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ABUNDANCE OF NON-UNIFORM HYPERBOLICITY IN
BIFURCATIONS OF SURFACE ENDOMORPHISMS

HIROKI TAKAHASI

ABSTRACT. We study an interplay between homoclinic behavior and singularities in surface
endomorphisms. We show that appropriate rescalings near homoclinic orbits intersecting fold
singularities yield families of non-invertible Hénon-like maps. Then we construct positive
measure sets of parameters corresponding to maps which exhibit nonuniformly hyperbolic
behavior. This implies an extension of the celebrated theorem of Benedicks and Carleson,
and that of Mora and Viana to surface endomorphisms.

1. INTRODUCTION

It is well-known that unfoldings of non-transverse homoclinic orbits of diffeomorphisms
unleash incredibly rich arrays of complicated behaviors. A program was proposed by Palis [14],
which aims to understand all dynamical complexities beyond uniform hyperbolicity through
the study of homoclinic bifurcations. The aim of this paper is to contribute to advancing this
program to endomorphisms.

For endomorphisms, interactions of invariant manifolds with singularities (points where the
Jacobian of the map is singular) bring new phenomena which are not well-understood (see e.g.
[10, 16]). In this paper we reveal an interplay between homoclinic points and fold singularities
which leads to the emergence of chaotic attractors.

Landmark theorems on the abundance of nonuniform hyperbolicity, or chaotic attrac-
tors, were obtained by Jakobson [11] for one-dimensional maps with critical points, and by
Benedicks and Carleson [2] for the Hénon map. Mora and Viana [13], Diaz, Rocha and Viana
[8] pushed their argument further and proved the existence of chaotic attractors in very gen-
eral global bifurcations of diffecomorphisms. See Wang and Young [22] for more advanced
properties of the attractor. For other subsequent developments in the creation of the theory
of nonuniformly hyperbolic dynamics for Hénon-like maps, see [3, 4, 5, 6, 21, 23].

A characteristic of these developments is an almost exclusive concentration on invertible
systems. Unfortunately, substantial overhauls are necessary for extensions to non-invertible
systems. Moreover, in many applications of practical interest, (e.g. control theory, economics,
electronics, neural networks, etc.) systems are often modelled by non-invertible maps. We
aim to narrow this gap.

1.1. Homoclinic points on singularities. Let M be a surface and f; a C'*° endomorphism
on M. Let pg € M be a hyperbolic fixed point of fy. Let A, p denote the eigenvalues of
D fo(po). We assume 0 < A < 1 < p and Ap < 1. Let W"(py) denote the unstable manifold of
Do, which is a smoothly immersed real line possibly with self-intersections. Let W} (po) denote
the local stable manifold of py. The stable set of py is defined by W*(po) = U,>0 fo " Wiie(P0),

which is not necessarily a manifold. Let Sy denote the set of singularities of fj.
1
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FIGURE 1. p =0 (left, £§ C W*(po), fo' €§ C Wii(po)); i1 # O (right)

Definition 1.1. (Simple homoclinic points) A homoclinic point ¢ € W"(po) N W*(py) is
simple if there exists a sequence {g,}nez such that ¢o = ¢, fogn = @ni1 for every n € Z and
tH{ne€Z: q, €Sy} =1.

Let g € W*(po) N W*(py) be a simple homoclinic point. We may assume g € Sy. We write
qo for ¢, and assume that qg is a fold singularity, namely there exist neighborhoods U, V' in
R? of the origin and C'* orientation-preserving diffeomorphisms ¢: U — M, ¢: V — M such

that qb(O?O) = qo; %Z’(Oa 0) = fO(CZO)’ and
?ﬂil © fO © ¢<:C7y) = (mzay)'

Since g is simple, there exist a short compact curve £ in W*(po) which contains g in its
interior and has an well-defined sequence of preimages not intersecting So. We assume there
exists a short smooth compact curve £ in W#(py) which contains ¢ in its interior. Since gy is
simple, £ is obtained as a preimage of a compact curve in W _(py). We assume the following,
the geometric meanings of which are in the parentheses:

(T1) the tangent direction of £§ (resp. £5) at qo is transverse to that of Sy at g, and to the
kernel of D fy(qo) ( foll (resp. fol§) makes a quadratic tangency to fo.So at foqo);

(T2) ¢4 and €5 meet transversely to each other at gy (the curvature of foly at fyqo is different
from that of fol§ at foqo).

Let N denote the smallest positive integer such that fYqy € W (po). In order to get
recurrent dynamics involving Sy, we assume the component of f&¥.Sy containing f&'qq is on the
same side of W}? (po) as that of the branch of W} (py) containing ¢ (See Figure 1).

We consider a generic arc (f,) of endomorphisms on M through f,. Unlike the case of
homoclinic tangencies of surface diffeomorphisms, it is not possible two pull the two parabolas
foll, foly meeting tangentially at foqo apart. Nevertheless, it is possible to slide one to the
other, as indicated in Figure 2.

For a generic (f,), we show that an appropriate re-scaling near the fy-orbit of gy yields a
family of Hénon-like endomorphisms of the form

(1) (z,y) = (1 —ax?® 0)+b- R(a,b,z,y),
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where the components of R are bounded continuous functions. Moreover, there is a vertical
line close to the y-axis which is the set of fold singularities. Hence the map is non-invertible,
and similar to the “twisted horseshoe map”, considered in [9, 11].

Unfortunately, the non-uniform theory mentioned previously fails to apply for this class of
families. For instance, the existence of singularities is an intrinsic hurdle for an extension of
the solution of the basin problem, given by Benedicks and Viana [3], and subsequently Wang
and Young [22]. Some regularity conditions of the Jacobian of the maps were assumed in
these papers and they no longer hold for maps with singularities. This leads us to the study
of Hénon-like endomorphisms, a broad class of planar endomorphisms including the above as
a prime example.

Mora and Viana [13], adapting the idea of Benedicks and Carleson [2], proved the abun-
dance of non-uniform hyperbolicity in generic unfoldings of dissipative quadratic homoclinic
tangencies of surface diffeomorphisms. The next theorem extends their result to surface endo-
morphisms. What we mean by “chaotic attractors” in the statement is explained in Sect.1.3.

Theorem A. Let (f,) be a C™ arc of endomorphisms on surfaces through fo as above. Under
open and dense assumptions, there exists a positive measure set E accumulating p = 0 such
that for p € E the corresponding f,, exhibits a “chaotic attractor” near the fo-orbit of qo.

1.2. Re-scaling near simple homoclinic points. To prove Theorem A, we introduce a
re-scaling near the simple homoclinic point gy which converges uniformly to families as in (1).
Let p, denote the continuation of py for f,. Let r > 4 be an integer. By the linearization
theorem [17], under open and dense conditions on A, p there exists a C” coordinate (z,y)
near p, such that f,(x,y) = (Az, py). Moreover, these coordinates are taken to be C" in p.
We extend the domain of linearization so that it contains gy and f¥qo. In what follows we
suppress any linearizing coordinate from notation.

For p small, let £5 denote the continuation of £§. This makes sense because Wy . (p,) depends
on y in a continuous way. Analogously, let £;; denote the continuation of £*. Let S, denote
the set of singularities of f,. Let g, denote the point of intersection between ¢; and S,. Since
qo is a simple homoclinic point, g, is a fold singularity of f!]LV . For all 1 # 0 we assume ¢, ¢ o
This gives rise to a displacement of the two parabolas, indicated in Figure 2.

We adapt our p-dependent linearizing coordinates in such a way that for all p, ¢, = (0,1)
and the z-coordinate of fliv qu is 1. We re-parametrize ;1 in such a way that the y-coordinate of
fév qu is p. Since g, is a fold singularity, there exist p-dependent local coordinates ¢, near g,

and ¢, near f,'q, such that ¢,(0,0) = (0,1), ©,(0,0) = (1, x) and @, "o f¥ 0@, (Z,7) = (Z°,7).
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Clearly, ¢, and ¢, are taken to be C" in p. Let

D¢ 10,1) = (Z; Zi) and D, (0,0) = (Z; Zj) .
For (z,y) near (0,0) we have
¢;1(9U> y+1) = (mz + agy + G1(2,y), asx + asy + Ga(,y))
and at (z,y) = (0,0) we have
(2) Gy = Gy = 0,G1 = 0,Gh = 0,G2 = 0,G2 = 0.
Similarly, for (&, ) near (0,0) we have
0u(@,9) = (L 11) + (012 + bo + Hi(2,9), bsZ + bagy + Hao(2,7))
and at (z,79) = (0,0),
(3) Hy = Hy = 0y Hy = 9;H, = 0, Hy = 0y Hy = 0.

Keep in mind that aq,as,--- ,bs, by are functions of u, and Gy, Gs, Hy, Hy are functions of
p,x,y. For u =0, since o5 f2°S, = {(0,%)}, the second component of Dy (0,7) (9) attains
a local minimum or maximum at ¢ = 0. This implies

(4) 043 H2(0,0) = 0 for = 0.

Lemma 1.1. We have: (a) a2(0)bo(0)b3(0) # 0; (b) b4(0) = %(0) = 0.

Proof. The tangent direction of Sy at qo is spanned by D¢y '(0,0) (9) = (Zi%) By (T1),

it is transverse to the y-direction () in the linearizing coordinate. Hence a2(0) # 0 holds.
The tangent direction of f'S, at f}'q, is spanned by Dy, (0,0) (%) = (b2(“)>. For u = 0,

ba(p)
it is tangent to the x-direction and thus b4(0) = 0. Since by(p) attains a local minimum
or maximum at g = 0, we have %(O) = 0. Since ¢ is a diffeomorphism, det Dpy(0,0) =

We now define our rescaling as follows:

G(&m) = (P26 + 1L n+p7") pn(0) = p "0 +p7",
and
Ua(8,€,m) = Gt o firt gl 0 Gal€m)-
Let ay, = as(p)?b3(p). (a) in Lemma 1.1 gives ay, # 0.

Proposition 1.1. The map (0,£,1) — ¥,(0,£,m) converges uniformly on any compact set in
R3 in the C" topology to (60,€,m) — (0, on® + 0) as n — cc.

We finish the proof of Theorem A assuming the conclusion of this proposition (and Theorem
B). Set b = p~™? and write ¥, (0,£,n) = (bT1(0,0,€,m), cgn? + 0 + bT5(0,b,&, 7)) . By the
substitution £ = z, n = —ay/ay, 0 = —a/«y, this transforms into

(a,z,y) — (le(a, b,x,y), 1 — ay? + bTy(a, b, :U,y)) )

By the definition of the rescaling, this map has a line of fold singularities close to the z-axis.
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Proof of Proposition 1.1. Let (Z,7) = gb;l o f;’n(a) 0 (y(&,7m). Then

E=a\"(p P+ 1) + azp "+ GI(AM(pPE+ 1), M),
§=as\"(p"PE+ 1)+ asp "+ Go(A"(p*E+ 1), p7"n),

Let (z,9) = (2%,7). A direct computation shows 1,(6,¢,7n) = (0, ,n* + ) + (I, II), where

I = p"2(byie + by + Hy(%,9)),
IT = p*(bs(& — a2p™2"n%) + ba) + Ha(2,9)).

It suffices to show that I, II converge uniformly to zero (the null function) as n — oo, in the
C" topology on any compact set.

C-convergence. By G1(0,0) = G2(0,0) = 0 in (2) we have £ = O(p™") and g = O(p™").
Moreover, (2) gives Gi(z,y) = O(p~") and Go(x,y) = O(p~2"). Hence & = O(p~*"). Using
(3) and the estimates for Z, § = ¢ we have H,(%,9) = O(p~?"). Altogether these yield
I = p"? . 0(p™™?), and thus the uniform C°-convergence of I as n — oo.

Regarding I, # = & and the estimate for G give & — a3p~2"n*> = O(\"p™"), which is
o(p™®") by Ap < 1. Lemma 1.1 gives by = O(p~?"). For the last term H,, (3) gives

1 1
(5) Hy(i,9) = 5aMHQ(o, 0)2? + 029 H2(0,0)29 + 5691;@1&12(0, 0)4* + h.o.t.,

where h.o.t. denotes the higher order terms in x,y, with coefficients depending on p. Substi-
tuting the previous estimates of Z, 7 and then using (4) gives Hy(2,9) = o(p~2"). Consequently
we obtain IT = p*" - o(p~?").

C*-convergence. (2) gives Gi(z,y) = A,2* + Buay + C,y* +h.o.t. Substituting (z,y) =
(A" (p~™/2641), p~™n) into this and then differentiating the result gives 0G| = O(p~2"), where
0 = O¢, 0y, 0p. The same estimates hold for G5. Hence 0% = O(p™™) and 0y = O(p™"), and
therefore 0% = o(p™3"). An estimate analogous to that of Gy gives OH; = o(p™™). We obtain
oI = p"?-O(p™™).

The estimate of 0 gives O(& —a3p~2"n?) = o(p~2"). By (b) in Lemma 1.1, we have 9y(bs9) =
o(p™2") and O¢(bay) = o(p~*") = 9,(bsy). For II, an analogous estimate to that of OH; (i.e.
substituting the formula for Z, ¢ into (5) and differentiating the result) we obtain 0Hy =
o(p~?"). Hence OII = p*" - o(p~?") holds.

C*-convergence, 2 < s < r. Let (7,7,k) be such that 2 < i+ j+ k < s. By the chain rule
and \p < 1, for any function F' = 7,9, &, Gy, Go, Hi, Hy we have 858?85]7 = O(p2mi—gni—nk).
This readily yields the desired uniform convergence on I.

For I we also have the uniform convergence, except for the case (i,7,k) = (0,0,2). In
this exceptional case, the worst factor in the first term of IT is G3. A direct computation
gives 02(GF) = 2G10p,G1 + 2(9,G1)* = o(p~?"). For the second term, Lemma 1.1 gives
D2(byy) = bs07y = o(p?"). For the last Hy, it suffices to show that the derivatives of
the first three terms in (5) are o(p~>"). The previous estimates give 024° = o(p~>") and
92(2y) = o(p~>"). For the third term, (4) gives dy3H»(0,0) - 92(5°) = o(p~>"). This completes
the proof of Proposition 1.1. O
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FIGURE 3. critical points on the unstable manifold with self-intersection

1.3. Nonuniform hyperbolicity for Hénon-like endomorphisms. We are concerned
with a parametrized family f,: [-2,2]> — R? of maps of the form

(6) fa: (l’,y)'-) (gax,0)+b~R(a,b,x,y),
where (a, ) is close to (a*,0), and R is bounded, continuous, C* in (a,z,y). The g, is a map
on [—2,2] with the following properties:
(A1) go[—1,1] C [-1,1] for a < a* and (a,x) — g,z is C%;
(A2) g, has a nonempty critical set Crit = {zg € [-1,1]: g, xo = 0} in (—1,1). We assume
Crit does not depend on a and gz # 0 for each zy € Crit.

For g, we assume:

(A3) Uiz 9o (Crit) N Crit = 0;

(A4) all periodic points of g,- are hyperbolic repelling;

(A5) by (A3) (A4), g.-(Crit) belongs to a hyperbolic set K,-. Let K, denote the continuation
of K+, which is a hyperbolic set of g,. For each xy € Crit, let z1(a) = g,zo. Let 7(a)
denote the point in K, whose kneading sequence relative to Crit is the same as that
of z1(a*). We assume for each xy € Crit,

d d
(7) pleo,a”) = —(a") = =(a") # 0.
The next theorem asserts the abundance of non-uniformly hyperbolic parameters, extending
the theorem of Benedicks and Carleson [2] to Hénon-like endomorphisms. Let | - | denote the

one-dimensional Lebesgue measure.

Theorem B. For sufficiently small b > 0 there exists a set A =A  of a-values near 0 for
which |A] > 0 and the following holds for all f € {f.: a € A}: for each fized saddle p of f
with W*(p) C [—2,2]?, there exists a countable set C C W*(p) near Crit x {0} such that each
¢ € C satisfies:

(@) [|Df™(fC) (§) || > e for every n > 0, where A > 0 is a constant which depends only
0N Gax;

(b) ¢ admits a tangent direction which is exponentially contracted by both positive and
negative iterations.

Elements of C are called (dynamically) critical points 2, 13]. Each ( € C is obtained as
a limit: there exist a monotone increasing sequence n; < n, < --- of positive integers, and
a sequence (p,,Cp,, - of points on the unstable manifold with ¢ = lim;_, (,,, and (,, is a
critical point of order n; (see Sect.3.2).

