given (7, q) . It is not difficult to see that such random
variables exist. By an extension of the probability space, we can assume that all the
random variables are defined on a single probability space. E-expectations below refer to
taking the expectations over the overlap structure and then also over these (conditional)
Gaussians.

The above notion of a ROSt needs some explanation. The basic idea comes from
what in the physics literature is called the “cavity method”. We consider the standard
SK-Hamiltonian, but now with N + M spins, where one should think of N being much
larger than M. We then try to write the Hamiltonian in terms of the Hamiltonian on N
spin variables acting on the M “newcomers”. We write 7; = o4, for the newcomers.

B N+M
— Z gijUin + h Z a;
VN +M 1<i<j<N+M i—1
- Y (2
9ij0i03; +hZUz Z Zgi,N+jUi Tj
‘/>1< i <j<N N+Mj:1 i—1

+ /7]\]5+ Z IN+i,N+;TiTj + h’ZTj

1<i<j<M

We neglect the parts which are stochastically o (1) for N — oo, M fixed. In partic-
ular, we can neglect the interaction among the newcomers, i.e. we can drop the fourth
summand on the right hand side above. Furthermore, we may as well replace v N + M

by VN in the third summand. We however should not replace \/]‘\{:LM by 1 in the

first summand, because N—1/2 Y ic j<n 9ijoio; 1s typically of order N under the Gibbs
distribution. Defining the cavity variables

M
y def 1 g o
0 = —— E i, N+j 0%
VN =

we see that they have exactly the right distribution as required in (5.2), with respect
to the random overlap structure R]SVK coming from the N system. The k’s are used to
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def

correct the normalization in the first summand. Put U (o) = > 1<, <y 9ij0i0;. Then

*(tmvw )~ (U v )

Therefore,

(R 7o)

with U and k being independent, up to an error which disappears in the N — oo limit,
M fixed.
If we set

f
No ée Xp \/7 Z gzjazaj+hzgz )

1<j<N

we see that

ZNJrM ZUEEN, TEX M "l XD |: = By(” + h) TZ:| ’

ZN ~ ZUGEN o EXP |: ]

and therefore

M
ZN+M - ZUEEN, rexyy o €XP [Zi:1 (51/0,1‘ +h) Tz} (5.3)

2 S pesy flo 0 | Bv/M /25, |

Here we have used the ROSt from the N-spin SK model (with Gibbs weights coming from
a slightly changed temperature parameter). As Elog Zy is =~ N f (5, h), it is natural to
look at

1 1
MElogZ]\H_M — MElogZM,

which then should, at least for large N be close to f (8,h). Aizenman, Sims and Starr
had the idea to consider the above object when the IV system is replaced by an arbitrary
ROSt R, and therefore to consider the “relative finite M free energy”

w (B, hR) = %Elog D ores,, o XD [ZZI (BYa,i +h) n] (5-4)
- %E log Za Moy EXP {B\/ M/2I€a}

67



where the E expectation is taken with respect both to the law of the random overlap
structure and the cavity variables y,; and k,. When taking R = R]SVK, one has, up to a
negligible corrections when N — oo:

1 1
G (B, h, RRE) = 17 Blog Zya — 5 Blog Zy. (5.5)

Theorem 5.4 (Guerra, Aizenman-Sims-Starr)
For any M, and any random overlap structure R one has

1
[ (B,h) = 2 BlogZm < Gu (B,h,R), (5.6)
Zyr here being the SK-partition function.

Proof. To a large extent it is a rerun of the computation done in Section One
uses the following interpolation:

1—1t M (1—1t) M
Hyp (7, 0,1) = Nivi Zlging 9ijTiTj +\| =5 Fa + \/izizl Ya,iTi

and defines the unnormalized Gibbs weights on A x 3/

u (@, 7,t) = 1nq exp [BHM (1,a,t) + hzi TZ} .

After normalization, they lead to the Gibbs measure G;. Then we write V(&) for the
expectation under P@Qt(k), where P is the probability law, governing the cavity variables
Ya,i, the x’s, the ¢g’s, and the ¢’s, if they are random. Remark however, that the g’s
and the rest are independent, and conditionally on the ¢’s, the y’s and the x’s are
independent. Put

N 1
Gur (B,h.t,R) == - Elog > u(emt) (5.7)
a€A, TES

— %E log ZaeA Na €XP [6\/ M/Qlia} .

where E is taken with respect to the overlap structure, i.e. the y’s and the x’s, and the
g’s (which are supposed to be independent). For ¢ = 0, the x-part cancels, and one just
gets far (B, h). For t = 1, one gets Gpr (5,h,R) .

We compute the t-derivative of G . Remark that the denominator on the right hand
side does not depend on ¢, so it does not appear. We therefore get

aG B e (dHM)

dat - M dt
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SO we get

da
E =—-51 — 5+ 53, say.

The computation of 57 is exactly the same as in Section Remark that the g;; are
taken independently of R.

si= 210 (Rus (7)?)].

(2)

Here we stress a bit the notation. v, is a probability measure on (4 x X M)2 . When we
(2)

write v, (RM (7, 7'/)2> , we mean in fact that we sum Ry (7, 7)? over ((a, 7), (o, 7)),

weighted with the probabilities from 1/15(2).

We do the same type of computation for S;. The x’s are conditionally Gaussian,
conditioned on the ¢’s. This however doesn’t matter: We first compute the conditional
expectation according to Proposition [I.3] and afterwards integrate out over the distrib-
ution of ¢. The conditional covariances cov (kq, ko) are q (a, o/ )2, and using the same
computation as before, we get

So = ’éj [1 — Vt(z) (q (a,o/)Z)} )

Finally, for the S3 we have Gaussians Ef\i 1 Ya,iTi With covariances gq o/ Zf\i 1 TiTi/
leading to

S3 = ’6; [1 — ut(2) (Ry (1,7') q (0470‘,))} :

Therefore

2
—S1— Sy + 93 = %Vt@) ([RM (r,7") —a(a, o/)]z) > 0.

So, we get )
dGM (67 h’ath) > O,
dt -

(5.8)

and therefore,

Gy (B,h,R) = G (B,h,1,R) > Gar (B,h,0,R) = far (B, h)

which immediately implies the theorem. m

The theorem gives upper bounds for fys (8, h) by choosing any random overlap struc-
ture. Of course, the “correct” choice would be to pick the ROSt from SK, but then, one
cannot do any computation. The really interesting bound comes from taking the Ru-
elle ROSt which gives the Parisi expression as an upper bound, as we see in the next
subsection.

One has however to be aware that one is using here a very special property of the
SK-model. Even in harmless looking modification (even simplification), it no longer
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works. For instance, take an SK-type model where the interaction is only between the
first half of the spins and the second half, i.e.

1 N/2 N
Hy (o) = N Yo D giyoio;.
i=1 j=N/2+1

In that case, the Guerra type bounds do not apply. For the high temperature regime,
methods developed by Talagrand do the job, but the low temperature regime is still
completely open.

5.2 Guerra’s replica symmetry breaking bound

We first have to explain the Parisi formula for the SK-model:
If f:R — R is a function satisfying

If ()] < CeCl! (5.9)

for some C' > 0,0< (<1, A >0, we define

W (f) () = [Bf o+ A2)] (5.10)

with a standard Gaussian Z. It is readily checked that the operation W,, A maps the set
of functions which satisfy (5.9) into itself.

