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1 Introduction

Before considering gauge groups, let us recall classical results on decompositions of Lie groups.

By the theorem of Hopf, for a connected, finite Hopf space X, there is a rational homotopy

equivalence

X !(0) S2n1+1 × · · · × S2nl+1,

where n1 ≤ · · · ≤ nl. We call the increasing sequence {n1, . . . , nl} the type of X. We give a list

of the types of compact, simple Lie groups.

Table 1: Types of simple Lie groups

SU(n) 1, 2, . . . , n − 1

Sp(n) 1, 3, . . . , 2n − 1

Spin(2n) 1, 3, . . . , 2n − 3, n − 1

Spin(2n + 1) 1, 3, . . . , 2n − 1

G2 1, 5

F4 1, 5, 7, 11

E6 1, 4, 5, 7, 8, 11

E7 1, 5, 7, 9, 11, 13, 17

E8 1, 7, 11, 13, 17, 19, 23, 29

Let G be a connected Lie group of type {n1, . . . , nl}. Generalizing the above theorem of

Hopf, Serre [S] proved that if G is simply connected and an odd prime p satisfies p ≥ nl, then

there is a p-local homotopy equivalence:

G !(p) S2n1+1 × · · · × S2nl+1

In this case, G is called p-regular. Later, this result is generalized to simply connected, finite

Hopf spaces. In the special case that G admits an automorphism α satisfying αq = 1 for

some positive integer q, Harris [Ha] showed that G decomposes into the product of the fixed
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point subgroup H of α and G/H if we invert q. More generally, Mimura, Nishida and Toda

[MNT] gave a mod p decomposition of G by constructing direct factors explicitly when G

has no p-torsion in homology. Later, Wilkerson [Wi] gave a unified simple proof for all of

the above decompositions. The mod p decompositions of Lie groups are stated as follows. For

i = 1, . . . , p−1, let Ti(G) be the set of all entries n in the type of G such that n ≡ i mod (p−1).

Theorem 1.1 (Mimura, Nishida and Toda [MNT], Wilkerson [Wi]). Let G be a compact,

connected, semi-simple Lie group such that H∗(G;Z) is p-torsion free. Then there exist spaces

Bk for k = 1, . . . , p − 1 and a p-local homotopy equivalence

G !(p)

p−1∏

k=1

Bk,

where Bk is of type Tk(G).

For convenience, we will often assume the spaces Bk and the sets Ti(G) are indexed by

Z/(p−1). We refer to [MNT] for more detailed description of Bk. For the mod p decompositions

of non-simply connected Lie groups, see [KK1].

Now we consider gauge groups. Let G be a topological group, and let P be a principal

G-bundle over K. The gauge group of P , denoted by G(P ), is the group of automorphisms of

P . The homotopy types of gauge groups have been extensively studied, especially when G is a

low rank Lie group. One naively thinks that G(P ) inherits some structures of G. For example,

the higher homotopy commutativity of G yields a splitting of G(P ) as in [KK4]. Then one

may expect that the mod p decomposition of G induces that of G(P ). Recently, Theriault [Th]

obtained the gauge group analog of Serre’s mod p decomposition when K = S4. He also got

the gauge group analog of Mimura, Nishida and Toda’s decomposition when G is the low rank

classical group and K = S4. By a different approach, the authors [KK3] also got the mod p

decomposition of G(EG|BH) when G has the mod p decomposition of Harris [Ha], where H is

the fixed point subgroup as above and EG|BH means the universal G-bundle pulled back to

BH.

The aim of this article is to prove the following theorems which unifies all of the above mod

p decompositions of gauge groups G(P ) when the base space of P is a certain sphere including

S4. We also give an example of P such that the adjoint bundle of P is indecomposable but not

G(P ), which has been a folklore for a long time.

Theorem 1.2. Let G be a compact, connected, semi-simple Lie group such that H∗(G;Z) is

p-torsion free. Let n be an entry of the type of G, and let α ∈ π2n+1(G). Then for a principal

G-bundle P over S2n+2 classified by α, we have a p-local homotopy equivalence

G(P ) !(p)

p−1∏

k=1

Xk,

2



such that there is a homotopy fiber sequence

Ω2n+2
0 Bk+n+1 → Xk → Bk,

where Bk is as in Theorem 1.1.