For the family (1), it is not hard to show the existence of a positively invariant region which
contains the fixed saddle near 1/2 in its interior. Theorem B applies. In addition, along the
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line of [2] one can show that the closure of the unstable manifold contains a dense orbit. (b)
implies that this set is not uniformly hyperbolic, that we call a “chaotic attractor” in the
statement of Theorem A. To really deserve the name of attractor, the basin of attraction
should have nonempty interior. We do not know if this is the case.

1.4. Sketch of the contents. The rest of this paper consists of five sections and one appen-
dix, entirely for the proof of Theorem B. In the first two sections we pursue the study of one
fixed map. In the remaining sections we deal with parameter issues. To keep the length of this
paper within reasonable bounds, we put the emphasis on those of our arguments which are new
or differ non-trivially from previous ones, giving precise references to published computations
in [2, 13, 22].

In the context of one-dimensional maps on intervals or the circle, the worst enemy for
nonuniform hyperbolicity is the set of critical points. It is now classical [7] that, an exponential
growth of derivatives along the orbits of critical points, called Collet-Eckmann condition,
implies the existence of a nonuniformly hyperbolic behavior. It is also classical [1, 11] that,
by excluding undesirable parameters inductively (looking at the recurrence of the critical
points), one can construct a positive measure set of parameters corresponding to nonuniformly
hyperbolic behavior.

In the work [2] of pivotal historic importance, Benedicks and Carleson extended their pa-
rameter exclusion argument in one dimension [1| to the Hénon family. As the Hénon map
is a diffeomorphism, there is no critical point in the usual sense. Nevertheless, they showed
that it is possible to define dynamical critical points for certain Hénon maps, allowing them
to perform a parameter exclusion with some resemblance to the one-dimensional case. At
this point, a significant difference from the one-dimensional case is that, the construction of
critical points constitutes an integral component of the whole inductive scheme.

For the purpose of presenting a clearer perspective, we elect to recover the one-dimensional
scenario to the extent that is possible. We do this in the following steps:

e define (approximations of) critical points explicitly;

e introduce three conditions (G1),, (G2),, (G3), in terms of derivatives along the or-
bits of these critical points (“temporal Collet-Eckmann condition for two-dimensional
maps”);

e show that these conditions to hold for every n ensures the existence of a recognizable
source of nonuniform hyperbolicity;

e show that the set of parameters for which this holds has positive Lebesgue measure.

The contents of each section are briefly outlined as follows. In Sect.2 we develop preliminary
estimates and constructions, including the (partial) definition of critical points. In Sect.3,
under the assumptions of (G1-3),, on certain critical points we develop a procedure for choosing
binding points, to recover the loss of hyperbolicity due to returns to critical regions. We also
show that these assumptions to hold for every n ensures the existence of the set C as in
Theorem B.

In Sect.4 we commence the study of the dependence of critical points on parameter. This
preliminary step is important to handle the issue that critical points do not persist when the
parameter is varied, because of their dynamical definition. This issue was successfully tackled
in [2, 13, 22|, by introducing continuations of critical points. However, their construction of
continuations is deeply rooted in the whole inductive scheme. We introduce continuations
(deformations in our terms) in a different way, well-adapted to our critical points. In Sect.5,
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Sect.6 we construct a parameter set A as in Theorem B and show |A| > 0. At this point we
follow the combinatorics of Tsujii [19, 20] instead of [2, 13, 22], primarily because the extension
of this approach is more transparent in our dealing with multiple critical points, and moreover
allows us to dispense with a large deviation argument in parameter space altogether.

Proofs of some lemmas originating in [2, 13, 22] necessitate slight adaptations, because of
the differences of formulations and the non-invertibility. These proofs are given in appendix,
in which we closely follow the ideas or the arguments of those of the published papers.

Acknowledgments. [ thank Masato Tsujii for a personal communication which led me to
this subject. Most of this work has been done while I was visiting IMPA, Rio de Janeiro,
Brazil. I thank Marcelo Viana for his hospitality during this visit.

2. PRELIMINARIES

In this section we develop preliminary estimates and constructions needed for later sections.

2.1. Hyperbolicity, quadratic behavior and curvature estimate. For r > 0, define

I(r)= | (wo—rao+r)x[-Vd V0]

xo€Crit

The next lemma follows from the properties of the interval map g,-.

Lemma 2.1. There exist ¢, \g > 0 independent of M,6 such that the following holds for
f = fa with (a,b) close to (a*,0): let z € [=2,2] x [=v/b, VD] and v be a tangent vector at z
with slope < \/b.
(i) if z € fI(\VD), then ||Dfiv|| > ¢|Dfiv| for 0 <i<j < M;
(i) if z, fz, -+, [Ptz & I(0), then:
(a) slope(Df™v) < Vb and || D f*v|| > cde*"||v]|;
(b) if, in addition, f"z € 1(5), then || Dfv| > ce*m|jv]|.

2.2. Constants. Fix Cy > 0 once and for all so that the norms of all the partial derivatives
of (a,z) — f,z are bounded by Cy. The letter C' is used to denote generic constants which
only depends on (f,).

We are concerned with positive constants A, a, M, 4, b, chosen in this order. Sufficiently
small b is chosen last. Some of the purposes of these are the following;:

° )\ = %)\0 are concerned with rates of growth of derivatives along critical orbits;

e o < 1 determines the rate of approach to criticalities;

e M >> 1 is the minimal order of critical points, and is chosen so that 2Cyne 2" < log 2
holds for n > M,

e 0 < 1 determines the size of a critical region.

0
part. Some of the purposes of these are the following:

Set kg = Cpy 09 =a3and N = [M] , where the square bracket denotes the integer

e K is the rate of growth of derivatives needed for various constructions:

e O bounds the number of critical points needed to be considered at step n of induction
for the construction of the parameter set;

e N > M is the minimal order of critical points needed to deal with returns to I(J).
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In the next lemma, proved in Appendix A.1, we assume 7 is a horizontal curve, namely,
a C?-curve such that the slopes of its tangent directions are < 1/10 and the curvature is
everywhere < 1/10. For z € 7, let t(z) denote any unit vector tangent to v at z. We assume
slope(Dft(¢)) > C/+/b holds for some ¢ € 7. Let e denote any unit vector tangent to fvy
at fC. Split Dft(z) = A(z) (§) + B(z)e. Let us agree that for two positive numbers, a =~ b
indicates that there exists C; > 0, Cy > 0 such that C; < a/b < Cs.

Lemma 2.2. For all z € yN1(6), |A(2)| = |z — ¢| and |B(2)| < CV/b.

A version of the next curvature estimate was in [[22], Lemma 2.4] for Hénon-like diffeomor-
phisms. It is straightforward to check that the same proof works for endomorphisms.

Lemma 2.3. Let v be a C? curve tangent to a nonzero vector v at z. Let i > 0 and suppose
that D fv,--- , Df% are nonzero. Let k;(z) denote the curvature of f'y at f'z. Then

ol |D =i
i(2) < (OO iy ol® *Zwaww

2.3. Most contracting directions. Some versions of results in this subsection were obtained
in [2, 13, 22]. Although diffeomorphisms are treated in these papers, it is straightforward to
check that they hold for endomorphisms. Our presentation closely follows [[22], Section 2.1].

Let M be a 2 x 2 matrix. Denote by e the unit vector (up to sign) such that | Me|| < ||[Mul||
holds for any unit vector u. We call e, when it exists the most contracting direction of M. For
a sequence of matrices My, M, ---, we use M to denote the matrix product M;--- MyM;,
and e; to denote the mostly contracting direction of M®.

Hypothesis for Sect.2.2. The matrices M; satisfy | det M;| < Cb and ||M;]| < Cy.

Lemma 2.4. ([22] Lemma 2.1) Let ¢ > 2, and suppose that ||[M®| > &% and ||[MD| > &'~
for some x > b'/1°. Then e; and e,_; are well-defined, and satisfy

b
les x exal < (2)
K

Corollary 2.1. ([22] Corollary 2.1) If |MWD|| > &' for 1 <i <mn, then:
(a) llen —enll < 5
(b) [[MDe,]|| < (%b) holds for 1 <i <n.

Next we consider for each i a parametrized family of matrices M;(s, s2,s3) such that
|07 det M;(s1, s2,83)|| < C{b, and |07 M;(s1,s2,83)] < Cf for each 0 < 5 < 3. Here, &’
represents any one of the partial derivatives of order j with respect to si, s9, or ss.

Corollary 2.2. ([22] Corollary 2.2) Suppose that || M@ (sy, s, s3)|| > &' for 1 <i < n. Then
forj=1,23and 2 <1< n,

' Ch i—1
s) Plexenls(Ge)

0 67 (M0 ML_(fi).
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Let e1(z) denote the most contracting direction of D f(z) when it makes sense. From the
form of our map (6), e;(2) is defined for all z ¢ I(v/b). In view of [[13] pp. 21], we have

(10) slope(e;) > C/vVb and  ||de|| < CVb.

We say z is k-expanding up to time n, or simply expanding, if there exists a tangent vector
v at z and k > b'/10 such that for every 1 < i < n,

IDffll = s v]l.

With a slight abuse of language, we also say v is k-expanding up to time n. For n > 1, let

en(z) denote the most contracting direction of D f™(z) when it makes sense. From Corollaries
2.1, 2.2 and (10) we get

Corollary 2.3. If z is r-expanding up to time n, then slope(e,) > C/v/b and ||0e,|| < <.
2.4. Long stable leaves. A C?-curve I of the form

T'={(z(y),y): [yl < Vb, |2'(y)| < CVb,|2"(y)| < CVb}.

is called a wertical curve. By a wvertical strip of radius r > 0 around I" we mean the region
{(z,y): |z — z(y)| <7 |yl < Vb}. A C*distance between two vertical curves is measured by
regarding them as C?-functions on [—v/b, V).

Lemma 2.5. Let k > Cy . If 2 is k-expanding up to time n, then for 1 < i < n, the mazimal
integral curve I';(2) of e; through z contains a vertical curve. In addition, for 1 < i < n,

de2(Ti(2), Tia (2)) < ()"

Proof. For the construction of T';(z), see [[13] Section 6]. The bound on the C*-distance follows
from this construction and Lemma 2.4, Corollary 2.2. U

By a long stable leaf of order i through z we mean the curve I';(2) in the statement.

2.5. Bounded Distortion. In the next lemma, we assume v is a unit tangent vector at z
which is k-expanding up to time n > M. Let

- D)

11 D, (v) = e 3" min min H—

(11) (v) ielo,n—1] jelin] || D fiv||3

Let v be a C? curve tangent to v such that length(y) < D, (v), and the curvature is everywhere
<1

Lemma 2.6. (Bounded distortion on properly sized curves) For all 1,& € v we have

IDPEN <y [LO2HE | <l

IDfr(&)] D frt(&)] Dn(v)

where t(&,) denotes any unit vector tangent to v at &,, 0 = 1,2.

Proof. For i > 0, let v; = Df' and ~; = fiy. Let x; denote the maximum of the curvature of
v;- The first inequality would hold if for 0 <1 < n,

(12) (14 k;) - length(ry;) < 2Cpe 2" |||1”z+i|| .
Uj
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Indeed, for all £ € v we have

n

! ] n—1

| Vig1]] D i1t (&) (1 + k;)length(y;)
E log — log : <20, . ’
" v ] [Dfit(€)]| 0 ; [oreal

l[osl

7

and therefore

DSt () 2 3
log +————+5 < 4Cine " < log 2.
1D fri(&2) |l ’
We prove (12) by induction on i. Let
: sl
d, (1) = )
K e

We have length(vy) < D, (v)d,(0)"1d,(0) < D, (v)d,,(0)7 |v1]|* < Coe 3 ||vq]]. This and the
assumption ko < 1 give (12) for i = 0.
Assume (12) holds for 0 < i < k. The choice of M In Sect.2.2 ensures Hgﬁ% < 2 for all
&,m € 7, and therefore
length () < 2 [|vg[[length(y) < 2- Dy (vo)|[vx]l-

Lemma 2.3 gives (1 + k) - length(vx) < D, (vo) (I + II + IIT), where

2%(Ch)* ol
I =2, I ==——2, I =2°) (Cb) .
[[vg]|? ; [[og]2
By definition,
2
(13) 1:dam*mu»Sdam*”W1!,
(%%

and thus
I< Codn(k)il ||Uk+1|| '
[0l
Multiplying (13) with the definition of II,

2

I < 4(Cb)’“dn(k)*1—||vk+1g < acy(enpv )l gty gy loeal

ok ok [k

where we have used the assumption on vy and ||Df|| < Cy for the second inequality.

The most problematic term II1 is treated as follows. First,

3 112
R 1 PP L ¥¥1

= [[ox

l|vk—i
w2

dp(k — i) d,(k — 1)

where the last inequality follows from ming_;<j<y ||v;]|? < ||lvg|l||vk+1]]. Consequently,

Plugging the three inequalities into the previous one and then using the definition of D, (v)
yields (12) for i = k.
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For the second inequality, let 7/ denote the curve in 7; which connects f?¢; and f&,. The
same reasoning as above, replacing 7; by v/, and D,,(v) by [& — &, shows for 0 <1i < n,

2Co |61 — &

ming<;j<n—1dn(j)

(14) (1 + k;)length(v)) <

This yields

D frt(&1)]] 2Cone & — & &1 — &
lo (1 + r;)length(y;) < - — < ,
SIDfH&)| | Dfrt(&a)| z:; th(y) < e~ ming<j<n—1dn(7) = Dn(vo)
and the second inequality holds. O

For z € [—2,2]?, let us write v(z) = (}) € T.R%

Lemma 2.7. (Bounded distortion in vertical strips) Let k > Cy'°, and let z be k-expanding
up to timen > M. For all &, & in the vertical strip of radius D, (v(2)) around I',,(z) and for
1<1<n,
|Dfo(&)]]
1D frv&)ll —

Proof. Let n, denote the point on I',(z) with the same y-coordinate as that of £, (o = 1,2).
By a result of [[13], Section 6], we have for 1 <@ < n, |Dfiv(n)||/||Dfv(n)] <1+€ e < 1.
It follows that |, — 75| < D,(v(&,)). Hence, the desired inequality follows from Lemma
2.6. U

< 3.

2.6. Recovering expansion. Let v be a horizontal curve in I(d) and n > M. We say z € v
is a critical point of order n on - if:

(i) fCe[-2,2 for 1 <i<nand |Df(fz2)] >¢/10 for 1 <i < n;
(i) e,(fz) is tangent to D ft(z), where t(z) is any unit vector tangent to 7 at z.

We now introduce three conditions on derivatives along orbits of critical points, which will
be taken as assumptions of induction for the construction of the parameter set A. Let { be
a critical point of order n and assume that f7'¢ € [-2,2]* for 1 < i < 20n. For i > 1, let
w;(¢) = Df = fC) ({). We say ¢ has good critical behavior up to time k > M if the following
holds:

(G1) |Jws(Q)]| > MY for M < i < k;

(G2) [lwi (Ol = e |lwy (Ol for M < i < j <k

(G3) there exists a monotone increasing integer-valued function on y: [M, 20n]NN such that
for each j € [M,20n] there exists x(j) € [(1—+/a)j, j] such that [|wy) ()| > cd||wi(Q)]|
holds for 1 < i < x(j).

Besides the mere exponential growth in (G1), a certain information on oscillations of deriva-
tives are necessary. (G2) is a variant of basic assumption in [1, 2]. One implication of (G3) is
that the set {i € [1,20n]: slope(w;) < V/b} is quite dense in [1,20n].

Hypothesis for the rest of Sect.2.6: ( is a critical point of order n on a horizontal curve
v, with good critical behavior up to time 20n.
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Under this hypothesis, we establish key analytic estimates. For each M < k < 20n, write
Dy for Di(un(€)). Write To(FC) = {(wa(y), ) Iyl < VB}. Let

Vi = { (o) o~ 2a(0)] < D0l < V5.

Take a monotone increasing function y satisfying the condition in (G3). Let v denote any
nonzero vector tangent to v at z. If fz € Vi \ Vii1, then we say v is in admissible position
relative to (. Define a bound period p = p((, z) by

p = x(k),
and a fold period ¢ = q((, z) by
g=min {1 <i<p:|¢ 2" [wja(Q)] > 1 for every i < j < p},
where

210g C,
(15) B="820

log1/b '

It is easy to check that ¢ makes sense, by (G1-3) and the assumption on z. If fz € Va,_1,
then we say v is in critical position relative to .

