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A UNIQUENESS THEOREM FOR GLUING SPECIAL
LAGRANGIAN SUBMANIFOLDS

YOHSUKE IMAGI

ABSTRACT

Let L1, Lo be compact special Lagrangian submanifolds of a Calabi—Yau man-
ifold, and suppose L1, Ly intersect transversally at a point p. One can construct
another special Lagrangian submanifold M by gluing a Lawlor neck [8] into L1 U Loy
at p; see Butscher [2], D. Lee [9], Y. Lee [10], and Joyce [6]. By construction, M is
close to the Lawlor neck near p and to L1 U Ly away from p. The main result of
this paper is a uniqueness theorem for special Lagrangian submanifolds which are
close to the Lawlor neck near p and to Ly U Ly away from p; see Theorem 1.1.

1. INTRODUCTION

Let (W, Q) be a Calabi—Yau manifold of complex dimension m, i.e., a Kéhler
manifold W with a holomorphic m-form Q such that |Q = 2™/2. We call Q a
complex volume form. Let M be an oriented submanifold of W. We call M a
special Lagrangian submanifold of (W, Q) if Q| is the volume form of M. If M is
a special Lagrangian submanifold, then M is minimal and Lagrangian; see Harvey
and Lawson [4, Corollary 1.11, Chapter I11].

Let (z!,...,2™) be the complex coordinates on C™, and set

O =dz' Ao A d2™.
Y is a complex volume form on (C™,¢’). Set
L&:Rm:{(rl’_._,rm) ECm|7‘1,...,7"m€R}.

L} is a special Lagrangian submanifold with respect to Q'. Let 61,...,0,, € (0,7)
with 6, +---+ 6, = 7, and set

Ly = {(rie®, ... ,rme®™) e C™ry, ... ,rm € R}

L} is a special Lagrangian submanifold with respect to Q'. Let K be a Lawlor
neck [8], i.e., a special Lagrangian submanifold of (C™, ') which is asymptotic to
LyULY at oo and diffeomorphic to Rx S™ =1, where S™~1 is the sphere of dimension
m — 1.

Let L1, Ly be compact special Lagrangian submanifolds of (W, ), and suppose
Ly, Ly intersect only at a point p. Let J be the complex structure of the Kéhler
manifold W, and g the Ké&hler metric of W. Let {Js}s>0 be a smooth family of
complex structures on W converging to J as s — +0. Let g5 be a smooth family
of Kéhler metrics with respect to Jg converging to g as s — +0, and )5 a smooth
family of complex volume forms with respect to gs converging to 2 as s — +0. Let
0 < as < bg, and suppose

(1.1) as = Rs, by = O(s”) for some R >0, 0 < § < 1,
1
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where O(s”) is an infinitesimal of order s°. Let w, be the symplectic form g,(Jse, ),
and w’ the standard symplectic form on C™. Let fs be a smooth family of Darboux
charts centered at p in (W, wy), i.e.,

peUCW, fo:U—=C™, fi(p) =0, fiw =ws.

Suppose dfs maps T,L1,T,Ly C T,W onto L}, Lj C C™ respectively. Suppose Fj
is a smooth family of diffeomorphisms of W such that Fy converges to the identity
as s - +0, and F;ws = w, where w = g(Je,e). Consider a compact special
Lagrangian submanifold M; of (W, Q) satisfying:
(B1) there exist a, > as and a normal vector field us on M N B(as) in (W, gs)
such that M, N B(as) is contained in the graph of us on f;1(sK) N B(d)),
and ||us||cr = o(s);
(B2) there exist b, < by and a normal vector field vs on Fs(L; U L) \ B(b) in
(W, gs) such that M\ B(bs) is contained in the graph of vs on Fs(L1ULs)\
B(V,), such that |Jvs||cr = o(s?), and such that v,_w, is an exact 1-form
on Fy(Ly ULy)\ B(b),);
here B(r) is the metric ball of radius r > 0 centered at p in (W, g,), and o(s), o(s”)
are infinitesimals of order higher than s, s” respectively. For the gluing construction
of Ms, see D. Lee [9, Theorem 1] or Joyce [6, Theorem 9.10]. The main result of
this paper is a uniqueness theorem for M. Suppose m > 2.

Theorem 1.1 (The Main Result). There ezists at most one compact special La-
grangian submanifold My of (W,Qs) satisfying (B1) and (B2) whenever s > 0 is
sufficiently small and R > 0 is sufficiently large.

Here, R > 0 is as in (1.1).
(B1) and (B2) are assumptions on M N B(as) and M \ B(bs) respectively. We
do not make any assumption on

(1.2) M, N (B(bs) \ B(as)).
We shall give the idea of the proof of the main result of this paper. Let M, be
as in Theorem 1.1. We prove that (1.2) is close to

(1.3) (T Ly UTyL2) N (B(b,) \ Bay)).
Once this has been done, we can prove Theorem 1.1 by the maximum principle as
in Thomas and Yau [15, Lemma 4.2].

We shall explain how we prove that (1.2) is close to (1.3). We do it in a way
similar to the proof of Simon’s theorem [13, Theorem 5, p563]. It is a uniqueness
theorem for smooth tangent cones of minimal submanifolds with isolated singular
points. Consider a minimal submanifold Y with an isolated singular point. It is
important in the proof of Simon’s theorem that Y satisfies a monotonicity formula
on balls centered at the singular point. On the other hand, (1.2) does not satisfy
the same monotonicity formula as Y since (1.2) is not contained in any ball centered
at p. We prove a different monotonicity formula for (1.2). Suppose for simplicity
that M is a special Lagrangian submanifold of (C™,€’), and M is a closed subset

of B(b) \ B(a), where B(b), B(a) are the balls of radii b > a centered at 0 € C™.
We prove that

(1.4) / Tl_mar_tﬂl < / Tl_marJQ/,
MnNAB(c) MNAB(d)
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for almost every c,d with a < ¢ < d < b, where r is the Euclidean distance
from 0, and 0, is the vector field /9r. This is a higher-dimensional analogue
of Hofer’s energy estimate for pseudo-holomorphic curves in symplectizations of
contact manifolds [5, pp534-539]. Actually, (1.4) holds only for the Euclidean
metric. For a general metric, we prove a monotonicity formula with an error term.

