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BRODY CURVES AND MEAN DIMENSION

SHINICHIROH MATSUO AND MASAKI TSUKAMOTO

ABSTRACT. We study the mean dimensions of the spaces of Brody curves. In particular
we give the formula of the mean dimension of the space of Brody curves in the Riemann
sphere. A key notion is a non-degeneracy of Brody curves introduced by Yosida (1934).
We develop a deformation theory of non-degenerate Brody curves and apply it to the
calculation of the mean dimension. Moreover we show that there are sufficiently many

non-degenerate Brody curves.

1. INTRODUCTION

1.1. Main results. Let z = x 4+ y/—1 € C be the standard coordinate in the complex
plane C. Let f = [fo: fi:---: fn] : C — CP" be a holomorphic map (f;: holomorphic
function). We define |df|(z) > 0 by

AP() = Alog(fo + AP+ + 1) (A= L4 O
4m or? | Oy?

|df|(z) is classically called a spherical derivative. It evaluates the dilatation of the map
f with respect to the Euclidean metric on C and the Fubini-Study metric on CPY. (See
the equation (6) in Section 4.2.)

A holomorphic map f : C — CP?¥ is called a Brody curve ([3]) if it satisfies |df](z) < 1
for all z € C. Let M(CPY) be the space of Brody curves in CPY. Tt is endowed with
the compact-open topology (the topology of uniform convergence on compact subsets):
A sequence of Brody curves {f,} € M(CPY) converges to f € M(CPY) if and only if
for any compact subset K C C we have sup,x d(f.(2), f(2)) — 0 as n — oco. (d(-,-) is
the distance on CPY with respect to the Fubini-Study metric.) M(CPY) is an infinite

dimensional compact metrizable space, and it admits the following continuous C-action.
M(CPY) x C — M(CPY), (f(2),a) — f(z+a).

The main purpose of the paper is to study the mean dimension dim(M(CPY) : C) of this
infinite dimensional dynamical system. (Mean dimension is an invariant of topological
dynamical systems introduced by Gromov [12]. We review its definition in Section 2.1.)
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2 S. MATSUO AND M. TSUKAMOTO

Let f:C — CPY be a Brody curve. We define an energy density p(f) by setting

(1) p(f) := lim L <sup/ |df|2dxdy) :
|z—al<R

R—oo TR? acC

(This limit always exists. See Section 2.2.) We define the Nevanlinna-Shimizu-Ahlfors
characteristic function T'(r, f) (r > 1) by

T dt
105) = [ ( /| <t!df\2dxdy) “

From the Brody condition |df| < 1, we have T'(r, f) < 7r?/2. We define pxsa(f) by

prsa(f) = limsup —T(r, f).

r—oco 1T

It is easy to see pnsa(f) < p(f).
Let p(CPY) be the supremum of p(f) over f € M(CP"), and let pxsa(CPY) be the
supremum of pxga(f) over f € M(CPY). We know (see Section 2.2)

0 < pnsa(CPY) < p(CPY) < 1.
The main result of this paper is the following:
Theorem 1.1.
2(N +1)p(CPY) < dim(M(CPY) : C) < 4Npxsa(CPY).

Corollary 1.2.
dim(M(CP') : C) = 4p(CP') = 4pxsa(CPY).

From Theorem 1.1, 4p(CP') < dim(M(CP?') : C) < 4pnsa(CP!). Since pysa(CP) <
p(CPY), we get the corollary.

The formula dim(M(CP') : C) = 4pxsa(CP') was conjectured in [22, p. 1643, (4)].
This formula is very surprising (at least for the authors) because the definitions of the
left-hand-side and the right-hand-side are totally different.

The upper bound dim(M(CPY) : C) < 4Npynsa(CPY) was already proved in [19,
Theorem 1.5] by using the Nevanlinna theory. (Remark: We used the notation e(f)
for pnsa(f) in [19].) The purpose of the present paper is to prove the lower bound
dim(M(CPY) : C) > 2(N + 1)p(CPY).

1.2. Non-degenerate Brody curves. For ¢ € C and r > 0 we set D,(a) := {z €
C||z—a|] < r}. The following is a key-notion of the paper. This notion was first introduced
by Yosida [23]. (Gromov [12, p. 399] also discussed it in a more general situation. See
also Eremenko [5, Section 4] and Remark 1.4 below.)



BRODY CURVES AND MEAN DIMENSION 3

Definition-Lemma 1.3. Let f : C — CP" be a Brody curve. Then the following two
conditions are equivalent.
(i) Any constant curve does not belong to the closure of the C-orbit of f. (In other words,
for any sequence of complex numbers {a, },>1, the sequence of Brody curves { f(z+a,,) }n>1
does not converge to a constant curve.)
(ii) There exist § > 0 and R > 0 such that for all a € C we have [df| o p,, @) = 0-

f is said to be non-degenerate if it satisfies one of (and hence both) the above conditions.

Proof. The following argument is given in [23]. Suppose that the condition (ii) fails. Then
for any n > 1 there is a,, € C such that |df]| Lo (Di(an)) = 1 /n. Taking a subsequence, we
can assume that the sequence {f(z + a,)}n>1 converges to a Brody curve g(z). Then
|dgl Lo (p, (o)) = 0- This implies that g is a constant curve.

Suppose the condition (ii) holds. Let {a,},>1 be a sequence of complex numbers. If
{f(2 + an)}n>1 converges to g(z), then [dg| .« p, ) = 0- Hence g(z) is not a constant
curve. This proves the condition (i). O

Remark 1.4. The above argument also proves that the conditions in Definition-Lemma

1.3 are equivalent to the following:

(ii”) For any R > 0 there exists ¢ > 0 such that for all a € C we have df| o p,, )y = 0-
Yosida [23, Theorem 4] proved (i) < (ii’) for the case of N = 1. In [23] Brody curves

f : C — CP! satisfying (i) are called meromorphic functions of 1st category. In Eremenko

5, Section 4] Brody curves f : C — CPY satisfying (i) are called binormal curves. Gromov

[12, p. 399] used the terminology “uniformly nondegenerate”.

Example 1.5. f(z) = ¢ € M(CP') is a degenerate (i.e. not non-degenerate) Brody
curve. A non-constant elliptic function f(z) € M(CP?') is a non-degenerate Brody curve.

In our viewpoint, non-degenerate Brody curves are “non-singular points” of the space

M(CPY), and they behave very nicely for the calculation of the mean dimension:

Theorem 1.6. Let [ : C — CP" be a non-degenerate Brody curve with |df | () < 1.
Then

dim(M(CPYN) : C) > 2(N + 1)p(f).

The following theorem means that there are “sufficiently many” non-degenerate Brody

curves:

Theorem 1.7. Let f : C — CPY be a holomorphic map with |df (| oo () < 1. Then for any
e > 0 there exists a non-degenerate Brody curve g : C — CPYN satisfying Hdg”Loo((c) <1

and p(g) > p(f) — €.

Proof of Theorem 1.1, assuming Theorems 1.6 and 1.7. The upper bound dim(M(CPY) :
C) < 4Npnsa(CPY) was already proved in [19, Theorem 1.5]. Here we prove the lower
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bound. Let f: C — CPY be a Brody curve. Let 0 < ¢ < 1 and set f.(z) = f(cz). Then
\dfe|(2) = c|df|(cz) and p(f.) = Zp(f). Since |dfel () < ¢ <1, we can apply Theorem
1.7 to f.. Then for any £ > 0 there exists a non-degenerate Brody curve g : C — CPY
satisfying |dg| o) < 1 and p(g) > p(f.) — € = ¢*p(f) — e. By Theorem 1.6

dim(M(CPY) : C) > 2(N + 1)p(g) = 2(N + 1)(c*p(f) —¢).