IfCZ(COaCL'”vCK) andq:(qla'°'aqK+1) with
0=C <@ < <(k-1<Ck=1,

0<q1 <q<-<gx <qg+1 =1,

define the Parisi measure with respect to these sequences by

K
WC,q = Z (C’L - Ci—l) 5q~;7 (511)
=1
and put
PK(aq = (\IlClﬂ q2—q1 °" " ° \IICKﬂ\/m) (cosh).
Set

7 K
ef
Pr (C.a; 8,h) € Elog pxcq (h+ By/a1Z) — % > 6@ —af) +log2.  (5.12)
=1

Theorem 5.5 (Parisi, Guerra, Talagrand, Panchenko)
For the SK-model free energy f (f3,h) one has
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Remark 5.6
Let’s look at P;. There is only one parameter ¢ = ¢; which is assumed to satisfy
0 < g < 1. Then ¢ is

¢1 () = Uq,1-4 (cosh) (x) = Ez cosh (m + By/1— qZ)
32
= cosh (z) exp [2 (1- q)} .

Therefore,

5 5

S U-9-7 (1-¢%) +1log2
2

= Eylogcosh (h+ 5/qZ) + % (1—¢q)% +log2,

Pi1(¢,q; 8,h) = Ezlogcosh (h+ 5\/qZ) +

and the infimum is over ¢ yields RS (53, h).
Guerra first proved the one-sided bound which follows from Theorem and

Lemma 5.7

We take R%“eue (¢, q) as the ROSt from Example . Then

Gar (8,1, RE) = G (8,1, R ) = Prc (¢, a3 8, 1) (5.13)

Remark 5.8

There is a slight problem with the formulation above, as R%uene is defined only for
(x < 1. There is however no problem to define Pk ((,q;3,h) with (x < 1, and let
(x — 1 in the end.

Proof. We handle the two parts in (5.4)) separately. We take M = 1. It will be
clear after the computation that for general M the outcome will be the same. We first
represent the cavity variables in a convenient way:

K
k
v = vag® + > Ve —awel” . (5.14)
k=1

where the new g’s are independent standard Gaussian, also independent of the g;;. As
we assume M = 1, we need only one set of the y;’s. For general M, we would need M
independent copies of them. The k; are constructed in a similar way.

% > mexp[(Byi +h) 7] =D micosh (Byi + h)

i,TEEl

1
2 K
= Z My Miig.ir €OSh (Xgc i+ h)

(11,50K)
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with the abbreviation

l
Xi = 8vag® + 83 Ve — argl) . 0<I< K.
k=1

For [ = 0, the second summand is absent.
We write

1,2 ! 0 !
Fri=o0 (nipniliz" : '7772'11'2...2'179( )"”79( ))

We condition on Fx_1. Then the point process {(77{1(1-2”.1-}( cosh (X g + h))l.K} is a
PPP (t — (gt CK *1) whose points are multiplied by the independent random variables

(cosh <B Zf:o vVak+1 — qul-(fb) P h)) .From Proposition a) the conditional law
yeensln i

(conditioned on Fg_1) of

{nfiQ...Z-K cosh (X + h)}

K

is the same as that of

(oo ] )

1K

and
E (coshCK (XK +h) ].7-}(_1) = Wy axii—ax (cosh) (h+ X 1),

by the definition of ¥. So, we have
{mcosh (Bys + )by = miy i i [Weseancga—aie (cosh) (h+ X)] nff -

Arguing in exactly the same way, we see that

1K—1

{n e Wi ss-ane (cosh) (h+ Xie—) |
is in law identical to
{\PCKleK_fIKfl 0 Ve qicyr—ax (cosh) (h+ Xk _2) ”z‘ll{z’;.l..z‘K,l }Z.Kil )
and therefore,

L K—
{micosh (Bys + 1)}y =" miy iy -y i,

[\IJCKA,QK—QKA 0 Ve qrcsr—qi (cosh) (h+ XKfZ)]

K-1 K
X nh,...,i}(_lnil,...,’i[( N

In this way, one proceeds, and arrives at
{mi cosh (Bys + h)}; =~ {(PK,C,q (h + \/ng(O)) 77i}i :
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The second part in (5.4)) is similar and somewhat simpler because there one has in
every step just an integration of a Gaussian in the exponent. If {7} is a PPP (Ct_c_ldt) ,
and the Z; are independent Gaussians with variance qi2 1 qi2, then

{meso [(3v2) 4]}, = { B (oo [ (v2) 2])] 0}

)

and
2 exw e (51v2) 2])] 7" = oo [ - at) ]|
= exp [Ciz (4741 — %2)] :
Iterating this in the same way as above, we see that multiplying the points n; by

s (32

simply leads to a multiplication of the point process by exp [(62/4) Zfil i (q2-2+1 — q?)] .
We implement that now into (5.4]) with M =1

Ruelle ) __ . .
Gy (8, RM) =B (log D et iy exP(Byi + h) r])

~E (log > exp {5 \/W"?i})
=E <log (cpK,gq (h + \/‘Hg(O)> Zi Ui))

~E <log <eXp [(52/4) i@ (@1 — q?)] Zﬂi)) +log2

=0
B <
=E (log VK (a (h + \/ng(O))) =G (@ — af) +log2
1=0

The upshot of this computation is that

2 K
Gy (B.hR) = Blog¥i — -3¢ (a1 — a?) +log2
1=0

It is fairly evident from this computation that we get the same for arbitrary M. (One
is just having M factors of cosh (-) with independent contents, so in every step of the
above argument, the factoring remains). =

Combining this result with Theorem one gets Guerra’s result:
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Theorem 5.9 (Guerra)

for any K, and any sequence ¢ and q. Therefore
K.(a

Remark 5.10

The variational formula on the right hand side is analytically difficult. For small 3, one
knows that one can take K = 1 which leads to the replica symmetric formula we had
proved in Section In physics literature, it is claimed that this is the situation up to
the AT-line, but this has not been proved. It is also claimed that beyond the AT-line,
one has to let K — oo. That isn’t proved neither. One can formulate the variational
formula directly in the continuum with an arbitrary Parisi measure not just one in the
form (5.11)). It has recently been proved by Auffinger and Chen [7] that the variational
formula always has a unique solution, but it is not shown that one has to go outside the
class of measures of the form (5.11)). It is however proved by Toninelli [43] that K =1
will not do beyond the AT-line

6 The Ghirlanda-Guerra identities

I discuss here shortly the Ghirlanda-Guerra identities for the SK-model. These enter
into the recent proof of ultrametricity by Panchenko, but in a somewhat complicated
way. The difficult point is that the SK Gibbs distribution does not satisfy the identities.
This follows from Talagrand’s positivity result: The Ghirlanda-Guerra identities imply
positivity of the overlaps which is not the case for SK, at least not for h = 0, due
to symmetry. In order that they can be proved one needs a (small) perturbation of
the Hamiltonian which however does not affect the free energy. The Ghirlanda-Guerra
identities in this framework were first proved in [27], [2], and variants were proved by
many other authors.

One of the basic insights Guerra had was that one should use stability properties
of the system under perturbations. The background of this idea was that the Parisi
solution itself has quite some stability properties. Therefore, the hope was that if one
can prove that the systems under investigation have similar stability properties, in the
N — oo limit, then one can derive properties which could in the end prove the validity
of the Parisi solution. This was the key idea for the derivation of the Ghirlanda-Guerra
identities by just using basic stability properties. At first, it was generally believed that
these identities are not sufficient to prove the Parisi formula, but in the end it turned out
that this was wrong. For a discussion of the background, see also the insightful paper
by Aizenman and Contucci [2].

We follow here Talagrand’s presentation in the second volume of [42], Chapter 12.