In Simon’s theorem, it is assumed that the minimal submanifold Y has a smooth
tangent cone

(1.5) [0,00) x X/{0} x X,

where X is a compact smooth manifold. It is important in the proof of Simon’s
theorem that the distance of Y from (1.5) satisfies an a-priori C'-estimate. We
replace (1.5) by (as,bs) x X since we consider (1.3). We prove that the distance of
(1.2) from (1.3) satisfies a similar a-priori C'-estimate.

Using the monotonicity formula and the a-priori estimate, we prove that (1.2) is
close to (1.3). This is the key step to the proof of Theorem 1.1.

We begin with the statement of the key step to the proof of Theorem 1.1; see
Section 2. In Section 3 we prove the monotonicity formula for special Lagrangian
submanifolds of annuli. In Section 4 we prove the a-priori estimate similar to that
of Simon. In Section 5 we complete the proof of the main result of this paper.
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2. STATEMENT OF THE KEY STEP

In this section we state the key step to the proof of the main result of this paper;
see Theorem 2.2.

We begin with a review of calibrated geometry [4]. Let W be a Riemannian
manifold. An m-form ¢ on W is said to be of comass < 1 if ¢(v1,...,vm) < 1 for
every orthonormal vector fields vy, ..., v,, on W. A closed m-form of comass < 1
on W is called a calibration of degree m on W. Let ¢ be a calibration of degree
m on W. Let M be an oriented submanifold of W. We call M a ¢-submanifold
of W if ¢|ps is the volume form of M. By a theorem of Harvey and Lawson [4],
¢-submanifolds of W are minimal submanifolds of W.

We shall set up the notation which we use in the statement of Theorem 2.2
below. Let ¢’ be the Euclidean metric on R™, i.e.,

in the coordinates (y',...,y") on R™. Let ¢’ be a calibration of degree m on
(R™, ¢'). Suppose ¢’ is parallel, i.e.,

¢ =i i dyt A Ady'™
i, € R. Let r be the radial coordinate | e | on (R™\ {0}, g’). Set
(2.1) V' = (0ra9')
where 0, is the vector field 9/dr, 1 is the interior product of vector fields with

differential forms, and S™~?! is the unit sphere of (R, g’). For every orthonormal
vector fields v1,...,v,_1 on S !, we have

(22) ’l/)/(’l)l,...,’l)m_l) :¢'(6T,v1,...,vm_1) S 1

for some ¢;

gn—1,
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since O, v1, . . . , Uy—1 are orthonormal. Therefore, ¢’ is an (m—1)-form of comass <
1 on S™ 1. Let X be a oriented submanifold of S”~1. We call X a 1'-submanifold
if 4’| x is the volume form of X.

Proposition 2.1. ¢’-submanifolds of S"~* are minimal submanifolds of S™"~ 1.
Proof. Let X be a ¢/-submanifold of S"~!. Set
CX ={rz e R"|r € (0,00),z € X}.

Then, by (2.2), CX is a ¢'-submanifold of (R™,¢’). Therefore, CX is a minimal
submanifold of (R™, g’). Therefore, X is a minimal submanifold of S™~*. |

Let I be an open interval of (0,00), and X a submanifold of S"~1. We embed
I x S~ ! into R™ by (r,y) ~ ry. Let v be a normal vector field on I x X in
(I x 8"t ¢'). Set

[les,, = sup w/r. ¥lcy, = sup (Iwl/r + Dvi),

where Dv is the covariant derivative of v. These are induced by the cylindrical

metric ¢’ /r? on (0,00) x S"71. Set
Gey(V) =4 ————=(ra +v(re rel,re X ;.
1) = { S (o 4 1(0) | }

The key step to the proof of the main result of this paper is the following

r

Theorem 2.2. Let ¢’ be a parallel calibration of degree m on the Euclidean space
(R™, ¢"), and ¢’ the (m—1)-form (2.1) on the unit sphere S"~1 of (R™,g’). Let X be
a compact ' -submanifold of S"~*. Let 0 <1 < 1. Then, there exist e, 1y, Co, co >
0 depending only on l,m,n, X, ¢" such that if:

(AD) 0 <e<ep;

(A].) 0<apg<by<ai <by, ao/bo = al/bl =1

(A2) g is a Riemannian metric on B™(by) with

lg— 9 llcrsrwy) <€ llg—9g'lle2rey) <1

with respect to g’, and B™(by) is the ball of radius by centered at0 in (R™,g’);
(A3) ¢ is a calibration on (B™(b1),g) with
(1+logb—1) sup |¢—¢'| <e,
ao  Bn(by)
where | o | is with respect to g', and B™(by) is the ball of radius by centered
at 0 in (R™, ¢');
(A4) M is a closed subset of (ag,by) x S"~t, and M is a ¢-submanifold with
respect to g;
(A5) there exists a normal vector field v; on (a;, b;) x X in ((a;, b;) xSt ¢'/r?),
where 1 = 0,1, such that

M N ((ai, b;) x S"1) = Gep(v;) with ||Vi||cclyl <e,

then there exists a normal vector field v on (ag,by) x X in ((ag,by) x S*~1,g'/r?)
such that

(2.3) M = Geyi(v) with |[v]|cs, < Coe®.