Theorem 1.3. Let G,α,Bk and Xk be as in Theorem 1.2. If the p-localization of the adjoint

of the Samelson product 〈α, 1G〉, say δ : G → Ω2n+1
0 G, is a Hopf map, then Xk is the homotopy

fiber of the composite

Bk
incl−−→ G(p)

δ−→ Ω2n+1
0 G(p)

proj−−→ Ω2n+1
0 Bk+n+1.

Remark 1.1. By an analogous manner using the result of [KK1], we can get similar decom-

positions of G(P ) when G is a non-simply connected semi-simple Lie group whose univer-

sal cover has no p-torsion in homology. We can also get the decompositions of G(P ) for

(G, p) = (E6, 3), (E8, 5)

2 Decomposing gauge groups

Let us recall basic facts on homotopy colimits. If each Xi is cofibrant in a diagram of spaces Xi,

then so is also hocolim Xi [Hi]. In particular, if each Xi is a CW-complex, then hocolim Xi has

the homotopy type of a CW-complex. We will use this fact implicitly. The following classical

lemma is the key of our decomposition.

Lemma 2.1 (Farjoun [D-F]). Suppose that each Bn is path-connected in a tower of homotopy

fiber sequences:

F0
!!

""

F1
!!

""

F2
!!

""

· · ·

E0
!!

""

E1
!!

""

E2
!!

""

· · ·

B0
!! B1

!! B2
!! · · ·

Then

hocolim Fn → hocolim En → hocolim Bn

is a homotopy fiber sequence.

Note that filtered homotopy colimits commute with homotopy pullbacks. Then, in particu-

lar, we get:
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Lemma 2.2. For a tower of pointed maps X0 → X1 → X2 → · · · , the natural map

hocolimΩXn → Ω(hocolim Xn)

is a weak equivalence.

Hereafter, we will localize all spaces and maps at the odd prime p.

Let us recall and modify Wilkerson’s proof [Wi] of Theorem 1.1. Let G be a compact,

connected, semi-simple Lie group such that H∗(G;Z) is p-torsion free. Since H∗(G;Z) is p-

torsion free, we have

H∗(G;Z(p)) = Λ(x2n1+1, . . . , x2nl+1), |xi| = i,

where {n1, . . . , nl} is the type of G and each xi is universally transgressive. For an integer q

with (p, q) = 1, there is the unstable Adams operation φq : BG → BG satisfying (φq)∗(y) = qny

for any y ∈ H2n(BG). Then since xi are universally transgressive, we have

(Ωφq)∗(x2ni+1) = qni+1x2ni+1.

Let u be an integer whose mod p reduction is the primitive (p − 1)st root of unity in Z/p. We

define a map f(n, k) : G → G by

f(n, k) = uk ◦ Ωφu − uk+n+1,

where r : ΩX → ΩX stands for the rth power map and the sum is taken by the multiplication

of G. Then we have

f(n, k)∗(x2ni+1) = (uk+ni+1 − uk+n+1)x2ni+1. (2.1)

For i = 1, . . . , p−1, let Si be an arbitrary set of positive integers such that Tj(G) ⊂ Si for j -= i

and that each n ∈ Si satisfies n -≡ i mod (p − 1). We define a map F (i, k) : G → G to be the

composite of all f(n, k) with n ∈ Si. For a self-map g : X → X, we denote the homotopy colimit

of the diagram X
g−→ X

g−→ X → · · · by hocolim g. Put B(i, k) = hocolim F (i, k). Clearly, we

have B(i, k) ! B(i − k, 0), and then the choice of Si does not effect on the homotopy type of

B(i, k).

Recall that the Hurewicz homomorphism induces an isomorphism:

Hom(π∗(G) ⊗ Q,Q)
∼=−→ H∗(G;Q) (2.2)

Then it follows from (2.1) that the induced map F (i, k)∗ : π2n+1(G)/torsion → π2n+1(G)/torsion

is an isomorphism for n -≡ i mod (p − 1) and the zero-map for n ≡ i mod (p − 1). Thus

π∗(B(i, k)) is a finitely generated Z(p)-module for each ∗, equivalently, B(i, k) is of finite type

at the prime p.
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By (2.1), one easily sees that the tower

· · · → H∗(G;Z/p)
F (i,k)∗−−−−→ H∗(G;Z/p)

F (i,k)∗−−−−→ H∗(G;Z/p)

is Mittag-Leffler, and then H∗(B(i, k);Z/p) is isomorphic to the limit of this tower. Thus we

obtain that the natural map G →
∏p−1

i=1 B(i, k) is a mod p cohomology equivalence. Since

B(i, k) is of finite type at the prime p, the above map is a homotopy equivalence by the J.H.C.

