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Strichartz estimates for Schrodinger equations with variable
coefficients and unbounded potentials
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Bifurcation analysis for the Lugiato-Lefever equation

Tomoyuki Miyaji* Isamu Ohnishi $ Yoshio Tsutsumi¥

We show some results on bifurcation analysis and numerical simulation for the Lugiato-
Lefever equation (LLE). LLE is a cubic nonlinear Schrédinger equation (CNLS) with damping,
detuning and driving force. It is a model for describing the evolution of transversal patterns
in an optical cavity with a Kerr medium. It is given by

OFE =—(1+i0) E+ib’AE +i|E?E + Ey,, z€Q,t >0, (1)

where x = (z1,...,24)7,Q CRY and A = (99261 4+ 4 8§d is the Laplacian.

The parameters b?,6 € R are diffraction and detuning parameters, respectively. E =
E(xz,t) € C denotes a slowly varying envelope of electric field. F;, > 0 denotes the intensity
of spatially homogeneous driving field, and it is a main control parameter.

Numerical simulations suggest that LLE in one or two dimensional space has solitary wave
solutions in a certain range of parameters. See Figure 1.

6=17,a=09 6=12,a=09

X

Fig. 1 Stationary solitary waves. (Left) Q = (0,64) ¢ R b*> = 1,0 = 1.7, Ey, ~
1.21491; (right) Q = (0,96)* C R?,b® = 1,0 = 1.2, Ei, ~ 0.990454.

In contrast to CNLS, LLE does not satisfy any conservation law of CNLS. Typically, a
solitary wave solution of LLE appears as an equilibrium point. Moreover, for 2D LLE, a
localized spot can undergo a Hopf bifurcation, and it results in a spatially localized and
temporally oscillating solution called oscillon. Such solutions are understood as dissipative
structures resulting from the balance between gain and loss of energy. Besides, no explicit
analytical solutions are known for LLE.

In this talk, we summarize some results on bifurcation analysis for stationary solutions of
the equation in one or two space dimensions.

* Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-8502 JAPAN, email:
tmiyaji@kurims.kyoto-u.ac. jp

8 Department of Mathematical and Life Sciences, Hiroshima University

9 Department of Mathematics, Kyoto University
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Henri Poincaré, 39(1983), 211-388.
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Elliptic K3 Surfaces as Dynamical Models

and their Hamiltonian Monodrmy
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Z DFEETIIAEM K3 i 125 4 Roc D i 3R % /6 BRI O Weierstrafl BEHEFE % F W T BARIKIZ
MR L, ZhzflioTHESNAH 5HH7 Hamilton €/ R0 I —DOREE Z EOHIIZ DOWTHRR B,
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Blow-up solution for the Zakharov
system on 2D torus
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Well-posedness for the Kawahara equation with low regularity data
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Local Behavior of Positive Solutions of Nonlinear Elliptic
Equations
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On fundamental solutions to fractional diffusion equations with divergence
free drift

Yasunori Maekawa (Kobe University) joint work with Hideyuki Miura (Osaka University)
In this talk we consider the drift diffusion equations with the fractional Laplacian:
00+ (—A)20 +v-VO =0, V-v=0, t>0, zcR% (1)
where d > 2, V = (01, --- ,0;), and (—A)*/? is formally defined by

a . f(z) = fy)
—A)2 f(x) = Cyqlim dy. 2
( )2 f(@) d,a 10 Jio_yise |z — y|d+a (2)
Here a € (0,2) and Cy, > 0, are constants and v = v(t,2) = (vi(¢,2),--- ,v4(t,x)) is a given solenoidal

(i.e., V-v = 0) vector field in R? with suitable regularity to be specified later. The equations of the form (1)
appear in several models in the fluid dynamics, where the solution describes some active scalar convected
by the incompressible flows.

In the case d = 2, if v and @ are related by v = (Ra0, —R16), the equation (1) is called the dissipative
quasi-geostrophic equation (QG). Here R; (i = 1,2) is the Riesz transform. In particular, the case « = 1 is
called critical in the sense that both the diffusion term and the drift term become the leading terms of the
equation. The global regularity of the solution in the critical case is recently addressed in [4, 1, 3]. Due
to the non-local character of the fractional Laplacian, the usual local regularity theory does not work and
the nonsmooth drift term makes problems more delicate.

In [1, 3] they regarded (QG) as the diffusion equation with a given drift term in the BMO space.
Motivated by these results, we study the existence, the Hélder regularity, and the decay estimates of
fundamental solutions of (1) under weak regularity assumptions for v: we assume that v € X% or v € Y,
where

L>=(0, 00; L=T (RY)) if oc(1,2),
Xo =% L®(0,00; BMORY))NLL (0,00; L} (RY), 1<3g<oo if a=1,
L>=(0,00; C*=*(RY)) N LE (0,00; LS, (RY)), 1< 3g<oo if ae(0,1),

Y = L*(0, o0; Lip(R%)) N LY

loc

(0, 00; L5, (RY)), 1 <3< oo

Here C’l_a(Rd) is the homogeneous Holder space with the order 1 — . These regulairty assumptions are
invariant under the scaling v(t,z) — A*~1v(A%, Ax), which is compatible with the natural scaling of the
equation (1).

In order to construct fundamental solutions, it is essential to show the a priori bounds related with the
estimates in the theorem. To this end we will develop the Nash-type arguments in [2, 5] which studied
the non-local diffusion equation without drift terms. As in [6, 5], the argument to derive the continuity
estimates consists of four steps; the moment bound, the relative entropy bound, the overlap estimate,
and the iteration estimate. Motivated by [1, 3], we estimate fundamental solutions in time-dependent
coordinates along the trajectory determined by a local average of v. Our method can be adapted for more
general non-local diffusion equations as in [5].
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Diffusion Processes in Thin Tubes and their Limits on Graphs
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Optimal control problem of portfolio with partial information

:‘Hamilton-Jacobi-Bellman equation approach

Yoshitaka Hori
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