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A UNIQUENESS THEOREM FOR GLUING SPECIAL
LAGRANGIAN SUBMANIFOLDS

YOHSUKE IMAGI

1. INTRODUCTION

Let M7, M> be special Lagrangian submanifolds of a Calabi—Yau manifold IV,
and suppose M intersects Ms transversally at a point P. One can construct another
special Lagrangian submanifold M by gluing a Lawlor neck [6] into M7 U My at
P; see Butscher [2], D. Lee [7], Y. Lee [8], and Joyce [5]. By construction, M is
close to the Lawlor neck near P, and to M7 U My away from P. Here is a problem:
uniqueness of a special Lagrangian submanifold which is close to the Lawlor neck
near P and to M; U M away from P. The main result of this paper is a uniqueness
theorem in the case where M7, M are flat special Lagrangian tori of real dimension
3, and N is a flat complex torus of complex dimension 3; see Theorem 6.1 for the
precise statement. The author plans to prove a uniqueness theorem for more general
My, Ms in the sequel of this paper.

In section 2 we make statement of the key step to the proof of the main result.
Section 3 and Section 4 provide what we shall need in the proof of Theorem 2.3. In
Section 5 we prove Theorem 2.3 with the help of results in Section 3 and Section 4.
In Section 6 we state the main result, and prove it by making a direct use of
Theorem 2.3.

Theorem 2.3 is similar to Simon’s theorem [11, Theorem 5, p563], which was
originally applied to the unique tangent cone problem for minimal submanifolds.
The proof of Theorem 2.3 is almost similar to Simon’s. There is however a signifi-
cant difference between Lemma 3.5 and Simon’s lemma [11, Lemma 3, p561]. The
condition (3.5) in Lemma 3.5 is closely related to Hofer’s analysis [4, pp534-539] of
pseudo-holomorphic curves in symplectizations of contact manifolds.

2. STATEMENT OF THEOREM 2.3
An m-form ¢ on a Riemannian manifold N is said to be of comass < 1 if

¢(U1a"'avm) <1

for every orthonormal vector fields v1, ..., v, on N. For each m-form ¢ of comass <
1 on a Riemannian manifold N, a ¢-submanifold M of N is defined to be an m-
dimensional oriented submanifold with volume form ¢|y,. Harvey and Lawson [3]
prove that ¢-submanifolds are minimal submanifolds of the Riemannian manifold
if ¢ is a closed form of comass < 1. A closed form ¢ of comass < 1 is called a
calibration on the Riemannian manifold. A calibration is said to be parallel if it is
a parallel differential form on the Riemannian manifold.
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Let ¢ be a parallel calibration of degree m > 1 on the Euclidean space R". Set

(2.1) ¥ = (0r29) lsn-1,

where 0, is the vector field in the direction of the radial coordinate r = | e | on
R™\ {0}, where _ is the interior product of vector fields with differential forms, and
where S”~! is the unit sphere in R™.

Proposition 2.1. v is an (m — 1)-form of comass <1 on S"~!; in particular

/ 1 < Vol(X)
X
for every compact (m — 1)-dimensional oriented submanifold X of S*~1.
Proof. For every orthonormal vector fields v, ..., v;_1 on S*1,
Y1,y Um—1) = (0,01, ., Vpm—1) < 1
since J,,v1,...,Um,_1 are orthonormal. O

Let bg, by be real numbers with by < by. Let A(by,b1;S" 1) be the pre-image
of (bg,b1) x S*~! under the polar coordinates R \ {0} — (0,00) x S*71 : a
(lal,a/|al). Let X be a compact submanifold of S*~1, and A(bg,b1; X) be the
pre-image of (b, b1) x X under the polar coordinates.

Remark 2.1. X is a ¢-submanifold if and only if A(bg, b1; X) is a ¢-submanifold of
A(bo, b1;S™71).

Proposition 2.2. 1-submanifolds are minimal submanifolds of S*~ 1.

Proof. This follows from Remark 2.1 and the fact that X is a minimal submanifold
of S*~1 if and only if A(bg,b1; X) is a minimal submanifold of A(bg,by;S"~1). O

Let v be a normal vector field on A(bg, by; X) in A(bg, by; S~ 1). Set

[vlco, = sup |v|/r,
) A(bo,bl;X)

Ivllc: sup  (Jv|/r + [Dv]),
cyl
- A(bo,bl;X)

where r is the radial coordinate, and Dv is the covariant derivative of v. These are
induced by the cylindrical metric dr?/r? + ds?, where ds? is the metric on S*~!
induced by the Euclidean metric on R™. Set

Gw) = {

la] ’
————————(a+v(a)) | a€ A(by,b1; X }
|af* + IV(a)IQ( (@) ( :
The following theorem will be the key step to the proof of the main result; see
the proof of Proposition 6.2 in Section 6.

Theorem 2.3. Let m, n be integers with 1 < m < n, let ¢ be a parallel calibration
of degree m on R™, let 1 be the (m —1)-form (2.1) on S"~1, let X be a compact 1)-
submanifold of S"~ ', and let B be a positive real number < 1. Then, there exist real
numbers = 0(m,n, X) € (0,1/2), C = C(m,n, X,¢) >0, e =e(m,n, X,p,8) >0
such that the following holds:
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If by, by are real numbers with by < b18, if M is a closed ¢-submanifold of
A(bgB,b1;S™ 1), and if for each i = 0,1 there exists a normal vector field v; on
A(biB,bi; X) in A(b;B,b;;S" 1) such that

M0 A®b;B,bi;S" 1) = G(w),
||V1-||CC1yl < e for each i = 0,1,
then there exists a normal vector field v on A(bof3,b1; X) in A(boB3,b1;S™ 1) such
that
M =G(v),
V| A B,bi:x) = Vi for each i = 0,1,
Vs, < Cé.