We will need the following result about convex functions:
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Exercise 6.1
Let f,g be convex function on R, z € R and y > 0. Then

|f (@) =g (@) <g (x+y) —g (x—y) +w(zy)
with

1
w(z,y) =y Y |f (@+my) —g(@+my).

m=—1

We write H for the SK-Hamiltonian including the parameters N, 8, h which we don’t
explicitly write in the notation. So

N
B
H(O‘) = — Z gij0i0j+hzai'
VN Gen i=1

The Ghirlanda-Guerra identities are proved only under a slightly perturbed Hamiltonian
where we keep the perturbation open for the moment:

Hy" (o) = H (0) + 2G (0)

where z € R and {G (o)}

H. We write G, gg(gn), v, with the usual meaning, with the perturbed Hamiltonian. The
basic property used to derive the identities is the following concentration property:

sexny 1s a family of centered Gaussians which is independent of

Proposition 6.2
Assume that §%; := var (G (0)) is independent of o, and

6% = O(N), 6%/VN — . (6.1)

Then, for some constant C () > 0, not depending on h, N, and N large enough

1 1%

Proof.

([ = (5 -5 e

Let 6 (x) := N~ 'log Z, which is a random convex function, and v (z) := Ef (z). A
simple computation gives

~ - (6.2)

2£(0) _2:(0)),

0 (@) = &, (fj) 0" (2) = - varg, (G

and therefore

¥ (@) = v (G- £ @)F).
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So, we obtain

/_11 Uy <<]C\¥] B 51]5[61))2) dr = % (q,z/(1) — 7//(_1)) '

By Proposition we have

o6 = () == (= ) -2 1),

where U; j, := N71EG (¢7) G (o%). Evidently |U; x| < N~1\/EG? (¢7) EG? (oF) = N~16%,,
SO
2|2] 6%

N )

1 2
/ Vg (( 2 (G ) dx < AN~26%;,
—1

/ (‘ N - (G) D dr < V2\[AN"20}, = *J/faN = o (v N"H1)

¥ (2)] < (6.3)

For the estimate of the second summand in (6.2)), more precisely its integral over z,

we represent it as
1
E/ ‘6" () — (m)‘ dzx.
—1

f is a random convex function in z, and % its convex expectation. We first have to
estimate E |0 (z) — ¢ (z)|. 0 (x) is the finite N free energy, and v (z) its expectation. We
use the concentration inequality in Theorem much in the same way as in the proof
of Theorem This yields that for some constant C' > 0, we have

2N+ 252
B10(2)— p(a) < 0L TN

N

We will use that for z stays bounded, and oy = O (N), and therefore, with some new
) )
El0(x) —v¢(z)| < ——,
(@) = (@) < T
We apply now the exercise with f = 0, g = ¢, |z| < 1, and y = \/3(5;]1]\71/4. As we
assume (6.1]), y < 1 for large enough N. Therefore, we get

Ew (2,y) < C (8) /yVN.
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So, using again (6.3))

“ / / 0(5) ! / /
/QE\G (z) — ¥ (x)]dxﬁm+/ (W' (& +y) = (x—y)) de

-1

_O(/B) +y / —lty /

= r\/ﬁ + 17y Y (x) dx—i—/ly Y (x) dx.
1 Iy!512v>

<C(B) <ym+ N )

and by our choice of 3, we get that this is bounded by C (3)dyN~3/%. So, we have
proved the claim. m
We apply this concentration inequality to a replicated system with HY® (). As

usual, we write v, also for [ gg(g") dP with unspecified n. For two replicas o*, o7, we write
1 , ,
Uij .= =EG (O‘Z) G (aj) ,
N
Let also f be a function X%, — R which is bounded by 1.

Theorem 6.3
Let

n

1 Z Vg (ULjf) - %V.r (UI,Z) Vg (f) :

5:c = |V (Ul,n+1f> - —
n

Then, for some constant C ($,n) > 0

1
/ 6xdx < C(B,n) Sy N34 log N.
-1

(8 (S))

Ne '= Ve <J€f> oz <]C\;7> vz (f)

satisfies |n,| < A,, as f is assumed to be bounded by 1. Proposition gives

Proof. We write

Then

Vg (ﬁ) =z (v(Un) — v (Ui2)),

G n
Vg <Nf) =X (ijl Vy (ULjf) — NlVg (U17n+1f)> .
By our assumption, U does not depend on o. Therefore v, (U11f) = v, (Ur1) vz (f),

and we obtain N
ool B _CBmoy
T nlz| T onlz|] T |z N3/4
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On the other hand, for any |z| < 1, we have 6, < Cd%;, and so
8, < C(8,n) min (5NN—3/4 | ,5%) .

For |z| < (6NN3/4)71, the minimum is C'6%, and

<5NN3/4 -1
/ Sdx < 2C (B,n) Sy N34,
_(5NN3/4)*1

For |z| > (6NN3/4)71, we estimate
/ Spdz < 2C (B, n) Sy N~3/*log (5NN3/4)
(6nN3/4) ' <Jal<1
< C'(B,n)6yN"3*1og N,

with some new C’. This proves the claim. =
The interesting feature is that one can apply that to small perturbations which don’t
influence the free energy of the model. Take for instance

N
G (o) =en Y gron
k=1
with ey — 0. Then 6%, = €% N, and

2 N L
Uij = WNEZQI%U](;)U]S]) = E?VRU.
k=1

If f is a bounded function of R(™ = (Rij); j<n » We get

/11 vy (Rl,n+1f <R(n))> B % Zn: Ve (Rl’jf <R(”)))

e (Fag)ve (£ (R™)) Jdo < € (8. et N1

For instance, if ey = N~1/8, this still converges to 0. On the other hand:

Exercise 6.4
For the Hamiltonian

N N
B0 = Y gy Y N Y
Nl§i<j§N 1 =1

one has )
lim N log Zﬁf; =f(B,h),

N—oo

i.e. the free energy is the same as that for SK-model.
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With other (small) perturbations, one can prove the Ghirlanda-Guerra identities. If
one takes

— —p/2+1 § :
G (O’) = SNN »/ gi1i2...,~p0i10i2 crr Oy

i1,02, 0 ip SN

with ii.d. standard Gaussians g;,,..i,, one gets U;; = 5%,]%% and therefore, with ey =

N-1/8
/1 Vy (Rll),n—‘rlf <R(n)>> B ii Ve (Rzlj’jf (R("))>

-1

1
— Ve (R‘sz) Uy (f (R(")>> ‘dw <C(p,B,n) N8,
With the help of these identities one can prove that suitably perturbed Hamiltonians

satisfy the Ghirlanda-Guerra identities in the N — oo limit, with using perturbations
which don’t affect the free energy. For more details, see [42] Vol II, Ch. 12.

7 Ultrametricity

A somewhat vaguely formulated claim in the physics literature is that the Gibbs measure
is organized in a hierarchical way, and in the end by a Ruelle cascade. A concrete rigorous
picture is lacking, but the picture should be as follows. The configuration space ¥ can
be divided into countably many “pure states”. This of course does not make any sense,
and has always to keep in mind, that in some sense, which is not made precise, this refers
to N — oo. The pure states are then collections A, of configurations, and the Gibbs
measure, restricted to any of the A, should have the following property: The mean of the
o; under the Gibbs measure, conditioned on A, is m$* which satisfies the TAP equation.
The o, under the conditioned law, are essentially independent. In particular, this means
that two replicas ¢!, 02 under the conditioned law, have an overlap N~' 3" (m¢)? which
should be a constant guax < 1E| The Gibbs weights of the A, are distributed according
to a PD point process, i.e. the distribution is random.
A metric d is called an ultrametric, if it satisfies the stronger triangle inequality

d(x,z) < max (d(z,y),d(y,2)).

An equivalent formulation is that if two balls (with respect to the metric) overlap, then
one is contained in the other. An example is the case of a rooted tree with positive
weights on the bonds, with the metric space given by the leafs and the weighted graph
distance. That’s essentially the only example, at least in the case of a metric space with
finitely many elements: An ultrametric space is a space with a tree structure.

