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Abstract

In this paper, we mainly study the derivation algebra of the free Lie algebra and
the Chen Lie algebra generated by the abelianization H of a free group, and trace
maps. To begin with, we give the irreducible decomposition of the derivation algebra
as a GL(n, Q)-module via the Schur-Weyl duality and some tensor product theorem
for GL(n, Q). Using them, we calculate the irreducible decomposition of the images
of the Johnson homomorphisms of the automorphism group of a free group and a
free metabelian group.

Next, we consider some applications of trace maps: the Morita’s trace map and
the trace map for the exterior product of H. First, we determine the abelianization
of the derivation algebra of the Chen Lie algebra as a Lie algebra, and show that the
abelianizaton is given by the degree one part and the Morita’s trace maps. Second,
we consider twisted cohomology groups of the automorphism group of a free nilpotent
group. Especially, we show that the trace map for the exterior product of H defines
a non-trivial twisted second cohomology class of it.

1 Introduction

For a free group F, with basis zy,...,2,, set H := F* the abelianization of F,. The
kernel of the natural homomorphism p : Aut F;, — Aut H induced from the abelianization
of F,, — H is called the IA-automorphism group of F},, and denoted by IA,. Although
IA,, plays important roles on various studies of Aut F,, the group structure of IA,, is quite
complicated in general. For example, any presentation for IA,, is not known. Furthermore,
Krsti¢ and McCool [24] showed that TAj is not finitely presentable. For n > 4, it is not
known whether IA,, is finitely presentable or not.

In order to study a deep group structure of IA,,, it is sometimes useful to consider the
Johnson filtration. For the lower central series I',, (k) of F,, the action of Aut F,, on the

*enomoto@math.kyoto-u.ac.jp
ftakao@math.kyoto-u.ac.jp



nilpotent quotient F,, /I', (k) induces a natural homomorphism Aut F,, — Aut (£, /T, (k +
1)). Then its kernel A, (k) defines a descending central filtration IA,, = A, (1) D A,(2) D
--+. This filtration is called the Johnson filtration of Aut F,,. Each of the graded quotient
gr¥(A,) == A, (k)/ A, (k+1) naturally has a GL(n, Z)-module structure, and is considered
as one by one approximation of IA,,. To study gr*(A,), the Johnson homomorphisms

Th grk(An) — H* ®z L,(k+1)

of Aut F,, are defined where H* := Homgz(H,Z). Historically, the Johnson filtration was
originally studied by Andreadakis [1] in 1960’s, and the Johnson homomorphisms by D.
Johnson [17] in 1980’s who determined the abelianization of the Torelli subgroup of the
mapping class group of a surface in [18]. Now, there is a broad range of remarkable results
for the Johnson homomorphisms of the mapping class group. (For example, see [16], [29],
[31] and [32].) Since each of 7 is GL(n, Z)-equivariant injective, to clarify the structure of
the image of 7, is one of the most basic problems. By a pioneer work of Andreadakis [1], it is
known that 71 is an isomorphism. It is known that Coker(m q) = S?Hq and Coker(73.q) =
S®Hq @ A*Hq by Pettet [35] and Satoh [38] respectively. Here 7, q := 7 ® idq and
Hq := H ®z Q. In general, however, it is quite a difficult problem to determine even the
rank of the image of 7, for k£ > 4.

Now, let Al (1), Al (2), ... be the lower central series of IA,. Since the Johnson
filtration is central, A/ (k) C A, (k) for each k > 1. It is conjectured that A, (k) = A, (k)
for each k& > 1 by Andreadakis who showed A}(k) = A2(k) and A5(3) = A3(3). It is
known that A/ (2) = A,,(2) due to Bachmuth [3], and that A/ (3) has at most finite index
in A, (3) due to Pettet [35]. Set gr*(A!) := A, (k)/ A, (k +1). Then we can also define a
GL(n, Z)-equivariant homomorphism

T grk(.A;L) — H " ®z L,(k+1)

by the same way as 7,. We also call 7 the k-th Johnson homomorphism. In [42], we
determine the cokernel of the stable rational Johnson homomorphism 7; o = 77, ® idq.
More precisely, we proved that for any £ > 2 and n > k + 2,

Coker(7; o) = C3(k)

where CQ(k) := C,(k) ®z Q, and C, (k) be a quotient module of H®* by the action of cyclic
group Cyc,, of order £ on the components:

Colk) =H" (01 ®a2® Q@ar — 20 a3 - @ a @ ay | a; € H).

In general the target of 75 is considered as the degree k part of the derivation alge-
bra Dert(L,) of the free Lie algebra L, generated by H. The first aim of the paper
is to give irreducible decompositions of GL(n, Q)-modules C2(k) and Der™ (L, q)(k) =
Dert(L,,)(k) ®z Q. Our proof is based on the Schur-Weyl duality for GL(n, Q) and &,.
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Theorem 1. (= Propositions 4.1 and 4.7, and Corollary 4.8.)