Theorem 2.3 will be proved in Section 5 with the help of results in Section 3 and
Section 4.

3. FIRST LEMMA FOR THEOREM 2.3: LEMMA 3.5

Let m, n be integers with 1 < m < n. Let r : R™ \ {0} — (0,00) be the map
a — lal, and s : R"\ {0} — S"~! be the map a + a/|a]. Let ¢ be a parallel
calibration of degree m on R", and 1 be the (m — 1)-form (2.1) on S*~1.

Proposition 3.1.
(3.1) mélrn\ (o} = d(r"'s™ ).

Proof. Since ¢ is an m-form with constant components in the Euclidean coordinates
on R™ the Lie derivative of ¢ along rd, is equal to m¢. Therefore, by Cartan’s
formula,

me = d(royJ¢).

Therefore,

(3:2) molam (o) = d(r™),

where ) = 79, 5(@|rm\ g0} )- Then, Oy b = 0, and ¥ is invariant under the flow
generated by r0,.. Therefore, ¢ = s*(1|gn-1). On the other hand, ©|gn-1 = ¥
by (2.1). Thus, ¢ = s*1). Therefore, (3.2) gives (3.1). O

Remark 3.1. By the calculation above, s*1) = 1~ 9, 3(¢|rm\ f01)-

Proposition 3.2. Let M be a ¢-submanifold of R™. Then, (vad)|y = 0 if v is
normal to M.

Proof. Suppose v1,...,0n—1 € TpM are orthonormal. It suffices to prove:

(3.3) o(v,v1,.. . Vm—1) = 0.

There exists v € TpM such that ¢(v,v1,...,0m-1) = 1. The function ¢t —
¢((sint)v + (cost)v,vy,...,vm—1) attains maximum 1 at ¢ = 0. Differentiating

it at t = 0, therefore, gives (3.3). O
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Proposition 3.3 (Harvey and Lawson). Let M be a ¢-submanifold of R™. Then,
—— ——
(TM,dyp) = |0, NTM|*mr—™,

—
where (e, @) is the pairing of m-vector fields and m-forms, and TM is the unit
simple m-vector field dual to the volume form of M.

Proof. See Harvey and Lawson [3, (5.13), Lemma 5.11, p65]. O

Corollary 3.4. Let M be a closed ¢-submanifold of A(b,b1;S"1). If by < ¢y <
c1 < by, if co, c1 are regular values of vy : M — I, and if 7= 1(co), 771 (c1) are
non-empty, then

(3.4) / e [ b.
Mnr—1(co) Mnr—1(c1)

Proof. By Proposition 3.3,

/ dip > 0.
Mnr—1([co,c1])

This, by Stokes’ theorem, gives (3.4). |

The following lemma will be important in the proof of Theorem 2.3; see Section 5.

Lemma 3.5. Let m, n be integers with 1 < m < n, let ¢ be a parallel calibration
of degree m on R™, let 1 be the (m — 1)-form (2.1) on S"~!, let X be a compact
-submanifold of S*~1, let B be a positive real numbers < 1, and let e, be a positive

real number. Then, there ezists a positive real number €., such that the following
holds:
If M is a closed ¢-submanifold of A(B2,1;S"71), if

(3.5) /M ap < con,

and if there exists a normal vector field v on A(B,1; X) in A(B,1;S"1) such that
M N A(B,1;8"1) = G(v),
o, < en

then there exists a normal vector field v' on A(8%/2,1;X) in A(B%/2,1;S" 1) such
that

M =G(),
/
1/l g3 372 g2 5 <

where Ccls’,}ﬂ (832, B) is the Holder space on A(B3/2, B; X) with respect to the metric

dr? /r?+ds® on /1(53’/27 B; X), where r is the radial coordinate, and ds® is the metric
on S induced by the Euclidean metric on R™.

Proof. Suppose there does not exist such €,.. Then, there exists a sequence (M;);=2,3.4,...
of closed ¢-submanifolds of A(32,1;S"~!) with the following properties:

(P1) Jar, d < 1/5;
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(P2) for each i = 2,3,4,..., there exists a normal vector field v; on A(S,1; X)
in A(B,1;S"1) such that
M;NA(B,1;S" 1) = G(1y),
villes, < 1/i

(P3) for each i = 1,2,..., there does not exist any normal vector field v, on
A(B%/2,6; X) in A(B3/2,3;S"~1) such that
M; = G(Vl/))

Wil epsrm < e

By Proposition 3.1 and (P1),

Vol(M, /Mz ¢
/Ml mLd(r s )

/ rm e A st + mT i dy
M;

< </M dr A 8*1/)) + (ma) ™1,
(

whereas by Proposition 3.4 and (P2),

/ dr/\s*w:/ db s* Y
M; 2 M;Nr=1(b)

1
§/ dblimsup/ s Y
2 b—p S M;nr—1(b)

< (1 - 62) limsup/ s
M,;nr=1(b)

b—p
<C
for some C independent of i = 2,3,4,.... Therefore,
(3.6) sup Vol( i) < 00.
1=2,3,4,.