Whitehead theorem. In the above calculation of the mod p homology, one gets that the type

of B(i, 0) is Ti(G). Therefore we have established Theorem 1.1.

Let n be an entry of the type of G. Then by looking at the decompositions of exceptional

Lie groups [MNT], we see that π2n+1(G) is p-torsion free for any G. Then the natural map

π2n+1(G) → π2n+1(G) ⊗ Q is injective, and thus by (2.2), we get:

Proposition 2.1. Let G and n be as above. Then we have (Ωφq)∗ = qn+1 : π2n+1(G) →
π2n+1(G).

Proof of Theorem 1.2. Let P be a principal G-bundle over K classified by α : K → BG. Then

by [AB], there is a natural homotopy equivalence

BG(P ) ! map(K,BG;α), (2.3)

where map(X,Y ; f) stands for the component of map(X,Y ) containing f . See [KK4] for details.

Let r : Sm → Sm be the degree r map. By Proposition 2.1, φq
∗ maps map(S2n+2, BG;α) into

map(S2n+2, BG; qnα). Then we can define a map g(i) : Ωmap(S2n+2, BG;α) → Ωmap(S2n+2, BG;α)

by

g(i) = (u−n−1)∗ ◦ (φu)∗ − u−n−1+i.

Put Si =
⋃

j $=i(Tj(G)∪{k+n+1 | k ∈ Tj−n−1(G)}). We define a map G(i) : Ωmap(S2n+2, BG;α) →
Ωmap(S2n+2, BG;α) to be the composite of all g(k) for k ∈ Si. Then we get a commutative

diagram:

Ω2n+2
0 G

""

Ω2n+2F (i,−n−1)
!! Ω2n+2

0 G

""

Ωmap(S2n+2, BG;α)
G(i)

!!

""

Ωmap(S2n+2, BG;α)

""

G
F (i,0)

!! G

Put Xi = hocolim G(i). Then it follows from the above modification of Wilkerson’s proof

together with Lemma 2.1 and Lemma 2.2 that there are homotopy fibrations Ω2n+2
0 Bk+n+1 →
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Xk → Bk satisfying a homotopy commutative diagram:

∏
k∈Z/(p−1) Ω

2n+2
0 Bk+n+1

& !!

""

Ω2n+2
0 G

""∏
k∈Z/(p−1) Xk !!

""

Ωmap(S2n+2, BG;α)

""∏
k∈Z/(p−1) Bk

& !! G

Then by (2.3), the proof of Theorem 1.2 is completed.

Proof of Theorem 1.3. By Proposition 2.1, we have

(Ωφq)∗(〈α, 1G〉) = 〈(Ωφq)∗(α),Ωφq〉 = 〈qn+1α,Ωφq〉 = 〈α, 1G〉 ◦ (qn+1 ∧ Ωφq).

Then if δ is a Hopf map, we have δ ◦ G(i) = F (0, i) ◦ δ. Since Ωmap(S2n+2, BG;α) is the

homotopy fiber of δ by [Wh], the proof is completed.

3 Investigating the factor spaces Xk

By investigating the factor spaces Xk in Theorem 1.2, we verify that our decompositions include

those of Theriault [Th].

Let G be a topological group. For α ∈ πk(G), we denote the adjoint G → Ωk
0G of the

Samelson product 〈α, 1G〉 by δα. In [Th], a sufficient condition for δα being a Hopf map was

given for k = 3. It is straightforward to generalize this result for any k as:

Theorem 3.1 (Theriault [Th]). Let (G, p) be as in the following table. Then the map δα is a

Hopf map.

G p

SU(n) (p − 1)(p − 2) + 1 ≥ n

Sp(n) (p − 1)(p − 2) ≥ 2n

Spin(2n + 1) (p − 1)(p − 2) ≥ 2n

Spin(2n) (p − 1)(p − 2) ≥ 2(n − 1)

G2, F4, E6 p ≥ 5

E7, E8 p ≥ 7

Let G be a compact, connected, simple Lie group of type {n1, . . . , nl} such that H∗(G;Z)

has no p-torsion. In particular, we have π3(G) ∼= Z. We fix a generator ε of π3(G). Let Pm

be the principal G-bundle over S4 classified by mε. We abbreviate the map δmε by δm. In
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what follows, we will deal only with gauge groups of principal bundles Pm for our purpose, but

analogous results for gauge groups of bundles over spheres satisfying the condition in Theorem

1.2 can be obtained quite similarly.

