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KO-THEORY OF EXCEPTIONAL FLAG MANIFOLDS

DAISUKE KISHIMOTO AND AKIHIRO OHSITA

ABSTRACT. The K O-theory of the flag manifold G/T is determined by calculating the Atiyah-
Hirzebruch spectral sequence when G is one of the exceptional Lie groups Gs, Fy, Fg, where T'
is a maximal torus of G.

1. INTRODUCTION

This work is a continuation of [KH1], [KH2], [KKO] and [K] in which the K O-theory of various
homogeneous spaces are calculated by the Atiyah-Hirzebruch spectral sequence. In [KKO],
Kono and the authors calculated the KO-theory of the classical flag manifolds. Here, we mean
by the classical (resp. exceptional) flag manifold the compact classical (resp. exceptional) group
divided by its maximal torus. We will denote a maximal torus of a compact, connected Lie
group G by T. We will calculate the K O-theory of the exceptional flag manifold G /T for G =
Gs, Fy, Eg. Recently, a connection between Witt groups and K O-theory of homogeneous spaces
such as Grassmannians and flag manifolds was found [Z], [Y1], [Y2], and so our calculation has

applications not only in topology but also in this direction. Our main result is the following.

Theorem 1.1. The KO-theory of G/T for G = G, Fy, Eg is given as
KO*™ YG)T) = (Z/2)* and KO (G/T) = (Z/2)+ @ 7'

form € Z/4, where t, s, are as in the following table.
G ‘ t So S_1 S_g S_3
Go 6 1 2 1 0
Fy| 576 2 4 6 4
Eg | 25920 2 4 6 4

The organization of the paper is as follows. In §2, we recall from [KH1] and [KH2] useful
lemmas in calculating the Atiyah-Hirzebruch spectral sequence converging to the K O-theory.
We also recall some basic facts on the self-conjugate K-theory. In §3, we consider the homotopy
fiber of a certain cohomology class BT® studied in [KI1] and related spaces. Results in this
section will be used in calculating the K O-theory of Fy/T and Fg/T. In §4, we determine the
KO-theory of Go/T. In §5, we first calculate the KO-theory of Fy/U for some maximal rank
subgroup U of Fy. After this, we determine the K O-theory of Fy/T. In §6, we calculate the
K O-theory of Eg/T in a similar method for F,/T.

1991 Mathematics Subject Classification. Primary 55N15; Secondary 14M15, 55T25.
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2. ATIYAH-HIRZEBRUCH SPECTRAL SEQUENCE

2.1. KO-theory. Recall that the coefficient of K O-theory is given as
KO* =Z[n, A, 8,87']/(2n,n*, 0\, A — 45)
for |n| = =1, |\ = —4,|5| = —8. Let (E.(X),d,) be the Atiyah-Hirzebruch spectral sequence
EPI(X) = HP(X; KO) = KO*(X).
It is shown in [F] that the second differential ds is given as

Sq’my ¢=0 mod 8
(2.1) B1=47S¢> ¢g=-1 mod8
0 otherwise,

where 7, is the modulo 2 reduction. We now suppose the following condition of a space X.
(2.2) H?"(X;7Z) is a free abelian group and H*"*(X;Z) = 0 for n > 0.

Then for Sq*Sq® = Sq®Sq' = 0, (H*(X;Z/2),Sq?) is a chain complex. We denote the cohomol-
ogy of (H*(X;7/2),5¢%) by H*(X;Sq?) and call it the Sq*-cohomology of X. It follows from

(2.1) that there is an isomorphism
(2.3) v EPTY(X) S HP(X;SqP).
The following useful lemma is proved in [KH1] and [KH2].

Lemma 2.1. Let X be a CW-complex satisfying (2.2). Suppose r is the smallest integer such
that d. # 0 for r > 3. Then the following holds.

(1) r =2 mod 8.

(2) If p is the smallest integer such that dP? # 0, there exists x € EP°(X) satisfying that
d.(nz) # 0 and t(nz) is indecomposable in HP(X;Sq?).

(3) Let x be as in (2). Suppose there is a map X x X — X by which H*(X;Sq?) becomes
a Hopf algebra. Then d,x is primitive in H*(X; Sq?).

Let us consider an extension of F.(X) to KO*(X).

Lemma 2.2. Let X be a finite CW-complez satisfying (2.2). Then there ezist integers sy, t,

form € Z/4 and isomorphisms
KO 1(X) = (Z/2)* and KO™(X)=(Z/2) @ Z'™.
Proof. By assumption, the complex K-theory K~'(X) = 0, and by the Atiyah-Hirzebruch

spectral sequence (E,(X),d,), one sees that KO*~!(X) is a torsion group. Then since the
composite KO*(X) < K*(X) & KO*(X) is the 2-power map for the complexification ¢ and
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the realization r, it follows that KO?*"~'(X) = (Z/2)*" for some integer s,. There is the Bott

exact sequence
o KNX) = KOT(X) B KO (X) S K (X) — -

Since K°(X) is a free abelian group and K—}(X) = 0 by assumption, n : KO }(X) —
KO?*"(X) is an isomorphism on the torsion part. Thus the proof is completed. O

We calculate integers s, t, in Lemma 2.2. Define formal series fx(t) and gx(t) as