Proposition 2.1. Let v, ¢, z, v be as above.
(1) If v is in admissible position relative to ¢ and z € Vi, \ Viy1, then:
(a) log ¢ — 2| ™% < p < log|¢ — 2|3
(b) log |¢ — 2| "% < ¢ < log|¢ — 2%
() [[Dffoll = I = 2| - wi (Ol for g < i <k;
(d) I¢ = z[lloll < [[Df0]] < [¢ = 2[*=?|lv]l;
(©) 1D70]) > ¢ — 2555 o] = e o]
(6) [DFvl < lloll for 1 <i < g
(&) D70l = (c/10)[Dfo] for 0 < i < ps
() [iC — flz] < e for 10 < p:
(ii) If v is in critical position relative to (, then | D f"v|| <e

— o]

Proof of Proposition 2.1. A central idea follows the well-known line [2, 13, 22]. We split D fv
into the direction of e, and that of (}), iterate them separately, and put them together after
the fold period is expired. We divide the proof of (i) into five steps.

Step 1(FEstimate of the horizontal distance between fz and I'(f()). For a point r near f(,
write
r= fCHEwi(Q)" +n(r)en(fO)T,

where T' denotes the transpose. Integrations of the inequalities in Lemma 2.2 along ~ from (
to z give

E(f2)l = |2 = <% In(f2)] < CVblz =],
Write fz = (z9, o). Let y; denote the y-coordinate of f(. Since f+ is tangent to the vertical
curve I',,(f() at f¢,

d*E(xn(y), y) ’ <ovh
dy? - '
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Then ,
1£(20(y0), 90)| < C\/E\yo —yf* < C\/E]n(fz)|2 < Cb2[E(f2)].

Since |70 — n(yo)| = §(f2) = E(@n(yo), vo)l, we get
(16) |20 — @u(yo)| = |2 — ¢
Step 2(Proofs of (a), (b)). (G1) gives
Dy < Jwg—a (O 7 < e 2
(G2) and the definition (11) give
Dy > e300t Ok min (¢, e49k) > 052k,
By the assumption on z and (16),
Cy?* < Dpyy < CI¢C— 2 < CDy, < Ce M2,

Taking logs we obtain

2
(17) log|¢ — 2|7 <k < Tlog|¢ — 2|7,

1
log Cy

The definition of p and (G3) give (1 — \/a)k < p < k, and thus (a) holds.
(G1) and the definition of ¢ give

D < g (O < ¢ — =177,

Taking logs and then rearranging the result yields the upper estimate in (b). The lower
estimate follows from

1 <[¢ = 2/’ |wg1 (Ol £ |¢ — 2]°CE.

Step 3(Eristence of contractive fields). Write Ty(f¢) = {(zx(y),%): ly| < Vb}. Using the
assumption on z, Lemma 2.7 and k£ < 20n we have

1
|20 — 21(y0)| < |0 — 2n(y0)| + |Tn(v0) — zr(yo)| < §Dk +(Ch)® < Dy,

Hence, the contractive fields eq, - - - , e, are well-defined in a neighborhood containing fz, f(
and all the estimates in Sect.2.3 are in place.

Step 4(Correctness of splitting). Split D fv = A({) + Bex(fz). Write e,(z) = (COSG"(Z)> and

sin 0y, (2)

p-Dfv= (Z?ﬁ:ﬁ), 0,,% € [0,7), p > 0 being the normalizing constant. Lemma 2.2 gives

10,(FC) =] = p7HC = zll|vfl > |¢ — zl.

We also have |0, (fz) — 0k(fz)] < (Cb)™ < |¢ — z|, where the first inequality follows from
Lemma 2.4 and the last one from the assumptionon z. Hence |0x(fz) — ¢| = |0,.(f2) — ¢|.
Consequently we obtain

(18) |Al & pl0k(f2) — ¥l = plOn(f2) = ¢] = pl0n(fC) = P] = |C = 2[[[v]].
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Step 5(Proofs of (c-h)). Let ¢ <i < k. We have
[A[-IDFH(F2) (5) 1| = CI¢ = 2llloll - [lwi( )]l = CI¢ = 2",
where we have used Lemma 2.6 and (18) for the first inequality; the definition of ¢ for the
second. We also have
i— i 3
1Bl - | Df ™ en(f2)] < (CO) o]l < (CH) o]l < |¢ = 2[2]lv]],

where we have used the lower estimate of g and (15) for the last inequality. These two estimates
yield (c¢). (c) for i = g and the definition of ¢ gives the upper estimate in (d). The lower
estimate follows from |lw,(¢)|| > 1.

Proof of (e). We have
IDf*oll = Cllwn (Ol - 1¢ = 2lllvll > 1¢ = 27 e |Ju]],

where we have used (18) for the first inequality; ||wx(¢)|||¢ — 2|*> > e for the second
inequality which follows from (G2) and the assumption on (. Hence we obtain

IDf7oll = Co ¥V Dol 2 1 — 21~ o]
For the last inequality we have used the second inequality in (17). This yields the first

inequality. Substituting [ — 27! > e*/2 into this yields the second one.
Proof of (f). Let 1 <i < g¢. The definition of ¢ and (G2) give

Al DS (F) < ¢ — 2] - o]l - qu@)l\% < IC— 27 o]l < |l

The other component of D f'v is exponentially contracted, and hence (f) holds.

Proof of (g). The ratio of the two quantities in (18) can be made arbitrarily close to a uniform
constant, by choosing sufficiently small § and b. With this and the bounded distortion in
Proposition 2.4, for ¢ <1 < p,

Dol 1 Ol <
IDfovl 10 flwi(Q)l] — 10°
where the last inequality follows from (G3). For 1 < i < ¢, using (e,f),

P
IDf7oll e ol e

D fo] IDfroll —

Proof of (h). Let 2’ = (z,(y0),v0)- (16) gives |fz — f2'| < Dy(¢), and thus |f'z — f'2| <
Cllwi(Olllfz — f7'| < Ce™®*. Here, we have used Lemma 2.6 for the first inequality and
the definition of Dy (¢) for the second. We also have | f'¢ — f'2/| < (Cb)"|f¢ — f2|. Hence
|fz<= _ fzzl S |f@C _ sz/| + |f1,z/ _ fZZ| S Cefimp S 67204).

Finally we prove (ii). Split Dfv = A(}) + Be,(f(). Lemma 2.2 gives |A| =~ |( — z|||v]|.
The assumption on z and ||Df"1(f2)]| < Cllwa(O)|| give ||A- Df*71(f2) (§) ] < e 2. We
also have

1B - Df* " (f2)ea(fOl S IDF T (f2)ealf2) ]+ [IDF " (f2) (en(fC) = enlf2))]
< (CB)" + Cllwn(QI¢ — 2| < e
This completes the proof of Proposition 2.1. 0
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3. CHOICE OF BINDING POINTS

To recover the loss of hyperbolicity due to returns to 1(§), we carry on the same strategy
as in [2, 13, 22]: look for a suitable critical point and use it as a guide. Such a critical point,
if exists, is called a binding point. The aim of this section is to establish the choice of binding
points.

3.1. Binding points for returns near the boundary of 1(§). Let 1V)(6), j = 1,2, -, 4Crit
denote the components of I(d). Using Corollary 2.2 (and borrowing some arguments in Sect.4),
it is possible to construct for each 1) () a smooth map a — ¢;j(a) defined in a neighborhood
of a* such that:

e ¢; = cj(a) is a critical point of order N of f, with good critical behavior;

o) < .

¢ da

These critical points will be chosen as binding points for returns near the boundary of 1(9).
For returns deep inside 1(d), we construct other critical points and choose them as binding
points.

3.2. Construction of new critical points. A C? curve is called a C?(b)-curve if the slopes
of all its tangent vectors are < Vb and the curvature is everywhere < Vb. The next two
lemmas, the proofs of which are given in appendix, are used to construct new critical points
around the existing ones. For corresponding versions, see: [2] p.113, Lemma 6.1; [13] Sect.7A,
7B; [22] Lemma 2.10, 2.11.

Lemma 3.1. Let v be a C?(b)-curve in I(0) parameterized by arc length and such that ~(0)
1s a critical point of order n. Suppose that:

(i) v(s) is defined for s € [~b%,b1];
(i) there evists m € [n/3,20n] such that | Df'(fy(0))| > ¢ for 1 <i <m.

There erists sy € [—bi,b%] such that v(so) is a critical point of order m on 7.

Next we consider two C?(b)-curves 71, 7 in I(§) parametrized by arc length, in a way that
the z-coordinate of v1(0) coincide with that of 75(0). Let t,(s) denote any unit vector tangent
to v, at v, (s), o =1, 2.

Lemma 3.2. Let vy, 72 be as above and suppose that:

(1) 71(s), Y2(s) are defined for s € [—e2,e3], e < Cy°;
(ii) v1(0) is a critical point of order n on vy and ||Df'(fy(0)|| > c for 1 <i <n;
(i) [71(0) — 12(0)] < e and angle(t1(0), £(0)) < &

There erists sg € [—e2,e2] such that v,(so) is a critical point of order n on ~,.

Remark 3.1. The corresponding versions to Lemma 3.2 in [2, 13, 22] assume that 7, and
72 are pairwise disjoint. The smallness of the angle as in (iii) automatically follows from
this. We allow 7, to intersect 75, and therefore need to take the smallness of the angle as an
independent assumption.
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=

u Df[Qn 0n]+1 Df[@n]-i—n

FIGURE 4. The evolution of u under iteration. the horizontal segment tangent
to D f"ly indicates v, and the curves indicate images of .

3.3. Hyperbolic times and nice critical points. Let!

_ ce
(19) rozc-mln{l—o,l}.

Definition 3.1. (Hyperbolic times)Let v be a tangent vector at z and let m > 1. We say v is
r-reqular up to time m if for 0 <i < m,

IDf™ ]| = rol| D frull.
, 1
We say p € [0,m] is an m-hyperbolic time of v if D f*'v is k¢ -ezpanding up to time m — .

The next lemma, the proof of which is given in appendix, ensures the existence of hyperbolic
times. See [2] Lemma 6.6, [13] Lemma 9.1, [22] Claim 5.1 for related issues.

Lemma 3.3. Let m > log(1/6) and suppose that a tangent vector v at z is ro/10-reqular up
to time m. There exist s > 2 and a sequence py < po < --- < ps of m-hyperbolic times of v
such that:

(a) Dftiv is ﬁg-empandz’ng up to time m — pu;;
(b) 1/16 < (m — 1)/ (m — ) < 1/4 for 1< j <5~ 1;
() 0 < g <m/2 and m —log(1/6) < ps < m —log(1/9)/2.

Definition 3.2. (Nice critical points) Let v be a horizontal curve in /(§). A critical point ¢
of order n > N on 7 is nice if (c¢f. FIGURE 4):
(CL) IDF(fONl = cfor 1 <i<m;
(C2) there exist &€ € f~%I¢ and a unit vector u at ¢ such that:
- u is k§-expanding and ro/10-regular, both up to time [On];
- DfPnly is tangent to .

3.4. Binding procedure. For the rest of this section we assume m, n are integers with
m >log(1/d), n > N, and:

(H1) each nice critical point ¢ of order < n has a good critical behavior;

(H2) a tangent vector v at z is ro-regular up to time m, and f™z € 10 () C I(9).

We indicate how to choose a binding point for D f™v. First of all, if D f™wv is in admissible
position relative to ¢;, then we choose ¢; as a binding point. If D f™v is in critical position

2

n the case g, = 1 — az?, one can take ¢ =1, rg = 1/10.
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FIGURE 5. critical points on C?(b)-curves

relative to ¢;, then in view of Lemma 3.3, fix once and for all a sequence p; < po < -+ < pus
of m-hyperbolic times of v satisfying

1 1 — i .
(20)  m — 1 < On, ilog(l/é) <m — us <log(1/9), T < %‘L}Zl for 1 <i<s.
Correspondingly, fix once and for all a sequence n > n; > --- > n; of integers such that
(21) m — p; = [On;] for 1 <i <s.

Let [; denote the straight segment of length 2/@39"1' centered at f*iz and tangent to D f*iv. Let
v = f™ ;. By Lemma 2.6, the distortion of f7|l; (1 < j < m — ;) is uniformly bounded

and consequently ~; is a C?(b)-curve extending to both sides around f™z to length > /-{397”. In

particular, v, extends to both sides around f™z to length > mélog(l/a). By Lemma 3.2, there
exists a nice critical point of order n, on 7, which we denote by (s. If D f™v is in admissible

position relative to (;, then we choose (; as a binding point. Otherwise we appeal to the next

Lemma 3.4. (Existence of nice critical points of higher order) Let i € [2,s] and suppose
that there exists a nice critical point (; of order n; on ~y; relative to which D f™v is in critical
position. Then there exists a nice critical point (;_1 of order n;_1 on v;_1 relative to which
D f™v s in admissible or critical position.

Recursively using Lemma 3.4, we end up with two cases as below. The choice of binding
points splits into these two cases:

Case 1; there exist j € [1, s|, and for each i € [j, s] a nice critical point ¢; of order n; on v; such
that D f™v is in critical position relative to (s, ---, (41, and in admissible position
relative to ¢;. In this case, choose (; as a binding point.

Case 2; there exists a nice critical point of order n; on v; relative to which D f™wv is in critical
position. In this case, choose (; as a binding point.

As a corollary we obtain

Corollary 3.1. Let {y denote the binding point for D f™v and let ko denote the order of (. If
D f™v is in admissible position relative to (o and Gy ¢ {c1,- -, cicri}, then

—lOg|Co — Z| ~ k().

3.5. Recovering hyperbolicity. Having established the choices of binding points, we now
apply Proposition 2.1. If Df™v is in admissible position relative to the binding point, then
all the estimates in Proposition 2.1(i) are in place: the loss of hyperbolicity and regularity
suffered from the return to I(0) are recovered at the end of the bound period.

In addition, in this case one can repeat the binding procedure in the following manner.
Write m = m;. Let ¢ denote any binding point for Df™v and let p; = p((, f™z) denote
the bound period. (e,g) Proposition 2.1 implies that v is ¢/10-regular up to time m; + p;.
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Let my > my + p; denote the smallest such that ™2z € I(d). By Lemma 2.1, v is ro-
regular up to time my. Subsequently the binding procedure is performed once again, replacing
m, f"z, D f™v by mq, f™2v, D f™0v correspondingly.

In this way, one may define integers

my <mp+p <Mmag<Mmag+py<mg<---

inductively as follows: for & > 1, pp is the bound period of f™kz; n;,.; is the smallest
J > my + pi such that f7z € I(5). (Note that an orbit may return to I(§) during its bound
periods, i.e. (my) are not the only return times to I(4).) This decomposes the orbit of z into
segments corresponding to time intervals (my, my + pr) and [my + pg, mg.1], during which
we describe the orbit of 2 as being “bound” and “free” states respectively; my are called free
return times of z.

Proof of Lemma 3.4. Let v = fti—#i-1[, ;. Parametrize v by arc length and assume (0) =

friz. Then 7(s) is well-defined for s € [—k3"" | k3™, because

Lo 1 o
(1/2)1‘%3971171%6;(#1 Mi—1) Z (1/2)/1(()3+4)(m Hi—1) Z Kgogni'

The last inequality follows from (20).

We use “” to denote the differentiation on s. Let p(s) = angle(ey—p, , (v(s)),¥(s)). For

all s € [—rp? 2% we show

Gni

1
(22) o(s) = K§
We finish the proof of Lemma 3.4 assuming this estimate. Let £ = f~(™=#)¢ N 1;. We have

5000n;
Ko

G- el < / o(s)ds.

1 )
S Qﬁgz(m*#z)

& — /"=

For the second inequality we have used (22), # < 1 and the assumption that Df™v is in
critical position relative to (;. This implies that the long stable leaf of order m — u; through
¢ intersects 7. Let v(sg) denote any point of the intersection. Then

(23) |G = [y (s0)| < (CD)™TH
By the bounded distortion and Sublemma 3.1 below,
(24) angle(D f™Ht(£), D™ "4 (s0)) < (C)™ .