We prove Theorem 2.2 in Section 5.
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3. A MONOTONICITY FORMULA

In this section we prove a monotonicity formula for calibrated submanifolds
of annuli; see Proposition 3.4. This is a higher-dimensional analogue of an energy
estimate of Hofer [5, pp534-539] for pseudo-holomorphic curves in symplectizations
of contact manifolds.

Let g be a Riemannian metric on R™, and ¢ a calibration of degree m on (R", g).

Proposition 3.1. Let M be a ¢-submanifold of (R™,g). If v is a normal vector
field on M in (R™,g), then we have

(l/_n(zﬁ) |M = 0.

Proof. Tt suffices to prove that for every point p € M and orthonormal vectors
Viy..o, Um—1 € T, M, we have

(31) ¢p(up7vl7"'>vmfl) =0.
Choose v € T,M so that ¢,(v,v1,...,Uy—1) = 1. Consider
t— ¢p((sint)vy, + (cost)v,vi, ..., Up_1).

By the definition of calibration, this attains maximum 1 at ¢ = 0. Differentiating
it at t = 0, we have (3.1). O

Let ¢’ be the Euclidean metric on R™. Let r be the radial coordinate on the
Euclidean space (R", ¢’), and 0, the vector field 9/9,. In the same way as Harvey
and Lawson [4, Lemma 5.11, IL.5], we shall prove the following

Proposition 3.2. Let M be a ¢-submanifold of (R™, g). Then, we have
—
(3.2) (M, 0 A 6) = [P 002,

—
where (o, ®) is the canonical pairing of poly-vector fields and differential forms, T M
is the m-vector field on M dual to ¢|pr, 7 = | @ | is with respect to the Euclidean
metric g', and prpyo is the projection of R™ onto the normal bundle of M in

(R™, g).
Proof. By Proposition 3.1, we have

(v A m, dr A ¢) = (v, dr)(JT/[, ¢), where v = pryy10,.
This proves (3.2). U
Set
(3.3) b= Tﬂm /0 (O a0)dr

Proposition 3.3. v is an (m — 1)-form on R™\ {0} such that
rm

(3.4) p=d <w> .
m

Proof. Set x = 0,1¢, and w = 0,udr A ¢. Then, we have

(3.5) p=dr ANx+w.

Since 0, ux = Or_w = 0, we may regard x and w as smooth families of differential
forms on S™~!. By the definition of calibration, d¢ = 0. Therefore, we have

(3.6) dgn-1x = O,w,
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where dgn—1 is the exterior differentiation on S"~!. By (3.5) and (3.6), we have

p=d </0rxdr> =d (/OT(Brqu)dr) .

By (3.3), this proves (3.4). O

Let ¢ a parallel calibration of degree m on the Euclidean space (R", ¢’), Set
(3.7) Y =70, 09 .

Then, (3.3) holds with ¢, in place of ¢, respectively.
We shall prove a monotonicity formula with an error term. When ¢ = ¢’, it has
no error term.

Proposition 3.4. There exists Cy, , > 0 depending only on m,n such that
(3.8) |m™tdy — ™ rJdr/\gb]Cyl < Cunsup o — '],
where | ® |cy1 is with respect to the metric g’ /r2.
Proof. By (3.4) and (3.7), we have
(3.9)  m7ldy —r ™Oadr A =dr/r A (r1T 000 — riT 000 + 1) — ).
By (3.3) and (3.7), we have
117" 0 afp — 117" 0r s |yt < esuple — ],
[ — ' |ey1 < csup ¢ — ¢
for some ¢ > 0 depending only on m,n. Therefore, by (3.9), we have (3.8). O

We shall prove a proposition which we use in the proof of Lemma 3.6 below. We
also use it in the key step to proof of the main result of this paper.

Proposition 3.5. Let M be a ¢-submanifold of (R™, g), and suppose M is a closed
subset of (a,b) x S, where (a,b) x S"~! is embedded into R™ by (r,y) — ry.

There exist €m n, Cy, ,, > 0 depending only on m,n such that if

b
(3.10) (1+mlog—) sup |¢—¢| < emm, sup  |g—4g'| <1,

a’ (ab)xSn—1 (a,b)xSn—1
2 ! b

Vol(M,g/r*) < C,, log — limsup (]

(311) r—b Mn{r}xSn—1

+ C’;,w(l + mlog a)/ Ipryas 0 * dVol(M, g/r?).
M

then we have

Proof. By (3.4), we have
Vol(M, g/r?) / o/r™ / (dr/ry AN +m™ / dy.
By (3.8), we have

m_l/ dng/ Ipryare0p* dVol(M, g/r?) + Cppmsup |¢ — ¢'| VOl(M, ¢’ /7?).
M M
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By (3.8) and (3.2), we have

/ (dr/ry Ny < logé lim sup
M a

r—b

[ i
Mn{r}xsn—1 MnN([a,r]xS"»—1)

e
Mn{r}xSn—1

b
+ mConplog —sup |¢ — ¢/| Vol(, g /).

b
< mlog — lim sup
r—b

+ / |proassOr? dVol(M, g /r?)
M

Thus, we have
Vol(M, g/r?)

b ..
< mlog - lim S;lp
r—

b
/ |+ (1 + mlog 2) / [Prpag &, AVOI(M, g/12)
Mn{r}xsn—1 a Jm

+ Cpn(1+mlog g) sup | — ¢'| Vol(M, g’ /72).
By (3.10), we have
Crmon(1+ mlog S) sup |¢ — ¢'| Vol(M, ¢’ /r*) < (1/2) Vol(M, g/7?).
Thus, we have (3.11). O

We shall prove a lemma which we use in the key step to the proof of the main
result of this paper. It is similar to a lemma of Simon [13, Lemma 3, p561]. We
however use the monotonicity formula for ¢-submanifolds of annuli.