(2.4) fx(t) =) dimg H’(X; Q)" and gx(t) = > dimg, B (X).

p=>0 p>0

By [MT], the polynomial fx(t) for G = Go/T, F,/T, Eg/T is given as

) X =T,
(2.5) Fx(t) = § GOt X = FT,

1_4 1— 10 1— 12 1— 16 1— 18 1— 24
0=r)0=r0=HDM=EN=Y  y _ g,

Lemma 2.3. Let X be a finite CW-complex satisfying (2.2), and let s,,t, be as in Lemma 2.2
Then it holds that

fx(1) + fx(vV/-1) fx(1) = fx(vV/-1)

0 2 2 ) 1 3 2
and
50 1 1 2 0 gx(1)
sa| 11 -1 0 =2 gx(V—=1)
LTIl 1 =2 0 | | Regx (325
_3 1 -1 0 2 Imgx(Hf)

Proof. Since the Atiyah-Hirzebruch spectral sequences for rationalized cohomology theories are
trivial, we have

to=1_9 = Zdim@ H"™(X;Q) and t_j=t_3= ZdimQ H"(X:Q),

n>0 n>0
and then the first two equalities follow. Notice that Lemma 2.2 implies that the extension of
D, 1 g—on1 FRI(X) to KO*"~1(X) is trivial. Then by Bott periodicity and E£4(X) = 0 for
odd ¢ with ¢ # —1 mod 8, we have

KO '(X)= P EnX)= @ EFH(X).

p+q=2n—1 4k+n>0
On the other hand, we have

3
gx (t) _ Z Z dimZ/2 Eg(l)chZn,fl (X)t8k+2n.

n=0 k>0
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Then for w = 1+f, a primitive 8" root of unity, we get
3 So+S-1+S_2+5_3 (=0
gX(we) = Zw%"sn = So — V —18_1 — S_9 + v/ —18_3 (=1
n=0 50— S_1+58_2— S_3 =2
and thus the last equality follows. O

2.2. Self-conjugate K-theory. Let us next consider self-conjugate K-theory. Our basic ref-
erence is [A]. We denote the self-conjugate K-theory of a space X by K.SC*(X). The coefficient
of self conjugate K-theory is periodic by multiplication by a generator of K.SC~*. Moreover,

there is an exact sequence
L KO(X) L KOM(X) S KSCH(X) — KO3 (X) — -,
where c is the complexification. Then it follows that

Z x*=0,—3 mod 4
KSC*=(¢Z/2 x=-1 mod 4
0 *=—2 mod4

and ¢ : KO* — KSC* is an isomorphism for * = 0, —1 mod 8. Let ("E,,’d,) be the Atiyah-

Hirzebruch spectral sequence
'"EPY > HP(X; KSCY) = KSC*(X).

Lemma 2.4. Let X be a CW-complex satisfying (2.2).
(1) The complexification
s BJ(X) = 'E}9(X)

1s an isomorphism for ¢ =0 mod 8 and a monomorphism for ¢ = —1 mod 8.
(2) If r is the least integer such that'd. # 0 for r > 3, then

r=2 mod8 and 'd°#0.

Proof. (1) This follows from the above observation on ¢ : KO* — KSC*.
(2) Quite similarly to the proof of Lemma 2.1, we see that r =2 mod 4 and 'd*° # 0. By (1),
we further see that » =2 mod 8, completing the proof. O

Remark 2.5. All results in this section hold if we localized at the prime 2 and will be used in

the proof of Theorem 3.7 below.
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3. KO-THEORY OF A SPACE RELATED WITH A TORUS
In [KI1], the cohomology of BT® in connection with the Weyl group action of Fg is given as
H*(BT®Z) = Z[t, t, ..., te)/(t1 + -+ t6 — 3t), |t| = |ti| = 2.
Generalizing, we may put
H*(BTN,Z) = Z[t, t1, ..., tx]/(t1 + - +ty = 3t), |t|=|t:| =2

for N > 6, which respects the above case of N = 6. Let ¢; be the elementary symmetric
function in ¢y, ..., ty, and let y; = ¢y — 4t € H4(BTN;Z). Define BT as the homotopy fiber
of

ys : BTN — K(Z,4),

where BT® is the 4-connective cover of BT® in the sense of [KI1]. Let us calculate the mod 2

cohomology of BTN following [KI1]. Define iy € Z/2[ty, ..., tx] for i > 0 inductively as
Co=1cy and Cyiyq = Sq2i52i71+1.
Proposition 3.1. The mod 2 cohomology of BTN s given as
H (BTN Z/2) = Z)2[t1, ... . tn,Yoign | © > 1]/ (Goign | § > 0)
for x < 2N, where |yoi1| = 2(21 + 1).
Proof. Let us consider the Serre spectral sequence of a homotopy fiber sequence
K(Z,3) — BTN — BTV,
Recall that the mod 2 cohomology of K(Z,3) is given as
H*(K(Z,3);72)2) = Z)2]ugi1 | i > 1],

where u3 is the modulo 2 reduction of the fundamental class and uqi 1 = SqQHUW-le for i > 2.
By definition of BTN, the transgression 7 satisfies 7(us3) = s (= &) and then 7(ugi 1) = Goirs
for i > 0. Inductively, one sees that ¢y, includes the term cqiyq, implying that {cyiyq | 2 <
2/ 41 < n} is a regular sequence in Z/2[t1, ..., tx]. On the other hand, since u3 is a permanent
cycle, there exists 3 € HS(BTN;Z/2) which restricts to u3. Put