(1) The multiplicities of irreducible GL(n, Q)-modules L* with highest weight X\ in C2(k)
are given by

LY CQ(k)| = [trivy : Resgj;ck SH %f Aisa ;f)artition of k,

0, if otherwise,
where &y, is the symmetric group of degree k, S* is its irreducible module associated to
a partition X of k, Cyc,, is a cyclic subgroup of &y generated by a cyclic permutation
of order k and trivy s the trivial representation of Cycy,.

(2) For anyk>1 andn > k+2, as a GL(n, Q)-module, we have a direct decomposition

Dert(Laq)(k) = (Ho)™ & @ [L": Lu(k)|LIDY,

w; £(p)<n

where in the second term, the sum runs over all partitions p such that its length
((u) is smaller than or equal to n, and LMY s the irreducible GL(n, Q)-module
det ' @L".

We remark that, as a GL(n, Q)-module, C2(k) is isomorphic to the invariant part
an(k) = (HEF)¥% of HE" by the action of Cyc,. Namely, the cokernel Coker(r{q) is
isomorphic to Kontsevich’s a,(k) as a GL(n,Q)-module. (See [22] and [23].) We also
remark that the polynomial part (Hq)®* of Der (L, q)(k) is detected by a contraction
map. (See Subsection 2.3 for the definition of the contraction map.) Using this theorem,
for given k > 1, we can calculate the irreducible decomposition of Im(7, o) and Coker(7, )
forn >k + 2.

On the other hand, we also give the irreducible decompositions of the derivation al-
gebras of the Chen Lie algebra ﬁ%Q and some free abelian by polynilpotent Lie algebra
Enj\f q generated by Hq. (See Subsections 2.4 and 2.5 for the precise definition.) They
were studied in our previous papers [39] and [40] in order to investigate the cokernel of
the Johnson homomorphisms 77 o. In this paper, after tensoring with Q, we determine
the irreducible decompositions of the image of the Johnson homomorphism 7 of the au-
tomorphism group of a free metabelian group, and of the image of the composition map
77 of 77, and a homomorphism H* ®z L, (k + 1) — H* ®z L} (k 4 1) induced from the
natural projection £, (k + 1) — LY (k +1). That is,

Theorem 2. (= Propositions 4.10 and 4.12.)
(1) Forany k> 1 andn >k + 2,

Im(Té\?Q) s L{(kvl)r(]-)} @ L{(ki]-vl)’o}.



(2) Foranyk >1 andn >k+ 2,

Im((T,Q N)Q) ~ gr(k=11) @ o1, (k=2,2) @ 2L(k—2,12) ® I,(k=3,2,1) @ L(k—3,13)
LIk} o P {(k=12);(1)} o pA(k=1,1%);(1)} @ [1(E=221)51)} o {(E=2,1%);(1)}

where T = 1 ®idq and (1], y)q = T4y @ idq.
For any irreducible GL(n, Q)-module L* with highest weight A, we see

[L* : Im(7Q)] < [LY : Im((7f,n)q)] < [L* : Im(74 g)] < [L : Im(73,,q)].

Hence we can regard Im(7,'q) and Im((7;, y)q) as lower bounds on Im(7}, o) and Im(7,q).

In the rest of the paper, we consider some applications of trace maps. In general, the
trace maps are used to study the cokernel of the Johnson homomorphisms. One of the
most important trace maps is Morita’s trace map

Try = f[k] o (I)lf c H*®@zL,(k+1) — SkH.

Introducing this map, Morita showed that S* Hq appears in the irreducible decomposition
of Coker(7y,q). Using the part (1) of Theorem 1, we see that the multiplicity of S*Hg
in the irreducible decomposition of each of Coker(7; o) and Coker(7, q) is just one. In
Section 5, we determine the abelianization of the derivation algebra Der™ (L) of the Chen
Lie algebra using Morita’s trace maps. That is,

Theorem 3. (= Theorem 5.5.) Forn > 4, we have
(Der™(L))™ = (H* @z °H) & @ S*H.
k>2

More precisely, this isomorphism is given by the degree one part and Morita’s trace maps
Tr[k].

We should remark that this result is the Chen Lie algebra version of Morita’s conjecture:

(Der™(£,))™ = (H" @z A°H) & @ S*H

k>2

for the free Lie algebra £,, for any n > 3. (See also [32].)

Next we consider another important trace map
TI‘[lk} = f[lk] o CI)]f : H*®z£n(k§ + 1) — AkH,

called the trace map for the exterior product A*H. In [38], we show that A*Hgq appears
in Coker(r;, q) for odd k and 3 < k < n, and determine Coker(r3q) using Trz and
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Trps). In Section 6, we prove that the trace map Trpx) defines a non-trivial twisted second
cohomology class of the automorphism group Aut N, ; of a free nilpotent group N, =
F, /T (k + 1) with coefficients in A*Hgq for any k& > 2 and n > k. To show this, we prove
that H'(Aut N, 4, A*Hgq) is trivial. Then we consider the cohomological five term exact
sequence of a group extension

0 — Homgz(H, L, (k+1)) = Aut Ny jy1 = Aut Ny — 1

introduced by Andreadakis [1]. (See also Proposition 2.3 in Morita’s paper [30].)