Lemma 3.6. Let ¢' be a parallel calibration of degree m on the Euclidean space
(R™, "), and let ' be as in (3.7). Let X be a compact ' -submanifold of S"~'. Let
€>0,and 0 < A< X' < X < 1. Then, there exists § > 0 such that if:
(P1) g is a Riemannian metric on B"(1) with |g—g'l|c1(n 1)) < 9, where ||o| 1
is with respect to ¢', and B™(1) is the unit ball of (R™,g");
(P2) ¢ is a calibration on (B"(1), g) with suppn(yy|¢ —¢'| < &, where | o] is with
respect to g', and B™(1) is the unit ball of (R™, ¢");
(P3) M is a ¢-submanifold of (R™,g), and M is a closed subset of (A, 1) x S*~1,
where (X, 1) x S~ is embedded into R™ by (r,y) v ry;
(P4) there exists a normal vector field v on (N, 1) x X in (X, 1) x S*~1, ¢'/r?)
such that

M O((N,1) x §"71) = Gept(v) with [[v]lr <6
in the notation of Section 2;
(P5) fM |prTMJ-8r|2dV01(M7g/r2) S 5;

then there exists a normal vector field v' on (A, 1) x S~ 1 in (A, 1) x S"~1 ¢'/r?)
such that
M = G (V') with HV/|()\//’)\/)><S7171||Cl,}/2 <k,

where Ciy’}/Q is the Hélder space with respect to the metric g’ /r? on (X, 1) x S*~1.

Proof. Suppose there does not exist such §. Then, for every j = 2,3.4,..., there
exist g;, ¢;, M; such that (P1), (P2), (P3), (P4) and (P5) hold with § = 1/j, and
the following holds:
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(P6) there does not exist any normal vector field v; on (A", X") x X in ((A”, \") x
S7=1 ¢'/r?) such that

Mj = chl(V;) with ||V§||Cl’}/2 <e
cy.

By (P1), (P2) and (P3), we may apply Proposition 3.5. Therefore, by (3.11), (P4)
and (P5), we have
(3.12) sup  Vol(M;, g;/r?) < oc.
§=2,34,...
Therefore, by (P1), we have
sup  Vol(Mj,q') < cc.
§=2,34,...
By (P1) and (P3), we have

(3.13) jli>n010 (the mean curvature of M; in (A, 1) x $"7',¢")) =0

in the C°-topology. Thus, by Allard’s compactness theorem [1, Theorem 5.6], there
exists a subsequence Mj, converging as varifolds to some rectifiable varifold M
in (\,1) x 8" 1 ¢").

Let ||[My|| be the Radon measure on ((\,1) x S"~1 ¢') induced by M. We
shall prove

(3.14) a™ | Mo ||(a™ E) = | Mu || (E)

for every a > 0, E C (\,1) x S~ with aE C (A, 1) x S"~1. It suffices to prove
d

(3.15) —am/ f(ar)hd|| M| =0
da (A 1)xSn—1

for every smooth functions h : S"7! — [0,00) and f : (A\,1) — [0,00) with
a(suppf) C (A, 1). By (3.8), (P2), (P5) and (3.12), we have

lim [ di; — 0,

j—o0 M;

where 1; is as in (3.3) with ¢; in place of ¢. Therefore, by (P3) and (3.4), we have

d r’
the left-hand side of (3.15) = — lim a™ flar)hd(—1;,
315) = g Jim o™ [ stara i)
=i [ e )T b,
lim a™? i((m")mf(ar))d'r A hap;
k—o0 M, dr Tk
= lim —/ a~(ar)™ f(ar)dh A ;.
k—o0 M.

J

Therefore, by (3.7), (P2) and (3.12), we have

k— o0

the left-hand side of (3.15) = lim 7/ a " (ar)™ f(ar)r' =0, s(dh A ¢, ).

By Proposition 3.1, we have

/ r= "0 a(dh A ¢4, ) = / (prTMjL Or, dh) dVol(M;, , gj, /r).
M. k

Jk Mj k
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This converges to 0 by (P5) and (3.12). Thus, we have (3.15). This proves (3.14).
By (P4), the restriction of My, to (N, 1) xS" 1 is equal to (X', 1) x X as varifolds
n ((V,1) x S*71, ¢'). Therefore, by (3.14), we have

My = (A1) x X as varifolds in (A, 1) x S"~*, /).

Therefore, M, converges to (A, 1) x X as varifolds in ((\,1) x S"71, ¢'). Therefore,
by (3.13) and Allard’s regularity theorem [1, Theorem 8.19], Mj, converges to
(A, 1) x X in the local C*'/2-topology in (A, 1) x S"~!. This contradicts (P6),
which completes the proof of Lemma 3.6. O

4. A-PRIORI ESTIMATE

In this section we prove an a-priori estimate similar to that of Simon [13] for an
evolution equation (4.5) below.

Let X be a compact smooth Riemannian manifold, V' a smooth real vector bundle
on X with a fibre metric and a metric connection. Let C2° be the space of smooth
sections of V. — X. Let E: C3° — R satisfy

(4.1) Ev :/ F(z,v,D,v)dx
p's

for every v € C2°, where D,v is the covariant derivative of v, and F' = F(z,v,p) is
a R-valued smooth function of x € X, v € V|,, p € Tx X ®V|,. Suppose F satisfies
the following conditions:
(C1) (v,p) = F(x,v,p) is a real-analytic function on the vector space V|, &
(TrX ®V|,) for every x € X;
(C2) there exists ¢ > 0 such that for every z € X, € TF X, v € V|,

2
dh?

y (C1), one can use the Lojasiewicz estimate [11]. This is important in the proof
of a result of Simon; for the statement, see Proposition 4.1 below. (C2) is called the
Legendre-Hadamard condition. Let —grad E : C3° — C2° be the Euler-Lagrange
operator of F, i.e.,

F(x,0,h? §®v) - > clé?|v)?.