The general formulation of the ultrametricity conjecture for spin glasses, say with
Gaussian Hamiltonians Hy (0), 0 € X, would be that the metric

d(0,0") == || Hy (0) — Hy ('),

9This has not to be taken completely literally, as evidently, there is a symmetry between o and —o,
at least if h = 0, and therefore negative overlaps are as likely as positive ones.
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is asymptotically an ultrametric. Take the SK-model without external field where
B (Hy (o) = Hy (o))" = N (1= By (0,0)%).
The ultrametricity conjecture would then say that for any € > 0

]\}im I/](\:;)) {(01,02,03) o d (01,03) > max (d (01,03) ,d (01,03)) + 8]\7} =0. (7.1)
—00

(As the distances are typically of order NN, one should ask for deviations from the ul-
trametricity property by eN). In this form, it is not a proved statement for SK, and I
don’t know if everybody agrees that it should be correct.

7.1 A non-hierarchical version of the generalized random energy model

A simple case where ultrametricity has been proved is a non-hierarchical version of the
generalized random energy model which was investigated in two papers with Nicolas
Kistler: [13], [14].

The motivation was coming from the following trivial observation: In the SK-model
with N even, N = 2M, and h = 0, one can split the Hamiltonian:

1 1
Hy(0)=—= D 9ijoi0j+—= D,  9ijoio
\/N 1<i<j<M \/N M+1<i<j<N
1
TN DOED DI L

1<i<M M+1<j<N

and the three parts are independent. In an analogy, a random energy version of such a
structure would look like

H ((oq,a2)) = X, + X2, + X7

1,02

where 1 < aq, a2 < 2V/2, and the X', X2, X2 are independent Gaussians with vari-
ances of order N, perhaps not the same for the three different types. Say var (X 1) =
kIN, var (XQ) = k3N, and var (X1’2) = niQN. The covariances are then

2 2 2 : — A — A
K+ K5+ Ky ifar=0a], ag =05

1 I if a; =af, as # df
NE [H (Oz17042)H (0417042)] - FL% if o # O/h ay = 0/2
0 otherwise

For this model, the Lo distance

d((a1,02), (ah, b)) = /B (H (a1, a2) — H (a}, 0))?

is evidently not an ultrametric.
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It however turns out that the limiting Gibbs distribution is for all choices of k1, k2, K12
> 0 a Ruelle cascade, and the metric d is asymptotically an ultrametric in the sense of
(7.1). This is essentially based on simple combinatorial facts which reveal that non-
hierarchically organized configurations are less likely than hierarchically organized ones.
That is for such type of models not difficult to see, but a similar combinatorial insight
is lacking for more complicated spin glasses.

I will shortly describe the approach for these non hierarchical GREMs.

Let’s fix the general setup. We fix K € N, write [K] := {1,..., K} and consider
a=(a1,...,ar), where 1 < a;; < 2N/K  For notational simplicity, we assume that N/K
is an integer. K will be fixed through all considerations and N — oo. For J C [K] and
a is as above, we write a for (a;);c;. We write X for the set of all configurations,
and ¥ for the set of configurations with indices in .J. Evidently |¥ | = 2NI/I/K.

Let k% >0, J C [K], J # 0, be numbers satisfying Y ;. g% = 1. The latter is just
a normalization of no importance. We set

P = {JC[K]:/€3>0}.
The model is described by the following Hamiltonian

H(a):= ZX&]J’

JepP

where for any J € P, the X/ , are iid. centered Gaussians with variance K%, For
different J’s, the variables are independent.
We define as usual

1 1
= lim —logZyg= —ElogZ
F(B) = lim ~log Zy = -Blog Zn s,

N—o0

where

Zng =Y exp[BH ()]

«

The example we had before has K = 2 and P all non-void subsets of [2]. Another
exemple is K = 3 and P = {{1,2},{2,3},{1,3}} in which case

H(ay,a9,a3) = X2, 4+ X138+ Xx23 (7.2)

an,02 a1,k3 2,03

with independent Gaussian X contributions with the assigned variances.
It is clear that Derrida’s REM and GREM are special cases. The REM takes K =1,
and the GREM has K > 1 and

P={{1},{1,2},...,{1,...,K}}.
Actually, any nested P leads to a GREM. We call P nested if P = {J1,Jo,...,Jn}
with
JICJy T C .
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Any of our models can be coarse grained into GREMs in the following way: Choose
a sequence T = {Ay,..., An}, 4; C [K], with

Ay=0Cc A CAyC---CA,=[K]. (7.3)

The A; are not required to belong to P. Write

~2 2 .
R, = Z k7, 1<j<m
JEPAj\'PAj71

where Pp := {J € P:J C B}. Evidently 0", A7, = 1. We then write Hr (a) for the
corresponding Hamiltonian. From the very construction, for any IV, the distance on the
configuration space given by dr (o, ') = ||Hr (a) — Hr (&) ]|, is (deterministically) an
ultrametric.

We define then )
F(B,T):= lim —BlogZy,r,

where Zx 7 is the partition function corresponding to the above coarse grained GREM
model with P replaced by T and the corresponding parameters <.

Theorem 7.1

There exists a nested sequence T satisfying
f(B)=[(BT),

and

fB)<f(BT)
holds for any T.

This is proved in [13], and reveals already a rough form of ultrametricity, as it
implies that the free energy is the same as that coming from a course graining with a
tree structure. “Real” ultrametricity of the Gibbs measure in the form of requires
an irreducibility assumption which is complicated to state generally. An example where
this irreducibility is not satisfied is when P contains disjoint sets A, B for which there
is no chain Cp = A,C1,...,Cp1,Cn =B, C; e Pwith C;NCipqg #0, 1 <i<m—1.
This is evidently satisfied for instance in the example ([7.2]).

If the irreducibility assumptions is satisfied, then the limiting Gibbs distribution
together with the naturally defined overlaps converges as N — oo to a Poisson-Dirichlet
point process with overlap distributions given by the coalescent. This is proved in [14],
but we will not go into that here.

We will give now explanations of the key points of the proof of the above theorem. A
simplifying feature is that one can compute f with a truncated second moment method,
leading to a variational formula which at first sight does not “look” ultrametric, but
where one sees later, that it in fact is.
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To evaluate the free energy, it is convenient to investigate first for A > 0
N(A) = #{a: H (a) ~ AN}
where we don’t specify exactly, what ~ AN means. We can take
N\ ::#{a:AN—\/NgH(a) gAN+\/N}.
This grows exponential in N, at least for small A with
N () =2V exp[-S () N],

and we would get

f(B) = sup {AB =S (N} +log2,

where the supremum is restricted to A where A/ (X) # 0. In order to determine N (X),

one splits
=Y
JepP

and tries to evaluate for A = {\s} ;cs
NQ) =#{a:X] ~AN, VI P},

and optimizes over \. One restriction to have N (\) # 0 is certainly

2]
AT < Me9
22 = K 07

as otherwise, there are simply not enough «;’s. However, this is not sufficient. One
needs that for all B C [K], not just for the ones in P, one has

T Y B
2K K
JeP, JCB

We write A™ for the set of A = {\;} ;cp satisfying A; > 0 and the above restriction.
Somewhat surprisingly, these restrictions are enough in the N — oo limit, and one gets

Lemma 7.2

A2
r@= s {S (- 5% ) o2

AeAt

The proof of this lemma resembles the proof in the REM case.
At first sight, the right hand side does not give any indication of ultrametricity.
However, one gets at least upper bounds by relaxing the conditions in A™. For any
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nested sequence T of B’s (which not necessarily belong to P) as defined above in (7.3)),
define

% B
A,}":: A AT E —ngulogQ,VBeT
2Kk K
JeP, JCB

Evidently, A" C Afli for all nested sequences, and therefore
O <16 = s {5, (53— 2% )} 1og2.
ST = 0 2eser (V7 0
The proof of Theorem therefore follows from the following result:

Lemma 7.3
There exists a nested sequence T such that

A g
A% (W ag)f = p {en (Pgg)) 0

As this lemma is really the crucial fact behind the ultrametricity (at least the one in
“weak” form), we give the construction of T.