T2ig1 = Sq2i72i—1+1
for : > 2. By the Cartan formula, we have that v, restricts to u3, +1- Summarizing the above
calculation, we obtain the desired result, where we need the condition * < N for regularity of
{Caiyr [ 7> 0} -
There is a sequence of natural maps

BTN — BTN _, BTN+2 ... .
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We denote the colimit of this sequence by BT>. Then by Proposition 3.1, the Milnor exact
sequence shows the following. Let R be a graded algebra over Z/2 consisting of finite sums of

homogeneous formal power series in ty, to, ... with |¢;| = 2.

Corollary 3.2. The mod 2 cohomology BT™ is given as
H*(BT*;2/2) = R® Z/2[i1 | i > 1]/ (11 |1 > 0).
In particular, for n >0, H2"(BT™; L)) is a free Zy-module and H2 (BT L)) = 0.

Let us next calculate the Sq*-cohomology of BTN up to a certain dimension. To this end,

we recall from [KH1] a special cohomology calculation.

Lemma 3.3. Let (A, d) be a differential graded algebra over a field.
(1) Suppose that for a € A™, da is a non-zero-divisor and a* = db for some b € A"~
Then it holds that
H*(A/(da)) 2 Ala) @ H*(A).
(2) Suppose that for a € A", {a,da} is a reqular sequence and a* = db,b* = dc for some
be A2~ cc A*=3. Then it holds that

H*(A/(a,da)) = A(b) @ H*(A).
Proof. (1) Since da is a non-zero-divisor, there is a short exact sequence
O—>Ad—a>A—>A/(da)—>0

which induces a long exact sequence

-H*(da)
— 5

< — H*(A) H" L (A) — B (A (da)) & B (A) — -

where A/(da) is, of course, a differential graded algebra. Obviously, H*(da) = 0 and 6(a) = 1.
Then it follows that H*(A/(da)) is a free H*(A)-module with a basis {1,a}. Since a® = db, we
obtain the desired result.

(2) Since {a,da} is a regular sequence, there is an exact sequence

= H*(A/(da)) Z2% B (A (da)) — H™"(A/(a,da)) S B (A/(da)) — -+

as well as above, in which 6(b) = a. Since H*(A/(da)) = A(a) ® H*(A) by (1), we see
that H*(A/(a,da)) is a free H*(A)-module with a basis {1,b}. For b* = dc, the proof is
completed. O

Proposition 3.4. For x < 2N — 2,
H*(Bj:'N;S(f) = A($37$77x2i | P2 S)a ‘xj| = 2j,

where N can be oco.
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Proof. Put A = Z/2[ty,...,ty] (or the above R for N = oo). Notice that since A is acyclic
under Sq?, for any & € A*, there exists y € A satisfying 2% = dy.
By Lemma 3.3, we have
H*(A/(e2,03)) = Aws),
where z3 = Y, t;t? satisfying Sq*z3 = 3. The Adem relation SSq® = Sq¥ 2 + Sq? 1S}
implies that

1<j

(3.1) Sq* ey = Egi—lﬂ

for i > 2. On the other hand, as is noted in the proof of Proposition 3.1, {4, | 2 < 2'+1 < N}

is a regular sequence in A. Then, applying Lemma 3.3 repeatedly, one gets

H*(A/(52i+1 | 1 Z 0)) = A(.Tg,in

i>2)

for + < 2N, where Sq®7yi = Gy mod (Gpyq | 0 < j < i —1). Notice here that since
H*@ T (A)(Gyisq | § > 0)) = 0, we can apply Lemma 3.3 repeatedly. Since Sqc, = &
mod (s, ¢3), we may take x4 = ¢y.

Put Fo = A/(¢iy1 |1 >0) and F,, = A/(Coiy1 |1 > 0) @ Z/2[y9ip1 | i <n—1] forn > 1. It
is proved in [KI1] that Sq®ys; = c4. Consider the spectral sequence associated with a filtration
Fy C Fy. Then we get

H*(Fy) = AMas, x7, 9 | i > 3) @ Z/2[43],

where 27 = y3¢4+d7 for d7 € A with Sq*d; = 2. Similarly to (3.1), we have SA*Yait1 = Yoi-141.
Then by considering the spectral sequence associated with a filtration F,, C F,, for n > 1

inductively, we obtain

H*(Fyy1) = Mws, w7, 29

i >3) ® Z/20n ]
Thus the proof is completed. 0

Let us next consider the homotopy fiber F' of the cohomology class ¢ : BT® — K (Z,2). Let
o : F — BT™ be the natural map.

Proposition 3.5. Forn >0, H*'(F;Z@)) is a free Zz)-module and H*"*(F; Z)) = 0.