Therefore, by Allard’s compactness [1 Theorem 5.6], there exists a subsequence
(M;;)j=2,3,4,... such that (M;,)j=2 3.4,... converges as varifolds to some rectifiable var-
ifold M., in A(52, 1;S"71). Let ||MOOH denote the Radon measure on A(32%,1;S"~1)
induced by M. For each || M |-measurable subset E of A(3%,1;S"71), let | M ||LE

denote the restriction of | Ms|| to E, i.e.,
Mo |ILE(E') = | M |(E N E').

Proposition 3.6. a™||My||_(a ™ E) = || My||LE for every ||My||-measurable sub-
set B of A(B?,1;S™1) and every positive real number a with aE C A(f%,1;S™71).

Proof. By an approximation argument, it suffices to prove the following:

d
(37) | Flar)g(s)d| M| = 0
@ J(rs)ea(p? st
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for every f € C°(8?%,1) with a(suppf) C (82%,1) and every g € C*°(S"~!). By
(P1),

the left-hand side of (3.7)

4 lim am/ f(ar)gdVol(MM;.)
d ", ;

(38) = ]lig.lo ]Wij %((ar)mf(ar))dT/r A 98*1/)
= hm aili((aﬂ")mf(ar))d’l’/\gs*d)
J—0o0 Mij d’l"

= lim — a”ar)™ f(ar)dg A s*1p.
j—o0 Mij

By Remark 3.1, Proposition 3.2, Proposition 3.3 and (3.6),
lim — a”ar)™ f(ar)dg A s*1p
j—o0 MLJ
= lim a Y (ar)™ f(ar)r' ™0, 1(dg A b),

Jj—o0 Mij

= lim a_l(ar)mf(ar)rl_m@rTMiL_ Or,dg) o

Jj—oo J s

5
Shmd“%wﬁ\/ = pr g Oy 6 / dgl2
j—o0 Mij i Mij

< lim const. / dyp
M;

J]—00

(3.9)

5
= O,
where pry,, . is the projection of R™ onto the normal bundle of M;, in R™. By
i

(3.8) and (3.9), the left-hand side of (3.7) is zero. This completes the proof of
Proposition 3.6. (]

By (P2), on the other hand, |Myl|[LA(B,1;S"71) is equal to ||A(B,1;X)]| as
Radon measures on A(3%,1;S"" 1), where

| (3. 1; X)||(E) = Vol(A(8,1,: X) N E).

Therefore, by Proposition 3.6, M., = A(8? 1;X) as varifolds in A(B%, 1;S"1).
Therefore, (M;;)j=23,4,.. converges to a submanifold A(B?,1; X) as varifolds in
A(B?%,1;S™71). Therefore, by Allard’s regularity [1, Theorem 8.19], (M) j=234,...
converges to a submanifold A(42,1; X) in the local C*'/2-sense. This contradicts

(P3), which completes the proof of Lemma 3.5. |

4. SECOND LEMMA FOR THEOREM 2.3: LEMMA 4.3

Let X be a compact smooth Riemannian manifold, and V' be a smooth real
vector bundle over X with a fibre metric and a metric connection. Let Cg° denote
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the space of all smooth sections of V' over X. For every v,v’ € C2°, se

(v, )Lz = ), v (z))d,

Iollzz = \/ / d,

where (v(z),v'(2)) is the inner product on the fibre V|, over € X. Let F : C° —
R be a functional of the following form:

(4.1) FU:/ f(z,v, Dyv)dx
X

for every v € C2° with covariant derivative D,v, where f = f(z,v,p) is a R-valued
smooth function of z € X, v € V|, and p € TxX ® V|,. Suppose f satisfies the
following conditions:

(C1) (v,p) = f(z,v,p) is a real-analytic function on the vector space V|, @
(TrX ®V|,) for every x € X;
(C2) F satisfies the Legendre-Hadamard condition at 0 € C2°, i.e.,
d2
dh?
for every z € X, £ € Ty X, v € V|, for some ¢ > 0.
Let —grad F': C° — C2° be the Euler-Lagrange operator of F, i.e.,

(z,0,h §®v)‘ - > c|¢)?|v]?

d
(grad F(v), U/)Li %F(v + h')

h=0

for every v,v’ € C2°. Suppose
grad F'(0) = 0,

where 0 € C2°.

Let tg, too be real numbers with tg < to.. Consider the product (tg,te) X X, and
the pull-back priV over (tg,ts) X X, where pr3 is the projection of (tg,ts) X X
onto X. Let CF%(fo,t~) denote the space of all smooth sections of prjV over
(to,teo) x X. For every u = u(t,z) € C5(to,teo), set u(t) = u(t,e) € C° for
each t € (to,te0). For every u = u(t,x) € C"X’ ° (to, teo) and for every non-negative
integers k, let ||u||Cf;“(to,toc) be the Holder norm with respect to the product metric

dt? + da? on (to,t) X X. For every u = u(t,z) € C7%,(to, too), st

too
lullrz (to,te) = /t ||U(t)||%gdt
0

Theorem 4.1 (Simon). There exist real numbers 69 > 0, 6 € (0,1/2) depending
only on X, V, I such that if t3,t4 € (to,teo) with t3 < t4, if u € CP5 (Lo, teo), if
d > 0, and if for each t € [t3,14],