Let € — 0 and ¢ — 1. We get dim(M(CPY) : C) > 2(N + 1)p(f). Taking the supremum
over f € M(CPY), we get dim(M(CPY):C) > 2(N + 1)p(CPY). O

2. SOME PRELIMINARIES

2.1. Review of mean dimension. In this subsection we review the definition of mean
dimension. For the detail, see Gromov [12] and Lindenstrauss-Weiss [14]. (For some
related works, see also Lindenstrauss [13] and Gournay [7, 8, 9, 10].)

Let (X,d) be a compact metric space, and let Y be a topological space. Let ¢ > 0. A
continuous map f : X — Y is called an e-embedding if Diam f~!(y) < e for ally € Y. Here
Diamf~!(y) is the supremum of d(z1,xs) over x1, 29 € f~'(y). We define Widim, (X, d)
as the minimum integer n > 0 such that there are an n-dimensional polyhedron P and
an e-embedding f : X — P.

For example, let X = [0,1] x [0,¢] with the Euclidean distance. Then the projection
m: X — [0,1] is an e-embedding, and we have Widim. (X, Euclid) = 1. The following
example is very important in the later argument. This was given by Gromov [12, p. 333].
(For the detailed proof, see Gournay [8, Lemma 2.5] or Tsukamoto [22, Appendix].)

Example 2.1. Let V be a finite dimensional Banach space over R, and set B,.(V) :=
{reV]|z| <r}forr>0. For 0 <e<r,

Widim, (B.(V), |-]|) = dim V.
Here we consider the norm distance on B, (V).
For a subset 2 C C and r > 0, we define 0, as the set of a € C satistying D,.(a)NQ # ()

and D,(a) N (C\ Q) # 0. Let Q, (n > 1) be a sequence of bounded Borel subsets of C.
It is called a Fglner sequence if for all r > 0

Area(0,€,)
Area(2,)

For example, the sequence 2, := D,(0) is a Fglner sequence. The sequence €, :=

—0 (n— o00).

[0,n] x [0,n] is also Fglner. We need the following “Ornstein-Weiss lemma”. (For the
proof, see Gromov [12, pp. 336-338].)

Lemma 2.2. Let h : {bounded Borel subsets of C} — Rsq be a map satisfying the fol-
lowing three conditions.
(i) If Q1 C Qo, then h(;) < h(s).
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(11) h(Q1 U Qs) < h(2y) + h(Qs).
(#ii) For any a € C and any bounded Borel subset 2 C C, we have h(a+ Q) = h(QQ) where
a+Q:={a+zeClz e Q}.
Then for any Folner sequence Q, (n > 1) in C, the limit of the sequence
h(§2,)
Area($2,)

exists, and its value is independent of the choice of a Folner sequence.

(n>1)

Suppose that the Lie group C continuously acts on a compact metric space X. Here we
don’t assume that the distance is invariant under the group action. For a subset €2 C C,
we define a new distance dg on X by

do(x,y) :=supd(a.x,a.y).
ac
It is easy to see that the map Q — Widim, (X, dg) satisfies the three conditions in Lemma
2.2 for each £ > 0. So we define a mean dimension dim(X : C) by
Widim, (X, d
dim(X : C) := lim (lim idim.( Q"))

e—++0 \ n—oo Area(Qn)

where Q,, (n > 1) is a Fglner sequence in C. The value of the mean dimension dim(X : C)

is independent of the choice of a Fglner sequence, and it is a topological invariant. (That
is, it is independent of the choice of a distance on X compatible with the topology.) For

example, we have

dim(X : C) = lim

e—+0

lim Widim5<X, dDR(O))
R—o0 7TR2

(2)

. . Widim. (X, djo,r)x[0,R])
= lim [ lim .

e—~4+0 \ R—oo R?

2.2. Energy density. Here we explain some basic properties of the energy density p(f)
introduced in (1). Let f : C — CP" be a Brody curve. Then the map

Q' sup/ \df |Pdxdy
a+$2

acC
clearly satisfies the three conditions in Lemma 2.2, where 2 C C is a bounded Borel
subset. Therefore we can define the energy density p(f) by

1
= lim ———— df [*dxd
)= i (ilelcp / L, U y)

where Q,, (n > 1) is a Fglner sequence in C. In particular, we have

1
= lim —— [ su / d2dxd>
()= fim s (s [ larpasay

(3) 1
= lim — (sup / |df’2d$dy) :
R—oo R2 a,b€R J [a,a+R] x[b,b+R)]
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From this we get
1 2
> i — df|*dzdy > i —T(R, f) = :
p(f) = msup s |Z|<R| f|"dxdy > msup e (R, f) =: pxsa(f)
If f is elliptic (i.e. there is a lattice A C C such that f(z + A) = f(z) for all A € A), then

1 1
= li — df|*dxdy = =— df|*dxdy.
) =timsw s [ Wiy = pusal) = gy [ vy

In the paper [20] we studied the quantity
1
limsup — df |*dzdy.
mSUp s WR\ f|*dzdy

Some methods and results in [20] can be also applied to p(f). For example, from [20,
Proposition 2.6, Proposition 3.1] (Proposition 3.1 in [20] follows from a result of Calabi
[4, Thoerem 8],), there exists 0 < ¢(N) < 1 such that for all Brody curves f : C — CP¥
and all a,b € R

/ df Pdudy < c(N).
[a,a+1]%[b,b+1]

Hence

p(CPN) = sup p(f) <c(N) <L
femM(CcpN)

Moreover, from [20, Proposition 5.10], there exists > 0 such that for all Brody curves
f:C—CPlandalla,beR

1

— \df |Pdxdy <1 — 1071,
r [a,a+7]x[b,b+T]

Hence we get an explicit (but very rough) bound:
p(CPY) <1 —1071

In the paper [22, Section 1.2] we constructed an elliptic function f : C — CP! such
that f is a Brody curve and

00 —2
p(f) = pxsa(f) = % (/1 %) = 0.6150198678198 . . ..

o0 -2
% (/ \/%) < p(CPY) < 1—1071,
1 T —

The authors think that it is very wonderful if the first inequality is an equality.

Hence

It is very difficult to determine the value of p(CPY), but we have the following clear
result on its asymptotic behavior: The sequence p(CPY) (N > 1) is a non-decreasing
sequence, and from [20, Theorem 1.5], we have

lim p(CPY) = 1.

N—oo
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Moreover the proof of [20, Theorem 1.5] also shows

lim pNSA((CPN) = 1.
N—o00

3. PROOF OF THEOREM 1.6

In this section we prove Theorem 1.6 assuming Propositions 3.1 and 3.2 below. Theorem
1.7 will be proved in Section 6. Let TCPY be the tangent bundle of CPY. It naturally
admits a structure of a holomorphic vector bundle. We consider the Fubini-Study metric
on it. Let f : C — CP¥ be a Brody curve, and let f*TCPY be the pull-back of
TCPN by f. f*TCP¥ is a holomorphic vector bundle over the complex plane C, and its
Hermitian metric is given by the pull-back of the Fubini-Study metric. Let H; be the
space of holomorphic sections u : C — f*TCPY satisfying lul oo oy < H00- (Hy, [ 1))
is a complex Banach space (possibly infinite dimensional). We set B,(Hf) := {u €
Hy| el < 7} for v 2 0.