Here, t(§) is any unit vector tangent to [; at £. By Lemma 3.2, there exists a critical point of
order n; on y;_1 = f™*#i-11;_1, denoted by ¢/_,, such that |y(so) —¢_,| < (Cb)2(m=#)_ By the
bounded distortion, the exponential growth in (G1) for the orbit of ¢; is passed onto that of
¢!_; up to time 20n;, which is > n;_; by (20). Lemma 3.1 yields a critical point of order n;_,
on ;_1, which we denote by (;_;. We claim that (;_; is a nice critical point of order n;_; on
vi—1. Indeed, (C1) holds as a consequence of the above exponential growth, and (C2) follows
from the bounded distortion and Lemma 3.3.
It is left to prove (22). We have ¢(s) > ¢(0) — I — II, where

I'=angle(en i, , (Y(5)); em—p; 1 (7(0))), I = angle(7(0),7(s)).
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We estimate the right-hand-side term by term. Note that §(0) is collinear to D f*v. Since
i; is an m-hyperbolic time, ¢(0) is bounded from below as follows. Splitting 4(0) into the
direction of e,,_,,(7(0)) and the direction orthogonal to it,

(m—p:) _ [|IDf™]| ) P
< WET UL (Cbymeni 4 C2sin? o(0),
| D friv|| \/( ) 0 #(0)

1
1
0

Z0n;

which implies p(0) > K
To conclude, it suffices to show max(/, II) < ¢(0). This holds for I from Lemma 2.4 and

|s| < kg """, Regarding I, as I; is a straight segment, Lemma 2.3 gives
pi—1 3
. _|IDfiv|
< Ob Hi=J )
Bl 2 O p
J=pi—1
We have | |
HDfJUH < Cé_ﬂi—l “Df,U«i—I/UH < Cgi_MFlHDf“i’lUH
and

1
IDf0ll = mg "V D)

Replacing these in the fraction and the using Lemma 3.3, |5(s)| < Cg(ﬂiim_l) < Og(mim_l) <
kg 5" Therefore IIT < |¥(s)||s| < ¢(0) holds.

Sublemma 3.1. If | f'¢ — fin| < (%)Z for 0 <1 < n, then for any nonzero tangent vectors v,
w at &, n,

CO\"™' = IDf]| D ffw|
n n < _ ’
angle(D f™v, D f"w) < ( - ) ; | D fro]| | Dfrw||

Proof. From the proof of [[22] Claim 5.3]. O

3.6. Source of nonuniform hyperbolicity: the set C. In this subsection we assume that
every critical point has good critical behavior, and show that this assumption implies the
occurrence of nonuniformly hyperbolic behavior. The issue on the abundance of parameters
for which this assumption holds is adduced to later sections.

Proposition 3.1. The following statement holds for all f = f, with (a,b) sufficiently close
to (a*,0); if all nice critical points of f of order > N have good critical behavior, then for
each fized saddle p of f with W¥(p) C [—2,2]?, there exists a countable set C C W"(p) near
Crit x {0} such that each € C satisfies:

(2) [IDf"(fO) (§) 1| = € for every n > 0;
(b) ¢ admits a tangent direction which is exponentially contracted by both positive and
negative iterations.

Proof. Fix a fundamental domain F in W}*.(p), and let z € F. Let ¢(z) denote a nonzero unit
vector tangent to Wi (p) at z. Define a sequence ny < ny +p; < ng < mng+py < ng < ---
inductively as follows: n; is the smallest such that f™z € I() and p; is the bound period of
f™z; ng > ng_1 + pr—1 is the smallest such that f™ 2z € I(d), and py is the bound period of
f™z. From the fact that p is a fixed saddle, it follows that this sequence is defined indefinitely,
or else there exists an integer m such that Df™t(z) is in critical position relative to critical
points of arbitrarily high order. If the latter case occurs, we let f™z € C.
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The set C thus defined is a countable set, because the defining map F — C is surjective and
any point of the inverse image of the map is isolated in F. (a)(b) follow from the fact that
each element of C is accumulated by nice critical points for which (G1) holds. O

4. PARAMETER DEPENDENCE OF CRITICAL POINTS

In the remaining three sections we construct a set A of positive Lebesgue measure for
which every critical point has good critical behavior. The construction of A is done by
induction. At each step we exclude all parameters from further consideration for which some
nice critical points may not have good critical behavior and necessary analytic estimates fail
for proceeding to the next step. At this point we face an intrinsic difficulty, not present in
one-dimension: critical points do not persist when the parameter is varied, because they are
dynamically defined. In this section, we resolve this difficulty by introducing a parametrized
family of critical points.

4.1. Deformations of quasi critical points. We relax the definition of nice critical points
as follows.

Definition 4.1. (Quasi critical points) Let v be a C?(b)-curve in I(§). Let n > N, and let ¢
be a critical point of order n on . We say ( is a quasi critical point of order n on -y if there
exist £ € f~I¢ and a unit vector u at ¢ such that:

(i) D"y is tangent to ;
1
(i) u is k¢-expanding up to time [On].
Hypothesis for the rest of Sect.4.1: ( is a quasi critical point of order n > N on a
C?(b)-curve v such that:

(QL)n IDF(fON = cfor 1 <i <n;
(Q2),, there exist &€ € f~7I¢ and a unit vector u at ¢ such that:
— Df"y is tangent to v;
1
— wu is kj-expanding and ry/160-regular, both up to time [fn].
Let H = [-2,2] x {/b}. Let r denote the point of intersection between H and the long

stable leaf of order [fn] through &. Let | C H denote the horizontal of length 2x3%" centered
at r. Let

I,(a) = [a — K§, 4 + Ky
We now introduce a C® map a € I,,(a) — ((a) called a deformation of . Here, ((a) is a
quasi critical point of order n of f, given by the next

Proposition 4.1. The following holds for all a € I,(a):

(a) £y s g C?(b)-curve extending both sides around £l b0 length > Ko s

(b) there exists a quasi critical point ((a) of order n on £ In addition, I —C(a)] <
(CH)F:

(c) a € I,(a) — ((a) is C3, and there exists C > 1 such that for j = 1,2,3,
con.

2 ((a)|| <

Before entering a proof of this proposition we prove the next lemma on iterates of f;.
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Lemma 4.1. fggn}l is a C*(b)-curve extending both sides around ffn}r to length > kg™,
Moreover, there exists a quasi critical point ((a) of order n on fa[ten}l. Furthermore, |(—((a)| <
(Ch)7.

Proof. Write f for f;. For a point p € [—2,2]?, let us write v(p) = (). The next comparison of
derivatives is used: ||Df'v(€)|| = || Df'v(z)|| for z € l and 1 < i < [fn]. This follows from the

bounded distortion in a neighborhood containing £ and [ in consequence of the assumption
on ¢ and Lemma 2.7. Lemma 4.1 follows from this and ||Df®u(r)|| > 1||DfEnly(€)|| >

on
D] = b
By Lemma 2.3, the curvature of £ is bounded from above by
[On]—1

[6n]—i HDfiU(f)HS
C 2 O D e

We evaluate the fraction as follows. For 0 <1 < 0n/2,
—3((6n] 1)

IDfu(E)] . /2
e < Ok <k :
1D fomlu(e)] = "
For On/2 < i < [On], split u = A(}) + Be;(§). An analogous reasoning to the proof of (22)
shows || D fiul| ~ |A| - ||Dfiv(€)|. By the bounded distortion and (Q2),,

IDSw©l _ . IDful _C

[DfEo() — (D fErul] — 6
Replacing all these in the summand, we obtain the curvature is everywhere < v/b. The second
inequality with i = [fn] — 1 implies that the slopes of the tangent directions of flI] are < Vb.
Subemma 3.1 gives angle(D 1y, D fl0"ly(r)) < (C’b)%n, and also |fl0nl¢ — flOnly| < (C’b)%n.
By Lemma 3.2, there exists a critical point of order n on f?l]. The bounded distortion and
(Q2), together imply that this critical point is a quasi critical point of order n. The last
assertion follows from Lemma 3.2. 0]

Proof of Proposition 4.1. Let z € [, a € I,(a) and 1 < i < [fn]. Then

. . on
I1Dfav(r) = Dfgo(r)]] < ro°
(Q2),, and the bounded distortion give

1D fov(r)ll = CID fv ()l = Cki.
Hence, ||D fiv(r)|| = || D fiv(r)| holds. The bounded distortion in Lemma 2.6 gives || D fiv(r)|| ~

|Dfiv(z)||, and consequently ||Dfiv(r)|| ~ ||Dfiv(z)||. From this and the proof of Lemma
4.1 we obtain (a).

We divide the rest of the proof of Proposition 4.1 into three steps. In the first two steps we
prove (b). In the last step we prove (c).

Step 1(Construction of a critical point of fi on f"}l). Parametrize [ by arc length s. For

a € I,(a), let z(a) € | denote the point such that the z-coordinate of f}f"]x(a) coincides with
that of ¢(a). Then

9n
(25) | fo(a) — f2(a)) < 2|0 (a) — fPMa(a)] < kO,
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9n
e (a) — fa(a)] < |£0w(a) — £ ()] + | £ (@) — FPMa(a)] < 260
By the C?(b)-property,
In
angle(D v (x(a)), DfI"v(x(a))) < 2Vbrg".
The proof of Lemma 4.1 implies

angle(Df"v(2(@)), D o(a (@) < ki

Hence
In

(26) angle(D f""v(x(a)), DfY"v(x(a))) < 264"

(25) (26) permit us to use Lemma 3.2 to construct a critical point of f; of order n on fI"I1,

which we denote by z, located within /{0 of ¢(a). By the bounded distortion, ||Dfi(faz)| >
¢/3 holds for 1 <7 < n.

Step 2(Construction of a quasi critical point of fa on fa "]l) Let v denote the C?(b)-curve in

£¥71 which extends both sides around z to length ,%0 Since | faz — faz| < Coky, the bounded
distortion gives, for 1 <17 < n,

IDfzo(fa2) | = (1/2)ID fro(faz)]| = ¢/6.
As a € I,(a),

. . . . 9n
1D fav(fa2)ll 2 1D fio(fa) | = 1D falfaz) = Dfi(fa2)|l = ¢/6 — Ko
Namely, f,z is expanding up to time n under the iteration of Df,. By Proposition 2.4 and

diam(f,v) < Ckg, the most contracting direction of D f! denoted by e, ;, is well-defined in a
neighborhood of f,7.

Parametrize v by arc length and assume v(0) = z. Let ¢(s) denote any unit vector tangent
to v at y(s). Split

Dfat(s) = A(s) () + B(s)ean(fa2),
) = )+

) (
Dfat(s) = A'(s) (5) + B'(s)ean(fav(s))-
These two equalities and || D f,(v(s)) — Dfa(v(s))|| < Cla — al altogether imply

A'(s) = A(s) + B(s) cos 04(faz) — B'(s) cos Ba(fay(s)) + R,
0 = B(s)sinba(faz) — B'(s)sin b, (fay(s)) + R,
where e, () = <§fjgg((j))) and |R| < Cla — a| < Cky. Letting ¥(s) = |0a(fa2) — 0u(f7(5))],
|B(s) — B'(s)| < C(s) + C|R| and |A(s) — A'(s)| < C(s) + C|R|.
From the results in Sect.2.3,
¥(s) < 0a(faz) — ba(fay

Lemma 2.2 gives |A(i/{§)| A K

N+ 10a(fa1()) = Bal far(s))] < CVB (5] + |a—al) .
, A(K(?)A(— E) < 0 and |B(s)| < CVb, and hence
[A(£ng) — A'(£r¢)| < CVbRE + Crf < |A(£rd)|.
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This implies A’ (li(? VA (—liO% ) < 0, and therefore A’(s) = 0 has a solution. Lemma 2.2 implies
that this solution is unique, and by definition, it corresponds to a critical point of f, of order
n on v, denoted by ((a). By construction, {(a) is a quasi critical point of f, of order n.

Step 3(Derivative estimates). Parametrize | by arc length s. Let o(a) denote the unique
parameter such that

(27) ((a) = £"1(o(a)).
Consider the unit vector F(s,a) = p-D ff"]ﬂv(l(s)), where p > 0 is the normalizing constant.

Let G(s,a) denote the most contracting direction of D fI* at Flmy

F(Q(a)’ a) - G(Q(CZ), a) = 0.

Let vy = chgen}v(l(g(a))) and v; = Df,v. Let ko denote the curvature of f%l at ((a). We
claim

(s), so that

(28) ko = Cllvoll*/|lval?,

and

10.F1| > kg™, [10sF || = riollor]l = [[voll*[losl| =" > [lvol,

10,6l < CVb, 10,6 < CVBl|woll,

where all the partial derivatives are taken at (o(a),a). The factor v/b in the upper estimate

on
of ||0sG|| comes from (10) and Corollary 2.2. Hence [|0s(F — G)|| > Cky? holds. The implicit
function theorem yields

d —90n
e =

Differentiating (27) with a and using this we obtain the desired bound of ‘%C | Higher order
derivatives are bounded in the same way.

It is left to prove (28). Write vy = fc[fn}l. Parametrize 7o by arc length s so that v(0) =
((a), and let y1(s) = fvo(s). Let “” denote the differentiation with respect to s. We have

$1(0) = Df(70(0))40(0) + X40(0), where

Di0o(0)) = <c D) and X = (<vc,%<o>> <VD,%<0>>>’

From the form of our map (6) and the fact that o is C(b), we have ||5(0)|| < Cv/b and
(VA,40(0))] > C > 0. In addition, all the other entries of X are < Cb in norm. Hence
151(0)]| > € > 0 and slope(51(0)) < Cv/b hold. Since slope(41(0)) > C/+/b , the curvature is

(@ x5 . C
FOF = Ol

This proves (28). O
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4.2. Uniform derivative estimates. From this point on, we use “” to denote the a-
derivatives. Since the construction of deformations of quasi critical points of order n involve
n iterations, and now n is arbitrary, the next uniform bounds on derivatives of deformations
are highly nontrivial.

Proposition 4.2. Let  be a quasi critical point of order n > N of f; on a C*(b)-curve .
Assume:
@) IDFCFON = 2¢ for 1 <i <y
(ii) there exist &€ € f~19¢ and a unit vector u at & such that:
- Df[(’”]u 15 tangent to vy,

-uis /@é -expanding and ro/40-regular, both up to time [On].
For the deformation a € I,,(a) — ((a) and j = 1,2 we have

1(a)]| < g "B,

Proof. We divide the proof into three steps. First, in a slightly different way from Proposition
4.1 we construct a smooth map a € I,(a) — z(a) such that z(a) is a quasi critical point of
order n of f,. Next, we repeat similar constructions for lower orders. Finally we put these
together and complete the proof.

Step 1(Construction of a parametrized quasi critical point of order m). Let v denote the

straight segment of length k3" centered at £ and tangent to u.

Lemma 4.2. For all a € I,(a) we have:
(a) log | DA(E)ul — log |DFEul| < 1 for 1 <i < [pn],
(b) £y is a C*(b)-curve extending both sides around "¢ to length > K8"
(c) there exists a quasi critical approzimation z(a) of order n on ol .
(d) for alln € ~,

(29) |[fam — f2€] < k7" 0 < i < [6n].

Proof. (a-c) follow from slight modifications of the arguments in Sect.4.1, 4.1. The Hausdorff
distance between fivy and fiv is < x3?", and (d) follows. O

Step 2(Construction of parametrized quasi critical points of lower order). In view of the
assumption n > N and Lemma 3.3, fix once and for all a maximal sequence 0 = pu; <
fo < -+ < pg of [In]-hyperbolic times of the tangent vector u at & under the iteration of f;.
Correspondingly, fix once and for all a sequence n =: ny > ny > --- > n, of integers such that

[On;] = [On] — p; holds for 1 < i < s. Let £(a) € v be such that fCE"”}g(a) = z(a). Let v;(a)

denote the straight segment of length 2&39”" centered at f*i¢(a) and tangent to fri~.

Lemma 4.3. For every 1 <i < s and all a € I,,(a) we have:
66n;

(a) (?””%(a) is a C?(b)-curve extending both sides around z(a) to length > kg ";
(b) there exists a quasi critical point z;(a) of order n; on fc[ben"]%(a) such that

i

(30) 2:(a) = 2(@)] < Y6
k=1
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fmsly
Zj+1 q

FIGURE 6

Proof. (a) follows from a slight modification of the proof of Lemma ??. We prove (b) by
induction on 7. The argument is parameter-independent. So, let us suppress a from notation
and write z(a) = z, z;(a) = z; and so on.

(b) for i = 1 follows from the fact z; = z. Assume (b) for i = 7 > 1. The lower estimate of

length in (a) for ¢ = j permits us to use Lemma 3.1 to construct a critical point of order n;y
on flfnsly; denoted by p, such that

(31) |2 = pl < (Cb)™

We regard the two O2(b)-curves flonily,; —fl0 J+1]fyj+1 as graphs of functions y;(z), y;+1()
correspondingly. Let z( be such that p = (z¢,y;(x¢)). The assumption of the induction gives
length( f10mily;) > |z — p|. Hence, y;11(x¢) makes sense. Let ¢ = (29, y;+1(20)). Let s € v be
such that fl07ls =

The bounded dlstortlon on v gives |fri+1f — s| < 2k, 2l n“l]] — p| < (Cb)1Pmi+1. From
this and the lower estimate of the length of v, , it follows that the long stable leaf of order
[0n;41] through s intersects ;41. Then |y;(zo) — y;11(z0)| < (Cb)?5+1, and Sublemma 3.1

9"]
gives [y, (20) — Y1 (z0)| < (CH) 5

]+1

nj on 7,41, denoted by z;11, such that |z;.1 — q\ < (C’b) " Consequently we obtain
|zjr1 — 2| < Jzj1 — gl + g —pl+p — 2| + |2z — 2|
Onjt1 9"J+1 gl 7 Ong, i n
< (Cb)™ 1 +(Cb) > +Zba =
k=1 k=1
This proves (b) for i = j + 1. O
Step 3(Owverall estimates). Put a = G in Lemma 4.3. Then we obtain a sequence (3, - - , (s of

quasi critical points of f;, of order n; > - -+ > n, correspondingly. By the initial assumption on
¢, & u, (Ql),,, (Q2),, holds for ¢;, for each i € [1, s]. Hence, the deformation a € I,,,(a) — (;(a)
of ¢; is well-defined by virtue of Proposition 4.1. As ny = n, (; = ¢, and (3(a) = ((a) holds
for all a € I,,(a).