(grad E(v),0"),, = dihE(v + ')

h=0

for every v,v’ € Cg°, where
(4.2) (", v") 2 :/ (V" (), (z))da;
X

here (v”(z),v'(x)) is the inner product on the fibre V|, at = € X. Suppose
(4.3) grad E(0) = 0, where 0 € C2°.

Let tg < teo. Let CF%(to,ta0) be the space of all smooth sections u = u(t, z) with

u(t,z) € V|, for every (¢,z) € (tg,t00) X X. Let C’k H(to, too) be the Holder spaces
with respect to the product metric on (tp,ts0) X X. Set u(t) = u(t,e) € C° for
every u = u(t,x) € O (to, too)-

We shall state a result of Simon which we use in the proof of Lemma 4.3 below.
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Proposition 4.1 (Simon [13, Lemma 1, p542]). There exist dg,8 > 0 depending
only on X, V., E such that if to < t3 <ty < too,u € Cp5(to,te0), 6 > 0 and if

lull 217244 1,y < 0,

(4.4) sup  (E(0) — E(u(t))) <4,

te[tg,t4]
l0vu(t) + grad E(u(t)) |12 < (3/9)|0u(t)|z Jor every t € [ts, L],

then we have

| low(®llzde < (1/0)(|E(utt) - EO) + 8°).

t3

Here, || o|| 2 is with respect to (4.2).
Consider u = u(t, z) € O, (to, t) satisfying

(4.5) 0?u — Oyu — grad E(u) + R(u, dyu, 07u) = f
as in Simon [13], where f € O, (to, o) satisfies
(4.6) 10F F(t)llcz < Cpe 210 for every t € (to, tac), k = 0,1,2

for some Cy > 0, and R : C° x CF° x Cg° — C° satisfies
R(v, oM, 0@ =A(z, v, Dyv, vV - D20 @ oV

(4.7) + Z Bkl(x,v,Dwv,v(l)) . Div(k)
(k,1)=(0,1),(1,1),(0,2)

for every v, v, v(®) € C° where A = A(z,v,p,q), Bx = Bri(x,v,p,q) are smooth

functions of x € X, v € V|, p € Td¥X @ Vg, ¢ € V|, with A(z,v,p,q) €

Hom(®*T:X @ V|, @ Vs, Vo), Bu(z,v,p,9) € Hom(®' T X @ V|,,V|,) and

Byi(2,0,0,0) = 0 for every z € X, (k,1) = (1,0),(1,1),(2,0). Then, for every

C% > 0, there exists d4 = 04(X,V, E, R,C%) > 0 such that if ||U||Cl 1/2 < Oy,

then we have
(4.8)  |R(u(t), dru(t), 0fu(t))] < Co(|0vu(t)] + |Dydyu(t)| + 07 u(t)]).
Let H : C2* — C2° be the linearized operator of grad E at 0 € C2°. Then, (4.5) is

of the form

(4.9) O*u — Oyu — Hu = Z agi(z,u, Dyu, Opu) - Di@fu + f,
0<k+1<2

(t0,too)

where ay; = ag(z,u,p,q) are smooth functions of z € X, v € V|, p € T* X Q V|,
q € V|, with ag;(z,v,p,q) € Hom(®l T:*X @V]|z,Vls), ari(z,0,0,0) = 0 for every
x € X,0 < k+1 < 2. Therefore, there exists do = §3(X,V, E, R) > 0 such that if
u € OF, (to, too) With Hu”ojj”’(t o) S < 62, then we have

(4.10) max_|lag(z, u, Dyu, Opu)|| j0.1/2

< éy,
0<k+1<2

(to,teo)

where 67 = §;(X,V,E) > 0 is given below. By the Legendre-Hadamard condi-
tion (C2), 87 — &; — H is elliptic on CP% (to, o). Therefore, there exists §; =
91(X,V,E) > 0 such that if T' > 0, if w ge 0o.(=T/3,T/3) and if

(4.11) Ofw—0w—Hw= > bu(tz) Diofw+g
0<k+I1<2
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with maxg<g+1<2 kul||C$,’i/2(—T/3,T/3) < é1, then we have

(4.12) lwll g2z s 75y < Crllwllez  (—r/azsay + Cillgllcoare g pampay

for some Cy = C1(X,V,E;T) > 0; here L7 ,(t',¢") is with respect to the product
metric on (¢, ") x X. (4.12) is a Schauder estimate for elliptic systems; see Douglis—
Nirenberg [3] and Morrey [12].

We shall state a proposition which we use in the proof of Lemma 4.3 below. One
can prove it in the same way as a result of Simon; see [13, Lemma 2, p549] or [14,
Lemma 3.3, Part II].

Proposition 4.2. There exist h,T5,d3 > 0 depending only on X, V, E such that
if T > T3, if w,g € C75(0,37) satisfy (4.11) with ||brillco 0,37y < 03, and if

HQHL%@(O,:;T) < 531/3”w||Lf,w(T,2T) with ”wHLf,w(O,?,T) < 00,
then we have

lwlizz  or,3m) < eihTHw”Lf’m(TQT) = lwllzz, (72m) < eihT”wHL%,m(O,T)a

lwllzz  (r2m) = €hT||wHL$,w(o,T) = wllz ,2rar) = ehTHwHng(T,zT),

lwlizz rory = e " wliz or) and |wllz orsry < lwliz o
= lw®)llrz < (3/2)[[w()||z2 for every t,t" € (T, 2T)
and [|Oyw(t)||z < (1/2)||w(t)||12 for every t € (T, 2T).
We shall prove a lemma which we use in the key step to the main result of this
paper. It is similar to a result of Simon [13, Theorem 1, p534]. Simon’s result is

an a-priori estimate on (0, 00) x X. We however consider (g, to) X X with (tg, tso)
bounded. We prove the lemma for completeness.