Proposition 3.1. Let f : C — CP" be a non-degenerate Brody curve with ldf [ oo (c) < 1.
Then there exist 0 > 0 and a map

B(g(Hf) — M(CPN), u — fu,

satisfying the following two conditions:

(i) fo=f.
(i1) For all u,v € Bs(Hy) and z € C

1
[d(fu(2), ful2)) = Jul(z) —v(2)| < g lu = vlpeey-
Here d(-,-) is the distance on CPY defined by the Fubini-Study metric, and |u(z) — v(z)|

is the fiberwise norm of f*TCPYN.

Let R > 0 and A C C. A is said to be an R-square if A = [a,a+ R] X [b, b+ R] for some
a,beR.

Proposition 3.2. Let f : C — CPY be a non-degenerate Brody curve. Then for any
R-square A C C with R > 2 there exists a finite dimensional complex subspace V C Hy

satisfying the following two conditions:
()
dim¢ V' > (N + 1)/ |df |*dxdy — CR.
A

Here Cy is a positive constant depending only on f (and independent of R, A).
(ir) For allw € V we have [u] ooy < 2 |ufpocs)-

Propositions 3.1 and 3.2 will be proved later (Sections 4 and 5.) Here we prove Theorem

1.6, assuming them.
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Proof of Theorem 1.6. We define a distance on M(CPY) by

o0

dist(g, h) := Z — sup d(g(2),h(2)), (g,h € M(CPY)).
Then |dist(g, h) — d(g(0),h(0))] < (1/9)sup,cc d(g9(z), h(z)). Hence for Q C C

(4) |dista(g, k) — supd(g(2), h(2))] < ésup d(g(2), h(2))-

z€Q zeC

Let 0 > 0 be the positive constant introduced in Proposition 3.1. Let A € C be an R-
square (R > 2). By Proposition 3.2, there exists V' = V) C H; satisfying the conditions
(i) and (ii) in Proposition 3.2. We investigate the map Bs(H;) — M(CPN), u — f,,
(given by Proposition 3.1) and its restriction to Bs(V) := V' N Bs(Hy).

From the condition (ii) of Proposition 3.1, for u,v € Bs(Hy), we have sup,.c d(fu(2), fo(2)) <
(9/8) |u = v]poo(c)- Hence (Bs(Hy), || p(c)) — M(CPY) is continuous. For u,v €
Bs(Hy)

dista (fu, fo) = sup |u(z) — v(2)|

zeEN

<

diStA(fua fv) — Sup d(fu(Z), fU(’Z))

zEA

+ supd(£u(2), fu(2)) — suplu(z) — o(2)

zEA zEN

1 1
< 9 8161(13 d(fu(2), fo(2)) + 3 |u— 0] (by Proposition 3.1 (ii) and (4))

< 1
=7 Ju — U||Loo(@) .
Thus
. 1
Ju— U“Loo(A) < dista(fu, fo) + 1 Ju— U“Loo((C) :

For u,v € Bs(V) =V N B;s(Hy), we have |u — v] ey < 2[u — 0] oy (Proposition 3.2
(ii)). Hence

”U - U”LOO((C) < 4diStA(fu>fv)v (U’U S B5(V))
Hence for ¢ < §/4,

Widim, (M(CPY), dists) > Widimy. (Bs(V), || j(c))
=dimg V' (by Example 2.1)

> 2(N + 1)/ |df|?dzdy — 2C; R (by Proposition 3.2 (i)).
A

Since Widim. (M (CPY), disty) = Widim.(M(CPY), distjo gjx[0,r)), for € < 6/4, the quan-
tity Widim. (M (CPY), distjo, gjx[0,r)) is bounded from below by

2(N +1) (sup/ ]df|2d;1:dy> —2C¢R.
A JA
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Here A runs over all R-squares. Dividing this by R? and letting R — oo, we get

R—o0

: | :
lim (ﬁWldlmg(M(CPN),dlSt[07R]><[07R])> >2(N+1)p(f).
Here we have used (3). Let ¢ — 0. Then dim(M(CPY): C) > 2(N + 1)p(f) by (2). O

Remark 3.3. The above argument also gives the lower bound on the local mean dimen-
sion dim(M(CP") : C). (Local mean dimension is a notion introduced in [16].) The
readers can skip this remark.

Let f: C — CP" be a non-degenerate Brody curve with [df| ¢y < 1. Let B.(f)c C
M(CPY) (r > 0) be the set of g € M(CPY) satisfying distc(f,g) < r. Since fy = f,
if (4/5)r < 0 then u € Bs)(Hy) satisfies f, € B,(f)c. Let A C C be an R-square
(R > 2). As in the above proof, for 4e < (4/5)r < §, we get

WmmMBAﬂQmamzzmwgu/kw%m@—myR
A

Hence

dim;(M(CPY) : C) := lim { lim <lim iz sup Widima(BT(f)@,distA)>}

r—=+0 | e=+0 \ R—oo [T1* A:R-square
> 2(N + D)p(f).
Then dimyee(M(CPY) : C) := sup e pycpny dimp (M(CPY) : C) satisfies
2(N + 1)p(CPY) < dimjoe(M(CPY) : C) < dim(M(CPY) : C) < 4Npnsa(CPY).
The proof is the same as the proof of Theorem 1.1. In particular we get

dim;o.(M(CP') : C) = dim(M(CP") : C).

4. PROOF OF PROPOSITION 3.1

In this section we prove Proposition 3.1.

4.1. Analytic preliminaries. Let f : C — CPY be a Brody curve. As in Section 3,
let TCPY be the tangent bundle of CPY with the natural holomorphic vector bundle
structure, and let E := f*TCP" be the pull-back of TCPY. E is a holomorphic vector
bundle over the complex plane C. Its Hermitian metric h is given by the pull-back of
the Fubini-Study metric. E is equipped with the unitary connection V defined by the
holomorphic structure and the metric h.

Let 1 < p < oo be a real number, and k > 0 be an integer. Let a € L, (A*(E))
(i = 0,1) be a locally LP-section of A% (E) (the C*®-vector bundle of (0,4)-forms valued
in F). For a subset 2 C C, we set

k 1/p
lal 7@ = (Z / rvna\pdxdy> .
n=0
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We define the ¢>°L}-norm |a e 1 by

||@||zooL§ = S;El(lc) ”a”Li(Dl(z)) :
Let (> L} (A% (E)) be the Banach space of all a € L}, ;, (A**(E)) satistying ”a”f“Li < +o0.
Lemma 4.1. (i) For a € L3, (A*(E)),

lal ooy < const [afpee s -

(Precisely speaking, if the right-hand-side is finite then the left-hand-side is also finite and
satisfies the inequality.)
(i) If a € LY, (A>(E)) with p > 2, then

lall Lo ) + 1V al g ) < consty |afe s -

Proof. Since M(CPY) is compact, there are § > 0 and const; > 0 (k > 0) such that
for every z € C there is a trivialization u of the holomorphic vector bundle E over a

neighborhood of Ds(z) such that u,h = (h,3)as (the Hermitian matrix representing h
heB < consty,. (Here (h*?) =
) C(Ds(2))