Proof. By Proposition 3.1, for x* < 2N, the same claim is true for BTN , and then also for BT™>
by sending N to co. Since the map ¢ : BT> — K(Z,2) is injective in the Z(,)-cohomology,
a* : H*(BT™>; Zy2)) — H*(F;Z2)) is surjective, and thus the proof is completed. O

Define a map p : BT*™ x BT*> — BT by the equation
pity) =1®@t and p(ty) =t;®1

for ¢ > 1 in cohomology. Then by an easy inspection we see that p liftstoamap i : FxX F — F.
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Proposition 3.6. The natural map o : F — BT> induces an isomorphism in the Sq?-
cohomology. Moreover, H*(F; Sq?) becomes a Hopf algebra by fi in which o*(x4:) is not primitive

fori >4, where z; is as in Proposition 3.4.

Proof. The first assertion easily follows from a direct calculation.
Computing the Sq*-cohomology of the subring Z/2[cy, ¢a, c3, .. .]/(c1, C2, C3, . . .) of H*(F;7/2),

we see that a*(z5:) can be chosen as an element of this subring for ¢ > 3. Then for

(3.2) fr(a(en)) = Z a’(e;) ® a(en),

we obtain

fr(a(291)) = a*(9) @ 1 + 1 Q@ o (i) + -+ - .
Choose representatives of x3, x7 as in the proof of Proposition 3.4. As in [KKO], it is straight-
forward to see that i*(a*(z3)) = 23 ® 1 + 1 ® z3. By definition, we have f*(a*(v3)) =

a*(13) @1+ 1® a*(y3) + ---. Then by an easy calculation analogous to a*(x3), we see that
(o (z7)) = a*(27) @1+ 1® o (7). Thus we have obtained that H*(F; Sq?) is a Hopf algebra

by the map f.
Since iy = Coiypq + -+ as above, we have g = cgi + - -+ for i > 3. Then by (3.2), the last
assertion follows. O

We now aim at proving the following.
Theorem 3.7. The Atiyah-Hirzebruch spectral sequence ET(BTOO)(Q) collapses at E3-term.

Proof. By Corollary 3.2, BT™ satisfies the condition (2.2) at the prime 2. Let Z; be an element
of Ker{Sq? : H*(BT*; L)) — H*(BT>;7/2)} = E;f’o(Bfoo)(Q) whose modulo 2 reduction is
xj € H*(BTOO; Sq?) for j = 3,7,2¢ (i > 3). Then by Lemma 2.1, our aim is to prove that z; is
a permanent cycle for j = 3,7,2% (i > 3).

Consider the natural map o : F — BT*. Then it follows from Lemma 2.1, Proposition
3.5 and Proposition 3.6 that it is sufficient to show that o*(73) € Ker{Sq® : H*(F;Z@) —
H*(F;Z/2)} = E3°(F)() is a permanent cycle. We next consider the complexification ¢ :
E.(F)@ — "E.(F)). Then by Lemma 2.4, we only have to prove c(a*(Z3)) € 'E3(F)) is a
permanent cycle.

Let u be a generator of K é? satisfying (1—t)(u) = 0 for the complex conjugation t, and let H;
be the pullback of the Hopf bundle on BT" by the composite F' — BT — BT" in which the
first arrow is the natural map and the second arrow corresponds to the cohomology class ¢;. Put
&=uY, ; HiH? € KS(BT™)@). Then for (1—t)(&s) = 0, & lies in KSCO(F) ). Obviously,

&3 corresponds to c(a*(Z3)), and thus c(a*(Z3)) is a permanent cycle as is desired. O
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4. KO-THEORY OF Go/T

The mod 2 cohomology of Go/T including the action of the Steenrod operations is calculated

as
H*(GQ/TJZ/2> :Z/2[t1>t2773]/(/)2;/)3;7?3)7 ‘t2| :27|/73‘ :67 Sq273 :07
where
_ 42 2 42 2
P2 = tl + t1t2 + t2 and pP3 = tltg + t1t2.
Proposition 4.1. The Sq*-cohomology of G2/T is given as
H” (GQ/Ta qu) = A(l’g, 73)7
where x3 = t3 + t113 + 3.

Proof. Since Sq*py = ps, we obtain the desired result by Lemma 3.3. U

Corollary 4.2. The Atiyah-Hirzebruch spectral sequence E.(G2/T) collapses at Es-term. In

particular, we have
gG2/T(t) = (1 + t6)2'

Proof. The result follows from Lemma 2.1 and Proposition 4.1. OJ

Proof of Theorem 1.1 for Gy. The result follows from (2.5), Lemma 2.2 (1) and Corollary 4.2.
O

5. KO-THEORY OF Fy/T

Recall that the Dynkin diagram of F} is given as follows.

aq o) as Oy
—— eo——9o o
It is shown in [IT] that the centralizer of the circle in Fy defined by as = a3 = a4 = 0 is
isomorphic to T - Sp(3). Let U be the centralizer of the torus defined by ay = 0. Then
U = T3 x Sp(1) as a space, implying that the homology of U is torsion free. Note that
F,/U satisfies the condition (2.2). Then we calculate the Atiyah-Hirzebruch spectral sequence
converging to KO*(F,/U) from which we deduce the one converging to KO*(Fy/T).

5.1. KO-theory of F,/U. We first calculate the mod 2 cohomology of F,/U. Let w; (i =
1,2,3,4) be the fundamental weight of Fy as in [TW], and put

t:wl, Y1 = Wy — Wws, Yo = W3 — Wy, Yg = Wy.