Lemma 4.4. For each i € [1,s] and for all a € I,,,(a), |(;(a) — zi(a)] < (Ch) I

We finish the proof of Proposition 4.2 assuming the conclusion of this lemma. We appeal
to the next
Lemma 4.5. (Hadamard) Let g € C?[0, L] be such that |g] < My and |¢"| < My. If 4My < L?
then |g'| < v/ My(1+ Ms).
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Write (;(a) = ¢, (i(a) = ¢, (i(a) = ¢ and z;(a) = z;. Proposition 4.1 gives ;11 — G| <
2Kg 39n Lemma 4.3 and Lemma 4.4 give

on

Gir1 — Gl < |Gig1 — ziga| + G — 2| + [zig1 — 2| < (C)5

7
on,;

This permits us to use Lemma 4.5 to get ||Gi41—G|| < (Cb) . Summing this over all 1 < i < s
and ||| < kg™ < k3'°8° from Proposition 4.1,

s—1
IS < UGN+ ) NGin — Gill < kg™®°
i=1

For the second order derivative estimate, use Lemma 4.5 with respect to Q.}-H — ¢ together
with the third order derivative estimate in Proposition 4.1.

It is left to prove Lemma 4.4. To this and we need some notation. Let &;(a) € v;(a) be

such that fc[fn"]&(a) = z;(a). Let a,d’ € I,,(a). Let z;(a,a’) denote the point of intersection

between H and the long stable leaf of f, of order [On;] through &;(a’). Let 6;(a) denote the

horizontal of length 2/{39"1' centered at x;(a,a). Analogously to the proof of Lemma 4.1, it
is possible to show that fc[ﬁm]éi(a) is a C%(b)-curve, and there exists a critical point z;(a) of

on,;

order n; on J;(a) such that |z;(a) — z;(a)| < (Cb) 7.

To conclude, it suffices to show z;(a) = (j(a). Let I = |x;(a,a) — x;(a,a)| and II =
|zi(a,a) — x;(a,a)|. Corollary 2.2 gives I < Cla — a|] < 2kj. Meanwhile we have II <
Clé(a) — &(a)| < Cki™. Here, the first inequality follows from the Lipschitz continuity o
€on,), and the second from (d) in Lemma 4.2. We obtain

s

(32) |zi(a,a) — xi(a,a)|] < Cl@'éeni.

By the construction of the deformation, there exists a horizontal I; C H of length 2539""

centered at z;(a,a) such that fimipis a C?(b)-curve on which (;(a) lies. By (32), I; intersects

;. Therefore fiem](li U d;) is a C*(b)-curve as well, on which lie two critical points z;(a) and
(i(a). As they are of order n;, they coincide with each other. O

5. PARAMETER EXCLUSION I: PRELIMINARIES

In this last two sections we define the parameter set A in Theorem B and show that it has
positive Lebesgue measure. In this section we do some preliminary works.

The definition of A is inductive: at step n, we define a parameter set A,, by excluding from
A,,_1 all those undesirable parameters for which some nice critical points do not behave in a
good manner, in a possible violation of (G1-3). We set A = () -, A,. In Sect.5.1 we give a
formal definition of A,,. -

To conclude |A| > 0, the main step is to show that |A,,_; \ A,| decreases exponentially
in n. Our strategy is briefly outlined as follows. We first decompose A, _; \ 4, into a finite
number of subsets, based on certain combinatorics describing itineraries of critical points. We
then estimate the measure of each subset separately, and unify them at the end. In Sect.5.2,
5.3 we introduce an integral part of this combinatorics.
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5.1. Definition of parameter sets. We give a formal inductive definition of A,,. Choose
small € > 0, so that if b is small, then for any f € {f,: a € [a* — 2¢,a* — €]} and any critical
point of ¢ of f we have:

(a) |wi(Q)]| > =Y for M < i < 20N;

(b) [[w; (Ol = e™>*|wy ()| for M < i < j < 20N.
This choice is feasible by the fact that any critical point is contained in [ (\/5) Set A, =
[a* —2e,a* —¢] for 0 <n < N.

Let n > N, a € A,,_; and suppose that every nice critical point of f, of order < n has a
good critical behavior. Let 20(n — 1) < m < 20n. We say a nice critical point ¢ of f, of order
> n satisfies (G), if:

(i) the orbit f¢, f2¢,---, f™C into is decomposed into bound and free segments in the
sense of Sect.3.4;

(ii) let ny < ng < -++ < ng < m denote all the free return times of ¢, with 2y, - |z, the
corresponding binding points. They are of order < n and
(33) Z log | [ ¢ — zi| > —am.
1<i<s

For n > N, define A, to be the set of all a € A,,_; for which every nice critical point of
order > n satisfies (G)a0,—1. In other words,

A\ A, = a€N,_1: (G)y fails for some m € [20(n — 1),20n)
n=l "o and some nice critical point of order > n of f, [~
The next proposition indicates that, for parameters in A, nice critical points of order n

can be used as binding points, and thus allows us to proceed to the definition of A, ;.
Proposition 5.1. Let n > N, a € A,,_1 and let ( be a critical point of order > n of f,. If
(G)20n—1 holds for ¢, then:

(a) [|w;(Q)] > e/\(i_'l) for M < i < 20n,

(b) Nlw; (O = e **|wi (O for M < i < j < 20n;

(c) if ¢ is of order n, then it has good critical behavior.

Let f € {f.,: a € A}. By the definition of A and Proposition 5.1, every critical point of
f has good critical behavior. Then Proposition 3.1 ensures the existence of the set C as in
Theorem B. Hence, to complete the proof of Theorem B it is left to show |A| > 0.

Proof of Proposition 5.1. We divide the proof into three steps. In the first two steps we show
(G1-2) for every 20(n — 1) < k < 20n. Lastly we show (G3).

Step 1(Proof of (G1)). We begin with the elementary case where there is no return to 1(9)
before time k. In this case, Lemma 2.1 and cfe®*=Y > 1 from the definition of N give
|we(O)|| > coePoab=ealk=1) > Ak=1) " and in addition, ||we(Q)|| > cder®=D||lw;(C)|| >
cde "D Jwi (O} = e~ Jwi(C) || for i < k.

Proceeding to the general case, let ny < --- < ny denote all the free return times of ¢ before
k, with py,--- ,ps, q1, -+, qs the corresponding bound and fold periods. Proposition 2.1 and
condition (G) give

> 3
(34) ;pi < XO&(/{ — 1).
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The chain rule gives

o Ju
a4, ()1 = e, (¢ HHH H

W, +pl | | wnz

where
me( )H > 6_16)\n1, ||wnl+1( )H )\O(nl+1_nl_(ﬂ)’ Hwnl‘i’pl( )H
o (O] = N (O
The first inequality holds for (a, b) sufficiently close to (a*,0); the second follows from Lemma
2.1; the last from Proposition 2.1. Putting all these together,

(35) [ wn4p, (O] = (65)71«5)‘0(”5‘*‘?5_2?:1%).

3a(k—1)

If f*¢ is bound, namely n, + p, > k, then using C,7* > C, * |

log C, 3a (.
(O] = CaP 1w (O] = 0 CEREH) R D) 5 ),

where we have used (34) for the third inequality. If f*¢ is free, namely n, + ps < k, then
Proposition 2.1 gives ||wy,(¢)|| > cde**=77P9)||w,, 4, (¢)||. Combining this with (35) we obtain
|we(€)]| > etotk=2pi) > grolk=ak) > Ak=1) “and hence (G1) holds.

Step2(Proof of (G2)). We deal with five cases separately.

Case I: both f'C and f’C are free. Suppose that no return takes place in [i, k]. This case can
be covered by the argument in the beginning of the proof. Otherwise, we split the orbit into
free and bound segments. Using Lemma 2.1 for each free segment and Lemma 2.1 for each
bound segment we have

(36) lws ()1l = 33U [wi(Q)l| = e lur(Q)]].

The last inequality is because cded > 1 because j is large as there is a return time.
Case II: f'C is free and j € (n;+q,ny+p;) for somel € [1,s]. Let z denote the binding point
for f™(. Then
n, j—n 2 (j—i)—an
lwi (Ol = CLf"¢ = 2™ flwa Q)] = CesU=I7m wy ()]
> CedT 21300 D uy(()]] 2 €2 wi(Q)])

where the first inequality is because j is out of fold period; for the second inequality we have
used (36) from time ¢ to n; (0 is dropped by Lemma 2.1) and |f™( — z| > e~*™ from (G);
n; < j for the third; the last inequality is because j is large.

Case III: fiC is free and j € [ng + 1,n; + q for some | € [1,s]. The upper estimate of

_ 204
fold periods in Proposition 2.1 and condition (G) give ||w;(¢)|| > Cy * 7 |[tn, 14,(¢)]|. For the
segment from time 7 to n; + ¢, Case II applies and therefore

||wnz+qz(o|| ||U}](C)|| 062]——a26(% §a)(m+ql—i)00_¥j > e—%ai.

s Ol Twnra (O = 2

Case V:i € (n;,n; + q) for some l € [1,s]. From the proof of Proposition 2.1, |Jw;(¢)|| <
|wn, (€)|| holds. This and the estimates in Cases 11, III yield the desired one.
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Case IV: i € [ny+ q;,n + py) for somel € [1,s]. If j € [n; + q,n + pi), then the bounded
distortion gives HwJEC;” > & > e . Otherwise, ny +p; < (1+32)n; from (G) and from Cases
I, I, III,

wnp (O NI - €0 sapmimy < 200
> e 20uTPl) > pmeat
lwi (Ol [[wny 45, (O] — 10 -

Step 3(Proof of (G3)). Let j € [M,20n]. Define a finite sequence
] = ho > hy > >ht(j)

of free return times of ¢ inductively as follows. Let il/k-_i_l denote the largest free return time
before hy, when it makes sense. Let pri; denote the corresponding bound period. If

. 1
(37) b — B1 — Prr < " log(10/(cd)),

then let hyq1 = hypq. In all other cases, hy 1 is undefined, namely k = t(j). Define x(j) =
hy(;)- Obviously, x(j) < j holds. It is left to show for 1 <i < x(j),

(38) lwyi) (Ol = edllwi (O,
and

(39) (1= +Va)j < x().
If there exists no return time before x(j), then (38) follows from Lemma 2.1. Otherwise, we

first observe ||wy()(¢)|| > cd|w;(¢)|| for ht ()41 T Pe)+1 < @ < x(4), from Lemma 2.1. For all
other i, ||wﬁt(')+l+pt(')+l (Ol = (¢6/10)||w;(¢)|| holds. Using all these and the reverse inequality

of (37) for k = t(j),
||wx ( )” > coeM )=he(j)41=Pei) 1) ||wﬁt(j>+1+pt<j)+1(o” = 10”w5t<g‘)+1+pt(g’)+1”'

Hence (38) holds for 1 <i < ht(j)+1 + Pe(j)+1-

We show (39). If t(j) = 0, there is nothing to prove. If t(j) = 1, then the inequality
follows from a condition (G). Suppose t(j) > 1, and that hy;) < (1 — /a)j. We derive a
contradiction. Let ky € [0, ()] denote the smallest such that hko (1—+/a)j. Condition (G)
and (37) together implies kg > 1. Let B = {i € [(1 —\/a)j,j]: f'C is bound} and F = {i €
(1 — \/a)j,j]: fiC is free}. By definition and the assumption, [hy, hy + px] C [(1 — Va)7, J]
holds for every ¢ € [1,ky — 1]. The lower estimate of bound periods in Proposition 2.1
gives B > logco(ko 1)log(1/6). Summing (37) over all i = 0,1,--- kg — 2 gives F <

C—(k‘j\gl) log 1/4. Hence y/aj < C#B holds, where this C' depends only on Cp, A\g,c. On the

other hand, condition (G) and (a) Proposition 2.1 give B < 3‘” . These two estimates are
incompatible, if « is chosen sufficiently small, depending only on C’O, Ao, C. U

5.2. Expansion at deep returns. Let n > N and f € {f,: a € A, 1\ A,}. Let ( be a
nice critical point of f order > n, having v < 20n as its free return time. If v is not the first
return time to 1(9), then let ny < --- < n; < v denote all the free return times of ¢ before v,
with 21, -+, 2 and pq,--- , p; the corresponding binding points and the bound periods. For
each i € [1,1) \ Ujcer[ns, s + ps — 1], let

PR
7O = O
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and let
_ ‘fngC - 28‘%
7. = o

Let Ko = inf ecritnso0 d(glc, Crit), where d denotes the minimal distance apart. Define

(40) 0.(0) = 10 [Z ai<<>-1] .

It is understood that the sum runs over all i such that fiC is free. The g,- is the interval map
in Sect.1.3 with the critical set Crit and d denotes the minimal distance apart. By (A3), the
infimum is nonzero.

Lemma 5.1. For the above f,(, v, ||w,(¢)]|©,(¢) > e~ 261,
Proof. We estimate |Jw,(¢)|| 'o;(¢)~" for each 1 <4 < v such that fC is free.

Stepl (estimates for free returns): Let ny 1 = v. For 1 < s <t we have

1 () (€)= et Ol _leon, (O

Tmen O] Tmeres @

< Hwns(C)H |fns<=_zs|—j < |fns§_ 25|_%~

— Nwnig. (Ol

For the last inequality we have used (d,e) Proposition 2.1. As ||w,(¢)|| > ||wn.,,(¢)|| we obtain

¢ = Zsr%)

- - N _ 1 a(B—1)ns
HwV<C)H 10nS<C) ! < ’f C—zs| 0 <e (8-1) ’

where the last inequality follows from (G). Summing this over all s gives

(41) any 100, ()7 < 26001,

Step2 (estimates for free segments): Let F :=[0,n1) |JUi<s<t[ns + ps, nst1). Let
(42)  Cr=max{2,4x 'logCy}, C,=1-1/Cy€(0,1), C3=min{l/2,Cs}.

Put sg = l/{’g‘s For each i € F', Lemma 2.1 gives

V( i v—1i 2 ,A(v—i—sg
i (©l(e) = LADMLAO 5 g — s

Split F'= Fy U Fy, where Fi ={i€ F:i<v—sy}and F, ={i € F: i > v — s}. Summing
the reciprocals of the above inequality over all 1 € I,

S Qo) < o

i€l

We claim fi¢ ¢ I(3V/4) for each i € F,. Indeed, if this is not the case, then ‘\‘Iﬁj((g))H <

33/6-CCY " holds. On the other hand, Lemma 2.1 and Proposition 2.1 give |||‘w”(( ))H > c¢. These
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log §
4logCp?

two inequalities yield v — 1 > — a contradiction to the assumption ¢ € F5. Hence the

claim holds and U o
S Qo < S < C0 o

1€Fy
These two estimates yield

S
Sl

(43) S Q-0 <

el

Step3 (Owverall estimate): (41) (43) give
v—1 o
S Q) o) < 26 < gentio,
i=1

where the last inequality is because of the fact that v is a return time of {. Taking reciprocals
we obtain the desired inequality. 0

The expansion estimate in Lemma 5.1 does not reflect the depth of the return at time v.
Hence, it is useless for our purpose if the depth of the return is shallow, compared with awv.
However, the exclusion rule in (33) does allow this case to occur. A solution to this problem
is to introduce a particular type of returns for which another expansion estimate is available,
and do exclusions only at these returns.