(ho3)~".) Then the norms Ha||L£(D6(Z)) and [a[ ;o p, ) are equivalent to |u o aHLz(Dé(z)) and

under the trivialization u) satisfies | hocBH Cr(Ds(2)) *
|uo al poe(py(z)) uniformly in z € C respectively. (We consider uoa as a CN-valued (0, 7)-
form in Ds(z).) Hence the Sobolev embedding theorem (Gilbarg-Trudinger [6, Chapter
7.7]) implies

||a||L°°(D5(z)) < const ||a||Lg(D5(z)) '

Here the important point is that const is independent of z € C. Thus |a L) =

const |a e 13 (ii) can be proved in the same way. O

Let ¢ : € = R be a C*-function satisfying |¢]erc) < +oo for all k > 0. We set
d(a) = e7?0*(efa) for a € Q"' (E). Here 9* is the formal adjoint of the Dolbeault
operator 9 : Q°(E) — Q%(E) with respect to the Hermitian metric h. Jj is the formal
adjoint of 0 with respect to the metric e#h. We define the operator O, : Q%(E) — QY(E)
by setting

Opa:= 0500 (i=0), Oya:=0d5a (i=1).
Lemma 4.2. For a € (*L}_,(AY(E)),

lall ey, < constypy (1ol rs + 1050y )

More precisely, if a € L£+2JOC(A0’1(E)) and the right hand side of the above is finite then

a € (*Ly,, and satisfies the above inequality.
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Proof. We use the trivialization u of E introduced in the proof of Lemma 4.1. Since

leleicy < +oo for all I > 0, under the trivialization u, the operator [, is represented as
O,=(-1/2) A+ A 0 + B 0 +C
L ox dy

over a neighborhood of Ds(z) where the C'-norms (I > 0) of the matrices A, B, C' over
Ds(z) are bounded uniformly in z € C. Then from the LP-estimate (Gilbarg-Trudinger
[6, Chapter 9.5])

||a||Lg+2(D5/2(z)) < consty ke (”a'||LP(D5(z)) + ||Dsoa”L§(D5(z))> :
The desired estimate follows from this. O
4.2. Perturbation of the Hermitian metric. Here we develop a perturbation tech-

nique of a Hermitian metric (Lemma 4.5 below). Gromov also discussed it in [12, p. 399].

Tsukamoto [22, Section 4.3] studied an easier situation.

Lemma 4.3. Let g : C — Rxq be a non-negative smooth function with |g|ewc) < 400
for all k > 0. We suppose that the following non-degeneracy condition holds: There exist
6 >0 and R > 0 such that for all p € C we have |g](p, ) = 6- Then there ezists a
smooth function ¢ : C — R satisfying

(—A+Dp=—g, [¢lexc) <+oo szm,sgww%dl
FAS

Here A = 0%/0x? 4+ 02/ 0y?.
Proof. We need the following sublemma.

Sublemma 4.4. Let ¢ : C — R be a function of class C* (p € C%.). Suppose that the

loc

norms o[ ey and |(—=A + 1)¢| j(c) are both finite. Then

[l ooy < 41(=A + D)l oo ) -

Proof. Take zy € C such that |¢(z0)] = |¢] e (c) /2. For simplicity, we suppose z = 0.
Moreover we suppose ©(0) > 0. (If ¢(0) < 0 then we apply the following argument to
—p.) We define w : C — R by

2T
w(z) == i/ el@eosttysind)/V2 g
2m Jo
w satisfies
(—A+1/2)w =0, mi(rzlw(z) =w(0)=1, w(z) = +oo (|z] = +00).
zZe

Then (—A + L)w =w/2 > 1/2. For £ > 0, set M :=2[(=A + 1)¢| joc(c) + € > 0.

(~A+1) (Mw =) > M2 = (~A+1)p > (= + Dl i +6/2— (—A+1)p > ¢/2.
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Since the function Mw — ¢ is positive for |z| > 1, the weak minimum principle (Gilbarg-
Trudinger [6, Chapter 3.1, Corollary 3.2]) implies that this function is non-negative ev-
erywhere. Hence

[6l ooy /2 < 9(0) < Mw(0) = M = 2[(=A + 1)@ oo () + &
Let ¢ — 0. We get

[l ooy < 41(=A + D)l oo )
U

Let ¢, : C — [0,1] (n > 1) be a cut-off function such that ¢, = 1 over D, (0) and
supp(én) C Dyy1(0). We want to solve the equation (—A + 1) = —¢,g. The following
is a standard L2-argument.

Let L3(C) be the space of L-functions ¢ : C — R satisfying dp/0x,dp/0y € L*
with the inner product (o, ")z == (¢, ¢) 2 + (Op/0x,0¢'[0x) 12 + (0p/Dy, D' [Oy) 12
Consider the bounded linear functional:

L%(C) - Ra P = _<§07 ¢ng>L2
From the Riesz representation theorem, there uniquely exists ¢, € L?(C) satisfying
(prpn)rz = —(p,@ng)re for all ¢ € LI(C). This implies (=A + 1)p, = —dng as a
distribution. From the local elliptic regularity, ¢, is smooth and [y | () < +00. Then
we can apply Sublemma 4.4 to ¢, and get

[0l oo(e) < 41009l Lo (0) < 419l ey < +00-

By the local elliptic regularity, for every compact subset K C C and k > 0, the sequence
lenlerxy (n = 1) is bounded. Then we can choose a subsequence n; < ny < nz < ...
such that ¢,, converges to some ¢ in C* over every compact subset of C. ¢ satisfies
(—A+1)¢p = —gand |¢| 0w < 4[9]pxc)- By the elliptic regularity, [¢fer ey < +oo for
all £ > 0.

Note that we have not used the non-degeneracy condition of the function g so far. We
need it for the proof of the condition sup,.c p(z) < 0.

Set M := sup,.c ¢(z). There are z, € C (n > 1) such that ¢(z,) — M. Set ¢,(2) :=
o(z + z,) and ¢,(2) := g(z + z,). Then

The sequences [¢n[er(c) and [galercy (n > 1) are bounded for every k > 0. Hence by
choosing a subsequence (denoted also by ¢, and g,), we can assume that ¢, and g,
converge to ¢, and g, respectively in C* over every compact subset of C. They satisfy

Goo >0, (mA+ 1o = —0oo <0,  9uo(2) < 0eo(0) = M.

From the non-degeneracy condition of g, the function g, is not zero. Hence if ¢, is a

constant, then p,, = —g. is a negative constant function and M < 0. If ¢, is not a
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constant, then the strong maximum principle [6, Chapter 3.2, Theorem 3.5] implies that

Voo cannot achieve a non-negative maximum value. Hence M = ¢ (0) = max.cc @oo(2) <

0. U

Recall that f : C — CPY is a Brody curve and £ = f*TCPY. For a € Q" (E) we

have the Weintzenbock formula:

~= 1
(5) 00" a = §V*Va + Oa,
where © := [Vy/s., Vosz| is the curvature operator. The crucial fact for the analysis

of this paper is that the holomorphic bisectional curvature of the Fubini-Study metric is

positive. From this, there exists a positive constant ¢ such that
h(Oa,a) > c|df|*|al?.

This means that the curvature operator is positive where |df| is positive. The non-
degeneracy condition of the map f enters into the argument through this point. (See
the condition (ii) of Definition-Lemma 1.3.) In the next lemma we will prove that if f
is non-degenerate then we can perturb the Hermitian metric h so that the curvature is

uniformly positive:

Lemma 4.5. Let f : C — CP" be a non-degenerate Brody curve. There is a smooth
function ¢ : C — R with |@|erc) < +oo (Vk > 0) satisfying the following. Let ©, be the
curvature of the Hermitian metric hy, :== e¥h. Then there is ¢ > 0 such that

2
ho(O,a,a) > laf?
for all a € Q"Y(E).