On the other hand, let 7}, ;, be the image of a natural homomorphism Aut F,, — Aut N, ;
induced from the projection F,, — N, ;. The group T, ; is called the tame automorphism
group of N, . Similarly to Aut N, j, observing the cohomological five term exact sequence
of a group extension

0 — gr®(A,) = Topsr — Top — 1,

we show that the GL(n,Z)-equivariant homomorphism Trps o 7 defines a non-trivial
twisted second cohomology class of T, ;. Namely, the main purpose in Section 6 is to
show

Theorem 4. (= Propositions 6.6 and 6.8.)
(1) 0% tg(Trpr o 7) € H*(T i, AFHQ) for even k and 2 < k <n,
(2) 0% tg(Tryr) € H*(Aut Ny i, AFHQ) for k>3 and n > k
where tg means the transgression map.

In Section 6, We also show that H'(T,, ., H) = Z and it is generated by the Morita’s
crossed homomorphism. (See Proposition 6.4.)
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2 Preliminaries

In this section, after fixing notation and conventions, we briefly recall some facts of the
automorphism group of a free group, the free Lie algebra, the Chen Lie algebra and the
automorphism group of a free nilpotent group.

2.1 Notation and conventions

Throughout the paper, we use the following notation and conventions. Let G be a
group and N a normal subgroup of G.

e The abelianization of G is denoted by G*. Namely, G** = H,(G,Z). Similarly, for
any Lie algebra G, we denote by G2" the abelianization of G as a Lie algebra.

e The automorphism group Aut G of G acts on G from the right unless otherwise noted.
For any 0 € Aut G and x € G, the action of ¢ on z is denoted by z°.

e For an element g € G, we also denote the coset class of g by g € G/N if there is no
confusion.



e For elements x and y of G, the commutator bracket [z, y| of  and y is defined to be
[z,y] = xyz~ly .

e For elements gy, ..., g € G, a commutator of weight k of the type

H o [[91792]793]7 o ']7gk]

with all of its brackets to the left of all the elements occurring is called a simple k-fold
commutator, and is denoted by [gi,, Giss -+, Gir)-

e For any Z-module M and a commutative ring R, we denote M ®z R by the symbol
obtained by attaching a subscript R to M, like My or M%. Similarly, for any Z-linear
map f : A — B, the induced R-linear map Ar — Bp is denoted by fr or f.

2.2 Automorphism group of a free group and its subgroups

Here we review some properties of the automorphism group of a free group. To begin
with, we recall the Nielsen’s finite presentation for Aut F,. In this paper, we fix a basis
x1,...,x, of a free group F), of rank n. Let P, (), S and U be automorphisms of F,, defined
as follows:

Iy Ty | X3 | - | Tpn-1 | Tn
P| xg | @y |@3 | | Tpo1 | Ty
Q o) Ty | Ty | - T T
S —1

Zq To | X3 | - Tp—1 | Tp
Ul @z [ | 23| | Tno1 | Ty

Namely, P is an automorphism induced from the permutation of x; and x5, () is induced
from the cyclic permutation of the basis, and so on. Nielsen [34] obtained the first finite
presentation for Aut F), in 1924.

Theorem 2.1 (Nielsen [34]). Forn > 3, Aut F,, has a finite presentation with generators
P, Q, S and U subject to relations:

(R1): P? =1,

(R2): (QP)”'_l =Q" =1,

(R3): [P,Q7PQ]=1, (2<i<[n/2]),

(R4): S = 1,
(R5): [S,Q7'PQ| =[S,QP] =1,
(R6): (PS)* = (PSPU)? =

(R8): [U,Q~25Q? = [U,SUS] = 1,

(P ,
(RT7): {U Q2PQY = [U,Q2UQY =1, (n>4),
(R9): [U,QPQ~ 1PQ] U, PQ~ 1SUSQP] =1,



(R10): [U, PQ'PQPUPQ~'PQP] = 1,
(R11): PUPSU = USPS,
(R12): (PQIUQ)UQ-'UQU ! =1

In Section 6, we use the Nielsen’ s presentation to compute twisted first cohomology
groups of Aut F,,. Let X*' := {aF! 25", ... 2} C F, be a subset of all letters of F,,. We
denote by €, a subgroup of Aut F}, consisting of all o € Aut F,, that effect a permutation
on X+, Then it is known that , is a finite group of order 2"n! and generated by P, Q
and S. (See [34].) The subgroup £, is called the extended symmetric group of degree n.