[u()]| 272 < o,
F(0) — F(u(t)) <9,
[0ru(t) + grad F(u(t)) ||z < (3/4)[|0su(t)| L2,
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then
L'Hmmwmyﬁgovmde@9>—an“+W»

Proof. The Simon condition implies the Lojasiewicz inequality in the sense of Si-
mon [11, Theorem 3], which leads to Theorem 4.1; see Simon [11, Lemma 1,
p542]. 0

Simon [11] studies smooth functions u = u(t,r) € CF%(to,tx) satisfying the
partial differential equation
(4.2) 0?u — dyu — grad F(u) + R(u, Oyu, 0tu) = 0,
where R : C° x C° x C° — C2° is a remainder of the following form:
R(v,v(l),v@)) :(A(x,v, va,v(l))chv)v(l)

(43) + Z Bkl(aj,’l},DIU,’U(l))DiU(k)
(k,1)=(0,1),(1,1),(0,2)

for every v, v, v(®) € C° where A = A(z,v,p,q), By = Bri(z,v,p, q) are smooth

functionsof x € X, v € V|, p € TA X QV |y, q € V|, with A(z,v,p,q) € ®2 T,X®

Vi, Bri(z,v,p,q) € ®l T,X, B(x,0,0,0) =0 for every x € X, for every (k,l) =

(1,0),(1,1),(2,0).

Remark 4.1. Let R be of the form (4.3) with A, B as above. Then, for every Cy > 0
there exists d5 = d5(X, V, F, R, C2) > 0 such that if |lu[| ;11,2 < d5, then
t,x

|[R(u(t), du(t), O u(t))]

< l0u(t)| + D) + | Ddu(t)| + ¢ [Fult)

=16 16" 16C, " gt il
Remark 4.2. Suppose X is a minimal submanifold of S*~!, and V is the normal
bundle of X in S*~!. For each normal vector field v on X in S" !, set

||
G(v) = {— z+v(z) ’ x EX},
|22 + [o(2)[? ( )
which is a compact submanifold of S™~! if sup,cy [v(z)| < € for some ¢ > 0
depending only on X C S"~!. Let C° be the space of all normal vector fields v on
X in S"7! with sup,¢ x [v(z)| < €. Let F: C° — R be the following functional:

(4.4) F(v) = Vol (G(v)).

F' is of the form (4.1) with integrand f satisfying (C1), (C2), and grad F'(0) = 0.
Set by = e~te/™ by = et/™; by < by. Let A(bg,by;S™ 1), A(bg,b1; X) be as in
Section 2. Let v be a normal vector field on A(bg, by; X) in A(bg,b1;S"71). Set
u(t,z) = e/™v(e”ma); u € CfS(to, tes). Let G(v) be as in Section 2. If G(v)
is a minimal submanifold, then u satisfies Simon’s equation (4.2), where F is the

functional (4.4), and R is some remainder of the form (4.3) depending only on m,
n, X.

Let H : C° — C° be the linearized operator of grad F' at 0 € C°. Simon’s
equation (4.2) is of the following form:

3t2u —Ou— Hu = Z Ey(x,u, Dyu, 8tu)Diafu,
0<k-+1<2
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where Ey; = Eyi(x, u, p, q) are smooth functionsof z € X, v € V|, p € TXr X QV|,,
q € V|, with Eg(z,v,p,q) € ®l T,.X, Ex(x,0,0,0) = 0 for every x € X, for every
ke, with 0 < k +1 < 2.

Remark 4.3. Let t1, tg be real numbers with ¢1 < tg. There exists 6o = 02(X,V, F, R) >
0 such that if u € C7, with ||U||Cl,1/2( < 02, then

z ti,te)

0ehiico ”Ekl”CS,’i/Q(tl,te) <1,

where 01 = 6;(X,V, F) is as in Remark 4.4 below.

Remark 4.4. Let T > 0. The Legendre-Hadamard condition (C2) implies that
0? — §; — H is uniformly elliptic on C5.(to, to).  Therefore, there exists §; =
61(X,V, F) > 0 be such that if w € CP5.(=T/3,T/3), if ani(t,z) € CY5.(=T/3,T/3),
and if

O*w — Oyw — Hw = Z a(t,z) DL oFw,

0<k+I1<2
o, lawdllcprre iz < Ov
then,
(4.5) ”w”Cij/Q(—T/s;,T/s) < Gillwllzz  (—7/a1))

for some C; = C1(X,V,F,T) > 0. This is a Schauder estimate; see Morrey [10,
Chapter 6].

Theorem 4.2 (Simon). There exist h > 0, T > 0, 03 > 0 depending only on X,
V', F such that for any j € {3,4,5,...} the following holds:
Ifw e C5.(0,4T), an(t,x) € CP5(0,5T), and

O*w — Oyw — Hw = Z an(t,z) DL oFw,
0<k+I1<2

max sup lagi(t, z)| < 03
O0<k+I<2 (¢ 1)€(0,5T)x X ’ ’

||w||L§1m(0,jT) < 00,
then, there exist integers iy, 1o with 0 < i1 < iy < j such that: if 1 < iy, then
—hT
lwllzz rarnry < e lwllez -vyrim)
for eachi € {1,...,i1 — 1}; if i1 < ia, then
lw(®)llrz < (3/2)lw(t)|rz
fort, t' € (i1T,i2T) with |t' —t| < T, and
|0sw(t)|| L2 < (1/2)[lw(t)]| L2
for each t € (i1T,12T); if ia < j — 1, then
lwllzz (i-1yriry < eihT”wHLfyw(iT,(i-&-l)T)
for each i € {ia +1,...,5 —1}.
Proof. See Simon [12, Theorem 3.4]. O