Proof. We have O,a = ~£2a + Oa for a € Q%}(E), and hence

—A —A
tol©,0,0) = e (Z3Elalt +1(0a.0) ) = e# (52 4 cla?)

By the non-degeneracy of f and Lemma 4.3, there is a smooth function ¢ : C — R

satisfying
(A +1)p = —4eldf|?,  |elerey < oo (Vk > 0), Sup p(z) <O0.
Then
ho(©4a,a) > e?(—p/4)lalh = (—p/4)al, > (- sup p(2)/4)lali,.
Hence ¢ := —sup, ¢ ¢(2)/4 > 0 satisfies the statement. O

In our convention, the Fubini-Study metric g;; on CPY is given by

1 0?

= — log(1 24 ... 2
g’LJ 277'822‘62]‘ Og( +’21| + +’ZN’)
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over {[1: 2z :--+:2y]} C CPY. The spherical derivative |df|(z) for a holomorphic curve
f: C — CPY satisfies

(6) 1 (VTS ggdzidz;) = |dfPdedy,
The Fubini-Study metric g;; satisfies the Kéhler-Einstein equation
2
0207
From this, the curvature operator © = [Vy/s., Vg az| in (5) satisfies

) !

tr(0)dzdz = (N + 1)|df Pdzdy
T
since tr(0©)dzdz = f*(3_Ric;;dzdz;). The equation (7) will be used in the proof of
Proposition 5.1. Note that the form (/—1/27)tr(©)dzdz is the Chern form representing
c1(F) although we have ¢;(E) = 0 because H?(C;Z) = 0.

Ric;; = log(det(gx;)) = 2m(N + 1)915.

4.3. L*>®-estimate. Let f : C — CP" be a non-degenerate Brody curve, and let ¢ :
C — R be a smooth function introduced in Lemma 4.5. Propositions 4.6 and 4.7 below
essentially use the positivity of the curvature ©,,.

The following L>™-estimate was proved in [22, Proposition 4.2].

Proposition 4.6. Let a € Q%' (E) be an E-valued (0,1)-form of class C* (a € C}.). Set
b= 0ga. If |af gy s 10] poo (o) < +00, then

lal Lo (o) < constyp [b] ooe -

Proof. The proof is similar to the proof of Sublemma 4.4. For the detail, see [22, pp.
1648-1649]. 0

Proposition 4.7. Let b € L3, (A" (E)) and suppose [0l ¢y < +o0. Then there
uniquely exists a € LY ;,,(A"' (E)) satisfying

Dapa = b7 ”a”LO“((C) < +o0.
Moreover ”aHLoo(c) + HVGHLOO(C) < consty,, ”b”Loo(C)'

Proof. The uniqueness follows from Proposition 4.6. (Note the Sobolev embedding L3 ;. <
C?.in R%) So the problem is the existence. We have the Weinzenbock formula: for
a € Q% (E)
Oea = %V;Vwa + O,a,

where V, is the unitary connection on F with respect to the metric hy, = eh. ©, satisfies
the positivity condition in Lemma 4.5.

Let ¢, : C — [0, 1] be a cut-off function such that ¢, = 1 over D,(0) and supp(¢,) C
D,,+1(0). From the positivity of the curvature, as in the proof of Lemma 4.3, a standard
L2-argument shows that there is a, € L?(A>}(F)) (the space of L*-sections a of A (E)
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satisfying V,a € L?) satisfying Oga, = ¢,b as a distribution. (For the detail, see [22,
Lemma 5.3].) The local elliptic regularity implies a,, € L3 ,.. By Lemmas 4.1 (i) and 4.2,

Janl poeqey < const |anl gz < const (anlpps + [Tptnl e o)
< consty (lanl 2 + |9nbl ey ) < +00.

By Proposition 4.6 we have [an |y < constyy [bu] ey < constye b e(c)- Then
for any compact set K C C the sequence [a, |,z (n = 1) is bounded. By choosing
a subsequence n; < ny < nz < ..., the sequence a,, converges to some a weakly in
L3(Dg(0)) (and hence strongly in L*>°(Dg(0))) for every R > 0. a satisfies O,a = b, and
lal Lo (cy <SPzt [@n] poo oy < constyy |b] o). By the local elliptic regularity a € L3 1o
By Lemmas 4.1 (ii) and 4.2

lal ey + IVa] ey < const ”a”eooLg < consty, ([al s 4 [0y p3) < consty [0] oo ) -
OJ
4.4. Deformation theory. Let f : C — CP" be a non-degenerate Brody curve with
ldf| L) < 1. In this subsection we study a deformation of f and prove Proposition 3.1.
Gromov [12, pp. 399-400, Projective interpolation theorem| studied a different kind of
deformation theory. Our argument is a generalization of the deformation theory of elliptic

Brody curves developed in [22].
Consider the following map (see McDuff-Salamon [17, p. 40]):

®: (®L3(E) = (*L3(A"(E)), ur~ P,(Jdexpu)® dz.

Here expu = expy, u(z) is defined by the exponential map of the Fubini-Study metric,
and

= 1
dexpu = = ﬁ expu + J2 exp u (J: complex structure of CPY).
2 \ Ox dy

Pue)  Texpj u(z) CPYN — Ty()CPY is the parallel translation along the geodesic exp (., (tu(z))
(0<t<1).
® is a smooth map between the Banach spaces. ®(0) = 0 and the derivative of ® at

the origin is equal to the Dolbeault operator:
ddg = 0 : (*L3(E) — (> L3(A"Y(E)).

Proposition 4.8. There is a bounded linear operator @ : (*L3(A>'(E)) — (*L3(E)
satisfying 0o Q = 1.

Proof. We will prove that the map

(8) O, = 00, : (= LY(A™(E)) — (2 Ly(A™(E))
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is an isomorphism. (¢ : C — R is a smooth function introduced in Lemma 4.5.) Then
Q = 9;0;" - (*L3(A*(E)) — (>*L3(A°(E)) becomes a right inverse of 9. The injec-
tivity of the map (8) directly follows from the L*-estimate in Proposition 4.6.

On the other hand, by Proposition 4.7, for every b € (*LZ(A%}(F)) there is a €
L= N L3, (A% (E)) satisfying Oya = b. By Lemma 4.2, a € £*Lj. Thus the map (8) is
surjective. 0

Let Hy be the Banach space of all L*>*-holomorphic sections of F introduced in Section
3. H; is equal to the kernel of the map 0 : (*L%(E) — (*L3(A%(E)) by Lemmas 4.1
and 4.2. Moreover the norms || L2 (k > 0) are all equivalent to the norm |-, over
Hy.

From Proposition 4.8 and the implicit function theorem, there are r > 0 and a smooth
map a : {u € Hy| |uf ) <7} = Im@Q (ImQ C (*L%(E) is a closed subspace) such that

O(u+a(u) =0, «a0)=0, day=0.