Next we consider the natural projection induced from the abelianization of F,. Let
H := F? be the abelianization of F, and p : Aut F,, — Aut H the natural homomorphism
induced from the abelianization of F,, — H. Throughout the paper, we identify Aut H
with the general linear group GL(n,Z) by fixing a basis of H induced from the basis
x1,...,x, of F,. Using the Nielsen’s presentation, we easily see that p is surjective. For
any o € Aut F,,, we also denote p(c) € GL(n,Z) by o if there is no confusion. With this
notation, P, @, S and U generate GL(n,Z). In particular, it is known that

Theorem 2.2 (Magnus [27]). (See also Section 7.3 in [12].) Forn > 3, the group GL(n,Z)
has a finite presentation with generators P, Q, S and U subject to relations (R1),
(R12) and

(R13): (SU)? =1.

Now the kernel TA,, of p is called the TA-automorphism group of F,,. Magnus [27]
showed that for any n > 3, TA,, is finitely generated by automorphisms

Kij:xp — {xj_lxixj, - Z:’
Ty, t#£1
for distinct 1 <, j < n, and
zilzj, z), t=1,
T, t 7£ 1
for distinct 1 <4, j, [ <n and j < [. Recently, Cohen-Pakianathan [9, 10]0 Farb [13] and
Kawazumi [19] independently showed
A > H* @4 A’H (1)

as a GL(n,Z)-module where H* := Homgz(H,Z) is the Z-linear dual group of H. In
particular, from their result, we see that IAZb is a free abelian group of rank 2n%(n — 1)
with basis the coset classes of the Magnus generators K;; and K;j.

le Ty = {

We denote by €, the image of €, by the natural projection p. Since IA,, is torsion free,

Q,, is isomorphic to €,,. Namely, Q, is a finite group of order 2"n! generated by P, Q and
S.



2.3 Free Lie algebra £, and its derivations

In this subsection, we recall the free Lie algebra generated by H, and its derivation
algebra. Let I',(1) D I',(2) D --- be the lower central series of a free group F,, defined by
the rule

L,(1):=F,, T.k)=[.k—-1),F,), k>2.

We denote by L,,(k) :=I',,(k) /T, (k+1) the k-th graded quotient of the lower central series
of F,, and by £, := P>, Ln(k) the associated graded sum. It is classically well known
due to Witt [43] that each L£,,(k) is a free abelian group of rank

rankz (£ jzzhdob nd (2)
dlk

where M6b is the Mobius function. The graded sum £,, naturally has a graded Lie algebra
structure induced from the commutator bracket on F),, and called the free Lie algebra
generated by H. (See [36] for basic material concerning the free Lie algebra.) For each
k > 1, Aut F), naturally acts on £, (k). Since the action of IA,, on £, (k) is trivial, that of
GL(n,Z) = Aut F,,/1A,, on L, (k) is well-defined.

Next, we consider an embedding of the free Lie algebra into the tensor algebra. Let
TH)=Z0oHOH®G---

be the tensor algebra of H over Z. Then T'(H) is the universal enveloping algebra of the
free Lie algebra £, and the natural map ¢ : £, — T(H) defined by

X,Y]» XQY -Y®X

for X, Y € L, is an injective graded Lie algebra homomorphism. We denote by ¢, the
homomorphism of degree k part of ¢, and consider £, (k) as a submodule H®* through ¢.

Here, we recall the derivation algebra of the free Lie algebra. Let Der(L,,) be the graded
Lie algebra of derivations of £,,. Namely,

Der(L,) = {f : Ln = L] f([a,0]) = [f(a),8] + [a. )], a,b€ Ly},
For k > 0, the degree k part of Der(L,,) is defined to be
Der(L,)(k) :=={f € Der(L,,) | f(a) € L,(k+1), a € H}.

Then, we have

Der(L @ Der(L



and can consider Der(L,)(k) as

for each k > 1 by the universality of the free Lie algebra. Let Dert(L,) be a graded
Lie subalgebra of Der(L,)(k) with positive degree. (See Section 8 of Chapter II in [6].)
Similarly, we define a graded Lie algebra Der"(L,, q) over Q. Then, we have Der" (L, q) =

Dert(L,) ®z Q.
For k > 1, let o* : H*®47H®*+Y — H®* be the contraction map defined by

* *
Ii®xj1®"'®‘rjk+1'_>xi<xj1) 'xj2®”'®”'®xjk+1'

For the natural embedding 1 : £,(k + 1) — H®*+Y we obtain a GL(n, Z)-equivariant
homomorphism

OF = pF o (idge @ 1pp1) 1 H* @z Ly (k +1) — HE,
We also call ®* a contraction map. In Proposition 4.7, we study the irreducible decompo-

sition of Der"(L,.q)(k) as a GL(n, Z)-module using the contraction map.