Lemma 4.3. Let X,V,E,R be as above. Let tg < to, and f € C5(to,too)
with (4.6) for some Cy > 0. Then, there exist 0,6,,C, > 0 depending only on
X,V,E,R,Cy such that if t. € (to,ts), if u € Cf5,(to, t«) satisfies (4.5) and if

(4.13) IluHCtly‘;/z(to,t*) S 5*:

(4.14) limsup [lu(t)||rz <6,
t—to

(4.15) sup (E(0) - B(u(t)) <5,

tE(tmt*)

(4.16) 10vull 2 (to.z.) < VO

for some 0 < 6 < min{1,d.}, then we have

(4.17) sup u(t)||z2 < C.6°.
te(to,tx) ’

Proof. By (4.14), it suffices to prove

tx
(4.18) / 10u(t)|| 2 dt < C.8°.

to

By the Schwartz inequality and (4.16), for every (¢',t"”) C (to, ), we have

t”
(4.19) / |0cu(t) || 2 dt < VI — [0l 2oy < /7 —1)8.
t '
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Let T > 0 be a sufficiently large constant; in the proof of Lemma 4.3 a constant
means a real number depending only on X,V,E, R,Cy. If t, —ty < 8T, then by
(4.19), we have (4.18); we may therefore assume t,—ty > 8T. Choose t1,ts € (to, )
sothat T <ty —tg <2T,T < t,—tg < 2T and tg —t; = jT for some integer j > 4.
Then, by (4.19), we have

t1 T
(4.20) [ 1oz, < VA5, [ @z, < VTS
to te :

By (4.13), u satisfies (4.9) with (4.10). Therefore, u satisfies the Schauder esti-
mate (4.12). Therefore, by (4.13) and (4.6), we have

HuHCf‘l/z(tl,tﬁ) < C{(S* + CY@‘QT

for some constants C], C{ > 0. We may therefore assume that

(4.21) ”u||Cf,’i/2(t1,t6) is sufficiently small.

Differentiating (4.5) with respect to ¢ and using (4.21), we have:

(4.22)  w = 0Opu,g = 0, f satisty (4.11) with [|bx|;01/2 sufficiently small.

(t1,t6)

We may therefore apply Proposition 4.2 to d,u repeatedly on (1, tg) since tg —t1 >
4T is assumed to be sufficiently large. Therefore, there exist constants h,d3,c3 > 0
and integers i1,io with 1 <47 < iy < j — 1 such that: if 1 < 47, then we have

either [|Osullrz (¢, ity +i+1)1) < eth||3tu||L‘;‘J(t1+(z‘—1)T,t1+iT)

(4.23) o

or 631/3H6tu||Lf’I(t1+iT,t1+(i+1)T) < ||Cpe2 tO)HLf,I(tlJr(ifl)T,oo)
for every i € {1,...,4; — 1}; if 41 < ig, then we have
(4.24) cse 20710 < [ Qpu(t) |12 < (3/2))10¢ult))] 2

for every ¢,t' € (t1 + 41T, t1 + i2T) with |t/ — ¢| < T and we have
(4.25) 107 u(®)]|z2 < (1/2)]10pu(t)]] 2

for every t € (t1 + 41T, t1 +i2T); if ia < j — 1, then we have

hT|

(4.26) HatuHLf’z(t1+(i—1)T,t1+iT) Se |6tu||Lf,z(t1+iT7t1+(i+1)T)

for every i € {is +1,...,5 — 1}. Set t5 = t; +i2T. Then, by (4.26) and (4.19), we
have

te J
(4.27) /t 0pu(t)| L2 dt < Z \/fHatUHL%)w(t1+iT,t1+(i+1)T)
. 5

<VT(1 —e ") 1V3.

In a similar way, by (4.23), there exists a constant Cr > 0 such that

to
(4.28) /|@mm@wsamwi

t1
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If i1 = i2, then by (4.20) and (4.28), we have (4.18); we may therefore assume
i1 < ig. Set tg =ty +T/3, t4y = t5 — T/3. Then, by (4.19), we have

(4.29) /W@wmmﬁs\mmm&[swmmmgns¢@mm

ta
t3+T/4

(4.30) / |owu(t)||2dt < /(TT/12)6.
to

By (4.22), we may apply the Schauder estimate (4.12) to w = Qu,g = 0O.f.
Therefore, by (4.6) and (4.24), there exists a constant Cy > 0 such that for every
t € [t3, ta], we have

(4.31) | D2 0pu(t)| 2 < CofOpu(t)]| Lz
By (4.21), u satisfies (4.5) with R satisfying (4.8). Therefore, by (4.25) and (4.31),

for every t € [ts,t4], we have
10vu(t) + grad B (u(t)) |2 = 107u(t) + Rllzz < (3/4)0u(t)l|z2-

Therefore, by (4.21) and (4.15), we have (4.4). Therefore, by Proposition 4.1, we
have

ta 0

(4.32) / [0pu(t) || L2dt < (4/6) (‘E(u(tg)) — E(o)‘ +59>
t3

for some constant § > 0. Since E satisfies (4.1) with (4.3) and u satisfies the

Schauder estimate (4.12), there exist constants C4, C5 > 0 such that

| E(u(ts)) — E(0)] < C3lu(ts) ]2,

2
(4.33) a(ts—to)
< Gy sup  fu(t)pz +e 2B )
te( )

ts—T/4,t5+T/4)

By (4.14), (4.20), (4.28) and (4.30), there exists a constant Cy > 0 such that

t3+T/4
swp fult)lz < twsuwpult)lz + [ (9t < GV
te(tz—T/4,t3+T/4) ! t—to to f

By (4.24) and (4.19), there exists a constant Cs > 0 such that
672(t37t0) < 05\/3.