Then it is clear that
H*(BT;Z) = Z[t, y1, ya, y3)-
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As in [IT], the Weyl group of U is generated by a single element R satisfying
R(t)=t, R(p)=t—w, R(yp)=y R(ys)=uys

Since H*(BU;Z) is torsion free as noted above, H*(BU;Z) is the invariant ring of H*(BT';7Z)
under the action of the Weyl group of U. Then one gets

H*(BU;Z) = Z[t,y2,y3.), ¢ =11(t — y1)-
On the other hand, the mod 2 cohomology of F} is given as
H*(Fy;2)2) = 7Z/2[as)/(a3) @ A(as, ars, azs), |ai| =i, Bas = a3.
Then by a result of Toda [T], we can calculate the Z)-coefficient cohomology of F,/U as

follows.

Proposition 5.1. There is a regular sequence pa, Pg, Ps, P12 in Z)[t, y2, ys, q) with |p;| = 2i
such that

H*(Fy/U; L)) = Zylt, y2, y3, a4, 73]/ (P2, s, Ps, Pr2, 273 + ps3),
where ps is defined by the equation Sq°ps = ps.

We now determine the mod 2 cohomology of F,/U. Define q; € Z[t,ys,y3,q] (|¢;| = 4i) as

L+ +@+a=1+q) 1+t —y2))(1+yst —y3)).
By definition, one has
(5.1) Si’q =tq, Sa’e =0, Sq’gs = tgs.
A calculation in [IT] implies that the rational cohomology of Fy/U is given as
(5.2) H*(Fy/U;Q) = Q[t, y2,y3,q/ (02, 06, 08, 012),
where
(5.3) oy = 1"+ q, 0=t +4t%p — 8¢, 05 =3’ — ¢, o1=—¢ +27q.
Let p; (i =2,6,8,12) be as in Proposition 5.1. Then by (5.1) and (5.3), we may put
pr=—t"+q and p3=1lq.
Put
R = Z[t, y2, y3. ¢, 73]/ (P2, 3, =5 + t2q2 — 23, 08, 012).
Since 0g = 4(—73+t%q2—2q3) mod (p2, p3) and the natural map H*(Fy/U; Z)) — H*(F1/U; Q)

is injective, there is a surjection R — H*(F,/U;Z)) which induces a surjection
¢:R/2— H*(F,JU;ZJ2).
We now put

(5.4) p2=t+q, ps=tq, ps=7 +q, ps=t'G+q¢, pi=d+ .
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Then since the Poincaré series of Fy/U over Q and Z/2 are the same, we have

R/2 = Z/2[t7 Y2,Y3,4, 73]/(p27p37 P67P8ap12)7

here in the Poincaré series, 73 is cancelled by p3. One can easily verify that ps, ps, ps, ps, p12 1S @

regular sequence in Z/2[t, ya, ys, ¢, 73], implying that the Poincaré series of R/2 is (1_t12)8:g?§(1_t24) )

On the other hand, the Poincaré series of H*(F,/U;7Z/2) is equal to that of H*(F,/U; Q) which
is (1412)8:2;??2(1424) by (5.2). Then we conclude that Poincaré series of R/2 and H*(F,/U;Z/2)
are the same, and thus the map ¢ is an isomorphism. Summarizing, we obtain the following.

Proposition 5.2. The mod 2 cohomology of Fy/U is given as

H*(F4/U7 Z/Q) = Z/Q[t7y27 Ys, (1773]/@27 P3, P6; P8, 012)7

where |t| = |ya| = |ys| = 2, |q| =4, |y3| = 6 and p; is as in (5.4).
Corollary 5.3. The Sq*-cohomology of F,/U is given as
H*(Fy/U;Sq%) = A7, 211,73), || = 2i,]55] =6,
where Sq*x7 = ps mod (pa, p3), SA* 11 = pr2, Y3 = y3+03 and Sq*03 = g for 53 € Z/2[t,y2, ys, q].
Proof. Considering the projection Fy/T — F;/U, one sees from [KI2] that

Sq*Ys = ga-
Let A be a differential graded algebra Z/2[t,y2,ys,q] with [t| = |y;| = 2,]¢| = 4 and dt =
2, dy; = y?,dq = tq, where the degree of the differential is 2. Then by Proposition 5.2, our aim
is to determine the cohomology of a differential graded algebra

A® Z/2[73]/(p27 P35 P65 P8 pl?)a

where |y3| = 6,dvs = ¢2 and p; is as in (5.4). By definition, we have

A/ (p2, p3) = Z/2[ys, ys] ® (1,1,
as a Z/2[ys, ys]-module, and then H*(A/(p2, p3)) = 0. Hence for dps = 0 mod (ps, p3) and
dp2 = 0, it follows from (3.3) that
H*(A/(p2, p3; ps; p12)) = Mz, 211),  |23] = 24
Since dgy = 0 and H*(A) = 0, there exists d;3 € H%(A) satisfying ddz = q2. Put J3 = 73 + d3.
Then one has
A®Z[2[ys]/(p2, p3; ps, pr2) = A @ Z/2[73]/ (2, p3, ps, p12)
and pg = 73 + d(t?63 + 05) mod (pg, p3), where §5 € H'°(A) is given by dds = 62. Thus for
d7ys = 0, we obtain
H*(A® Z/2[v3]/(p2; p3, pe; ps; p12)) = A7, 211,73),

completing the proof. O
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Theorem 5.4. The Atiyah-Hirzebruch spectral sequence E,.(Fy/U) collapses at Es-term. In
particular, we have

gryu(t) = (1 + (1 + ") (1 +t2).
Proof. The result follows from Lemma 2.1 (1), (2) and Corollary 5.3. O

Theorem 5.5. The KO-theory of Fy/U is given as
KO* YF,/U) = (Z/2)* and KO>(F,/)U) = (Z/2)+ ¢ 7'
forn € Z/4, where
t= 144, So = S_3 = 1, S_1 =S89 = 3.