For B C [K] write
¢(B):= > K3
JeP, JCB

and for B C A

MRA*:¢K*@M—BD

¢(A)—o(B)
P(B) = A:Bcn,aali,nB;éAp(B’A)'

We construct recursively an increasing sequence
A():@CAlc--'CAM:[K], (75)

and numbers
Bo=0<Pr<PBa<--< By <0
such that for any 0 < k < M the following properties hold:
C1(k)
6] :/A)(Ajfl)’ ] < ka
C2(k) For all j < k and any A D A;_; which satisfies 8; = p(A4,_1,A4;), one has A C

Aj_1. In other words, A; is the unique maximal set D A;_; achieving the minimum
over p(Aj_1,A).
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For £ = 0, the conditions are void. We now assume that Ai,..., A have been
constructed on the two conditions C1(k) and C2(k) are satisfied. If Ay = [K], then the
construction is finished. Otherwise, we prove the existence of Ayq such that C1(k+1)
and C2(k+1) are satisfied. We put Sri1 := p(Ax). First remark that C1(k) and
C2(k) imply that for any A D A, A # Ag, one has

KM (Al = [Ag]) > ¢ (A) — ¢ (A).-

The construction of A, is finished by proving that for any two sets A, A’ D Ay satis-
fying
P (Aka A) =p (Ak7 Al) = 6k+17 (76)

one also has
p (Ak, AU AI) = Bk11- (77)

Of course, by the very definition of S, one has p (Ax, AU A") > Bri1.
The crucial property is

P(AUA)+ ¢ (ANA) > ¢(A) +¢(A), (7.8)
which implies

AUA|—|A
AL g (o (a0 ) — s (a0)

oA A = [AN AT — Ay
= K

= B (6 (AN A) = 6 (Ay))

— B (0(A)+ 0 (A) — ¢ (ANA) — ¢ (Ar))
_JANAT - A

<0,

the first inequality by (7.8)), and the equality by (7.6). The final inequality by the
definition of Byy1. We have therefore proved ([7.7]) which finishes the construction of the

nested sequence ([7.5)).
It is then easy to prove that for 5 > 0, and with this nested sequence, one has (|7.4]).

7.2 Infinite overlap structures

We come now back to models of the Sherrington-Kirkpatrick type.

For mean-field models, there is no concept of an infinite Gibbs measure, and therefore,
strictly speaking, also no mathematically sound definition of “pure states”. However,
for SK-type models, there is a way out, which was developed by a number authors,
Aizenman, Arguin, Ghirlanda, Guerra, and others, and finally most successfully by
Panchenko. The basic observation is that essential all relevant information is encoded
in the law of the overlaps of replicas under the P-average of the infinite product of the
Gibbs measure. To be precise: Consider an arbitrary random probability measure Gy,
on Xy = {—1,1}", where we assume that the map w — Gy, (o) is measurable for any
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o € Y. The infinite product Q%Ii is a probability measure on E%N, depending still
(measurably) on w. Then we define the averaged measure by

(do) & / G (do) P (dw)

n E%N, the latter equipped with the infinite product o-field.
Next, we consider overlaps from “replicas”: Given {O'E} ¢eN € nEN N ol = (Jf, e ,afv) ,
we define the infinite matrix RN of overlaps with components

def 1 /
év’g/e ZO’ZZ.

The matrix elements are in [—1,1], and the diagonal elements are 1. Evidently, the
matrix is symmetric and positive semidefinite. We write py for the distribution of RY
under v. The set M of infinite, symmetric, positive semi-definite matrices with entries
€ [—1,1] is clearly a compact space under the topology of componentwise convergence.
The set of probability measures P (M) on this space is therefore a compact space, too,
under weak convergence. The sequence {px} has therefore convergent subsequences,
and one can consider the set of possible limits of subsequences, as N — oc.

This concept is very ingenious: In classical (short range) systems, one would try to
consider limits limy_,o, Gn. This does not make sense for mean field models, as the
interactions between different sides vanish in the N — oo limit. The above concept
of limits limy_ .o pn, maybe along subsequences, makes however perfectly sense, and
there is a beautiful structure theorem for the possible limits. It turns out that all
possible limits are generated in an abstract way similarly as the finite N laws. The
limits can in fact be described through a randomization, as will be explained now. This
randomization acts as a kind of an “infinite Gibbs measure”, but it is not constructed
from the original Gibbs measure, but only through the distribution of the overlaps, and
an abstract representation theorem.

The distribution py has an important symmetry property: If 7 : N — N is a permu-
tation of finitely many elements, let 7 : Ml — M be the mapping which exchanges the
indices of the matrices accordingly. Evidently v

pn7 ! = py where py7~! denotes the induced measure under the mapping 7. Let
PV (M) be the set of probability measures on M which have this invariance property.
PV (M) is a closed subset of P (M). We formulate now the key abstract representation
property for elements of PV (M) . For that, let H be one of the standard (real) infinite
dimensional separable Hilbert spaces with Borel-o-field H.

Theorem 7.4 (Dovbysh-Sudakov)

Any p € P™ (M) can be represented in the following way. There exist a probability
space (2, F,P) and a Markov kernel G from (2, F) to (H x R, ’H ® Bg+) such that p
is the law of (H X R+) > ((heyae))pen — ((hesher) (1= 60p) + agé(g,g/)u, € M under
[P (dw)G®N (w,-). ({-,-) is the inner product in H.)
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Essentially, the Dovbysh-Sudakov theorem says that any measure in P (M) is the
law of the matrix of inner products under the averaged infinite product of a random
probability on H. There is a slight modification on the diagonal, as this applies only to
the off-diagonal part of the random matrix, and the diagonal elements are produced by
a separate random mechanism, as described above.

For the case of the overlap distribution pp, the representation is already given by
the Gibbs distribution, as we can regard Xy as a subset of a Hilbert space. The theorem
therefore constructs a kind of a substitute for the limit of the Gibbs measures.

7.3 The Ghirlanda-Guerra identities imply ultrametricity

The chapter here is based on Panchenko’s book [38] and the overview in [I7].

As remarked in the last section, we consider a Markov kernel G from a probability
space (£, F,P) to the unit ball of a separable real Hilbert space H. This means that
G (w,-) is for every w € Q a probability measure on the unit ball of the Hilbert space,
and there is a measurable dependence on w: Consider then v to be the measure v :=

[G(w, )®NP(dw) on HY.
It will occasionally be necessary to integrate functions ¢ defined on Q x HN:

/ [ [ 0000 (w.d0)| B ).

By an abuse of notation, we also write f ¢dv for that. For o = (01, a?, .. ) € HN, define

the overlap R;; def <cr", aj>. R = (R;j) is a random symmetric matrix which is positive
semidefinite. From the very definition of v, one sees that the distribution of (R;;) is the
same as that of (Rﬂ(i)m(j)) for any permutation 7 of finitely many elements.