The first and second conditions imply that f, := exp(u + a(u)) becomes a holomorphic
curve with fo = f. The third condition implies that for any € > 0 there exists 0 <
6 < rsuch that if u,v € Hy satisfies |u]poc) s [0] o) < 6 then |a(u) — a(v)] e <

€ flu— UHLoo((C)-

Proof of Proposition 3.1. Since ”df”LOO((C) < 1, if § <« 1, the holomorphic curves f, (u €
Bs(Hy)) satisty [dfu| ey < 1. We will prove that if 0 < ¢ < r is sufficiently small then
the map
Bs(Hy) > uvs f, € M(CPY)
satisfies the conditions in Proposition 3.1. The condition (i) (fo = f) is OK. So we want
to prove the condition (ii).
We choose 0 < § < r sufficiently small so that all u,v € Bs(Hy) satisfy

la(u) = (V)] ey < (1/20) Ju— 0] oy »
and that if vy, vy € T,CPY are two tangent vectors satisfying |v1], |v2] < 2§ then
|d(exp(vy), exp(ve)) — |v1 — va|| < (1/20)]vy — vol.

The former condition comes from dag = 0, and the latter is just a standard property of
the exponential map. Then all u,v € Bs(Hy) satisfy

|d(exp(u + a(u)),exp(v + a(v))) — |u+ a(u) — v — a(v)|| < (1/20) |u+ a(u) — v — a(v)]
< (1/20) Ju = 0] ooy + (1/20) Jer(u) — a(v) ]| ooy < (1/20 + 1/400) |u — 0] ooy »
and
lu+ a(u) —v—a)| = |u—v|| <|a(u) = a(v)] < (1/20) [u =] -
These inequalities imply the condition (ii):

|d(exp(u + a(v)), exp(v + a(v))) = |u = vf| < (1/8) [u = v] o (g -
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5. STUDY OF Hy: PROOF OF PROPOSITION 3.2

In this section we prove Proposition 3.2. Let R > 0, and let A = [ay,b1] X [ag,by] C C
be an R-square (i.e. by = a; + R and by = as + R). For 0 <r < R/2, we set

oA = {([ar,a1 +7r) U (by — r,b1]) X [ag, bo]} U{[a1,b1] X ([az,as + 1)U (by — 1, bs]) }.

(This notation is used only in this section. It conflicts with the notation 0,2 introduced
in Section 2.1.) The following is a preliminary version of Proposition 3.2.

Proposition 5.1. Let f : C — CPY be a Brody curve. Let ¢ > 0, and let A C C be an
R-square with R > 2. Then there exists a finite dimensional complex subspace W C Q°(E)
(the space of C*°-sections of E = f*TCPY ) satisfying the following three conditions.
(1)
dime W > (N + 1)/ |df |*dzdy — C.R,
A

where C; is a constant depending only on . (The important point is that it is independent
of R.)

(i) Allu € W satisfy u = 0 outside of A.

(111) Alluw € W satisfy HauHLm(C) < eul o ()-

Proof. Set A = [ay,b1] X [ag, by]. Let ¢; : R — R (i = 1,2) be smooth functions such that
0<¢, <1, pi(z)=xover [a; +1/2,b; — 1/2], p(x) = p(a; + 1/4) over x < a; + 1/4 and
wi(z) = p(b;—1/4) over x > b; —1/4. Moreover we assume that, for k > 1, |g0§k)| < consty,
(depending only on k > 1).

We define a C>*-map f : C — CPN by f(x +v—1y) = flpi(z) + vV—1pa(y)). We
have |df](z) := maxyer.c, juj=1 [df(u)| < 1 for all z € C. Let E := f*TCPY be the pull-
back of TCPY by f. E is a complex vector bundle over C with the Hermitian metric
(the pull-back of the Fubini-Study metric) and the unitary connection V (the pull-back
of the Levi-Civita connection on TCPY). From the definition of f, the connection V
is flat over 0;4A. Flat connections over ;4\ are classified by their holonomy maps
m1(01/4A) — U(N). Hence there is a bundle trivialization (as a Hermitian vector bundle)
g of E over 9, /4/\ such that 9(V) = d+ A (A: connection matrix) satisfies

||A||Ck(81/4A) S CODStk (l{,‘ 2 O)

Here consty are universal constants depending only on k. (The important point is that
they are independent of R.) Let ¢ : A — [0, 1] be a cut-off function such that ¢» = 1 over
A\ 0157, ¢ = 0 over 06/, and W”ck(/\) < constg. We define a unitary connection V’
on E over A by V' := g7 }(d + ¢A). (V' =V over A\ di5A.) Under the trivialization
g, the metric h and the connection V' are equal to the standard metric and the product
connection of 9y s\ X CN over 0 6\
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Consider an elliptic curve T := C/(RZ + Rv/—1Z), and let 7 : C — T be the natural
projection. We define a complex vector bundle E’ over T as follows. E' = E over
m(A\ O1sA) = A\ 015/, and E’|,r(,91/4A) is equal to the product bundle 7(0;/4A) X CN.
We glue these by the map g. The metric A and the connection V' naturally descend to
the metric and connection on E’ (also denoted by h and V' ).

Let © :=| g/az, a/az] be the curvature of V'. From the definition, ©® = [Vj/a., Vs
over m(A\ 01/2A) = A\ 012/, and |©'| < const (a universal constant) all over T. Then

by (7)
(9) /cl(E' /tr (©)dzdz > (N +1) /\df] dxdy — const - R.
T

Let v : Q°(E') — Qo’l(E’) be the Dolbeault operator over T twisted by the unitary
connection V' (i.e. the (0,1)-part of the covariant derivative V' : Q°(E) — QY(E)). Let
HY, be the space of u € Q°(E') satisfying Oyru = 0. From the Riemann-Roch formula
and the above (9)

(10) dime HY, > /Cl(E/) > (N +1) / |df |*dxdy — const - R.
T A

Lemma 5.2. For allu € HY,,
”v,u"LOO(']l‘) <K ”u”LOO(T)
Here K is a universal constant (independent of f, R, A).

Proof. The connection V' has the following property: There is a universal constant r > 0
such that for every p € T there is a bundle trivialization v of a Hermitian vector bundle
E’ over D,(p) satisfying v(V') = d + A’ with

||A/”ck(DT(p)) < consty, (/{7 > O).
Then the result follows from the elliptic regularity. =

Let 7 = 7(¢) > 0 be a small number which will be fixed later. We take points
1y € m(O1A) with M < const, - R such that for every p € w(0;A) there is p;
satisfying d(p,p;) < 7. We define V' C HY, as the space of u € HY, satisfying u(p;) = 0
foralli =1,..., M. From (10),

M
(11)  dime V > dime HY, — dimg <@ Ep> > (N + 1)/ \df|?dzdy — C-R.
i=1 A

Let w € V and p € w(01A). Take p; satisfying d(p,p;) < 7. From u(p;) = 0 and Lemma
5.2,

[w(P)] < TNVt oo ry < TE ] ooy

We choose 7 > 0 so that 7K < 1. Then the maximum of |u| is attained in T \ 7(0;A).
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Let ¢ : C — R be a cut-off such that ¢ = 1 over A\ 1A, supp(¢) is contained in the
interior of A\ 01,2/, and |d¢| < 10. For v € V, we set v’ := ¢u. Here we identify the
region A\ 01 oA with 7(A\ 01 /2A) where we have £’ = I, and we consider v as a section
of E over the plane C. Set W := {u/|u € V'}. We have [v/| ;) = |u]p(p). Hence, by
(11), we get the condition (i):

dim¢ W =dim¢ V' > (N + 1)/ \df |*dxdy — C.R.
A

The condition (ii) is obviously satisfied. du’ = 0¢ ® u is supported in d;A.
10U'[| e ) < 10Nt o o0y < TOTK [l gy = LOTE | o ey
We choose 7 > 0 so that 107K < e. Then the condition (iii) is satisfied. O

Proof of Proposition 3.2. Let ¢ > 0 be a small number which will be fixed later. By
Proposition 5.1, for this ¢ and any R-square A (R > 2), there is a finite dimensional
complex subspace W C Q°(FE) satisfying the conditions (i), (ii), (iii) in Proposition 5.1.