Definition 5.1. (Deep return times) Let f € {f,: a € A,—1 \ A,}. Let ¢ be a nice critical
point of f order > n, having v < 20n as a free return time, with z the binding point. If v is

not the first return time to I(9), then let ny < --- < n; < v denote all the free return times
of ¢ before v, with zq,--- , z; the corresponding binding points. Write n;;; = v and 2,41 = 2.
We say v is a deep return time, if it is the first return time to I(4), or else for 1 < s < ¢,
t+1
N 2log[7i¢ — 2| < log ¢ — .
J=s+1
Let

(44) 04 = max{1/5, 03} c (0, 1)

Lemma 5.2. For the above f,(,v, z, if v is a deep return time of (, then
lw, (O10,(Q) = [£7¢ — 2.
Proof. 1f v is the first return time, then the desired estimate is a consequence of (43). Assume
that v is not the first return time. As v is an deep return,
t+1
o=zl < [T e -5l

Jj=s+1

The proof of Lemma 5.1 gives |[wn, ., (C)]| 15 1(¢) < |f™¢ — 2|71, and so

t+1
(45) lwn, (O o2C) < T 1£7¢ — 2175,

j=s+1
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For1 <s <t

llwn, (O ﬁ 140, (O Nwn; (ON ﬁ [[wn, (O

w24, Ty (O 1w, QI 23 M, (O

Multiplying these,

(46) (O (€) < 1£7¢ Aélj—ﬂﬁiﬂwfw—awé

A T, (@

For each term in the product, (e) Proposition 2.1 gives

b Oy < i ot < VB
[y, (Ol

Hence

lwn (Ol 7, (O)F < 7€

Summing this over all 1 < s < t and (45) for s =t gives

|wy||1§ja <ﬂf<—d5 2|75
The estimate for free segments in (43) and the above inequality yield
\wyr|1§ja ) < o U= 2T <1 ol
Taking the reciprocals of both sides yields the desired inequality. 0

5.3. Grid coordinates. For each p > AN, fix a subdivision of R x {v/b} into right-open
horizontals of equal length xf. We label all of them intersecting H with [ = 1,2,3,---, from
the left to the right. By a u-grid coordinate of a point  on H we mean the integer [ which is
a label of the horizontal containing z.

In general, let ¢ be a nice critical point of order n on a horizontal curve . By definition,
there exists ¢ € f~%I¢ and a tangent vector u at ¢ for which (C2) in Definition 3.2 holds.
Let p be any [fn]-hyperbolic time of u. We call p a hyperbolic time of (. The long stable
leaf through f#¢ of order [On] — p intersects H exactly at one point. Let A((, ) denote the
([0n] — p)-grid coordinate of the point of the intersection.

6. PARAMETER EXCLUSION II: POSITIVE MEASURE

In this last section we show |A| > 0. In Sect.6.1 we decompose A, 1 \ A, into a finite
number of subsets, based on the combinatorics introduced in the previous sections. Assuming
a key measure estimate (Proposition 6.1) on each of these subsets, we conclude |[A| > 0. All
the remaining subsections is devoted to a proof of the key measure estimate.
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6.1. Decomposition of parameter sets excluded at step n. We decompose A, 1\ A,
as follows. Fix the following combinatorics:

(D1) positive integers m € [20(n — 1),20n), s,t, R;

(D2) sequences (g, -+, fts), (1, -+ ,xs) of s positive integers;
(D3) sequences (v, 1), (I, 1), (N1, ,my), (ri,--+ 1), (Y1, ,y¢) of ¢ positive
integers.

Let E,(x) = E,(m,s,t,R,---) denote the set of all a € A,,_1 \ A, for which there exists a
nice critical point ¢ of f, = f of order > n such that the following holds:

(Z1) (G)m-1 holds, and (G),, fails;

(Z2) {p1 < --- < us} C[0,[0n]] is a sequence of hyperbolic times of ¢ satisfying

1 [On] — us 1 1 [On] —pr 1 _
47 - < —=<<1 On| — > —f —<—"<-forl<i<s.
U 3= gaysy Sb Ul mmzgbn 5 < =y, Salrisiss
Lemma 3.3 ensures the existence of such a sequence;
(Z3) z; = A(C, ;) for every 1 <i <s;
(Z4) vy < --- < 1y = m are all the free return times in the first m iterates of ¢, with

21, -+, 2 the corresponding binding points;
(Z) for each k € [1,1], Iy € [1,4Crit] is such that f*+¢ € I")(§);
(Z) ng < n, and

the order of z; if 2z # ¢,
n =
b 0 if 2L = (-

(Z5) If vy < m, then |f“( — z,| € [e™, e "), If vy = m (which means k = ¢ and
vy = m), then 1, is defined as follows. If |f™( — 2| > e, then r; is such that
|f™¢ — 2| € [e7™, e ") holds. Otherwise, r; = am;

(Z6) If ny # 0, then y = A(z,0). Otherwise, y, = 0.

If a € E,(x), then any nice critical point of f, of order > n for which (Z1-6) hold is called
responsible for a, or a responsible critical point of f,. The parameter set E,(*) is called an
n-class. By definition, any parameter in A,,_; \ A, belongs to some n-class.

Before proceeding let us record constraints on the above integers. Corollary 3.1 gives

(48) np~r, if v, <m.

By the definition of r; in (Z5),

(49) e <alr if v=v,=m.

(G) and the definition of 7 in (Z5) give

(50) re < oy, for 1 < k <t.
Proposition 6.1. |E,(x)| < e’%R\AOI, where R =11 +1ry--- 414

We finish the proof of Theorem B assuming the conclusion of Proposition 6.1. We begin
by counting the number of all feasible n-classes. The number of all feasible (py,--- , us) is
bounded by the number of ways of choosing s objects from [#n] objects, which is (). For

(m—pi)

one such way, there are at most [[;_; ko number of ways to choose (z1,---,zs). (47)
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gives m — p; < 47%(m — p,), and therefore
Z(m — 1) < Z4jis(m — ps) < 2(m — ps) < 26n.
i=1 i=1

Hence, it is possible to choose C' > 1 such that the number of all feasible sequences in (D2) is

O\ 1 —(m—p: n
§<[S]>HHO( H)SCG.
i=1
The number of all feasible (vq,---,14) is < (%). The number of all feasible (rq,---,7)

is equal to the total number of combinations of dividing R objects into ¢ groups, which is
(BF). (48) (49) give ny + -+ + ny < Ca~'R. Hence, the number of all feasible (nq, -, ny)

and that of (y,---,y;) are correspondingly < (Wth) and < 559 g < ¢O%'R Uging

max {t/R,t/n} < C/log(1/d) and Stirling’s formula for factorials, we have that the number
of all feasible sequences in (D3) is

< (n) (R+ t) <% +t) eCGa_lR < eT(é)nJrcoa—lR
—\t t t - ’

where 7(0) — 0 as § — 0.
The next lemma asserts that the the sum of deep return depths has a positive definite
proportion.

Lemma 6.1. R > am/2.

Proof. Let a € E,(x) and ¢ be a responsible critical point of f,. Write f for f,. If the orbit of
¢ does not return to 1(§) before time m, then necessarily f™¢ € 1(§) holds, and r = r, > am,
because of (Z1). Hence the desired inequality holds in this case.

Suppose that there exist return times of ¢ in (0, m). For a non deep return time n € (0, m),
let 7’ denote the smallest integer in [0, — 1] such that

(51) > 2log|fi¢ =G| > log|f7¢ = Gyl

n'+1<i<n

free return
where ¢; denotes the binding point for fC. By definition, there exists no deep return time in
[n" 4+ 1,n]. Define a strictly decreasing sequence 7, > 1y > .-+ > n, of integers in (0,m] as
follows: 7 is the largest non deep return time in (0, m]. Given n;, let 7,1 denote the largest
non deep return time which is < 1)+ 1. By definition, the intervals [n,+1,n] for (I =1, - ,u)
are mutually disjoint and cover all the non deep return times in (0,m]. In view of (51) we
have

S 2loglfic - g,|>21og|f”zg Gyl = D log|fi¢ = Gil.

0<i<m: non deep 0<i<m

Hence we obtain
t

ZWZ log | f**¢ — Gl >—— > loglfic =Gl = 5

k=1 0<z<m

The last inequality follows from (33). O
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Using R > am/2 > 10a(n — 1) and max(7(0),0) < «, we have
ef(a)nJr%efcm < 67(5)9%+%€7C5R < o 3C5R
Hence
VAV DD DI DR 1O B i Sl
m,s,t,R R>am/2r1++r=R R>am/2
Cs

< |A0|6_ ;‘m < |A0|6—4Csa(n—1).

Since Ay = Ay we obtain

Al = |AN| — Z A1\ Ay| > |AN] (1 _ Z 6—4C5a(n—1)> >0

n>N n>N

6.2. Structure of the rest of this section. The rest of this section is entirely devoted
to the proof of Proposition 6.1. The main step is to analyze the parameter dependence of
positions of responsible critical points at each return time vy, - - - 14 in the definition of F,,(x).
In the next three subsections we treat this main step. Building on this we give combinatorial
considerations. In Sect. we complete the proof of Proposition 6.1.

Hypothesis for Sect.6.3, 6.4, 6.5: a € E, (%), and ( is a responsible critical point of f; of
order > n.

6.3. Critical curves. We need to consider all responsible nice critical points of order > n,

while bad parameters are excluded at each deep return time vy, - - - , vy, which are < 20n. This

necessitates working with deformations commensurate with each v,. We argue as follows.
Fix once and for all sequence m; > --- > m; of integers such that for each i € [1, s,

6m,] = [6n] —

A slight modification of the proof of Lemma 4.3 shows the existence of a sequence (), ... ((®)
of quasi critical points of order mq,--- ,m4 such that for 1 <i <s,

om;

(52) ¢ —¢P < (Ch)
For each v, let

Definition 6.1. (Adapted deformations) The deformation a € I, (a) — ¢ (%) (a) of (™) is
called a vi-adapted deformation of C.

We prove a couple of lemmas surrounding the v -adapted deformation of . The next lemma
indicates that the fs-orbits of ¢ and ¢ are indistinguishable up to time 1.

Lemma 6.2. |fi( — fi¢m)| < (Cb)% for 0 <i < .
Proof. Suppose 7y, > 1. The definition gives e ***/2 > ;""" and thus m,, 1 > A/ (2log(1/ko)).
(47) gives 1= < 7:”’“ and hence m,, > Ay, /(321log(1/ko)). This yields

7
My —1

. . . 9’mnk vy,
[£2¢ = f2¢™] < GGl¢ = ¢ < CgH(Cb) 0 < (Ch)aos.

Suppose 7, = 1. Then m,, = my; > n. Since 20n > v, we get m,, > v4/20, and the same
inequality holds. 0
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Let
Lemma 6.3. J,,(a,() C Iy, (a). If moreover ny # 0, then I, (a) C I, (a). In particular,
the deformation of the binding point for f*C is well-defined on J,,(a, ().

Proof. (G) implies that there is some ¢ € [(2/3)vy, 1] such that f'C is free. Hence ©,, (¢) <
e~*#/2 holds. On the other hand, (53) gives e ***/? < ;" . Hence the first inclusion holds.
For the second inclusion, it suffices to show m,, > ny. This holds for the case v, = v, = m,
from n, < n and m,, = my > n. Suppose v, < m. (G) gives ny < Cay, < Can. If g, =1,
then m,, = m; > n, and hence m,, > n;. If 7, > 1, then the inequality in the proof of
Lemma 6.2 gives the same inequality. ([l

In what follows, we consider the evolution of parametrized curves:

ac J,(a,0) — Gla, k) = fi(¢"™)(a)), i=0,1,2, -, 1,

and show that this evolution is similar to that of a curve under the iteration of the fixed map
fa. A central idea follows the well-known line [2, 13, 22] and consists of two parts; to establish
an equivalence between space and a-derivatives (Sect.6.4) and then; to transfer phase-space
analyses to parameter space (Sect.6.5).

6.4. Equivalence between space and a-derivatives. Recall that (g,) is the unperturbed

family of maps on [—1,1]. For each xy € Crit and i > 0, let z;(a) := g’x¢. Let

£ o)

— da
08 = G (a)

According to [18], we have

(55) Qk(x(ba*) — p(l'o,a*) 7A 0ask — o0,

where p(xg, a*) is the one in (7). Pick a positive integer ko such that |Qy ()| > p(wo,a*)/2 >0
holds for all k > ko and each zy € Crit. For i > 1, write w;(¢) = Dfi*(fa€) (§).

Lemma 6.4. There exist Cy > 0, Cy > 0 such that for a € I, (a) — Co(a, k) we have
Cillws(Oll < 6@, k)| < Callwn(Q)l for ko < i < .
In addition, the second inequality remains to hold for all 1 < i < ky.
Let 6; = angle(w;(¢), Gi(a, k).
Lemma 6.5. For every i > ko such that fiC is free, 0; < m

Proofs of these lemmas are given in Appendices A.5, A.6.

6.5. Evolution of critical curves. For i € [ky + 1, 1], define

p= Y EHOOLOF Y length(y)®.

ko<j<i: free ko<j<i: free return
For i > 1, write w;(a) := D fi=1((1(a, k)) (§)-
Lemma 6.6. The following holds for ko < i < v, such that fi( is free:
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() [log [[G:(a, k)|l = log [[Gi(a, B)I| < pi <1 for a € J,,(@,C);
(b) 1G(a, k)|l < (CO)*DG(a, k)P for a € T, (a,¢) and ko < j < i;
(c) the curvature of v; := {(i(a, k): a € J,, (a,C)} is everywhere < .

We postpone a lengthy proof of this lemma to Sect.6.9 and instead derive two corollaries.
For r € (0,1) and a compact interval J centered at a, denote by r - J the interval of length
r|J| centered at a. Fix C5 € (0,1) such that

(56) Ci+Cs € (0,1).
Corollary 6.1. For all a € J,,(a,0) \ e™ %™ - J,, (a,0),
G, (@, k) — G (a, k)| > e (CtCom,

Proof. From Lemma 6.6(d), ,, is a horizontal curve. Lemma 6.6(a) gives

|Cl/k (&7 k) - Cl/k (CL, k)| > C éz/k (&7 k)

where the second inequality follows from Lemma 6.4. From the assumption on a, the right hand
side is > C||lw,, (O)|||J,, (@, C)| - e~ . If v, < m, then Lemma 5.2 gives ||w,, (C)|||],,(a,¢)| >
e~k If vy = m, which means k =t and v; = m, then r, < am, 8 = 10/9, C; > 1/5 and
Lemma 5.1 give

@ —al = Cllwy, (Ollla — al,

le’k (C)”’Jl/k (da C)l Z 6_2a(’8_1)yk = e_za(ﬂ_l)m > €_C4Tt,

Consequently, in either of the two cases we obtain the desired inequality. O

Definition 6.2. (Critical parameter) From the second inclusion in Lemma 6.3, the deforma-
tion a € I,,, (a) — z,(a) of the binding point for f;*( is well-defined on J,, (@, (). Proposition
4.2 and Corollary 6.1 together imply the existence of a unique parameter ¢y € e~ - J,, (a, ()
such that the z-coordinate of ¢, (co, k) coincides with that of zx(cy). We call ¢y a critical
parameter in J,, (a, ().

6.6. Combinatorial lemmas. We shall reduce the measure estimate of E, (x) to elementary
combinatorial considerations. To this end we need three key lemmas, based primarily on the
expansion estimate in Corollary 6.1 and the notion of critical parameters.

Lemma 6.7. Let ay, as € E,(x) and let (1, (o be responsible critical points correspondingly.
Ifk <t and ay € e /10 Ju(az,(2), then J,,  (a1,(1) C 2¢"k/10 . Iy, (ag, C2).

Proof. The next sublemma allows us to “relate” critical points responsible for different pa-
rameters through their deformations.

Sublemma 6.1. Let ay,ay € E, () and (', ¢* be responsible critical points correspondingly.

Let 2] denote the binding point for fi+¢? and let z7(-) denote its deformation (o = 1,2). If

Jy (a1, 1) N Ty (a2, ) # 0, then for all ¢ € J,,(a1,() N Jy (a, G2), (G, k) = (e, k) and
1) — .2

z,(c) = zj(c).

Proof. By the construction of deformations in Sect.4, there exists a horizontal I C H of length

2;@39%’“ such that £/ is a C?(b)-curve and (} (¢, k) lies on it. Correspondingly, there exists

a horizontal 12 C H of length 2x. "™ such that FAUER C?(b) and (3(c, k) lies on it. By
(Z3), the midpoints of I*,{* have the same [#m,, |-grid coordinate. Hence, [! intersects [* and
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0[0/\"’“]([1 U 1?) is C%(b). From the elementary fact that one C?(b)-curve does not admit more
than two critical points of the same order, (}(c, k) = (3(c, k) follows. An analogous argument
with (Z6) in the place of (Z3) gives z{(c) = zZ(c). O

Returning to the proof of Lemma 6.7, let ¢q denote the critical parameter in J,, (a2, (). We
claim ¢y ¢ J,, (a1, ¢"). This claim and the assumption on a together imply that one of the
components of J,, (a1, (1) \ {a1} is contained in e="*/10- ], (as,¢?). This yields the inclusion.