Definition 7.5
We say that the pair (P,G) satisfies the Ghirlanda—Guerra identity, if

N
1 1
v (R1,N+1 € A| (Rij)LjSN) = N Z 14 (RlJ) + NV (R12 € A) . (79)
=2
The main result of Panchenko is
Theore .6
Assume (7.9). Then

Theore L7
Assume (7.9). Then the distribution of R under v is completely characterized by the

Parisi measure

v(Ri2 > min(Ry3,Re3)) = 1. (7.10)

C:: V(RLQ S )

In the case where ( is supported by a finite set, the v-law of R is that coming from the
Ruelle cascades with this Parisi measure.
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Remark 7.8
a) That ultrametricity, Ghirlanda-Guerra and a finite support imply that the distri-
bution of R is that of a Ruelle cascade is not very difficult, and was well known
before. The really important step was the proof of the ultrametricity.

b) Using the coalescent process introduced in Section the Ruelle overlap model
can directly be defined with an arbitrary Parisi measure, and without taking re-
course to a finite support of (. There are however many steps, also in the second
part of [10], which use an approximation procedure by finite stage cascades. It
would certainly be valuable to have this point cleared up, and have proofs avoid-
ing this approximation procedure.

There are a number of relatively easy properties one can draw from the Ghirlanda-
Guerra identities. For a proof of the following result, see [38], Theorem 2.15 and 2.16:

Proposition 7.9
If (P, G) satisfies the Ghirlanda-Guerra identities, then

a) (Talagrand’s positivity result)

v(Ri2>0)=1.
b) There exists a constant ¢* < 1 such that
(It =) =1
b) says that the self-overlaps are all constant. The matrix

ot Ri1 Rip2 Ri3
R® = Ro1 Rop Ra3
R31 Rz2 Rs3

therefore takes values in the set of symmetric positive semidefinite matrices with ¢* on
the diagonal. Denote by S(™) the compact support of the distribution of (Rij) under

4,j<n
v. The ultrametricity claim (7.10)) is equivalent with the statement that if

q a
a ¢ c
b ¢ q*

are in the support, then none of a,b, ¢ is strictly smaller than the other two (among
a, b, c). Without loss of generality, we may assume that a < b < ¢. So, by a slight abuse
of notation, we write S®) for the set of such triples (a,b,c) such that the above matrix
is in the support. Ultrametricity is violated if we find an (a, b, c) € S®) with a < b. One
easily sees that one needs only to consider ¢ < ¢*: If (a,b,¢*) € S®) then for any £ > 0,
the v-probability to find o@ o) with <a(2), 0(3)> > q* — ¢ is positive. But this implies
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(because Ha(l)H2 = HU(Q)HQ = ¢*), that 0@ 53 can be chosen arbitrarily close. This
easily implies that (a,b,¢*) with a < b cannot be in S(3). Therefore, the difficult task

remains to prove
a<b<ec<q = (a,bc)¢ SO, (7.11)

Panchenko’s proof relies an the following replication property

Proposition 7.10
Assume that (a,b,c) € S®) and that the Ghirlanda-Guerra identities are satisfied.
Then for every m, there exists a 3m x 3m matrix (1) € SG™) which satisfies with

Io={(k—1)m+1,....km}, k=1,2,3.

1,j<3m

rij <c, Vi#j (7.12)

a foriely, jel
Tij = b forie L, jel; (7.13)
c forielsy, jels

It is not difficult to see that the above proposition implies a = bif a < b < ¢ < g*:

Put 1
= — J
2
JEIk

If o' € H satisfy <ai,0j> = r;j and the r;; satisfy , then
(',6%) =a, (¢',5%) =1b, (%,5°) =c.

Furthermore

2 * 1 . . —
—k _q 7 7 q
”U“H_m+m2,z <U’U>S m te
z#.j:elk

Therefore,

8> = Iy = 7[5 + 1215, — 2(o%.0%)
T ¢ ge_9.=20 =9
m

<2

On the other hand

b—a=(5'5") - (',5%)

2(¢" — o)

<ol lo® = 2%y = =

for any m, implying b = a.

Therefore, in order to prove ultrametricity under Ghirlanda-Guerra, the crucial step
is to prove the replication property of Proposition [7.10
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The basis of the proof of this proposition is a proof that the Ghirlanda-Guerra iden-
tities imply a sophisticated invariance property of v. Let f : R — R be bounded and
measurable and define Fy : Q@ x H — R by

Fj (w,0) = / exp [f ((0,0'))] G (w, do). (7.14)

Proposition 7.11

Let N € N and ® be a measurable real valued function on the space of n X n-matrices
with entries bounded by 1, and let f, F' be as above. If the Ghirlanda-Guerra identities
are satisfied, then

exp [ XI5 f (Rin) + v (f (R12))
o

v(®)=v Fy(om)"

Here as usual R;, = <ai, ak> .

Remark 7.12

We are stressing here a bit the notation. The function which is integrated on the right
hand side is not a function of o alone as F); also depends explicitly on w. So the
integral on the right hand side is an integral with respect to the semi-direct product
measure P (dw) gl (do). The somewhat puzzling point is that such an equation can be
a consequence of the Ghirlanda-Guerra identities which refer only to [ gimp (dw).

Proof. It seems to be difficult to get the identity directly out from Ghirlanda-
Guerra. The trick is to replace f by tf, ¢t € [0,1], and compute derivatives. It turns
out that of the expression on the right hand side, arbitrary derivatives at ¢ = 0 can
then be expressed in terms of v expectations, and are all 0 by Ghirlanda-Guerra. Using
analyticity in ¢, on the obtains that as a function of ¢, the expression is constant, at
least in some interval containing 0. Using some additional bounds, one obtains that it is
constant for all ¢ € [0, 1]. For the details, see the monograph by Panchenko [3§].

The computation of the derivatives is a bit messy but not difficult. I do it for the
first derivative. The reader will have no difficulty to do the higher orders. Put

exp [ 050 F (Rim) + 10 (f (R12))]
)

o) =v Fiy (0™
n—1 exp tZ?:_l (Rin) +tv(f (Ri2))
diét) —v|® (R(n)> ;f(Ri,n) +v(f(R12)) [ : Fif (@) - }

ex Z?;l (Rim) +tv (f (R1p2)) v (o™
- ®<R(n)) : {t 1th (an);:f = }dFile | ’
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dF, ( f

/f 0", oY) exp [tf ((5,0"))] G (0, do”) .

This leads to

which is 0 by Ghirlanda-Guerra. =

Corollary 7.13
Let w : R — R be a bounded measurable function, and f, F,® as above. Define

Sw (w,0) = /w ({o,0")) G, (do)
Ty (w,0) := Fy (w,0)7" /w ({0,0")) /oG (do).
Then, for a measurable function ¢ : R — R
v (q> (R(”)> b (S (ﬂ)))
- (q) (2o o) S Ri) £ (f (R12)] ) |

F (o™)"

Proof. It suffices to prove the statement for polynomials 7. So, we take v () = z*.

@ (R™)T (o = ‘I;((f()),f / exp [Z; f (Rn,n+j>]

k
< [[w (Bunis) G (- do™) .

Therefore, if we put
k
Y (R(n+k)> de{ < ) H nn—l—j
j=1
the right hand side of the claimed equation is

y ((I)’ (R(n+k)> exp [Z?z_ll (Rin) +1§:(Z:it;k( n) Fv(f (R1,2))] )
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which, by the previous proposition, equals

o ® (R) [T (Rume) | = (o (70 5677
j=1

[
Proof of Proposition The replication property follows by induction of the
following statement:

Claim 7.14

Let A € SM) satisfy ay dof nax (@1 .- an—1,n) < q*. Then there exists an extension
A’ € ST of A such that Aint1 = Qip fori <n—1, and apny1 < a,. (Extension here
means that A is the n X n-matrix obtained from removing the last column and row of

A')
To prove the claim, we will prove for all € > 0, one has
v (R(”) €U.(A), |Ripi1 —ain| <&, i <n—1, Ryni1 <a’ + e) >0, (7.15)

where U, (A) denotes the componentwise e-neighborhood of A, which proves the claim.
The argument is best done indirectly, by assuming that for some ¢ > 0

v (R("> €U.(A), |Ripi1 —ain| <&, i <n—1, Ryni1 <al+ s) =0 (7.16)

Define A
Y (a(”_1)> def {oceH:|(0,0") —ain|<e, i<n—1},

and let A’ be the matrix obtained from A by erasing the last row and the last column.
A reformulation of ((7.16|) gives

v (R("fl) e U; (A/) , ool ey (U(”71)> , <0",U"+1> < ay + 5) =0.