By Proposition 4.7, there is a linear map
W — Q"YE), wursa,

such that
000 = du, |

%
Qpa

|L°°((C) < C Héu”Lw(C) < Ch e ulpooc -

Set w' :=u — J%a. Then du’ = 0 and || o ¢y > (1 = Cfe) [t oo () We choose & > 0 so
that 1 — Cte > 0. We set V := {u/|u € W}. Then V C Hy and
dim¢ V = dim¢ W > (N + 1) / \df |*dxdy — C.R.
A
For u € W (recall supp(u) C A)

”u/”LOO((C) <1+ 0}5) ||U||L<>o(<C) =(1+ 0}5) ”u"LOO(A) ,

”u/”LOO(A) > (1- 0}5) ”u"LOO(A) :

Hence
1+ Ce
f
”u/HLOO((C) < 1——0}5 Hu/HLoo(A)-
We choose € > 0 so small that
1+ C’}e
<
1— C}a -
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6. INFINITE GLUING: PROOF OF THEOREM 1.7

We prove Theorem 1.7 in this section. Our method is gluing: We glue infinitely many
rational curves to a (possibly degenerate) Brody curve f : C — CPY, and construct a
non-degenerate one.

A kind of “infinite gluing construction” is classically used for the proof of Mittag-
Leffler’s theorem. Probably another origin of infinite gluing construction is the shadowing
lemma in dynamical system theory (for example, see Bowen [2, Chapter 3|). Angenent
[1] developed a shadowing lemma for an elliptic PDE. Gromov [12, p. 403] suggested an
idea of gluing infinitely many rational curves to a (pseudo-)holomorphic curve. Macri-
Nolasco-Ricciardi [15] developed gluing infinitely many selfdual vortices. Gournay [7, 11]
studied an infinite gluing method for pseudo-holomorphic curves. Tsukamoto [18, 21]
studied gluing infinitely many Yang-Mills instantons.

First we establish a result on gluing one rational curve:

Proposition 6.1. There are 69 > 0, Ry > 0 and K > 0 satisfying the following statement.
Let f : C — CPY be a Brody curve. If f satisfies |df | o (D)) < G0 for some p € C and
R > Ry + 1, then there exists a holomorphic curve g : C — CPY satisfying the following
three conditions.

(i) 6o < ”dg”LOO(DR(p)) <2/3.

(ii) ||dg|(=) — |df|(2)| < K[|z = p|* over |z — p| > R.

(iii) d(f(2),9(2)) < K/|z = p[’ for z # p.

Proof. The proof is just a calculation. It may be helpful for some readers to consider the
case of N = 1 by themselves. Let ¢ > 0 be a sufficiently small number. §¢, Ry, K and
¢ will be fixed later. Several conditions will be imposed on them through the argument,
but basically they need to satisfy

€ 1
0 —, R 1 —.
0 K RO, o> 1, K R%
Fix a > 0 so that the curve ¢ : C — CPY defined by ¢(z) :== [1 : a/2% : -+ : a/Z]
satisfies |dq| o) = 1/12. Here

3a\/ﬁr2

al(2) = = (=D,

We can suppose quHLOQ(DRO(O)) = 1/12 since we choose Ry > 1.

From the symmetry we can assume p = 0 and f(0) = [1:0:---:0]. Let f(z) =
[1: fi(2) :---: fn(2)] where f;(z) are meromorphic functions in C. Since |df| < o over
|z] < R with R > Ry + 1, if we choose dy sufficiently small (0y < £/Ry), we have

(12) fil)l <& fiz)l <e (l2] < Ro).
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Set g;(2) := fi(2)+a/2%, and we define g : C — CPY by g(2) :=[1: g1(2) : -+ : gn(2)].
We will prove that this map g¢ satisfies the conditions (i), (ii), (iii).
First we study the condition (iii). The Fubini-Study metric is given by

sz‘vﬂ |dz;]* + D oi<icjen 17idzi — zidz;|?
(14> |z?)?

2 o Bl AT DO ) 204 S DR 2
o < Tt =) s S Ll

Hence ds < \/2/m\/ S, |dzi|2. Thus for f(z) = [1: fi(2) : -+~ : fx(2)] and g(z) = [1 :
filz) +a/28 o fu(2) + a/2%] we get

(13) d(f(2),9(2)) < V/2/m
Next we study the conditions (i) and (ii). We have

\/Zlf’ WP+ 2 11 () f5(2) = Li(2) fi(2)?

V(L + 21 fi(2)P) ’

@ G + ey 191(2)95(2) — 9u(2)g5 ()2
Vi + g (:)P) |

ds® =

on {[l:z:--: 2y}

Z 0232 — CL\/QN/’]T'

|2[?

|df1(2)

|dg|(=

where

G= 1= g — g = = R+ 3= 1)+ 50— 1),

Case 1: Suppose r := |z| < Ry. We will prove §y < ”dg”LOO(DR o) < 2/3. From (12),
a _ 2a 3a 3a
. < — < — > — —c> —

|gl(z)|—8+r — 7“37 |gz( )| T €257 2T4
Here we have supposed € < min(a/R3, 3a/(2R3)). Then
dg|(2) > VN(@3a/(2r%) 3av/Nr? N 3avNr?  |dg|(2)
I = R+ AN /rS) — 2/ + 4Na?) = 8v/m(1% + Na2) 8
Hence ||d9||Lo<>(DR o) = (1/8) ||dq||Loo(DR o) = 1/96 > do. (Here we have supposed dy <
1/96.) On the other hand,

B0t = SHE S U — S 4 30— f) + a2 (- )P
VAS + S la+ 2L |

|dgl(2)
From (12),
la+23fi| > a—eR} > g, (here we suppose e Ry < a/2).

N2 6 N2
r6+2|a+zsfi|22r6+ 4a ZT +4 a‘

13a2® — 28f]| < 3ar® + 1% < r*(3a + Rje) < 4ar®, (we suppose Rye < a).
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ZS(fLf — f1f) + 3az2(fi — f;) + a2 (f] — )] < r*(2e” R} + 6as + 2asRy) < ‘””N .
(5)
Here we have supposed 2e?Rj + 6ae + 2aeRy < a/4/ (];) Then
4ar?v/16N + 1 24ar2\/N 2
d < < = 8|d < = dgl <1/12).
dgl(2) < TV € s = Bldgl(2) < 5. (Jda] < 1/12)

Thus we get 0y < Hd9||L°<>(DRO(0)) <2/3.
Case 2: Suppose |z| > Ry. We will prove ||df|(z) — |dg|(z)| < K/r® for an appropriate
K > 0. We have

Al = 1gil?| < (il + gil) - 1fi = gil < @Ufil + a/r*)(a/r?) < 21fi] + a/R5)(a/r?),

Z ||fz|2 |9l | < — < Z|fz a> < 72"_? <1 +Z ]f2|) (we suppose %g <2).

If |fi| > a/r3, then
12 2 2 2
A o

i > (1fil —a/r®)* > — ).