3.1 p-regular case

Let G be a compact, connected Lie group of type {n1, . . . , nl}. Suppose p ≥ nl. Then by Serre’s

result [S], Bk has the homotopy type of S2k+1 or a point. Since we localize at the odd prime p,

it follows that if a map Bk → Ω3
0Bk+2 is essential, we have k = p − 2, p − 1. Thus by Theorem

1.2, Theorem 1.3 and Theorem 3.1, we obtain:

Proposition 3.1 (Theriault [Th]). Let G be a simple Lie group of type {n1, . . . , nl}, and let

Pm be the principal G-bundle over S4 classified by mε. For p > nl + 2, we have

G(Pm) !
l∏

i=1

(S2ni−1 × Ω4
0S

2ni−1).

Remark 3.1. Our convention of the types of Lie groups differs by 1 from that of Theriault [Th].

Then the result also differs by 1.

Let us further investigate G(Pm) in the p-regular case, that is, we consider the case when

nl = p − 2, p − 1. Recall from [To] that the homotopy groups of odd spheres are given as:

π2n+1+k(S
2n+1) ∼=






Z k = 0

Z/p k = 2i(p − 1) − 1, i = 1, . . . , p − 1

Z/p k = 2i(p − 1) − 2, i = n, . . . , p − 1

0 other 1 ≤ k ≤ 2p(p − 1) − 3

(3.1)

Let λ2ni+1 denote the inclusion Bni = S2ni+1 → G. Then one can deduce from (3.1) that the

composite Bk → G
δm−→ Ω3

0G → Ω3
0Bk+2 is trivial if and only if so is the Samelson product

〈mε, λ2k+1〉 = m〈ε, λ2k+1〉.
Let us first deal with exceptional groups. For nl = p − 2, p − 1, it follows from (3.1) and

Table 1 that the only possibility for the Samelson product 〈ε, λ2k−1〉 being non-trivial is the

case nl = p − 2. On the other hand, Hamanaka and the second author [HK] showed that the

Samelson product 〈ε, λ2p−3〉 is non-trivial for nl = p − 2 and then it is of order p by 3.1. Thus

we obtain:

Proposition 3.2. Let G be a compact, exceptional simple Lie group of type {n1, . . . , nl}, and

let Pm be as above.

1. If nl = p − 1, then

G(Pm) !
l∏

i=1

(S2ni−1 × Ω4
0S

2ni−1).
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2. If nl = p − 2, then

G(Pm) ! X ×
∏

i $=l

S2ni+1 ×
∏

i$=1

Ω4
0S

2ni+1

in which X is the homotopy fiber of the map S2p−3 → Ω3
0S

3 of order p
(m,p) .

Let us next consider SU(n) for n = p − 2, p − 1. For n = p − 2, the only possible non-

trivial map Bk → Ω3
0Bk+2 occurs when k = p − 2. As above, this map corresponds to the

Samelson product m〈ε, λ2p−3〉. By a classical result of Bott [B], we see that the Samelson

product 〈ε, λ2p−3〉 is non-trivial. Thus we see that the map S2p−3 → Ω3
0S

3 is of order p
(m,p) by

3.1.

For n = p − 1, possible non-trivial maps Bk → Ω3
0Bk+2 occurs when k = p − 2, p − 1. We

can see as above that these maps are of order p
(m,p) . Summarizing, we obtain:

Proposition 3.3. Let Pm be a principal SU(n)-bundle over S4 classified by m ∈ Z ∼= π3(SU(n)).

1. If n = p − 2,

G(Pm) ! X ×
p−3∏

i=1

S2i+1 ×
p−2∏

i=2

Ω4
0S

2i+1,

where X is the homotopy fiber of the map S2p−3 → Ω3
0S

3 of order p
(m,p) .

2. If n = p − 1,

G(Pm) ! X1 × X2 ×
p−3∏

i=1

S2i+1 ×
p−1∏

i=3

Ω4
0S

2i+1,

where for i = 2, 3, Xi is the homotopy fiber of the map S2p+2i−5 → Ω3
0S

2i+1 of order p
(m,p) .