Finally, we review the trace maps. For any k > 2, let f};; : H®k — S*H be the natural
projection defined by

Then the composition map

is a GL(n,Z)-equivariant surjective homomorphism, and is called Morita’s trace map.
Morita studied the cokernel of the Johnson homomorphism of Aut F;, using Morita’s trace
map, and showed that S*Hq appears in the irreducible decomposition of it for any k > 2.

Let fus : H ®k 5 A¥H be the natural projection defined by
Tiy @ @@y, > Xy N ANy,
Then the composition map
Trpe == fuy 0 @+ H*®zL,(k+1) — A*H

is called the trace map for A¥H. Using the trace map Tryyx), we showed that there appears
A*Hq in the cokernel of the Johnson homomorphism restricted to the lower central series
of IA, if 3 <k <n and k is odd. (See [38] for details.) In Section 6, we show that Tryx
defines a non-trivial twisted second cohomology class of the automorphism group of a free
nilpotent group.
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2.4 Chen Lie algebra £) and its derivations

Here we recall the Chen Lie algebra generated by H, and its derivation algebra. Let
FM .= F, /[[Fy, Fu], [Fy, Fy)] be a free metabelian group of rank n. Let TM(1) > TM(2) o
.-+ be the lower central series of a free group FM defined by the rule

Dy (1) =FY, TY(k) = [k =-1), R, k>2.

We denote by LM (k) := T'M(k)/TM(k + 1) the k-th graded quotient of the lower central
series of M and by LM := @k21£ﬁ4(k) the associated graded sum. The graded sum £

naturally has a graded Lie algebra structure induced from the commutator bracket on FM
by the same argument as the free Lie algebra L£,. The Lie algebra £ is called the free
metabelian Lie algebra or the Chen Lie algebra, generated by H.

Since (FM)ab = H Aut (FM)* = Aut(H) = GL(n,Z). By an argument similar to the
free Lie algebra, it turns out that each of the graded quotients £M (k) is a GL(n, Z)-module.
For 1 < k < 3, we have L, (k) = LM (k). Tt is also classically known due to Chen [8] that
each LM (k) is a free abelian group of rank

rankz (LM (k) = (k — 1) (” * : a 2) (3)

with basis
{[xil,xiz,...,a:ikﬂil>i2§7j3§---§ik}. (4)

Let Der™ (LM) be the graded Lie algebra of derivations of £ with positive degree. The
degree k part of Dert(£M) is considered as

Dert (LM (k) = H* @z LM (k +1).

Similarly, we define a graded Lie algebra Der+(£%Q) over Q. In Subsection 4.3, we give
the irreducible decomposition of Der™ (L)q,).

Now, Morita’s trace map Try naturally factors through a surjective homomorphism
H*®zL,(k) — H*®z L) (k). Namely, Tr induces a GL(n, Z)-equivariant homomorphism

Trl) : H'®zLn(k+1) — S*H.

(See Subsection 3.2 in[39].) We also call it Morita’s trace map. In Section 5, we determine
the abelianization of Der™ (£M) as a Lie algebra using Morita’s trace maps Tr%.
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2.5 Lie algebra £) and its derivations

Let FN be the quotient group of F,, by the subgroup [I',(3), ', (3)][[T'n(2 ) 7(2)],Tn(2)].
Let TN(1) D TY(2) D --- be the lower central series of a free group F~ and LY (k) :=
IN(k)/TN(k +1) its graded quotients. Similarly, the graded sum LY := @,., LY (k) has
a graded Lie algebra structure induced from the commutator bracket of FN. -

In our paper [40], we have determined the Z-module structure of £V (k), and showed
that its rank is given by.

k -2 1 k—4
rankz (LY (k) = (k — 1) o + sn(n—1)(k - 3) nr 5 (5)
k 2 k—2
and
{[l’ll,xm,,$zk]|21>12§23§SZ}C}
U {[xip ey Tgp o, ['T’L'k,17'rik“ |Zl > i2 S i3 S T S ik*Q; Z.kfl > Zk} (6)

is a basis of it.

We [40] used these facts to investigate the cokernel of the Johnson homomorphism. Let
Dert(LY) be the graded Lie algebra of derivations of £ with positive degree. The degree
k part of Der™(L£Y) is considered as

Der™ (LN (k) = H*®@zLY (k + 1).
Similarly, we define a graded Lie algebra Der+(£f¥7 q) over Q. In Subsection 4.4, we give

the irreducible decomposition of Der™ (L] q,).