If | fi| < a/r®, then

_> -
r6 — 2 RS’

12 2 2 2
|g’l| 7,,6 — 2 Rg

Therefore we always have |g;|* > | f;|* / 2 —a®/RS.

2
1+Z|gz‘|22(1——) Z|f’|2—2< —I—Z|f, ) Wesuppose]};—aggé).

Hence

21+ IfD) 4a\/N+1\/1+Z|fz|2
_(1+Z|fz|) (L 1A

4av/N +1 < 4av/N +1
(L4 T IARY? T A I IAP)
Then, from g, = f! — 3a/z* and the above (14),

1 1
‘1+Z|9i’2 L+ AP

(14)

' il Al ' il lgil +‘ il Al
V20 0gel? T+ 201l 7 11+ 2000k T2 0AP [T+ 22 1P T+ 2P
< 4av/N + 1(|f]] + 3a/r*) 3a

+ .
P31+ 20 [fel?) rA (14 20 [fel?)
From |df| < 1, we have | f{|/(1+ >_ | fx|*) < /7. Hence the above is bounded by

4a\/N +1 4a\/

(/7 +3a/r*) + 3a/r* < (\/_+3)
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Here we have supposed r > Ry > 1. Set K, := 4ay/N + 1(y/7 + 3a) 4+ 3a. Then

| | K
(15) '1+2|gk|2‘1+2|fk|2 <%

From (14), for i < j,

l9ig; — g59:1  1fifi — fifil

L+ gel> 14+ fil?

B L |99 —gi@il _ 11if; — Fifil
L+ ael> 1T+201fl L300/l T+ 22 fl?
< 4avN + lgig; — gjgil N (995 — 9;9:) — (i f; = [; 1)l
r3 (L4 22 [fel?) L+ 30| ful?
From gig; — g59: = (fif; — [ifi) + (Ba/z)(fi — fi) + (a/23)(f] — f7), this is bounded by

4av/N +1 (|f{fj — fifil | 3a(lfil + 1)) a(lfil + 1£3D) )

\9:9; — 959:1  19:95 — 9}

(16) RS T R RS WA (RS WIS
3a(|fil +1£5l) N a(|fil +1£3)
L+ fl?) o (AP
From |df| <1, | | e
fif; - 1 £+
LA SV Try g S
Since i < j,

fil + 13l < V21l + 1P <3
L2212~ T+ 220 T
Hence the above (16) is bounded by

dayN 11 ( v 3621/5 . 2%%) 30v2 | 207

< 4a\/7(\/_—|—3a\/_ 2+ 2a/7) + S‘M T‘f

Here r > Ry > 1. Set K! := 4av/N + 1(\/7 + 3av/2 + Qaﬁ) + 3av/2 + 2a+/7. Then
l9igi — 959l |fifi — fifil
T+ 20 0gel? 14 20 il

From this and (15),

VK2 + (3) (K2
VI

ldgl(=) — laF|(2)] < (1/) \/ N+ () =

Here we have used the inequality

Vot at =

K := max <a\/m, \/NKg + (];[) (Kg)2/\/%) .

<V —yp)?+ -+ (@ — )

Set
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(This K satisfies the condition (iii) by (13).) Then

1df1(=) — ldgl(2)] < Ty (r > Ro).

Thus we have proved the condition (ii).
For Ry < |z] < R,

K 1 2
|dg|(2) < df | e (Do) + 5 < 00+ 3 < 3
where we have chosen Ry and dy so that K/Rj < 1/2 and ¢y < 1/6. In Case 1, we proved
0o < ||dg||Loo(DR oy < 2/3. Thus we get the condition (i):
0

S0 < [dgl oo (p oy < 2/3.
[

Proof of Theorem 1.7. Let |df| ey <1 —7, (0 <7 <1). Let do, Ro, K be the positive
numbers introduced in Proposition 6.1. For ¢ > 0, we set § := min(dp, /). Let R =
R(e,7) > Ry + 1 be a large positive number which will be fixed later.

We index the elements of Z? by natural numbers: Z* = {(aq, 81), (a2, 52), (a3, 83), - - - }.
For n > 1, we set p, = 2R(av, + V=16,) and A, := {z + yv/~1 € C[|z — 2Ra,| <
R, |y —2Rp,| < R}. The squares A,, (n > 1) give a tiling of the plane C.

We inductively define the sequence of Brody curves f, : C — CPY (n > 0) as follows.
We set fy:= f. Suppose we have defined f,,.

(1) I |df oo (a,,,) = 0, then we set fo i1 := f.

(2) I |df | oo (a,,yy < 0 and [dfulpoca,,, ) = O0, then we set fii1:= fa.

(3) I |df | poo(a,,,y < 0 and |dfnpec(a,,,) < do, then we apply Proposition 6.1 to f,
and p,.1 (note Dp(pny1) C Anyy) and get a holomorphic map f,,; : C — CPY
satisfying the following (i), (ii), (iii).

(1) do < ldfnsrll Lo (Do) < 2/3-
(1) [[dfni1](2) = ldful(2)] < K/|2 = pnia]® over |z = pnia| > R.
(1) d(fo(2), fuss (2)) < K /12 — pros? for = £ P,

For every n > 1, by (i) and (ii)

dfol(z) < max(1—7,2/3)+ Y

k:\z—pk|>R

const -

<max(l —7,2/3) + E

|2 — pif?

Here const is a positive constant independent of n. We choose R so large that the right
hand side is bounded by max(1 — 7/2,3/4) < 1. Then all f, : C — CPY become
Brody curves, and we can continue the above inductive construction infinitely many times.

Moreover, for all n > 1,

(17) [ful oo ) < max(l —7/2,3/4).
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For any compact set 2 C C, by the condition (iii), there exists n(€2) > 1 such that

> supd(fu(2), forr(2) <> ﬁ < +o0.

n>n(©) * ked(pr,2)>1
Hence the sequence f,, converges to a holomorphic curve g : C — CP" uniformly over
every compact subset of C. From (17) we have [dg| ) < max(l —7/2,3/4) <1. We
will prove that g is non-degenerate and p(g) > p(f) —
For proving the non-degeneracy of g, it is enough to show [dg| () = 6/2 for all
n > 1. (See the condition (ii) of Definition-Lemma 1.3.)
Case 1: If |df|(z) > ¢ for some z € A, then
_ const - K
|dg| (= k%ﬂ 2 _pk|3 = R
We can choose R so large that |dg] ) = /2.
Case 2: If |df|(z) < 6 for all z € A,,, then for some k € {n —1,n} and w € A,, we have
|dfx|(w) > . Hence
i 2a S g
Li#n p l|
We can choose R so large that |dg ;) = /2.

We have proved that g is non- degenerate. Next we will prove p(g) > p(f) —e. For this
sake, it is enough to prove that for every n > 1

1 1
1 — dg|*dxdy > df Pdxdy — .
(18) g [ oy > oo [ irPandy - ¢
Case 1: If |df | e (n,) = 0, then for all z € A,
const~K
[l9gl*(=) = a7 ()] < 2|ldgl(z) = 1df(2)] < D - p‘g_ ¢
k:k#£n

for sufficiently large R. Hence (18) holds if we choose R sufficiently large.
Case 2: If [df| (s, <, then (recall 6 = min(dy, v/2))

1
—— | |df|Pdzdy < §* <.
Hence (18) holds trivially.
Thus we have proved p(g) > p(f) —e. O
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