The decomposition of G(Pm) for G = Sp(n) can be deduced quite similarly. Using this

together with the result of [KK1], we can also deduce the decomposition of G(Pm) for G =

SO(n).

3.2 The case of SU(n) for n ≤ (p − 2)(p − 1) + 1

Let Pm be the principal SU(n)-bundle over S4 classified by mε, where ε is a fixed generator of

π3(SU(n)). We investigate the factor spaces Xk in Theorem 1.2 when n ≤ (p−2)(p−1)+1. To

this end, we calculate the homotopy groups of Bk, where Bk is as in Theorem 1.1 for G = SU(n).

Then Bk has the homotopy type of the space Blk
k for lk = 3n−k

p−1 4 in [MNT] which fits into a

homotopy fiber sequence:

ΩS2k+1+2l(p−1) → Bl
k → Bl+1

k

Then by (3.1) together with the above homotopy fiber sequence, we get:
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Lemma 3.1. For k = 1, . . . , p − 1 and m ≤ (p − l + 1)(p − 1) − 2, π2k+2(l−1)(p−1)+2m(Bl
k) -= 0

if and only if m ≡ 0 mod (p − 1).

Corresponding to the inclusion ΣCP n−1 → SU(n), Bk has a subcomplex Ak = S2k+1 ∪
e2k+1+2(p−1) ∪ · · · ∪ e2k+1+2lk(p−1). That is, there is a homotopy commutative diagram:

ΣCP n−1

&
""

!! SU(n)

&
""∨p−1

k=1 Ak
!!
∏p−1

k=1 Bk

Since n ≤ (p − 2)(p − 1) + 1, we have a retraction r : ΣBk → ΣAk. We denote by λk : ΣAk →
BSU(n) and λ̄k : ΣBk → BSU(n) the adjoint of the inclusions Ak → SU(n) and Bk → SU(n),

respectively. As in [KN], one sees that λ̄k factors as ΣBk
α−→ ΣBk

r−→ ΣAk
λk−→ BSU(n) for some

self-homotopy equivalence α.

Let ε̂ ∈ π4(BSU(n)) be the adjoint of ε. Suppose the Whitehead product [ε̂, λk] is trivial.

Then there exists an extension S4 × ΣAk → BSU(n) of ε̂ ∨ λk up to homotopy. Since λ̄k !
λk ◦ r ◦ α, we also have an extension S4 × ΣBk → BSU(n) of ε̂ ∨ λ̄k up to homotopy, which

is equivalent to that the Whitehead product [ε̂, λ̄k] is trivial. On the other hand, the triviality

of [ε̂, λ̄k] obviously implies that of [ε̂, λk]. Thus since Whitehead products are the adjoint of

Samelson products, we obtain:

Lemma 3.2. Let ιk and ῑk denote the inclusions Ak → SU(n) and Bk → SU(n), respectively.

The order of the Samelson product 〈ε, ιk〉 is equal to that of 〈ε, ῑk〉.

Now we calculate the Samelson product 〈ε, ιk〉. Choose u, v such that dim Au = 2n− 3 and

dim Av = 2n − 1, respectively. Since π2k(SU(n)) = 0 for k < n, the Samelson product 〈ε, ιk〉 is

trivial unless k = u, v. Then it follows that

Xk ! Bk × Ω4
0Bk+2

for k -= u, v. By Lemma 3.1, we have π2n(Bu+2) -= 0 and π2n+2(Bv+2) -= 0. Moreover, by

Lemma 3.1, if π2n(Bµ) -= 0 and π2n+2(Bν) -= 0, we have µ ≡ u + 2, ν ≡ v + 2 mod (p − 1).

This is also seen from the fact that π2n(SU(n)) and π2n+2(SU(n)) are cyclic. Let δu
m and δv

m be

the composite of maps

Bu → SU(n)
δm−→ Ω3

0SU(n) → Ω3
0Bµ and Bv → SU(n)

δm−→ Ω3
0SU(n) → Ω3

0Bν ,

respectively. Then we have obtained:
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Theorem 3.2 (Theriault [Th]). Choose u, v, µ, ν ∈ Z/(p − 1) such that dim Au = 2n − 3,

dim Av = 2n − 1, π2n(Bµ) -= 0 and π2n+2(Bν) -= 0. Let Pm be the principal SU(n)-bundle over

S4 classified by mε. If n ≤ (p − 2)(p − 1) + 1, we have

G(Pm) ! X × Y ×
∏

i$=u,v

Bi ×
∏

i$=µ,ν

Ω4
0Bi,

where X and Y are the homotopy fiber of the composite

Bu → SU(n)
δm−→ Ω3

0SU(n) → Ω3
0Bµ and Bv → SU(n)

δm−→ Ω3
0SU(n) → Ω3

0Bν .

respectively.