Thus, (4.33) is bounded by Cgd? for some constant Cg > 0. Therefore, (4.32) is
bounded by C6? for some constant C7 > 0. Therefore, by (4.20), (4.27), (4.28)
and (4.29), we have (4.18). This completes the proof of Lemma 4.3. O

5. COMPLETION OF THE PROOF

In this section we complete the proof of the main result of this paper.
We shall first prove Theorem 2.2.

Proof of Theorem 2.2. Let ¢’ be a parallel calibration of degree m on the Euclidean
space (R™,¢’), and let ¢’ be as in (2.1) in Section 2, or equivalently as in (3.7) in
Section 3. Let X be a compact 1/’-submanifold of S~ !. Let 0 < I < 1. Suppose:
(S0) € > 0 is sufficiently small;
(S].) 0<ag<by<ay<by, a()/bo = al/bl =1
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(S2) g is a Riemannian metric on B"(by) with

lg—9'llcr <ellg—dlle= <1
with respect to ¢’, and B™(by) is the ball of radius b; centered at 0 in
(R™,9");
(S3) ¢ is a calibration of degree m on (B™(b1), g) with

b
(141log=L) sup |¢p—¢'| <e
ap Bn’(bl)

where | | is with respect to ¢g’, and B™(b;) is the ball of radius b; centered
at 0 in (R™,¢);

(S4) M is a ¢-submanifold of (R", g), and M is a closed subset of (ag, by) x S™ 71,
where (ag,b;) x S"~! is embedded into R™ by (r,y) — ry;

(S5) there exists a normal vector field v; on (a;,b;) x X in ((a;, b;) x S*~1,¢),
where ¢ = 0, 1, such that

M 0 ((ai,b) x S*71) = Geyi(vi) with ||V2'||C'jyl <e

in the notation of Section 2.
Let 4 be as in (3.3) in Section 3. Then, by (S3) and (S5), we have

/ b — Vol(X)| < Ce
Mn{r}xsnr—1

for some constant C' > 0; in the proof of Theorem 2.2 a constant means a real
number depending only on I, m,n, X and ¢'.
By Proposition 3.4, the Stokes Theorem and (5.1), we have

(5.1) sup

r€(ao,bo)U(a1,b1)

(5.2) / Iprrare Op? dVol(M, g/r?) < (2C/m)e + Cyypnsup |¢ — ¢'| Vol(M, g’ /1?).
M
Therefore, by Proposition 3.5 and (5.1), we have

b b
Vol(M, ¢’ /r?) < C'log —al +C'(1+mlog —al ) (e + sup | — ¢'| Vol(M, g’/r2))
0 0

for some constant C’ > 0. Therefore, by (S3), we have
(5.3) Vol(M, g’ /r?) < C” logZ—;

for some constant C” > 0. Therefore, by (5.2), we have
(5.4) /M |pryasedr? dVol(M, g/r?) < C"e

for some constant C"/ > 0. Choose a constant €, > 0 so that if I is an open

interval of (0, 00), and if v is a normal vector field on I x X in (I x S"~! ¢’) with

[“llco < €, then Gey(v) is contained in a tubular neighbourhood of I x X in
cy

(I x S"1 ¢’). Here, Geyi(v) is as in Section 2. If €, is sufficiently small, then we
have

‘7‘87"(’//7"”2 < 2|PTTML67~|2’
as in [13, (7.13), p561] or [14, 3.2, Part I]. Therefore, by (5.4), we have

(5.5) / 110, (/1) 2 AVOL(M, g/r2) < 2C""e.
MnN(IxSn—1)
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Choose 0 < A < X < X < 1sothat IN < A< XN <1< XN. By (54), we may
apply Lemma 3.6 to M N ((Aby, b)) x S"~1. Therefore, there exists a normal vector
field v on (Aby,by) x X in ((Aby,b1) x S"~1 ¢'/r?) such that

(5.6) M 0 ((Ab1,b1) x S™71) = Gey(v) with ||V|(A~b1,/\'b1)xxchﬁ/z < 6.

Let S, be the set of all b, € [Nag/A, a1) such that there exists a normal vector field
von (by,a1) x X in ((bs,a1) x S*1, ¢’ /r?) such that

(5.7) M N ((bay b1) X S"71) = Geyi(v) with 1¥]bssan)x x [l 12 < €

S, is non-empty since A"y € S, by (5.6).

Proposition 5.1. Suppose b, € S, N [Aao/N,b1), and let v be as in (5.7). Then,
there exist constants c1g, C10 > 0 such that

llv oL, = Croe™®.

(berbr)x X |

Proof. By Proposition 2.1, X is a minimal submanifold of S"~!. By (S4), M is a
minimal submanifold of ((ag,b1) x S"~1, g) with ||g — ¢'|lc2(B@,)) < 1 as in (S2).
Set

u(t,z) = e/™v(e ™z, tg = —mloghy, t, = —mlogh,.
Then, by a result of Simon [14, Remark 3.3, Part I], u satisfies (4.5) for some E, R, f
depending only on m,n, X. We shall apply Lemma 4.3 to u. By (5.7), we have

(5.8) ||V|(b*,a1)><X||ci§}/2 = ||U\\cgyv;/2(_mloga1,t*) < s

Therefore, we have (4.13). By (S5), we have (4.14). By (5.5), (5.8) and (S2), there
exists a constant Cy7 > 0 such that

10wull?2 (4o vy = [r0, (v /7)|2dr /7 dVol(X) < Chye.
faltot) T i, byxx

Therefore, we have (4.16). It suffices therefore to prove (4.15). In a way similar to
(5.1), by (5.7), we have

sup  Vol(X) — Vol (M N {b} x 5", ¢/ /7?)
be (by,b1)