The following lemma will be important in the proof of Theorem 2.3; see Section 5.
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Lemma 4.3. Let X be a compact smooth Riemannian manifold, V be a smooth
real vector bundle over X with a fibre metric and a metric connection, F : C° — R
be a functional with grad F'(0) = 0 and of the form (4.1) with integrand f satisfying
(C1), (C2). Then, there exist real numbers C' > 0 and 6 € (0,1/2) such that for
every remainder R of the form (4.3), there exists §,. > 0 such that the following
holds:

If tg < t., if 0 <0 < 1, if u € OF5, (to, t.) satisfies Simon’s equation (4.2), and if

(4.6) el vz g 0y < 0
(4.7) limsup [lu(t)|z2 <9,
t—to
48) sup (1(0) = P(u(1)) <.
te(to,ts)
(4.9) 10vull 3 (10,0, < V3,
then

sup lu(t)||zz < C.6°.
te(to,tx)

Proof. By (4.7), it suffices to prove the following:
ta
(4.10) / |Bvu(t) 2 dt < C.6.

to
Let T =T(X,V,F) > 0 be as in Theorem 4.2. If ¢, — ty < 57", then

ty
| oozt < VE=T 0l s
(4.11) to -
< V5T,

which gives the conclusion (4.10).
Suppose t, — tg > 5T. Let t1,t¢ € (to,t«) be such that T/2 < t; —tg < T,
T/2 <t,—ts <T and ts — t; = jT for some j € {3,4,5,...}. Then,

ty

(4.12) | ooy, < Vs
to
ta

(4.13) / |Osu(t) |2 < VT6.
te

in the same way as (4.11).
Suppose d, < a2, where dy = §3(X,V,F,R) > 0 as in Remark 4.3. By (4.6),
Remark 4.3 and Remark 4.4,

”u”ij/z(n,tﬁ) < Oy,

where Cy = C1(X,V, F;T) > 0 be as in Remark 4.4, so that C; = C1(X,V, F) since
T =T(X,V,F) > 0. It suffices therefore to prove (4.10) under the assumption that

Hu”ci’zl/Q(tl,tG) S 5**

for some 0. = 0.4 (X, V, F, R) > 0.
Set u’ = dyu. Then,

(4.14) Ofu' — O’ — Hu' = Y aw(t,z)DLofu’
0<k+I<2
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for some smooth functions ay (t,z) of t € (to,t), © € X with ag(t,z) € @' TpX
for every k, | with 0 < k 4+ 1 < 2. By an argument similar to Remark 4.3, there

exists 04 = d4(X,V, F, R) > 0 such that if ||'LLH02,1/2(t1 te) < 04, then
(4.15) o<k <o HEM”C?ji/z(tl,ts) <o,
(416) ogr}clifgz Hdkl”cg’iﬂ(tl,tg) S min{él, 53},

where §; = 01(X, V, F) as in Remark 4.4, and d3 = 63(X,V, F') as in Theorem 4.2.
Suppose ||uHC2,1/2(ltl o) < 4y, where §, = 04(X,V, F, R) > 0 as above. By (4.14)

and (4.16), v’ satisfies the assumption in Theorem 4.2. Therefore, there exists
integers i1, i with 0 < i1 < iy < j such that: if 1 < iq, then

(4.17) 10wullzz |ty i+ G4y < 67hT||3tUHL%,m(t1+(if1)T,t1+iT)
for each i € {1,...,4; — 1}; if 43 < ig, then

(4.18) 10cu(®)l L2 < (3/2)[|0pu(t’)|| 22

for t,¢ € (t1 + 41T, t1 + i2T) with |t/ —¢| < T, and

(4.19) 187 u(®)ll2 < (1/2)[[0u(t)]| 2

for each t € (tl + 0T, + iQT); if 19 < j—1, then

th

(4.20) HatuHLf’m(t1+(i71)T,t1+iT) <e” |atu||L§1m(t1+iT,t1+(i+1)T)

for each i € {ia +1,...,5—1}; here h = h(X,V, F) > 0 as in Theorem 4.2. By the
method in (4.11), and by (4.17),

ti+i T =1ty +(i4+1)T
/ ()l 2t < 3 / |Ovu(t)|| 2 dt
t

t1 i=1 14T
11—1
< Z \/TH@UHng(t1+iT,t1+(i+1)T)
i=0
(4.21) A

< Z ﬁeiihT||atu||L$Yx(t1,t1+T)
i=0

< \/T(l — eth)fl||3tUHL§Tw(t1,t1+T)
SVT(1—e "),

Set t5 = t1 + 92T As (4.17) gives (4.21), so (4.20) gives the following:

(4.22) / . 10u(t)|| p2dt < VT(1— e "T)~15,

ts

If i1 = ig, then (4.12), (4.21) and (4.22) imply the conclusion (4.10).
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Suppose i1 < ig. Set to =t + 17T, tz3 = to + T/37 ty =15 — T/3 Then,

t3
(4.23) [ 1owtola < /75
ta
t3+T/4
(4.24) / |0vu(t) 2 dt < v/TT/12,
to
ts
(4.25) / |0vu(t)|| 2 dt < /T30,
ty

in the same way as (4.11).
For each t € [ts,t4], on the other hand, by (4.15), (4.16) and Remark 4.4,