We use Corollary with w (z) = ly>ax4e, and f = tw with ¢ > 0 which will be
chosen later. Then

Sw (w,a™) “a (w,{o:(0,0") >a; +¢€}).

A e S™ implies that given £ > 0, there exist § > 0,0 < p < 1/2, such that
v (R(”) ceU.(4),p<S(0") <1 —p) > 0. (7.17)
F according to ([7.14]) is:

F(w,0™) =58 (w,0™) (" =1)+1>1.
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By Corollary applied to ¥ (z) = lp<z<i—p, We get

ity f(Rin)+v(f(Ra2))
g F(o")"

;R ¢ U, (4), pgT(a“)gl—p) > 6.

Evidently, f (R; ) =0 on R™ € U. (A), and
v(f(Ri2) =tv(Ri2 > a,+e) =1y,

where 4 < 1. Therefore, as F (0™) > 1, we get

v (R(") cU.(A), T(6")<1— p) > §e . (7.18)
An elementary computation gives that 7' (w,0™) < 1 — p implies
1
S(w,0") < Pt
p

Consider now
A (w,a(”_1)> def {0” €EH:o"eX (J(”_1)> , T (w,0™) <1 —p} ,

and
% {(w,a("_1)> ceQxH" .G (w,A (w,a("_l))) > 0}
Then

v (R<"> eU.(A), T(c") <1 —p)

S [ @ )6 (o (o).

For any (w, a("_l)) € II, we can choose a ¢’ € A (w, a("_l)) for which one has

T(w,a’) < 1—p:>S(w,a') < ll_jpe_t.

However, fixing this ¢, almost all " € ¥ (0("_1)) satisfy (o/,0™) > a} + € by 1}
and therefore, for any (w, a("*l)) € II, one has

G (w,A (w,a("_l))> <G (w, by (U(”_1)>) <S (w,a') < 1;]9e_t.

Therefore

v (R € U (4), T(o") <1-p)

< (£ 60 () () ot ()

]_ _
< Je*t.
p
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As the left hand side is > de™ %, by (7.18), it follows that
5 < ﬂevte—t,
p

which leads to a contradiction when choosing ¢ large enough, as vy < 1. m

8 Ultrametricity implies the Parisi formula

Panchenko’s proof of ultrametricity sketched in the last section gives a proof of ultra-
metricity for the SK- and related models, not quite in the form given in , but for a
model with a slightly perturbed Hamiltonian. The reason is that the Ghirlanda-Guerra
identities can be proved only for the SK-model with a perturbed Hamiltonian. We give
a rough outline of the chain of arguments. Unfortunately, it is still technically quite
involved.

The argument is based on with M = 1 and the 7, given by the SK Gibbs
distribution G with slightly changed temperature parameter which gives

Ay =Elog Zn4+1 — Elog Zn
= Elog dezN res, v (0) exp[(Byoi + 1) 7] (8.1)

— Elog Z o) exp [[3 \/750}

Remark, that we can represent k., as

Rg = KN,g: = E gljazaj
Vv N + 1 1<'L<]§N

with new independent gl’j. Therefore,

Ay = Elog Ey cosh (Byn) — Blog Ey exp [Byn] + log 2,
and
N-1
Aj
=0

1 1
“Elog Zy = —
N BN T

<.

leading to
1
_ oy L T ' ‘
f(B) = lim <BlogZy > liminf Ay (8:2)

This is the basis for getting a lower bound by relating to the Parisi expression.
Of course, if one could prove the existence of limy_,., An, and identify it with the Parisi
expression, one would have finished the proof of the Parisi formula. This seems not to
be possible. However, the upper bound for f is known by the Guerra’s interpolation
technique.
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The task which remains is to prove that the right-hand side of (8.2) is bounded
from below by the Parisi expression. This is based on the fact that a slightly perturbed
SK-model Q]Ii,ert satisfies the Ghirlanda-Guerra identities as explained in Section

It then follows that any weak limit of the distribution under pPe'? def Ik Gﬁ’f?@NdP
of the overlaps, where P governs the laws of the Gaussian interaction variables, along a
subsequence,

def 1 al

N def i g

R = NZ%%,
k=1

has the exchangeability property, which, by the Dovbysh-Sudakov theorem, implies the
representation as the law of the inner products in a Hilbert space H, under the law
given by a random measure GPS on H, with an abstract probability space behind, which
we denoted by (Q,]—" , IP’DS). The fact that RY under 1P satisfies approximative form
of Ghirlanda-Guerra implies that (GDS,PDS) satisfies Ghirlanda-Guerra exactly, and
therefore, by the Theorems [7.6] and is ultrametric, and determined by the Parisi
measure ¢ (dr) = vPS (R12 € dz). In case ¢ has finite support, the distribution is that
coming from the Ruelle cascade with this Parisi measure. As we don’t know anything
about convergence along the original sequence, there can be arbitrarily many of such
Dovbysh-Sudakov pairs, and Parisi measures.

It’s now tempting to apply this to the evaluation of Ay for large N. We first choose
a subsequence, such that Apn, —k=% liminfy_,o0 Ay. Then we choose a further sub-
sequence of {Ap, } such that the law of RYN along this subsequence converges to the
law of the inner products under vPS. We would like to conclude that liminfy_ . An
can be expressed through vPS. This is not quite obvious as the Ay cannot directly be
expressed through the overlaps. It requires an additional approximation argument. The
basic observation is that the covariances of yy (¢), and ky (o) are expressed in terms
of the overlaps of o. This implies that Ay can be approximated by functions of finite
restrictions of the overlap matrix. In case the Parisi measure v has finite support, one
can conclude in this way, using Lemma that

liminf Ay =P (¢) > inf¢P (§) .

N—oo

In the case of a general Parisi measure, appearing through the limits along the subse-
quences defined above, an additional approximation is needed, but one concludes that

liminf Ay > infeP (€).
N—o0
Together with Guerra’s upper bound, this finally proves the Parisi formula.

9 Appendix: The Curie-Weiss model

Given a finite set ¥ and a function H : ¥ — R, non-random for the moment, i.e. H (o)
is just a number not a random variable, then the Gibbs measure on X with inverse
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temperature 8 > 0 is defined by

with the partition function
Zg:=Y exp[BH (0)].

As remarked before, the physicists would write exp [-8H ()], but that would mean that
all the time we would have to put a minus sign before our Hamiltonians to compensate
for that, so I don’t do it.