Proof. As is noted above, we have fr,u(t) = (l_tm)giiié(l‘tM). Then the proof is completed

by Lemma 2.2, 2.3 and Theorem 5.4. 0

5.2. KO-theory of F,/T. Let p; € Z/2[t,y1,y2, y3,73] be as in (5.4), where ¢ = y;(t —y1). In
[KI2], the mod 2 cohomology of Fy/T is calculated as
H*(Fy/T;Z/2) = Z/2[t, y1, Y2, Y3, V3] / (P2, 03 6, P8 P12)

and Sq’v3 = ¢o. Then the induced map from the projection 7 : Fy/T — F4/U in the mod 2

cohomology satisfies
(5.5) ()=t and 7" (y;)=vy; (i=1,2,3).
Define a map A : Fy/T — BT® by \*(t;) = t — ysa—; and \*(t;43) = y; for i = 1,2,3. Then
N (cy — 4t?) = —1? + ¢, = 0, implying that there is a lift X : F}/T — BT® satisfying
(5.6) N(t) =t —yuy N(ts) =y (i=1,2,3) and N\(y3) = 73,
where the last equality is shown in [KI2].
Proposition 5.6. The Sq*-cohomology of Fy/T is given as
H*(Fy/T:Sq%) = A(wz, v7,211,73), || = 20, |3 = 6,
where N*(x3) = x5, T (x7) = x7, T (x11) = 211 and 7T (Y3) = 7.
Proof. Let A be a differential graded algebra Z/2[t,y1,y2,ys] with [t| = |y;| = 2 and dt =
t2, dy; = y2. Then the desired Sq*-cohomology is equal to the cohomology of
A®Z/[2[v3]/(p2; p3; P6; Ps, P12),
where dvy3 = ¢o. Since H*(A) = 0, dpy = p3, dps = 0 mod (po, p3) and dp12 = 0, it follows

from Lemma 3.3 that
H*(A/(p2, p3, ps, p12)) = M3, x7, 711),
where drs = ¢ and x7,x1; are as in Proposition 5.3. Then by defining 743 as in the proof

of Proposition 5.3, the first assertion follows. The second assertion follows from (5.5) and
(5.6). O
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Remark 5.7. Since H*(Fy/T;Sq?) is an exterior algebra generated by four generators of degree
—2 mod 8 as in Proposition 5.6, we cannot directly see that E,.(Fy/T) collapses at E3-term by
Lemma 2.1. On the other hand, H*(F,/U;Sq?) can be thought as a subalgebra of H*(F,/T;Sq?)
generated by three of its four generators, and then we can apply Lemma 2.1 to see that E,.(F,/U)

collapses at E3-term as above.

Theorem 5.8. The Atiyah-Hirzebruch spectral sequence E,.(Fy/T) collapses at Es-term. In
particular, we have
gryr(t) = (L+ )2 (1 + ") (1 + 7).

Proof. By Theorem 3.7 and Proposition 5.6, .~ (z3) in the 2-localized spectral sequence Eo " (Fy/T )2
is a permanent cycle. Then since the 2-localization EY?(Fy/T) — E59(Fy/T)) is injective,
1~ Y(z3) in the integral spectral sequence ES~'(F,/T) is also a permanent cycle. By Theorem
5.4 and Proposition 5.6, t™ (), (z11),0 ' (53) € E3~'(Fy/T) are also permanent cycles.
Thus the proof is completed by Lemma 2.1 (2). O

Proof of Theorem 1.1 for Fy. The result follows from (2.5), Lemma 2.2 and Corollary 5.8. O

6. KO-THEORY OF Eg/T

Our method of computing the Atiyah-Hirzebruch spectral sequence E,.(Eg/T) is similar to the
case of Fy/T. Namely, we first calculate the Atiyah-Hirzebruch spectral sequence converging to
KO*(Eg/U) for an appropriate maximal rank subgroup U and then deduce that of KO*(FEg/T).

We know that the Dynkin diagram of Fj is given as follows.

(6%)

[ L L 4 @
(03] 3 Qg (673 (673

In [IT], it is proved that the centralizer of the circle in Eg defined by oy = a3 = oy = a5 =
ag = 0 is isomorphic to 7" - SU(6). Then the identity component of the centralizer of the torus
defined by a5 = ag = 0 is isomorphic to T - (7% x U(3)) which we denote by U. It is clear that
the homology of U is torsion free and Fg/U satisfies the condition (2.2).