(426) ||atu”C’i’;/2(t—T/5,t+T/5) < Cl||8tu||L211(t7T/47t+T/4),
(4.27) Hu”cfgj/z(th/s,HT/s)) < CIHUHL2 (t—T/4,t+T/4)>

where C; = C1(X,V,F;T) > 0 as in Remark 4.4, so that C; = C1(X,V, F) since
T=T(X,V,F). By (4.26) and (4.18), for each t € [t3, t4],

HDmatu(t)HLg < v/Vol(X) sup |D,0ru(t, x)|
) zeX
S \/VOI X ||(9tu||cz.1/2 (t—T/5,t+T/5)

4.28
(4.28) < VVl(X)C|[Owullzz  (t—7/a,047/4)
\/VO] Cl 3/2 \/ ||5'tu ||L2

< Co|Orul®)| 2,

where Cy = /Vol(X)C1(3/2)/T/2, so that Cy = C3(X,V, F) > 0. Therefore, by
Remark 4.1, (4.19) and Simon’s equation (4.2), for each t € [t3, t4],

|Osu(t) + grad F(u(t)) HLz < ||82u(t) + R (u(t) Opu(t), 82u(t)) ||L2

1 1
4.29 — = ,
(4.29) ( +t 16 TR ) 10cu(®)ll 2

< (3/4)]|0vu(t)| Lz

(trrte) = 05, where 05 = 05(X, V, F, R,C5) > 0 as in Remark 4.1, so that

65 = 65(Xa VvaF7 R)
Suppose [|ul[z2.1/2

lf Hu”c;z,'l/’z

(t1.t6) < min{ds, do }, where d5 = 05(X,V, F, R) as above, and
09 = 00(X,V, F) > 0 as in Theorem 4.1. By Theorem 4.1, (4.29) and (4.8),

/tt4 Ou(t)||L2dt < (4/6) <‘F u(ts)) — F(O)‘9+59),

where § = 0(X,V,F) > 0 as in Theorem 4.1. Since grad F'(0) = 0, there exists
Co = Co(X,V, F) > 0 such that if v € CF°, [|v[| j2.1/> < do, then

|F(v) = F(0)| < Collv][&:.-
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Therefore, by (4.27),
|F(u(ts)) — F(0)] < Collu(ts)[|2:

2

< COCI||uHL$,I(t3—T/4,t3+T/4)

< CoCy(T/2) sup lu(t)lZ2,
te(tzs—T/4,t3+T/4) v

whereas by (4.7), (4.12), (4.21) and (4.24),

t3+T/4
sup lu(t)]| g2 < limsup [[u(t)]|zz + / 0vu(t)]] 2 dt
te(ts—T/4,t3+T/4) t—to to

< (14-xﬁf-%xﬁf(1-e*hT)*l—% 77712)5,

Thus,

ty
(4.30) /|@Mw%ﬁgﬁﬁ
t3
for some constant C, depending only on X, V, F. Thus, (4.12), (4.21), (4.23),
(4.30), (4.25), (4.22) and (4.13) imply the conclusion (4.10).
The proof of Lemma 4.3 is thus complete. (]

5. PROOF OF THEOREM 2.3

We now prove Theorem 2.3.

Let ¢ be a parallel calibration of degree m > 1 on the Euclidean space R™. Let
¥ be the (m — 1)-form (9, 1¢)|sn-1 on the unit sphere S"~1. Let X be a compact
-submanifold of S*~1.

By Proposition 2.2, X is a minimal submanifold of S"~!. Let F, R be as in
Remark 4.2. Let 8 € (0,1/2), C. > 0, 0, > 0 be as in Lemma 4.3, so that
0 =0(m,n,X), Ci(m,n,X) >0, d,(m,n, X) > 0.

Let 8 be a positive real number < 1. Suppose €, > 0 is so small that if ”V”Ci’yl <
€4, then: '
(5.1) G(v) is a closed submanifold of A(bg,b1;S" 1),

and if G(v) = G(v') for some v/, then v =1/

in the notation of Section 2. Let €4, > 0 be as in Lemma 3.5, so that €., =
€xe(m,n, X, 0,8, €,) =.

Suppose now that € > 0, that by > 0, by > 0 with by < b1, that M is a closed
¢-submanifold of A(by/3,b1;S" 1), and that for each i = 0,1 there exists a normal
vector field v; on A(b; 3, b;; X) in A(b;3,b;;S" 1) such that

Mn A(bzﬁ7 blvgnil) = G(Vi)a

5.2
(5:2) lvillor . < e for each i = 0, 1.
cyl

For each i = 0,1, by [villcr <,
cy

/X v /Mmrl(b) s

(5.3) sup
be(bi B,bi)

S Cp€.
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for some ¢y = ¢o(m,n, X, ¢) > 1. Therefore, by Stokes’s theorem,

(5.4) / s*dip < 2¢qe.
M
Therefore, if € <€ 4, then by (5.2) with ¢ = 1, and by Lemma 3.5, there exists a
normal vector field v on A(b18%/2,by; X) in A(by3%/2,b1;S"1) such that
MNAD B2, 615871 = G(v),
(5.5)

||V||C;11/2(b153/27b1) < €.