It is left to prove the claim. We argue by contradiction assuming ¢y € J,,, (a1,¢"). The
last inequality in (61) implies that () (co,k + 1) is in admissible position relative to z;(co).
Hence, (}, (co, k) is in admissible position relative to z;(co) as well. The assumption ¢, €
Juo(a1,¢") N Jy, (a2, ¢?) and Sublemma 6.1 give zi(co) = 2;(co) and ¢, (co, k) = ¢ (co, k).
Hence, ¢ (co,k) is in admissible position relative to z7(cp). This means that ¢, is not a
critical parameter in J,, (as, (?), a contradiction. O

Lemma 6.8. Let ay, ay € E,(x) and let (', ¢* be responsible critical points correspondingly.
[f az ¢ Jllk(abcl)? then Juk(alaCl) N Juk(&2vg2) = @

Proof. We derive a contradiction assuming the intersection is nonempty. Using Sublemma 6.1
and Lemma 6.6, it is possible to show |J,, (a1, )| = |J,, (a2, ?)|. Let ¢, denote the critical
parameter in J,, (a,,(%) (0 =1,2). Since ay ¢ J,, (a1, ('), ¢1 # ¢ holds.

Let 27 denote the binding point for f*(? and let z7(-) denote its deformation (o = 1,2).
Sublemma 6.1 gives 2} (cy) = 22(c2). Hence

|2k (c1) = 27 (c2)| = |zi(e1) = zi(ea)| < C71%0er — e,
where we have used Proposition 4.2 for the last inequality. On the other hand, Lemma 6.6
and (G1) give
G (c1, k) = G (ea, k)| = |G, (1, k) = & (o, )| > Ce[er — col.
Since ¢1 # o, |, (c1, k) — ¢ (c2, k)] > |z(c1) — 22(c2)| holds. This yields a contradiction to

the fact that ¢; and ¢y are critical parameters. O

Lemma 6.9. Let a; € E,(x) and let (' denote any responsible critical point for ay. Then
Jy (a1, ¢t \ e - ], (a1, ) does not intersect E,(*).

Proof. Let ag € J,, (a1, (t)\e ", (a1, ¢'). We argue by contradiction assuming ay € E, (*).
Let ¢? denote any critical point responsible for ay. Let 27 denote the binding point for force
and let z7(-) denote its deformation (o = 1,2). As ay € J,, (a1,¢) N J,, (az,¢?), Sublemma
6.1 gives

(57) Golaz, k) = GGlaz, k), z(az) = z(az).
By the construction of deformations in Sect.4,
(58) 27 — (a,)] < (CH) T < e,

If v, < m, then the last inequality follows from (48). If v, = v, = m, it follows from the
definition of r,.

Claim 6.1. Foro = 1,2, [(] (as, k) — fe¢7| < e,

Proof. Lemma 6.2 and (50) give (] (aq, k) — fi+¢7| < (C’b)% <e M <e Tk, O
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Using (58) and Claim 6.1, we have
[fakC? = 2l = 1G5, (a2, k) — 2i(a2)| =] &, (a2, k) — for (| —| 2¢(az) — 2]
> |¢5, (as, k) — 2(az)] — 2¢7™,
For the first term of the last line,
G, (a2, k) = 2i(a2)] = |G, (a2, k) = G, (ar, k)| = |G, (a1, k) — zi(ar)| = 2, (a1) — 2 (a2)]
= ¢, (a2, k) = ¢, (a1, k)| —| ¢, (a1, k) — z4(ar)| = zp(a1) — 2z (az)],

where the equality follows from (57). We estimate the three terms in the last line one by one.
For the first term, Corollary 6.1 gives

|C5,€(a2> k) — Cylk(ab k)| > Ce(CatCs)ri
For the second term, (58) Claim 6.1 give
G (a1, k) = zi(a)] <16, (a1, k) = for L+ [ foe ¢t = 2l + 2, — z(an)] < 37
For the third term, Proposition 4.2 gives
Av
[2h(a1) = 2(a2)] < O —ap| < e7F < e,
For the last inequality we have used (50). Consequently we obtain | f2:(? — 22| > Ce~(“aFCa)mi,
It follows that ¢? is not a responsible critical point for as, a contradiction. O

6.7. Proof of Proposition 6.1. By induction, for each k € [1,t] we choose a finite sequence
Jk1, Jk2, - -, of parameter intervals with the following properties:
(i) each Ji; has the form Jy; = J,, (ak, 2x:), where ai; € E, () and 2, is a critical point
responsible for ay,;;
(i) Jr1, Jk2, - are pairwise disjoint and E,,(*) C |J, e - T
(iii) if ¢ > 1, then for each k € [2,t] and (ay;, zx;) there exists (ag_1, 2x—1,;) such that
Jpi C 2”1 Ty g
(iv) > [J1il < 10]Ao].
A simple computation gives

B (#)] < 20e”OR N " ] < e F A

To choose the intervals as required, start with £ = 1. We claim that it is possible to
choose aj 1,a1,- -, in E,(*) and responsible critical points z; 1, 21 2, - - correspondingly, for
which the intervals Jj 1, Ji o, -+ satisfy (ii). Indeed, choose some ay; € E,(*) and define J; 4
choosing some responsible critical point for a; ;. If Jy; covers E,(*), then the claim holds.
Otherwise, choose some a; 2 € E, (%) — Ji1, and define J; choosing some responsible critical
point for as;. By Lemma 6.8, J; 1, J1 2 are pairwise disjoint. Repeat this. As the length of
these intervals are uniformly bounded from below, there must come a point at which our claim
is fulfilled.

Given Jy_11, Jg—12,--- for which (ii) (iii) hold, Ji1, Jk2,--- are defined as follows. For
each Ji_1 4, in the same way as the previous paragraph it is possible to choose a finite number
of parameters ay1,agz2, -+ in E(x) N e~ C5rr-1 . Jr—1, such that the corresponding intervals
Ji1, Jea, - are pairwise disjoint and satisfy E,(x) Ne =1 . J,_y; C Uj Ji ;. Lemma 6.7
gives U, Ji; C 2e~Cs"k-1 . Ji ;. Repeat the same construction for every Ji_1,. (ii) (iii) for
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Ji1, k2, -+ follow from the construction. (iv) follows from the pairwise disjointness of the
intervals and the next

Lemma 6.10. For every i, |J;,;| < 4]A].

Proof. Recall that J;; = J,,(a14,C1i), where a;; € A,_1 \ A, and (;; is a critical point
responsible for a;,;. If v; —1 > —loge/\, then |Jy;| < [lw,, (Co)||7F < e17D) < e As
Ay = [a* — 2¢e,a* — €], the desired inequality follows.

Suppose that v —1 < —loge/A. As ay; € Ay, it suffices to show a* ¢ J;,;. We derive a
contradiction assuming a* € .J; ;. By condition (A3) on the interval map g,-, it is possible to
choose sufficiently small b depending only on € so that all quasi critical points of f,« are apart
from I(6) in a distance by at least ;Ko during their first [—loge /)] iterates. Consider the
vi-adapted deformation a € Jy; — 2(a) of (1, and write z,, (a) = fr*2(a). Since v, is a return
time of (14, 2, (a1;) € 1(26) holds. Hence |z, (a*) — z,,(a1,;)| > $Ko. On the other hand,
Lemma 6.6 and (40) together imply |z, (a*) — 2, (a1,)| < £ Ko. We reach a contradiction. [

6.8. Holder distortion. For the proof of Lemma 6.6 we need the next distortion estimate.
We assume ( is a critical point on a horizontal curve . Let w be a curve in v containing
a point having p with its bound period, and length(w) < d({,w)'™¢. Here, d denotes the
minimal distance apart and 0 < e. For our purpose, ¢ = 1/3 suffices. For z € w, let t(z)
denote any unit vector tangent to w at z.

Sublemma 6.2. For all £, € w,
1Dl
[[IDfre(m)ll
Proof. From the assumption, the contractive fields e;, 1 < i < p
borhood of fw. Let z denote both & and 7. Split D ft(z ) = A(z
| DfPt(&) — D fPt(n )|| <L+ Io + I3 + I, where
= A©) = AID 7O,
= |B(&) = BIID " (fO,
= [BIID "~ (f&)ep-1(f&) = D~ (f)ep—1(f)ll;
= [AIIDFHfE) (6) — D () (6) Il

We divide the rest of the proof into three steps. First we estimate I, I, I35. Next we estimate
I4. In the last step we glue all these estimate together and complete the proof.

Step 1(Estimates of I, I, I3). The proof of Lemma 2.2 implies |A(§) — A(n)| < C|€ — n].
Hence

‘ < O|f7e — oyl

are well-defined in a neigh-
) (6) + B(2)ep—1(fz). Then

I < CIE = nf[[w, (O < Cd(¢, w) (Il

The last inequality follows from the assumption on w. The same reasoning gives

I, < Cd(¢,w) Qll-

The second estimate in Corollary 2.2 gives

I; < (COPHE =l < 1€ = nlllwp(O)]]-
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Step 2(Estimate of I4). Take a point r such that the long stable leaf of order p — 1 through
fn intersects the horizontal line through f¢ at fr. For a point y and i > 1, let w;(y) =

Df=(fy) (§)- Let
0; = angle(w; (&), wi(n), 0; = angle(w;(n),w;(r)), 0, = angle(w,(§), wy(r)).

Integrations of the two inequalities as in Lemma 2.2 along the path in w connecting £ and n
give | f€ — fr] < Cd(¢,w)|€ —n| and | fn — fr| < CVb|¢ —n|. The second estimate in Lemma
2.6 give

o)l | 56— 1l
[wp(E)] ﬁ@ w)

(G2) on ¢ and the bounded distortion give |[wi1(n)|| > Ce™*||w;(n)|| and ||wiqi(r)]] >
Ce™Jw;(r)|| for 1 <i < p. Hence

[[wy(n) |wit1 ()| l|lw;s1 (r H‘ p—1 o i ,
1 | -1 C - 0,).
‘Og\hup()H % Tl % T | S €2 U= 1+ 0

Using |f'n — fir| < (C’b)"*1|fn — frl and 0, < (Cb)""'|fn — fr| which follows from the proof
of Sublemma 3.1, we get

< Cl¢ —n|T.

p—1
log 1220 ‘ < Clfn— 1Y e (Ch)t < Clé — .
[[wp ()] py
These two estimates yield
[fwp(ml ‘ .
< CJ§ =l
[y (€]

Let [ denote the horizontal connecting f€ and fr. Then fP~1 is C%(b) and
b, < VOIf7€ — f7r] < CVBI 76 — [,

The second is because of the definition of 7 and the fact that fPw is C?(b). Together with the
upper estimate of ¢, and [fP¢ — fPn| > |§ — 5[, we obtain

O, < 0, + 6, < OV 6 — f7n).
Using [A(n)| < Cd(¢,w) and [[wy(2)]| = [[w, (O]

a<cmcmmw>—wxw<owmwwxn(9+”jgm—q)
< Cd(¢,w)|[w,y (||| 7€ — fon| .

Step 3(Owverall estimate). Gluing all the estimates together, we obtain

ID7HE) - DU < Cllug(Q) (G )l 7€ — frnl 5.
Combining this with || D fPt(z)|| > C|lw,(¢)||d(¢,w) yields the desired inequality. O
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6.9. Proof of Lemma 6.6. We proceed by induction on ¢. To ease notation, let us write
C(a,k) = z2(a), and for i > 0, fiz(a) = z;(a). When no ambiguity arises, we drop a from
notation and write f, = f, z;(a) = z;.

Stepl(i = ko +1). (a) for i = ko + 1 follows from Lemma 6.4.

Proof of (b). It suffices to show the next

Sublemma 6.3. Fori = ko, ko+ 1 and all a € I,,(a), ||Z]|| < 107343

Proof. We have 2; = Df(z;_1)2i—1 + ¥ (zi_1), where 9(z) = (f“ (a). Using this inductively,

i—1

(59) G=Df M)A+ ) DI z)d(z).

s=1

For each 0 < s < i — 1, using [[;_s,, IDf(z)ll = DS (zenn)ll = Jwi(Q)ll/l[wssr ()]
because of i € {ko, ko + 1},

imsm C+ O3] [Jwi (O
‘ <HDf 1ZS+1 HZ—]< HZH J

207 = el 2,
From ||%;]] > C||lw;(¢)]| in Lemma 6.4, we have

d

danl o 1<Zs+1)

1

1212

d
da

fZ T l(zs—i-l)

T Z “w]

B st“ —s+1

Using this for s = 0 and the uniform boundedness of ||21]], ||Z1]| from Proposition 4.2,
d

1 i . i— . —101o, 4
5 | DA | Al + DS @) ) < O,
1Z* \ || da
On the other hand, for each 1 < s <17 — 1 we have
d .
|50t <t < ot
a
Hence
1 e d Cllws(Ol
s [P zen) - -(20)|| < <C.
[1Z]1? " da [lwi(O)[[[ws+1 (S]]
Differentiating (59) and substituting these estimates yields
IEl C ( ~10log(1/8) | . 3
< (K + 7,) <1073,
1202 = flzf \°
The last inequality holds for sufficiently large k. O

Proof of (c) for i =ko+ 1. Let j > ko and let A; denote the curvature of v, at z;. Let

) [Df(25)25 X Zja]| " [(25) % Zja|
AJ+1 s 3 ’ AJ+1 s 3
125l 1241l

Y

Note that A; < Ajy + A7
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Sublemma 6.4. For every j > ko,

< o Nl

12421

Al

j+1 =

(A5 +A7+1).

J

Proof. Write F(a,z) = f,z. Differentiating 2,11 = F\(a, z;) twice and then substituting the
result into the definition of A}, we have A’ < I+ II + III, where
I'=2541l? 1D F(27)2; % (0:aF2j + OaaF)I,
I = || 2lI 7 (| Df ()2 x (D*£(%) + 0a:F) 4]
1 = (|22 1D f(25)2 x Df(z)%] -
All the partial derivatives are taken at (a, z;). The D?f(%;) in II is defined as follows. Let
Df(z) = (1 42), V =9, + 0, and

20050 <Vf11723j> <Vf12,2j>
Do) = (<Vf21,z'j> <Vf22,z‘j>) ’

where (-, -) denotes the scholar product.
The second components of the vectors involved in the product in I has a factor b. Hence

1%11°

(1 71 '
1Zall® 7 2l

I<Cb

For the last inequality we have used ||Z;]] > 1 which follows from Lemma 6.4. In the same
way,

1%1°

T <b— :
1254 1°

For the last term,

Il s x 2l g B0 o gy

12542l 11251 12542

11 < Cb

Putting these three inequalities together we obtain the desired one. (l

Lemma 6.3 for i = ko gives Aj, < C, Ay < C. Hence Sublemma 6.4 gives A; ., < Cb.
Together with A'k’o+1 < 1/1000 which follows from Lemma 6.3 we obtain Ag,4+1 < 1/100.

Step2(j — j -+ p). Suppose that (a), (b), (c¢) hold for some j € [ko + 1,2) such that f/¢ is
free. If fJ¢ € I(6), then let p denote the bound period. Otherwise, let p = 1. In either of the
two cases, f217¢ is free and j + p < v

Proof of (a) fori=j+p.
Sublemma 6.5. For all a € J,,(a,(),

5w, (O]
Df(z) H_ _ o) Mwisn Ol
H DT Teol) < 3% =2 Tl
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Proof. The left hand side is < I + II + III, where

I= Dféj(zj(d))HzJE _T@JUH HH

II = || Df?(2(a)) — Df”(zg( NI

B Py (4 ZJ( ) P(z:(a)) (@
I = ||Df?(z( ))sz( )H Dfi(z ’Z] HH

Recall that 0;(a) is the angle made by w;(¢) and %;(a). Then
. . . ; Py}
(60) I < CO(@)|Df3 (z(@) + 1 Df7(z(a)) = DOl < e+
To bound the first term of the right-hand-side, we have used (d) for i = j and p < Caj < j.

By Lemma 6.2, the second term is bounded by (C’b)%.
To estimate I we deal with two cases separately.

Case (i): p=1. Since the curvature of v, is < 1/100 from the inductive assumption (c),

1
1T < 351%(@) = z(a)| +1I.