2.6 Johnson homomorphisms

For each k > 1, let N, s, := F,,/T',,(k+1) of F,, be the free nilpotent group of class k and
rank n, and Aut N, j, its automorphism group. Since the subgroup I',,(k+1) is characteristic
in F),, the group Aut F,, naturally acts on NN, ;. This action induces a homomorphism

pr - Aut F, — Aut N,, ;.
Let A, (k) be the kernel of p;. Then the groups A, (k) define a descending central filtration
1A, =A,(1) D A,(2) D

This filtration is called the Johnson filtration of Aut F},. Set gr®(A,) := A, (k)/An(k +1).
For each k > 1, the group Aut F), acts on gr®(A4,) by conjugation. This action induces
that of GL(n,Z) = Aut F,,/IA,, on it.
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In order to study the GL(n,Z)-module structure of gr®(.A,), the Johnson homomor-
phisms of Aut F,, are defined as follows. For each k& > 1, define a homomorphism 7, :
A, (k) — Homgz(H, L,(k + 1)) by

o (x—2'2%), zeH.
Then the kernel of 7 is just A, (k + 1). Hence it induces an injective homomorphism
7 gt (A,) < Homg (H, L,(k+1)) = H* @z L, (k +1).

The homomorphism 7, is GL(n, Z)-equivariant, and is called the k-th Johnson homomor-
phism of Aut F},. Furthermore, we remark that the sum of the Johnson homomorphisms
forms a Lie algebra homomorphism as follows. Let gr(A,) := @, gr*(A,) be the graded
sum of gr*(A,). The graded sum gr(A,) has a graded Lie algebra structure induced from
the commutator bracket on IA,,. Then the sum of the Johnson homomorphisms

T = @Tk cgr(Ay,) — Der™ (L))

k>1

is a graded Lie algebra homomorphism.

It is known that 7 gives the abelianization of IA,, by an independent work of Cohen-
Pakianathan [9, 10]0Farb [13] and Kawazumi [19] as mentioned above. Namely, gr'(A,,) =
IA®". Furthermore, we have exact sequences

0 — ar(A,) 2 Homg(H, £, (3)) —2 S2H — 0,

Q Q
Tr[S]@Tr[13]

0— gr%(An) m—’Q> HOHIQ(HQ, £n7Q(3)) S3HQ D A3HQ — 0.

as GL(n,Z)-modules. (See [38] for details.) In general, however, the GL(n,Z)-module
structure of grg(A,) is not determined for k > 4.

To give a lower bound on the image of the Johnson homomorphisms 7, or equivalently
an upper bound on the cokernel of 7, it is sometimes useful to consider the restriction
of 7 to the lower central series of IA,,. Let A/ (k) be the lower central series of IA,, with
Al (1) = TA,,. Since the Johnson filtration is central, A/ (k) C A, (k) for each k > 1. Set
grf(AL) == Al (k)/ A, (k +1). Then GL(n,Z) naturally acts on each of gr*(A!), and the
restriction of 7 to A/ (k) induces a GL(n, Z)-equivariant homomorphism

T grk(A;L) — H" ®z L,(k+1).

We also call 7} the Johnson homomorphism of Aut F,,. We remark that if we denote by
g oer®(A) — grf(A,) the homomorphism induced from the inclusion A, (k) < A, (k),
then 7, = 73, 0 iy, for each k > 1.
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Let C,(k) be a quotient module of H®* by the action of cyclic group Cyc, of order k
on the components:

Cn(k) :H®k/<a1®a2®“'®ak—a2®a3®~~®ak®a1|ai € H).
In our paper [42], we showed that for any £ > 2 and n > k + 2,
Coker(7; o) = CR (k). (7)

Now, by the same argument as 74, we can define the Johnson homomorphisms 7Y
of Aut M as follows. Let A (k) be the kernel of a natural homomorphism Aut FM —
Aut (F,/TM(k + 1)), and gr*(AM) = AM(k)/AM(k + 1) its graded quotient. Then a
GL(n, Z)-equivariant injective homomorphism

T,ﬁ” : grk(Ay) — H* Ry, Eﬁ/[(k:—l—l)

is defined by o+ (2 + x7'27). In our paper [39], we showed that

M

M Tr
0 — gr*(AM) 25 Homg (H, LM (k + 1)) —% S*H — 0

is an exact sequence of GL(n,Z)-modules for each k > 2 and n > 4.

2.7 Automorphism group of a free nilpotent group

In this section we recall some properties of the automorphism group Aut N, j of a free
nilpotent group N, ;. First, we consider generators of Aut N, ;. For any o € Aut F,,, we
also denote pg(0) € Aut N, by o if there is no confusion. Andreadakis [1] showed that po
is surjective, and that pj is not surjective for £ > 3. Hence Aut N, 5 is generated by the
Nielsen’s generators P, ), S and U.

For k > 3, Goryaga [15] showed that Aut N, is finitely generated for n >3- 282 + k
and k£ > 2. In 1984, Andreadakis [2| showed that Aut N, is generated by P, @, S, U and
the other k — 2 elements for n > k > 2. In this paper, we use the following Bryant and
Gupta’s result. Let 6 be an automorphism of N,, j, defined by

e:zt'_) [xlv['r%xl]]xl) t:17
T, t?é 1.