Suppose € <€ ... Let S, be the set of all b, € [by, b15) such that there exists a
normal vector field v on A(b,,by; X) in A(b,,by;S™™1) such that
M N A(b,,by;S"1) = G(v),
(5.6) <
Hyl‘ccly*;”(b*,bl) > Exe
S, is non-empty since b;%/% € S, by (5.5).

Proposition 5.1. Suppose b, € S.N[by,b1), and let v be as in (5.6). Set u(t,z) =
et/™p(e~t/"x), tg = —logby/m and t, = —logb,/m. Then,

HUHL%m(to,t*) < C*(4COG)0
if € < (4co)™! and e, < €1 for some €1 = €1(m,n, X) > 0.

Proof. By Remark 4.2, u satisfies Simon’s equation (4.2) with respect to F' and R.
By Proposition 2.1, Corollary 3.4 and (5.3),

sup  Vol(X) — Vol (s (M Nr~1(b)))

be (ba,b1)
< sup /w—/ s
(57) be(by,b1) J X Mnr=1(b)
S/ 1/1*/ s*
X Mnr—1(bg)
< cpe.

By calculation, if [[v[|c1 < €1 for some €; = €1(m,n, X) > 0, then
—
(5.8) lro,v|? < 2|0, NTM|?,
—
where M = G(v), and TM is as in Proposition 3.3. Suppose €, < €. Then, by
Proposition 3.3, (5.4) and (5.8),

/ Ir8,v|2 /r™ AVol (M) < 2 / 16, ATM|?/r™ dVol(M)
M M

(5.9) —2 / s*di
M

< 4ege.
Now, (5.6), (5.2) with ¢ = 1, (5.7), (5.9) imply (4.6), (4.7), (4.8), (4.9) in Lemma 4.3,
respectively. Therefore, by Lemma 4.3,

sp [u®llzz < Cu(dege)’
tE(to,tx)

ife < (400)71. [l
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Suppose € < (4cg) ™! and €, < €;. Suppose b, € S,. Set 7 = log 3/m. Then, by
interpolation and Proposition 5.1,

”V”C'Clyl(b*,b*/ﬁ) = ||U\\C,})m(t*—r,t*)

< e**(Qe*)—lHu||C1,1/z(t*7T’t*) +cr o osup flu(t)|z:
(5.10) tE(ta—Tts)
< €an /2 + €10, (4cge)?

< €

if € <€ 4 (2¢1C,) " (deoe) 7Y, where c1=c1(m,n, X, T, €4x(26,) 1) > 0.
Suppose € <€ 4 (2¢1C,) " H4cpe) Y. By (5.10), (5.4) and Lemma 3.5, b,5/? €
Si. Therefore, b, is an interior point in S.. Thus, S, is an open subset of [bg, b1 3).
By (5.1), S is a closed subset of [by, b1 ). Thus, S, is a non-empty open closed
subset of [bg,b1/3). Therefore, S, = [by,b18). In particular, by € Si. Set too =
—log by /m. Then, by (5.2) with i = 0 and Proposition 5.1,

sup  [Ju(t)][zz < C, (4cpe)?.
tE(to,too+T)

Therefore, by the Schauder estimate in Remark 4.4,

||u||Ctl,w(t0,too+r) < Cé’

for some C = C(Cy,c) = C(m,n,X,¢$) > 0. This completes the proof of Theo-
rem 2.3.

6. THE MAIN RESULT

Let (21,9, 22,92, 23, 43) be the coordinates on R®, and wy the symplectic form
dat A dyt + dx? A dy? + dx® A dy3 on RS, Let Jy be the complex structure on R®
which maps 9/9z% to 9/0y* for every o = 1,2,3, and € the complex volume
form dz' A dz? A dz? on RS, where 2% = x% + iy® for every a = 1,2,3. Harvey
and Lawson [3] prove that Re)y is a calibration with respect to the metric gy =
Zi:l dz*dz® on RS. Re p-submanifolds of (RS, gy) are called special Lagrangian
submanifolds of (R®,wq, Jo, Qo); this is well-defined since gg = wo(e, Joe).

Let R3, R3 be special Lagrangian planes in (RS, wy, Jo, Q) such that R @RS =
RS. Lawlor [6] gives an explicit construction of L, f with the following properties:

(L1) L is a closed special Lagrangian submanifold of (RS, wq, Jo, Q);

(L2) f is a diffeomorphism of R x S? into R?;

(L3) L is the image of f: R x S? — RY;

(L4) there exists R > 0 such that

|fr —igr|/r + |d(fr —ir)| = O(r~3) with respect to the metric go on RS,

where r is the projection of R x S? onto R, fg is the restriction of f to
(R\ [-R,R]) x S?, and i is the inclusion of (R \ [-R, R]) x S? into RS
whose image is R UR3 \ B(R).

Here, B(R) is the ball of radius R centred at 0 in (RS, go).