6.1. KO-theory of Eg/U. Let us calculate the Z)-coefficient cohomology of F,/U. We set
some notation. Let w; (i =1,...,6) be the fundamental weight of Ejs as in [TW]. Put

) = —wi1twy, la=witwr—ws, 3=wetws—wy, t4=ws—ws I5=ws—ws L= wWs.
Then as in §2, we have

H*(BT, Z) = Z(Q)[t,tl, ce 7t6]/(01 - 3t>
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As in [TW], the Weyl group of U is generated by two elements Ry, Ry satisfying
Ri(ti) =t (1=1,2,3,6), Ri(ts) = ts, Ri(t5) = ta,
RQ(tz> = tz (Z = 17 27 37 4)7 R2<t5) = tGa R2(t6> = t5~
Then it follows that
H*(BU; Z2)) = Z2)[t1, t2, t3, C1, Ca, C3),
where él =14+ t5 + tﬁ, 62 = t4t5 + t5t6 + t6t4 and 63 = t4t5t6.
As in [MT], the mod 2 cohomology of Ej is given as
H*(Es; Z/2) = Z/2[as]/ (a3) © Mas, ag, ars, ar7, ass), |ai| =i,  Bas = a3.
Then by [T], we obtain the following.
Proposition 6.1. There is a reqular sequence pa, ps, Pe, Ps, P, P12 11 L2 [t1, 1o, t3, C1, Co, C3) with
|pi| = 2i satisfying
H*(Es/U; Zz)) = Zy[t1, t2, t3, C1, Ca, C3,73]/ (P2, P5, D6 Pg; Po, P12, 273 + P3),
where ps is defined by the equation Sq>ps = ps.
Let us compute the mod 2 cohomology of Eg/U. Let ¢; be the i® symmetric function in

t1,...,tg for i = 1,...,6. Obviously, ¢; is a polynomial in tq, s, t3, ¢, Co, ¢3. A calculation in

[TW] implies that the rational cohomology of Fg/U is given as

(61) H*(EG/U7 Q) = Q[tla t27 t37 é17 627 63]/(027 05,06,08,009, 012)7
where
09 = Cg — ;—203, 05 = C5 — %0401 + 3%03cf — 3%0?,
06 = 8cg + €5 — mCac] — 365, o5 = —3c6C] + €] — cacser + Seact — Sresd] + R

By Proposition 6.1, we may put

p2 = C2 — %C% and p3 = c3 + 201
Put
Ry = Zgy[t1, ta, 3, 1, C2, C3, 73]/ (D2, P5, 273 + P3)
Then since the natural map H*(Es/U; Zy) — H*(Es/U;Q) is injective, there is a surjection
Ry — H*(Eg/U; Z2)) which reduces to a surjection

O1: Ry /2 — H*(Es/U;Z/2).
Put
(6.2) Po = Co, pP3 = C3+CaC1, pP5 = Cs5+ cy4cq.
Then po, p3, ps is a regular sequence in Z/2[ty, to, t3, ¢1, Co, ¢3] and

R1/2 - Z/2[t17 t27 t3a él; 62) 63,’}/3]/<,027p3, p5)7
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implying that the Poincaré series of R;/2 is % On the other hand, the Poincaré
series of H*(Fs/U;7Z/2) and H*(Es/U; Q) are the same, which is (l_tlo)(1_t(1121g12)_4t(1f)_(t16718)(l_t%)
by (6.1). Then ¢, is an isomorphism in dimension < 11.

Note that og = 4(2¢5+73+3573¢ —grcaci+32¢8) mod (P2, 273+p3). Then since H*(Eg/U; Zz)) —

H*(Eg/U;Q) is injective, if we put

R2 = Rl/(QCG + ’Yg + %736{ - 3%C4C% + g—gc(f, 0'8),
¢1 induces a surjection
Put
(6.3) Pe = Vo calt + 8 pg =g + A+ eyct +
Then one sees that
R2/2 = Z/Q[tly t27 t37 é17 627 é37 73]/(p27 P3, P55 P6, p8)

Since pq, ps, Ps, Pe, Ps is a regular sequence in Z/2[ty, ta, t3, ¢1, 2, C3,7y3], one can calculate the
Poincaré series of Ry/2. Then comparing the Poincar’e series as above, we obtain that ¢, is an
isomorphism in dimension < 35.

Put

(6.4) Po = C6Cs, P12 = Ca + cgcaCh + cict + cucl.
Since Sq*¢a(ps) = da(pg) and Sq®¢a(ps) = da(p12), there is also a surjection
¢3: Rs — H*(Eg/U;Z/2),
where
Ry = Ry/(2, ps, p12)-
Since pa, p3, Ps, P, Ps, Po, P12 18 a regular sequence in Z/2[tq, o, t3, ¢1, é2, 3, ¥3), one can calculate

the Poincaré series of R3. Comparing it with the Poincaré series of H*(Es/U;Z/2), we conclude

that ¢3 is an isomorphism. Summarizing, we obtain the following.