Then Bryant and Gupta [7] showed that for £ > 3 and n > k — 1, the group Aut N,
is generated by P, @), S, U and . In Section 6, we use these generators to compute the
first cohomology group of Aut NV, . We remark that any presentation for Aut N, ; is not
obtained except for Aut Ny for k£ = 1,2 and 3 due to Lin [26].
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Next, we consider a relation between Aut NV, , and Aut N, ;. For k£ > 1, we have a
natural central group extension

0= Ly(k+1) = Nypy1 = Noyp — 1.

In this paper, we identify £,(k + 1) with its image in N, ;. Namely, £,(k + 1) is
equal to the (k+ 1)-st term of the lower central series of N, j4+1. In particular, £, (k + 1)
is a characteristic subgroup of N, ;4. Hence the projection N, 41 — N, induces a
homomorphism 95, : Aut Ny, z41 — Aut N, . In order to investigate the kernel of 1y,
we consider the degree k part of the derivation algebra of the free Lie algebra. For any
f € Homgz(H, L, (k+ 1)), define a map f : Ny i1 — Nygr1 by

vl = ()=

where [z] € H is the image of # in H under the natural projection N, 41 — H. Then f
is an automorphism of N, x11, and a map Homgz(H, L,,(k + 1)) — Aut N,, ;41 defined by

f— fis an injective homomorphism which image coincides with the kernel of 1. Namely,
for £ > 1, we have a group extension

0 — Homgz(H, L, (k+1)) = Aut Ny, jy1 = Aut N, — 1 (8)

introduced by Andreadakis [1]. (For details, see also Proposition 2.3 in Morita’s paper
[30].)

Let T, 1 be the image of the homomorphism pj : Aut F,, = Aut N, for each & > 1.
Clearly, the group T, j, is generated by P, (), S and U, and is called the tame automorphism
group of N, ;. The exact sequence (8) induces

0 — gr*(A,) = Torrr — Top — 1. (9)

In Section 6, we use these two group extensions to study twisted cohomology groups of
T, and Aut N, .

3 Representation theory of GL(n,Q) and the symmet-
ric group &,

In this section, we prepare some results in representation theory for GL(n,Q), namely
Cartan-Weyl’s heighest weight theory, several tensor product theorems and the Schur-
Weyl duality for GL(n, Q) and the symmetric group &. In the last of this section, we
briefly recall Kraskiewicz-Weyman’s combinatorial description for the branching rules of
irreducible G-modules to a cyclic subgroup Cyc,, of order k.

15



3.1 Partitions and symmetric functions

A partition A = (A1, A9, .. .) is a sequence of decreasing non-negative integers A\; > Ay >
-+ > 0. We denote the set of partitions by P. Set |A| := Ay + Ay + ---. If a partition
satisfies [A\| = m, the we call A a partition of m and write A = m. The conjugate partition of
A is the partition X' = (A}, A}, ...) defined by X} := 8{j | A\; > i}. Put £(\) = #{i | \; # 0},
we call it the length of A\. A partition A is even if all \; are even. For two partitions A
and p, we write A D p if A\; > p; for all 7. For two partition A\ and p satisfying A D pu,
the skew shape A\ is a vertical (resp. horizontal) strip if there is at most one box in each
row (resp. column). For a partition A of m, a semi-standard (resp. standard) tableaux
of shape A is an array T = (7};) of positive integers 1,2,...,m of shape A that is weakly
(resp. strictly) increasing in every row and strictly increasing in every column.

For a partition A = (A1, g, ..., A,), we define a polynomial of n-variable by

det(a ) 1< jen

det(z} 7 )1<ijen

sx(x1, ..., )

This is a homogeneous symmetric polynomial of degree |A|. We call it the Schur polynomial
associated to A. For two partitions p = (u1,...,pu,) and v = (vq,...,v,), we define the
Littlewood-Richardson coefficients LRi‘W by

A
Su(T1, .. @) - STy, .o, x) = g LR, sx(w1,. .., 7).
A
Then LRf;l, becomes a non-negative integer.

3.2 Highest weight theory for GL(n, Q)

Let T,, := {diag(t1,...,t,) | t; # 0, 1 < j < n} be the maximal torus of GL(n, Q). We

define one-dimensional representations ¢; of T,, by ¢;(diag(t,...,t,)) = t;. Then
PGL(n,Q) = {)\181 + -+ >\n5n ‘ )\z € Z, 1 S 7 S n} & Zn,
P(—}i_L(n,Q) = {>\151 +o )\ngn S PGL(n,Q) ’ /\1 > )\2 > 2 )\n}

gives the weight lattice and the set of dominant integral weights of GL(n, Q) respectively.
In the following, for simplicity, we often write G = GL(n,Q), T' = T,, P = Pgrn,q) and
Pt = PgL(n’Q). Furthermore, we write A = (A,...,\,) € Z" for A = A\je1+ -+ \,&, € P
or PT if there is no confusion.