Let TS be the torus R®/Z5. By abuse of notation, wo, Jo, go, o denote the
symplectic form, the complex structure, the metric, the complex volume form,
respectively on TS as well as on RS. Likewise, B(R) denotes the ball of radius
R centred at 0 in (T go) as well as in (R% go). Set T3 = R$/(R3 N Z°), T3 =
R3/(R3 N Z5). T3, T3 are special Lagrangian submanifolds of (T®,wq, Jo, Qo).
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In view of the proof of the theorem of D. Lee [7, Theorem 3| or Joyce [5, Theo-
rem 9.10], for every 6 > 0 there exist (Js,$s5), Ms, €5, bs and b with the following
properties:

(P1) Js = fido, Qs = f5§Qo for some f5 € GL(3,R) such that fjwo = wo;

(P2) Ms; is a compact special Lagrangian submanifold of (T3, wy, Js,2s), i.e., a

Re Qs-submanifold of (T, gs), where g5 = fgo;
(P3) €5 >0,0<bs < b:; <1, lims_ge5 = 0, lims_,q b5/5 = 00;
(P4) M;sn B(bs) is the graph of some normal vector field on 6L N B(bs) in B(bs)
with C'-norm less than bses, where §L N B(bs) is embedded in T¢;
(P5) Mjs\ B(bj) is the graph of some normal vector field on (T$ UT3) \ B(bj) in
(T®\ B(b}), gs) with C'-norm less than bses;
(P6) there exists a normal vector field v on (T3 UT3) N A(b, V') in (A(b,b), gs)
such that MsNA(b,b) = G(v) with HI/HC(}VI < €5 for some b, b’ with 0 < b <
bs < by < ' <1 in the notation of Section 2, where A(b,b') = B(V')\ B(b);
(P7) Ms; is diffeomorphic to the connected sum T5#Ts3.

The main result of this paper is the following:

Theorem 6.1. Let (J5,85), Ms, €5, bs and b be as above. Let Mg be such that:
(P2) M} is a compact special Lagrangian submanifold of (T®, wo, Js5, Qs);
(P4’) Mg N B(bs) is the graph of some normal vector field on §L N B(bs) in
(B(bs), gs) with Ct-norm less than bses;
(P5) M}\ B(b) is the graph of some normal vector field on (T$ UT3)\ B(b}) in
(T®\ B(b}), gs) with C*-norm less than bses.
Then, M} = Ms +t for some t € T® whenever § is sufficiently small.

The proof of Theorem 6.1 is divided into the following two propositions:

Proposition 6.2. Mj is sufficiently close to Ms in the C'-topology induced by the
metric gs on TS whenever § is sufficiently small.

Proposition 6.3. If a special Lagrangian submanifold M} of (TS, wo, J5,8s) is
sufficiently close to My in the C'-topology induced by the metric gs on TS, then
M} = Ms +t for some t € T® whenever ¢ is sufficiently small.

Proof of Proposition 6.2. By (L4), (P3), (P4) and (P5), there exist by, b1, 8, 1o
and v; such that:
. b0>0,b1>0,0<ﬂ<1,b0<b5<b:§<b1ﬂ;
e for each i = 0,1, v; is a normal vector field on (T3 U T3) N A(b;3,b;) in
A(biB,b;);
o MsNA(biB,b;) = G(v;) with [|[vi]|c1 | < €/2, for each i = 0,1 in the notation
of Section 2 whenever § is sufﬁcien%ly small;

here A(b,t') = B(') \ B(b) for each b, b/ with 0 <b < b <1, and € > 0 is as in
Theorem 2.3. Therefore, by (P4’) and (P5’), there exist normal vector fields v} on
(T3 UTS) N A(b;B,b;), g5) in A(b;3,b;) for each i = 0,1 such that

M50 A(Bb, bi) = G(v;) with [|vjllcr | < € for each i = 0,1

whenever ¢ is sufficiently small. By (P1) and (P2’), therefore, Mg N A(bof,b1)
satisfies the assumption of Theorem 2.3. By Theorem 2.3, therefore, there exists
a normal vector field v/ on (T3 U T3) N A(bofB,b1) in (A(bof3,b1),gs) such that



A UNIQUENESS THEOREM FOR GLUING SPECIAL LAGRANGIAN SUBMANIFOLDS 17

M; N A(boS,b1) = G(v') with \|1/||C§yl < ¢ for some € converging to 0 as § — 0.
This, together with (P4), (P5), (P6), (P4’) and (P5’), proves Proposition 6.2. [

Proof of Proposition 6.3. Let D(Mjs) be the space of all special Lagrangian sub-
manifolds of (T, wy, Js5,Q2s) which are sufficiently close to M;s in the C!-topology
induced by gs on TS. By the deformation theory of Mclean [9, Section 3], D(M;)
is a manifold of dimension b'(M;), where b'(Mjs) is the first Betti number of M;.
By (P7), b*(Ms) = 6. Thus,

(6.1) dim D(Mj) = 6.

For each t € TS, by (P1), Ms-+t is a special Lagrangian submanifold of (TS, wy, Js, s).
Therefore, f : t — Ms +t maps a neighbourhood of 0 € T® into D(M;). By (P5),
if § is sufficiently small, then dfy : ToT® — Tf(0)D(Ms) is one-to-one. Therefore, by
(6.1) and Inverse Function Theorem, f is a diffeomorphism of a neighbourhood of
0 € TS onto a neighbourhood of f(0) = My in D(Mjs). This completes the proof of
Proposition 6.3. (I

Proof of Theorem 6.1. Proposition 6.2 and Proposition 6.3 imply Theorem 6.1. O

Remark 6.1. The key step to the proof of Theorem 6.1 is the proof of Proposi-
tion 6.2, where we have made a direct use of Theorem 2.3, which assumes that the
ambient space is a flat Euclidean space. This is why we considered the flat torus
(T®, gs5). It is very likely, however, that modification of Theorem 2.3 leads to an
extension of Theorem 6.1 to more general Calabi—Yau manifolds. The author plans
to work it out in the near future.
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