Remark 3.2. Theriault [Th] described the map Bu → Ω3
0Bµ and Bv → Ω3

0Bν in a different from,

but it is due to his translation of the map δm.

Let us calculate the orders of the maps δu
m and δv

m in the above theorem. By definition, δs
m

(s = u, v) is the adjoint of the composite of the Samelson product 〈mε, ῑk〉 and the projection

π : SU(n) → Bt for t = µ, ν according as s = u, v. By Lemma 3.1, we see that the projection

π induces an injection π∗ : [Σ3As, SU(n)] → [Σ3As, Bt], and then we obtain that the order of

δs
m is equal to that of the Samelson product 〈mε, ιk〉. Note that the inclusion SU(n) → U(n)

and the pinch map q : S3 × As → Σ3As induce injections [Σ3As, SU(n)] → [Σ3As, U(n)] and

q∗ : [Σ3As, U(n)] → [S3×As, U(n)]. Note also that the Samelson product j◦〈ε, ιk〉 = 〈j◦ε, j◦ιk〉
maps to the commutator [π1 ◦ j ◦ (mε), π2 ◦ j ◦ ιk] in the group [S3 × As, U(n)] by the pinch

map q, where πi stands for the ith projection for i = 1, 2. Then we calculate the order of the

commutator [π1 ◦ j ◦ (mε), π2 ◦ j ◦ ιk].

Define a map Θ : K̃(X) →
⊕p−2

i=0 H2n+2i(X;Z(p)) by

Θ(ξ) =
p−2⊕

i=0

(n + i)!chn+i(ξ)

for ξ ∈ K̃(X), where chm denotes the 2m-dimensional part of the Chern character. Recall that

the cohomology of U(n) is given by

H∗(U(n);Z(p)) = Λ(x1, x3, . . . , x2n−1), |xi| = i,

where each xi is universally transgressive. The following is proved in [H].

Theorem 3.3 (Hamanaka [H]). Let X be a CW-complexes with dim X ≤ 2n + 2p − 4. For

maps α, β : X → U(n), we put

γk =
∑

i+j−1=k
1≤i,j≤n

α∗(x2i−1)β
∗(x2j−1).

Then the order of the commutator [α, β] in the group [X, U(n)] is equal to the order of the

element (γn, . . . , γn+p−2) in the cokernel of the map Θ : K̃(X) →
⊕p−2

i=0 H2n+2i(X;Z(p)).

10



Proposition 3.4. The orders of the maps δu
m and δv

m are p
(p,m) .

Proof. Let l be the largest integer such that H2s−1+2l(p−1)(As;Z(p)) -= 0, that is, the rank of Bs.

Put u2i−1 = (j ◦ ιs)∗(x2i−1). Then by definition, H∗(As;Z(p)) is a free Z(p)-module generated

by u2s−1, u2s−1+(p−1), . . . , u2s−1+2l(p−1). As is calculated in [KN], K̃−1(As) is a free Z(p)-module

generated by ξ0, . . . , ξl such that

ch(ξk) =
l∑

i=0

(s − 1 + k(p − 1))s−1+i(p−1)

s − 1 + i(p − 1)!
Σu2s−1+2i(p−1).

Notice that K̃(S3 × As) ∼= K̃−1(S3) ⊗ K̃−1(As). Then we get that Im{Θ : K̃(S3 × As) →
⊕p−2

i=0 H2n+2i(S3×As;Z(p)) is generated by p(w×u2n−3) and p(w×u2n−1) according to s = u, v,

where w denotes a generator of H3(S3;Z(p)).

On the other hand, we have

∑

i+j−1=k
1≤i,j≤n

(π1 ◦ j ◦ (mε))∗(x2i−1)(π2 ◦ j ◦ ιs)
∗(x2j−1) = m(w × u2k−1).

Thus the proof is completed by Theorem 3.3.