One of the simplest non-trivial mean-field models in classical statistical mechanics
is the Curie-Weiss model which has a non-random Hamiltonian, defined on Xy :=

{~1,1}" by

Hy (0): 00 = 02 , 0=(01,...,0N)
N 2N

4,j=1

The diagonal term Z . is just 1, and this cancels out with the normalization and does
not influence the GlbbS measure. We could therefore as well just take the sum ), oy
which is often done. The key point is that this Hamiltonian reflects an interaction of
any individual spin o; with the average of the other spins 3.0,/ (N — 1) . The total
“interaction energy” is then

72 zjvjil? - 2N—1 Z‘WJ

That there is N — 1 instead of N is of no importance for large IN.
Occasionally, one also has a so-called external field which give the o; a global tilt.
Then the Hamiltonian is

Hy (o) := 2N ZUng+hZUz

i,j=1

h € R is an additional parameter. The Curie-Weiss Gibbs measure is defined by

oN Z aza]—i-BhZaz ,

3,j=1

Gann (0) =

exp
Z3.h,N

where

Zg N = Z exp 2N ZO’N]-F,@]ZZO’@ . (9.1)

ocEXN 1,5=1
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This model can easily be analyzed by Stirling’s formula. The point is that the
. . . . — 1 N
Hamiltonian is a function of oy := > ;2 0i

1
Hy (o) =N <25J2V + h&N) ,
and Z can be written as expectation under standard coin tossing;:

Zy =2NEG" exp [NB (6% /2 + hon)] .

The coin tossing expectation E€T can be computed in terms of Stirling’s formula up to
any precision one likes. The rough large deviation behavior, in the usual large deviation
jargon, is

Py (6N ~ ) ~ exp[~NI ()]

with the entropy function

L]0 z) + 5% 1o —z) itze|—
rw={ Fretras ety Lo et

Therefore,
f(B,h) = lim 1 log Zn = log2 + sup |=2% + Bhx — I (z)

For those who are not familiar with these type of arguments, I leave it as an exercise to
derive it from Stirling’s formula.
The function z — I (z) = 4% log (1 + z) + 5% log (1 — z) looks as follows

It is of course even. Furthermore, the function is continuous on the full interval [—1, 1]
with

lim I (z)=log2

xilil (I) 08

but the tangent diverges as x — +1. The behavior of the Curie-Weiss model is deter-
mined by the function z — gg (z) := 5;132 + Bhx — I (x). This depends heavily on
and h.

Case h = 0 : In this case the above function is even, but there is a crucial difference
depending on whether 8 <1 or 5 > 1. Below there are plots for 5 =1/2, and 8 = 3/2.
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9p.h for h:O,5:3/2

The crucial difference is coming from the second derivative:

Z—z = Bz — <;log(1+ﬂs) - %log(l x)> ,

d*g 1 1

a2 =0 2(1+xz) 2(1—=)
For 8 < 1, the second derivative is negative everywhere, and therefore the function is
strictly concave with a unique maximum at 0. This remains true for § = 1, where the
second derivative is 0 at 0, but negative for x # 0. However, for > 1, the second
derivative is positive at 0, and negative for x sufficiently close to +1. Therefore, 0 is a
local minimum, and the maxima of the function are elsewhere. Setting the first derivative
0, one gets the equation m = tanh (fm) for the maximum m. For § < 1, there is just
the solution 0 for this equation, but for 3 > 1, there are 2 other solutions £mg.

The free energy f (/3,0) is log 2 for § < 1, and starts to increase for § > 1.

Case h # 0 : In that case, 0 is never a maximum. The curve still depends on the value of
5, but it has always one unique global maximum, although it may have a local maximum
besides that. Below are two examples, both with h = 1/20, and the first with 5 = 1/2,
while the second with 5 =3/2:
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02T
-0.3 T

04T

-05—

9s,h for h = 1/20, B = 1/2
015

010 T

0.05T

-10 -08 -06 -04 -02 00 02 04 06 08 10

gs,p for h=1/20, p =3/2

It is easily checked that there is a unique mgj # 0, £1, such that

m = Imnax xZ).
go.n (Mgn) = max gan(x)

This value mg, satisfies the mean-field equation

m = tanh (Bh + fm) ,

as is easily checked.
We summarize the basic results:

Theorem 9.1

a) Let Zgy N be the partition function of the Curie-Weiss model as defined in

Then
f(B,h)

exists is given by

f(B,h) =

1
= lim —logZ
i 108 Za

sup g (B,h) +log2.
z€[—1,1]
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b) If h # 0, then 6y converges in Py n-probability to mgy, i.e. for any € > 0 one

has
e> =0.

c) If h =0 and 8 < 1, then o converges in Py y-probability to 0. If § > 1, then
the Pgo n-law of Sy /N converges to

1 1
50ma + 38-ms.

SN
i oN >
NGB (’ N Tk =

This means that for any 0 < ¢ < mg, one has
SN
li — — < =1/2
lim G SN 4| < 1/2
im — 4+m e) = .
N—oo 6707N N B —

Proof. Left as an exercise. All the statements follow easily from Stirling’s formula.

[
mg p, is the mean magnetization oy in the N — oo limit under the Gibbs measure.

In physics literature, the equation (9.3)) is usually derived via a “cavity” argument. For
that, one argues that m should be the Gibbs expectation for a single spin. By symmetry,

it doesn’t matter which one takes, so we take the last one:
Zo eXp[ Bont ZJ U o) — Bhoy — BHy 1 (VD))

bl

m~ Egpn (o) =

where c(N-1) = (01,...,0n-1), and Hy_; is the Hamiltonian on the first N — 1 spins.
Summing first oy out in this expression, and the other ones afterwards, one gets

E,BhN 1Slnh</BNZ -1 O'J—i-,@h)
Egpn- 1cosh<BNZ] 1 aj—i-ﬁh)

Egnn(on) =
Under the Gibbs measure on the first NV — 1 spin variables, one should have
| V-1 ;N1
NZmewm,
j=1 j=1

the last approximation by disregarding possible fluctuations around the mean. By this

chain of arguments, one gets

EB,h,N (UN) ~ tanh (,Bh + ﬁm) R
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which leads in the N — oo limit to (9.3). In spin glass theory, there are similar equations,
the TAP (for Thouless, Anderson, Palmer) equations, which however are much more
delicate to discuss and prove. We come to that later on.

It is not difficult to get more information than in Theorem out with some refine-
ments of the arguments. For instance one can prove that in the “one-phase region”, i.e.
either h # 0 or h = 0 and 8 < 1, the spins under Gg; y behave like i.i.d. spins with
possibly tilted mean. To be precise, for m € (—1,1) consider Bernoulli measure with

mean, i.e. pp (1) :=(14+m) /2, pp (1) =1—pp, (1) = (1 —m) /2.

Proposition 9.2
Under the above conditions, one has for any K € N :

. . . K .
]\}Enoogg,;ujv (01 =1i1,...,0x =ig) = Hj:lpm (Zj),

where m = 0 for h = 0,8 < 1, and m = mg, for h # 0.

Proof. Left as an exercise. m

The proposition states that in the one-phase region, the Gibbs-measure under the
N — oo limit is simply coin tossing with possibly tilted mean. There is a similar state-
ment also in the two-phase region, i.e. 5> 1, h = 0. In that case the Gibbs distribution
converges to a mixture of two tilted Bernoulli measures. Here is the statement, the proof
is left is also left as an exercise:

Proposition 9.3
Assume 3 > 1 and h = 0, and let mg be the positive solution of m = tanh (Sm). Then
for any K, and any i1,...,ig € {—1,1}:

j&iillmgg,o,N (o1 =11,..., 0K = 1K) = %H] Py (1) + 5 H L P=mp (45)

These properties of the Curie-Weiss model are coming under the name “symmetry
breaking”. The coin tossing measures are the so-called “pure states”. If h # 0 or h =0
and 8 < 1, the Gibbs measure converges to a “pure state”. In the case h =0, § > 1, the
Gibbs measure converges to a mixture of two symmetric pure states. As in that case,
the relevant pure states, namely coin tossing with mean mg and —mg are not symmetric
under sign change, one says that the model “breaks” the symmetry, although, of course,
the limiting measure is still symmetric.

Even the very simplest mean field spin glasses have a much more complicated sym-
metry breaking.
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