1 1
I+ 11 < 2—0|zj(d) zi(a)| + 210 < —|z]( a) — zj(a)).
By the definition of ©,, (¢),

1 [T l[win (Ol o
I+ 1T < length(y;) < £[12(a)[[©4,(€) < [lw;(€)]1©1,(€) = Ty (O (€00, (©)-

Combining this with (60) we get the desired inequality.
Case (ii): p > 1. Let z denote the binding point for faJC As p < j we have
. . il
(61) I < CPla—al| < |z(a) - z(a)] < C-length(y;) < [z = f1¢170;7(¢)Ou,(C).

length(7y;) < |z — fI¢ |%. It is possible to choose a horizontal curve 4 containing +y;, on which
z lies. This allows us to use Sublemma 6.2 with € = 1/3 to get

tD\»—A

I < Mlength(’yj)

[w; (O
This and (60) yield the desired estimate. O
Sublemma 6.5 and pj;, — p; < 1 gives
% 3 [[wjp(O
(©2) e e
IZ00 4wy (O
Hence
% lwip(Oll| o
63 1 DfP -1 L
%) 8 |PI | 8 (ol | = 5 e )

Dividing the both sides of ||2;4, — DfP(z;)%;]| < C? by ||%;|| = ||w;(¢)]] and then using p < j,

tel o 2l < s

(64 Tal

| JII
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This and (62) together imply

Zjepll o 3 llwisp(Ol 1o Hwi (Ol
(65) > lw; (7% > :
1Z[1 4 Jlw; Q)] PRGN
This implies
|Zjpl 1w (O _ 1 1
log‘Dfpz ' log —= <2 —S—w‘C 2 < = (p; 0
(])H J” HZ]H H J( )H H j+p(€>” 6” ]( )H 6 J+p J)
Hence, for all a € J,, (a,(),
sz—l—p( )|l [[w;4p(C ||‘
1 l%—————__ (p p;) -
@l s (O | = 277
This yields
Zj+p(a)ll H%(@H’
log -+ —log —————| < piyp —
1Zj4p(a )H @] ==
This and the assumption |log L4 H vield |log LZ#e@ll < . This proves the first half
ll2; (@)l 1Zj+p (@)l JTp

of (a) for i = j + p.
For every free return time ¢ < j, (64) implies ||2;|| > ¢1079| %], and thus length(y;) >
el ~Dlength(7;). This yields

Z length(fyl)iO < length(y;)1 Ze 6=

i<y i<j
free return

which implies p;;, < 1. This proves the second half of (a) for i = j + p.
Proof of (b) fori = j+ p. For every kg < i < j we have
1Z:]] < (Cd)~ U= Z)“ZJH?) (Cdo)~ 20~ Z+1)||Zj+p||3 (Cdo)~ AL ||2j+p||3a

where we have used: (b) for the previous step for the first inequality; ||Z;|| < (C)|25,]]
for the second inequality. Hence, it suffices to show for j +1 <1¢ < 5+ p,

(66) IZ:I < 11254001°.
Write G(a, z) = fi7z. Let 0,G = (95t 912), V = 0, + 0,, and define

o.c0= (o) o)
where (-, ) denotes the scholar product. Differentiating z; = G(a, 2;) gives
5 = 0,465 + 0G4 (0..G (%) + 00 (0.G)) 5 + 0G5,
where all the partial derivatives are taken at (a, z;). We have:
10:Gl < €7, [102Gll < €7, 110 (0:G)|| < C7, [|0::G(%)]| < CPl15];

lo.6l < ¢z~ g bl ity
]

l0.G|<C ifp=1



NON-UNIFORM HYPERBOLICITY IN BIFURCATIONS OF SURFACE ENDOMORPHISMS 47

We first treat the case p > 1. Using the above estimates and || Z;|| < ||%]> < C|lw;()|® from
the assumption of the induction,

w
\MH<CW%W+Ck—ﬁd1MfTSMHm
J

< CPlluy ()P + Clz = FL¢I wjap (Ol (11
On the first term of the right-hand-side, p < j gives

1
CPllw; (O < —llwjep (O

On the second term, (e) Proposition 2.1 gives

2 = £ g Olllos (I = |2 ﬂ|w|ﬁA>WJﬂLM%
G

< |2 = A lwsp( QP < 85|wjip (O

Plugging these into the right-hand-side yields (66). In the case p = 1, use the alternative
estimate of ||0,G]|.

Proof of (¢) fori = j+ p. Using Sublemma 6.4 inductively,

j+p—ko

(Cb)]+p ko H ’foH AL+ Z Cb HZH;D ZH (A”

||Zj+p||3 ||Z]+ I L

A/

Jjtp —

+C).

Lemma 6.4 gives
il o Ol _ mn

1Z54pll = lwsp (Ol

(b) gives
|Z54p—il1®
Negtpill A" <
125l 47"
Plugging these into the above inequality gives A}, < Cb. Combining this with A7, = <

which follows from (b), we obtain A;,, < 1/100. This recovers the assumption of 1nduct10n
and completes the proof of Lemma 6.6. O

<(Co)”

APPENDIX: COMPUTATIONAL PROOFS

A.1. Proof of Lemma 2.2. We regard ~ as a graph of a function vy and write z = (z,y0(x)).
Let e = (&) and S = (¢ )_1. Let R(x) denote the rotation matrix by the angle made by ¢(z)
and (§), which we denote by 6(z). Then A(z), B(z) are equal to the (1, 1), (2,1) entries of the
matrix S+ Df(z) - R(x)~! correspondingly. Write S = ('} 2 ) and Df(z) = (%(@)for a2,

€3 1l+ey (7}
A direct computation gives
A(z) = (1+e)(d,(x) cosf 4+ ag sinb) + ex(az cos + aysin ),
B(z) = e3(g)(x) cos @ + a1 sin ) + (1 + €4) (a3 cos O + ay sin 6).

To evaluate A’ = dA/dx, we use |0] < 1/10, |6'| < 1/5, |&;| < CVDb, |a;] <Cb (i =1,2,3,4),
and the non-degeneracy of Crit. Then |A’| ~ 1 holds. Since A({) = 0, the mean value theorem
gives the desired estimate of |A|. The estimate of | B| is straightforward from the formula. [
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A.2. Proof of Lemma 3.1. By (i) (ii), the vector fields e; (i = 1,2,--- ,max{m,n}) are
well-defined in a neighborhood of f~. Let t(s) denote any unit vector tangent to v at ~y(s).
Let 4(s) = fv(s). Split Dft(s) in two different ways:

A(s) (5) + B(s)en(7(0)) = Dft(s) = A'(s) (§) + B'(s)em(7(5)).

Let ¥(s) = angle(e,(7(0)), €, (7(s))). Comparing the two components of the vectors on both
sides,

(67) [A(s) — A'(s)] < 2|B(s)[(s) < CVbu(s),
where the second inequality follows from Lemma 2.2. From the results in Sect.2.3,
¥(s) < angle(en(5(0)), en(7(5))) + angle(en(3(s)), em(¥(s))) < CVbls| + (Cb)5.

This gives 1(£b%) < Cb%, and therefore |A(+b%) — A'(£b%)| < Cb2ti. Lemma 2.2 gives
|A(£b7)| =~ b7 and A(—b7)A(bT) < 0. Then A’'(—b7)A’'(b7) < 0 follows. Hence there exists
s € [~b7,b7] such that A’(sg) = 0. In other words, y(so) is a critical approximation of order
m on . 0

A.3. Proof of Lemma 3.2. Let 9,(s) = fv,(s), 0 = 1,2. Split
Dfta(s) = A(s) () + B(s)en(11(0)).

Since 7, is C?(b), it is possible to choose a horizontal curve which is tangent to ¢1(0), ta(c2),
ty(—e2). Lemma 2.2 applied to this curve implies A(e2)A(—e2) < 0. Hence, A(sq) = 0 holds
for some sy. Since 75 is a horizontal curve, the uniqueness of such s follows from Lemma 2.2.

By (i) (ii), the contractive fields ey, - - - , e, are well-defined in a neighborhood of f(72). Split

Dfty(s) = A'(s) (5) + B'(s)en(F2(s))-
Let ¥ (s) = angle(e,,(71(0)), e,(%2(s))). Comparing the components of the above two equalities,
(68) [A(s) = A'(s)] < 2B(s)|(s) < CVbY(s),
where the last inequality follows from Lemma 2.2. By the results in Sect.2.3,
P(s) < angle(en(71(0)), en(91(s))) + angle(en(71(s)), en(32(s)))
< CVb|s| + CVb(|s| + ).

To estimate the second term of the right-hand-side of the first inequality we have used

[F1(5) = F2(s)] < 1F1(8) = 1 (0)[ + [%1(0) = 32(0)] + [72(0) — 2(s)[ < Cls| + Ce™,

which follows from (iii). Then ¢(de?) < Cvbe?, and hence |A(de?) — A'(£e3)| < /2
follows. Lemma 2.2 gives |A(£e?)| ~ 2, and therefore A'(—¢2)A'(¢2) < 0 follows. Hence
A(s9) = 0 holds for some sy € [—£2,e3]. O

™

A.4. Proof of Lemma 3.3. Let H = {1 < f1g < +-+ < f15} denote any sequence of integers
in [0, m] with the following properties:

(i) i1 <m/2 and fi, > m — log(1/6);
(i) [|Df#+0]| > k]| D ffo

| for 1 <j<m— fi;;
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We finish the proof of the lemma assuming the existence of such a sequence. Define a
subsequence H of H inductively as follows. Let fi; € ‘H. If fi; € H, let ¢(j) < j denote
the largest such that 4(m — fi;) > m — fiyy. Let fij_1,- -, fiy) € H. Unless ¢(j) = 1, let
-1 € H.

erte H = {1 < pg <--- < pus}. By definition, ps > m — log(1/§), 4(m — p1) > m/2 and
4(m — pip1) < m — p;. To finish, we prove the lower estimate in (b). Let p;41 = f1;. Then
fi = fiy(j)-1, and

m— s = m — iy > (1/4)(m — fiu(s) = (1/16)(m — figgsy1) = (1/16)(m — ).

To prove the existence of such a sequence, we borrow an argument in the proof of [[22],

Claim 5.1]].

Sublemma 6.6. For each i € [log(1/d),m] there exists i' € [m —i,m — [i/2]] such that
1D f" 0| > k3| D0 holds for 1 < j <m —i.

Proof. Let G denote the graph of the function k € [0,m] — log||Df*v||. Let L denote the
infinite line through the point (m,log|| D f™v||) with slope log Cy. All points of G lies above
L. Let P denote the point of intersection between L and the vertical line {x = m —[i/2]}. Let
L be pivoted at P and rotate it clockwise until it hits G. Let 7’ be such that (7', log || Df"v|)
belongs to the set of points of the first hit. We clearly have i € [m — i, m — [i/2]]. The slope
of the rotated L in its final position is bigger than

110, 1PS™0l
log(1/Co) + (m — i)' log 7= > log Ko,
IDF7o] = 1
where we have used m — ¢ > i > log(1/6) and ||Df™v| > (r06/10) - ||[Df"v]|| for the first
inequality. Since G lies above L in its final position, the desired inequality holds. 0

Consider the maximal monotone decreasing sequence in {4’ }og(1/5)<i<m- By Sublemma 6.6
and m > 3log(1/0), it contains multiple integers and satisfies (i) (ii). It also satisfies (iii), by
the next

Sublemma 6.7. Ifi' < j' and k' ¢ (i, ') for every k € [log(1/6), m], then 4(m—j") > m—7'.
Proof. We have ¢/ < m — [i/2] < [i/2]. Hence 5/ < [i/2] < m —i/4, and thus 4(m — j') >
We also have i > m — 7. O
A.5. Proof of Lemma 6.4. We adapt the proof of [[22] Proposition 6.1] to our setting. We
have 2, = Df(zi—1)%i—1 + ¥ (2i—1), where ¢(2) = (f“Z (a). Using this inductively,

i—1

G=Df N a)h+ ) DT ze)Y ().

s=1
Sublemma 6.8. For each i € [k, v] we have
IDF=* (£l < e lun(Q)l| for0< s <.

By the sublemma and the uniform boundedness of Z; from Proposition 4.2,

sl -
<C sle < .
(G Zs -
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Hence the second inequality holds.
To prove the first inequality, split 2; = [ + II, where

ko
I=Df M za)t+ Y D~ zer1)tb(2),

s=1
i—1
=Y Df ™ ze)v(z).
SZk’o-‘rl
Write
I= Dfiik()('zko)‘/a
where
ko—1
V=Df )k + Y DO (2 ().
s=1

Sublemma 6.9. There exists C > 0 such that ||V|| > C||lwk, (C)]].

Proof. Let xy € Crit be such that (xg,0) and ¢ belong to the same component of 1(9). Let x; =

gz*mo. As (a,b) — (a*,0) we have z; — (21,0), [Jwg, (O] — j:(gfo 1) 1, 21— (%(a*),O).

The last convergence is because of 2, = D f(zg)Z0 + ¥ (2p) and the uniform boundedness of 2.

Hence
d.ﬁL’l

FaEr s = (£ 00).

We also have ¥(zs) — %(a*,xs), where g(a,x) = g,z. Hence

1 ko—1 . ko—1 %m*’%)
i 2 P eV ) = (i 2 T =0> =

and therefore

1 ko—1 9 (g $s

To get the equality, differentiate zy,(a ) = g(a, Tl 1( ), divide the result by (gko—1)z, =
GhTro—1 - - ghx1 and use the result inductively. By (55), the claim holds. O

Sublemma 6.8 gives

|]I|| f)\s/Z
T n =€ >

s=ko+1
Taking kg sufficiently large and then taking (a,b) close to (a*,0), we obtain

1]} = CIDF = () VI = CID 75 (i) - llwwo (O] = Cllu( Ol > (1]
This proves the first inequality.

Proof of Sublemma 6.8. Let ¢, denote the bound period of a free return ¢t < ¢, and let
I =1t —q,t+ql

Claim 6.2. For each s ¢ Uil;, ||wss;(¢)|| > d min (c, C’O_j) |lws(Q)|| for 1 < j<i-—s.
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Proof. If s+ j is free, then, as s is free, (36) and Lemma 2.1 give ||ws;(C)]| > ¢dl|ws(Q)]. If
s+ j € (r,r + q,) for some free return r, then r — s < j. Since s ¢ I, s < r — g, holds, and
hence ¢, < j. It follows that ||w,+q, (Q)|| > |Jw.(¢)]| and ||w,(¢)|| > cd]jws(¢)||, and therefore

s (O = Co "y y g (O] > Cg ™ [, (O] = 8C7 (O] O

Returning to the proof of Sublemma 6.8, we argue with subdivision into cases.

Case I: s ¢ U l,. By the claim, ej(z,) is well-defined for 1 < j < i —s. Since s is free,
slope(w,(¢)) < v/b holds. Hence we obtain

IDF (Ol < C “,'“’ZE ))“" Ce ™ wi(Q)]).

Case II: s € Uyl;. Let o denote the last free return such that s € I,,. Condition (G) gives
0r, < 3arg/A, and hence (1 — 3a/N)rg < ro — g, < s. We get ¢,, < Cas.

Case II-a: i € I,,. Since i — 5 < gy, [|DF5(f50)|| < Cg° < e2|lwy(¢)].
Case II-b: i ¢ I,, and i—s < 3ai/\. We have | Df=3(f5¢)|| < Cl% < €105 < e=/2|lw;(0)]].

Case II-c: i ¢ I, and i —s > 3ai/X. Define a strictly increasing sequence sy < $1 < --- of
integers inductively as follows: Start with sy := s. Given s, let r; denote the last free return
such that sx € I,,. Put spp1 = 16 + ¢ If sp & UL, then s,y is undefined. By definition,
Sk+1 — Sk < 2¢,, holds.

Suppose that s, > 7 holds for some ¢. Then 2 Zf;_:t Qr, > Se— So > i@ — so > 3ai/A. On the

other hand, (G) gives St ¢r, < 3ai/X. We reach a contradiction. Hence, for the largest
integer in phe sequence, denoted by sy, s, ¢ Ul and s, < i hold. Then the estimate in Case I
gives [ D7 (f*Q)]| < Ce™[Jwy(Q)], and

/-1

IDF==(ON < IDF=(FON T I (£
k=0
-1 s
< e wi (Q)|Ca 0" < e F uy(Q)])-
This completes the proof of Sublemma 6.8.

A.6. Proof of Lemma 6.5. Since ||2; x w;(Q)|| = ||Zl||w;(¢)]| sin6;,

sin L =5 (5 Vbl w;(¢) x D f?(z0)|
< (anxc lreste) x P e )+ = )
©
©

1 st
<
||Z]|| ||w]
|20H C
Ch) + ———— Cb) <
5”%“ Z H’ZJHHU}J( )H( HEA

where the third inequality follows from ||w;(C)|| > Cé|lws(¢)||. For the last inequality we have
used the boundedness of ||Zy|| in Proposition 4.2 and that kg is a large integer.

i [l > e

el
) *ij(onwb))
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