The mod p decomposition of Pm for G = Sp(n) with 2n ≤ (p−2)(p−1) can be quite similarly

obtained, and the case G = SO(n) is also similar. Thus by all of the above observation in this

section, we conclude that our mod p decompositions include those of Theriault. One can easily

see that our mod p decompositions also include those in [KK3] when the base spaces are spheres

satisfying the condition in Theorem 1.2.

4 Example

Recall that a fiberwise space over K is a map X → K and the fiberwise product of fiberwise

spaces X → K and Y → K is the pullback of the triad X → K ← Y . We will assume all

fiberwise spaces will be fiberwise localized at the prime p. We say that a fiberwise space X → K

is trivial if it is a weak equivalence.

Let P be a principal G-bundle over K. The adjoint bundle adP of P is defined by

P × G/(p, g) ∼ (ph−1, hgh−1) for p ∈ P, g, h ∈ G.

Then we know that the gauge group G(P ) is naturally isomorphic to the space of sections of

adP . Then if adP is the fiberwise product of two fiberwise spaces over K, G(P ) decomposes

into two spaces. This decomposition method is used in [KK3]. One might assume that such a

decomposition of the adjoint bundle is, in general, stronger than a decomposition of the gauge

group, but this has been a folklore. The aim of this section is to present examples for this.

11



Let EG → BG be the universal G-bundle. It is well known that there is a fiberwise

homotopy equivalence between LBG and adEG over BG, where LX denotes the free loop

space of X. Then we will identify these two fiberwise spaces over BG.

We calculate the cohomology of LBSp(n). In [KK2], the authors constructed the following

map.

Theorem 4.1 (Kishimoto and Kono [KK1]). Let R be a commutative ring. There is a linear

map σ̂ : H∗(X; R) → H∗−1(LX; R) satisfying:

1. For the inclusion i : ΩX → LX, i∗ ◦ σ̂ coincides with the cohomology suspension.

2. σ̂(xy) = σ̂(x)y + (−1)|x|xσ̂(y) for x, y ∈ H∗(X; R).

3. σ̂ commutes with the stable cohomology operations.

Recall that the mod p cohomology of BSp(p−1
2 ) is given by

H∗(BSp(p−1
2 );Z/p) = Z/p[q1, . . . , q p−1

2
], |qi| = 4i.

By an easy calculation, we have

P1q1 = (−1)
p+1
2

(
p + 1

2

)
!q1q p−1

2
+ · · · .

Then by Theorem 4.1 and the Leray-Hirsch theorem, we get

H∗(LBSp(p−1
2 );Z/p) = Z/p[q1, . . . , q p−1

2
] ⊗ Λ(x1, . . . , x p−1

2
)

and

P1x1 = (−1)
p+1
2

(
p + 1

2

)
!q1x p−1

2
+ · · · (4.1)

where xi = σ̂(xi).

Note that since Sp(p−1
2 ) is p-regular, a decomposition Sp(p−1

2 ) ! X1 × · · · ×Xk implies that

each Xi has the homotopy type of a product of spheres.

Let P be the principal Sp(p−1
2 )-bundle over S4 classified by 1 ∈ Z ∼= π3(Sp(p−1

2 )). Then

the adjoint bundle adP is fiberwise homotopy equivalent over S4 to the pullback of LBSp(p−1
2 )

by the inclusion of the bottom cell S4 → BSp(p−1
2 ). Then we get non-trivial cohomology

classes u and y1, . . . , y p−1
2

of adP by pulling back q1 and x1, . . . , x p−1
2

. Thus by (4.1) and the

above observation on decompositions of Sp(p−1
2 ), we see that adP is not fiberwise homotopy

equivalent to the fiberwise product of p−1
2 non-trivial fiberwise spaces over S4. On the other

hand, it follows from Theorem 1.2 that G(P ) is the product of p−1
2 non-contractible spaces.

Thus we have established:
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Theorem 4.2. Let P be a principal Sp(p−1
2 )-bundle over S4 classified by 1 ∈ Z ∼= π3(Sp(p−1

2 )).

Then adP is not fiberwise homotopy equivalent to the fiberwise product of p−1
2 non-trivial fiber-

wise spaces over S4 while G(P ) is the product of p−1
2 non-contractible spaces.

Corollary 4.1. Let P be the principal Sp(2)-bundle over S4 classified by 1 ∈ Z ∼= π3(Sp(2)), and

let p = 5. Then adP is indecomposable as a fiberwise space over S4 while G(P ) is decomposable.
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