< sup / P — / P + Cha€
bE(ba,b1),b'E(a1,b1) J MN{b } x Sn—1 MN{b}xSn—1

for some constant C12 > 0. By Proposition 3.4, (5.4), (5.3) and (S3), we have

sup / P — / 1 < Cize
be(by,b1),b’€(ar,b1) J MN{b'} x Sn—1 Mn{b}xSn—1

for some constant C3 > 0. Thus, there exists a constant C14 > 0 such that
sup  Vol(X) — Vol (M N {b} x 5" ', ¢ /r?) < Ciae.
be(by,b1)

Therefore, we have (4.15). We may now apply Lemma 4.3 to u. Therefore, as in
(4.17), we have

sup |lufgz < Ci5e™?
tE(to,ts) -

for some constants c¢15,C15 > 0. Therefore, by interpolation and (5.8), we have

HV|(b*,a1)XXHC§y1 = Hu”Ctle(—mlogal,t*) S C’106610
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for some constants C'g, c19 > 0. By (S5), this proves Proposition 5.1. O

Suppose b, € S.. Then, by Proposition 5.1, we may apply Lemma 3.6 to M N
((Abs /N b /N) x 8*~1). Therefore, \"b, /N € S,. Therefore, b, is an interior point
in S.. S, is thus an open subset of [N ag/\, a1).

By definition, S, is a closed subset of [Nag/A,a1). Si is thus a non-empty open
closed subset of [Nag/A, ar). Therefore, S, = [Nag/\, a1). Therefore, N'ag/\ € S..
Therefore, by (5.7) and Proposition 5.1, we have

M N ((Nag/Ab1) x 8" 1) = Geyi(v) with [Vl (xvao/n by xxller, < Croe™.
Therefore, by (S5), we have (2.3). This completes the proof of Theorem 2.2. O
We shall prove the main result of this paper.

Proof of Theorem 1.1. Let W be a Calabi-Yau manifold of complex dimension m
with Ké&hler metric g, and f; : (U,ws) — (C™,w’) a smooth family of Darboux
charts centered at p as in Section 1. Choose a normal chart f’: U — C™ centered
at p in (W, g) with df’ = dfs at p. For every s > 0 sufficiently small, choose
ap, bo, ap, b1 so that

(ag,bo) x S*™~1 C f'(B(as) \ B(as/2)), (a1,b1) x S*™~1 C f'(B(2bs) \ B(bs)),
where (a,b) x S?™~! are embedded into C™ by (r,y) + ry. Suppose there exists a

compact special Lagrangian submanifold M, satisfying (B1) and (B2) in Section 1.
Set

(5.9) M = f'(M;nU) N ((ag, by) x S2™1).

We shall prove (A1), (A2), (A3), (A4) and (A5) of Theorem 2.2. It is easy to see
(A1) and (A4). We have (A2) since f’ is a normal chart. We have (A3) since
as = O(s),bs = O(s”) by assumption. It suffices therefore to prove (A5). Let K
be a Lawlor neck as in Section 1. As in Butscher [2, Theorem 6], K satisfies:

[ o £ (sK) N ((ag, bo) x S™~1) is sufficiently close to (ag, by) x X

in the Cclyl—topology whenever s > 0 is sufficiently small and R is sufficiently large.

Here, ngl is as in Section 2. Since M; satisfies (B1) as in Section 1, we have:

[ o f7HsK) N ((ag, bo) x S*™~1) is sufficiently close to M N ((ag, by) x S?™1)
in the C’Clyl-topology whenever s > 0 is sufficiently small. Thus, we have:
(5.10) M N ((ag, bo) x S*™~1) is sufficiently close to (ag, bg) x X
in the C’Clyl
(5.11) M N ((a1,b1) x S*™~1) is sufficiently close to (a1,b1) x X

-topology. Since M satisfies (B2) as in Section 1, we have:

in the Cclyl—topology whenever s > 0 is sufficiently small. By (5.10) and (5.11),
we have (A5). We may now apply Theorem 2.2 to M. Therefore, as in (2.3), M
is the graph of some normal vector field on (ag,b1) x X in (ag,b1) x S?*™~1 with
Cgy-norm converging to 0 as s — +0.

By using a partition of unity, choose a compact Lagrangian submanifold N of

(W, ws) such that
N,N B(as) = f; ' (sK) N B(as), N, \ B(bs) = Fy(L1 U Ly),

S
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and f'(Ns NU) N ((ag,by) x S?™~1) is sufficiently close to (ag,b;) x X in the
C’(}yl—topology whenever s > 0 is sufficiently small; see Y. Lee [10, 3. Approximate
submanifolds] or Joyce [7, Definition 6.2]. Then, for every s > 0 sufficiently small,
there exists ¢y € (ag, bo) such that MN((bo, a1 )x S*™~1) is contained in the graph of
some normal vector field on f/(N,NU)N(co,a1) x S?™ L in ((co,ar) x S, flgs)
with Cl-norm converging to 0 as s — +0. Therefore, since M; satisfies (B1) and
(B2) as in Section 1, Mj is the graph of some normal vector field = on Ny in (W, g5)
whenever s > 0 is sufficiently small.

T_ws is a 1-form on M since M, is Lagrangian with respect to ws. Since K is
diffeomorphic to R x S™~! with m > 2, the restriction of x.ws to M, N B(ay) is
an exact 1-form. By assumption, the restriction of z_ws to M \ B(bs) is an exact
1-form; see (B2) in Section 1. By assumption, Fs(L1) \ B(bs) and Fs(Ls) \ B(bs)
do not intersect. Thus, ziws; = dh for some smooth function h : Ny, — R.

My is thus the graph of dh on N;. In the same way, if M. is another special
Lagrangian submanifold as in Theorem 1.1, M! is the graph of dh’ on N for some
smooth function b’ : Ny — R. Therefore, M/ is a time-independent Hamiltonian
deformation of M. Therefore, by a result of Thomas and Yau [15, Lemma 4.2],
M! = M,. This completes the proof of Theorem 1.1, the main result of this
paper. O
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