Proposition 6.2. The mod 2 cohomology of Eg/U is given as
H*(Es/U; Z)2) = Z/2[ty, ta, U3, €1, 2, C3, 73]/ (02, P35 P35, P6: Ps, Po; P12),
where |t;| = 2,|¢] = 2i,|y3| = 6 and p; is as in (6.2), (6.3) and (6.4).
Corollary 6.3. The Sq*-cohomology of Eg/U is given as
H*(Es/U;Sq?) = A(w7, w11, 215), |25 = 24,

where Sq’z11 = pra mod (pa, p3, ps, po), SA’x15 = pi, 7 = y3ca + 67 and Sq°6; = f for
57 S Z/Q[t17t27t37élvé2aé3]’
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Proof. As in the proof of Corollary 5.3, we see that Sq*vs = c4. Put A = Z/2[t,,t, 3, ¢1, G, C3).

Then our aim is to calculate the cohomology of a differential graded algebra

A Z)2[y3]/(p2: p3, P5: P6s Ps: Pos P12)-

Obviously, A/(pa, p3) = Z/2[t1, ta, t3]®(1, €1, &) as a Z/2[t1, ta, t3]-module, implying H*(A/(p2, p3)) =
0. Then since dcy = p5 and dpg = pg, it follows from Lemma 3.3 that

H*(A/(p2, p3, ps, ps, po)) = Aca, T15), || = 24,
where Sq°115 = p2. For dpio =0 mod (ps, po) and H**(A/(pa, p3, ps, ps, po)) = 0, we get
H*(A/(p2, p3: ps: pss pos p12)) = AMea, 11, 215),  |i| = 24,
where Sq?z11 = p12 mod (pa, p3, ps, o). By the spectral sequence associated with a filtration
A/ (p2, p3: ps, ps, pr12) C AR Z[2[73]/(p2, p3, 5. ps, po, p12),

we get
H*(A® Z/2[v3]/ (P2, 3, P3s Ps» Po, p12)) = A7, 211, 715) ® Z/2[v3],

where x7 = y3c4 + 07 and 07 € Z/2[t1,ta, t3,C1, Co, C3] is given by dd; = 3. Since pg = 73 +

d(v3c3 + ¢}), we obtain

H*(ARZ/2[vs)/(p2, p3s P5, P6s Pss Pos P12)) = N7, T11, X15),

completing the proof. 0

Theorem 6.4. The Atiyah-Hirzebruch spectral sequence E,.(Eg/U) collapses at Es-term. In

particular, we have

gpe/u(t) = (L+ (1 +2)(1+17).
Proof. From Lemma 2.1 and Proposition 6.3, the result follows. Il

Theorem 6.5. The KO-theory of Eg/U is given as
KO YEs/U) = (Z/2)* and KO™(Es/U) = (Z/2) & L'
forn € Z/4, where
t=4320, sp=s3=1, s5.1=59=3.
1-02) (1119 (1% (1-%*)

Proof. By (6.1), we have fg,/u(t) = (1-10)( e . Then the proof is completed
by Lemma 2.2 and Theorem 6.4. [
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6.2. KO-theory of Eg/T. Let p; € Z/2[t1, ..., ts, 73] be as in (6.2), (6.3) and (6.4). The mod
2 cohomology of Es/T is calculated in [KI2| as

H*(Eo/T;Z/2) = Z/2[t, . .., t6, 73]/ (P2; P3: P55 P65 P35 P9, P12),4
where Sq*y3 = ¢4. For the projection 7 : Eg/T — FEg/U, we have
(6.5)
™) =t (1=1,2,3), @ (¢1)=1ts+t5+1ts, 7 (Ca)=tats+ tsts+tets, 7 (C3) = tatsls.
Define a map A : (Eg/T) @ — BT}

(o by A*(t; = t;) for i = 1,...,6. Then there is a lift
A (E6/T)2) — Bfg) satisfying

(6.6) N(t)=t; (i=1,...,6), X(y3) =13,

where the second equality is shown in [KI1].

Proposition 6.6. The Sq*-cohomology of Es/T is given as
H*(Eg/T;Sq%) = Mg, w7, w11, 215), || = 2i,

where 5\*(3:3) = x3, 7 (x7) = 7, 7 (211) = x11 and T (215) = T15.

Proof. Define a differential graded algebra A as A = Z/2[ty, ..., ts] with |t;| = 2 and dt; = ¢2.
Then we calculate the cohomology of a differential graded algebra ARZ/2[vs]/(p2, P3, P55 P65 P85 P9, P12),
where dvs = ¢4. This is done quite similarly to the proof of Proposition 6.3. The second asser-
tion follows from (6.5) and (6.6). O

Theorem 6.7. The spectral sequence E,(Eg/T) collapses at Es-term. In particular, we have
geur(t) = (14 10)(1+ P41+ £2)(1 4 1),

Proof. By Theorem 3.7 and Proposition 6.6, : 7 (x3) in the 2-localized spectral sequence Eg’_l (E6/T) 2
is a permanent cycle, implying that . ~!(x3) in the integral spectral sequence Eg ~H(Eg/T) is also
a permanent cycle since the 2-localization EY(Egs/T) — E5?(Eg/T) is injective. By Theorem
6.4 and Proposition 6.6, . !(z;) € E3~ ' (Eg/T) is also a permanent cycle for i = 7,11, 15. Thus

the result follows from Lemma 2.1. O

Proof of Theorem 1.1 for Eg. The result follows from (2.5), Lemma 2.2 and Corollary 6.7. O

Remark 6.8. We can not apply the same calculation method to E;/T and Eg/T for which there

is no control on elements 75,79 in their mod 2 cohomology [KI2].
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