For a rational representation V' of GG, there exists an irreducible decomposition V' =
@D,cp Vi as a T-module where V) := {v € V | tv = A(t)v for any t € T'}. We call this
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decomposition a weight decomposition of V' with respect to T'. If V) # {0}, then we call A
a weight of V. For a weight A\, a non-zero vector v € V) is call a weight vector of weight A.

Let U be the subgroup of GG consists of all upper unitriangular matrices in G. For a
rational representation V of G, we set VYV :={v € V | uwv = v for all u € U}. We call a
non-zero vector v € VY a maximal vector of V. This subspace V¥ is T-stable. Thus, as a
T-module, V¥ has an irreducible decomposition V¥ = @, _p V¥ where VI := VUV NV,

Theorem 3.1 (Cartan-Weyl’s highest weight theory).

(1) Any rational representation of V' is completely reducible.

(2) Suppose V is an irreducible rational representation of G. Then VY is one-dimensional,
and the weight X of VY = VU belongs to PT. We call this \ the highest weight of V,

and any non-zero vector v € VU is called a highest weight vector of V.

(3) For any \ € P*, there exists a unique (up to isomorphism,) irreducible rational repre-
sentation L of G with highest weight X\. Moreover, for two X\, u € P+, L* = L* if and

only if A = p.

(4) The set of isomorphism classes of irreducible rational representations of G is parame-
terized by the set PT of dominant integral weights.

(5) Let V' be a rational representation of G and xv a character of V' as a T-module. Then
for two rational representation V. and W, they are isomorphic as G-modules if and

only if xv = xw-

Remark 3.2. We can parameterize the set of isomorphism classes of irreducible rational
representations of G by P*. On the other hand, we define the determinant representation
by det® : GL(n,Q) > X — det X¢ € Q*. The highest weight of this representation is given
by (e,e,---,e) € Pt. If A € Pt satisfies \, < 0, then L* = det ™" @ L1~ nA2=An,0),
Therefore we can parameterize the set of isomorphism classes of irreducible rational repre-
sentations of G by the set {(\, e)} where A is a partition such that £(\) < n and e € Z_o.
Moreover the set of isomorphism classes of polynomial irreducible representations is pa-
rameterized by the set of partitions A such that ¢(\) < n.

Note that the dual representation of LA1A2-A) is isomorphic to L(-Am—A2=A) - Eg-
pecially, the natural representation Hq = Q" of GG and its dual representation H¢ are
irreducible with highest weight (1,0,...,0) and (0,...,0,—1) respectively. We also have
Hg = det™t @L-10),

There is another parameterization of irreducible rational representations of G. For any
A € Pt we define two partitions A, and A_ by

Ay = (max(A,0),...,max(\,,0)),
A = (—min(A,,0),..., —min(A;,0)).

17



Then there is a bijection
Pt ={(A,Na,.- s ) [ N€EZ, 1<i<n}—={(v) ePxP|Llu)+Lv)<n}

defined by A — (A;; A_). Using this bijection, we can parameterize the isomorphism classes
of irreducible rational representations of G by the set {L{*+*-}} Note that under this
notation, we have (L{M#h)* o= [{mA}

Theorem 3.3 (Weyl’s character and dimension formula for GL(n, Q)).

(1) For a partition X, let xx be a character of an irreducible polynomial representation L*.
Then we have x\(t) = sx(t1,...,t,) for a diagonal matriz diag(t,,...,t,) € T

(2) For a partition \, the dimension of the irreducible polynomial representation L coin-

cides with the number of semi-standard tableaux on .

3.3 Decompositions of tensor products

In this subsection, we recall some decomposition formulae of tensor products.

Theorem 3.4 (Pieri’s formula). Let u be a partition such that ¢(p) < n. Then

A
where X runs over the set of partitions obtained by adding a vertical k-strip to pu such that
(X)) < n.

Theorem 3.5 ([21, Theorem2.4]). For four partitions {,n, o and T such that ¢(§) +£(n) +
l(o) + (1) < n, we have

L& g o} = @ LR et RO

{&nt{osT}
A UEP,
) +H()<n
Here the coefficient LRE;;:??’{U;T} is defined to be
3 T o A
> (Z LRE, LRHB> (Z LRZ, LRM) LR}, LR .
a,B,7,06P \KEP TEP

Corollary 3.6. Assume that 1+ ((c) < n. Then we have

LMW} g {00} o oD} g EB LR?I) )\L{A;O}'
AM(AN)<n 7
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Proof. Under the notation of Theorem 3.5, ¢ = 7 = (0), n = (1) and Kk = o = 3 = (0).
Thus we obtain

{Amd — 1 o A
LRG0y = 2 (Z LR7) LRM) LR, LRy,

7,0 ™

= Y LRULRY, = 6,1)05 + LR 5 0,

]

Corollary 3.7 (multiplicities of trivial representation). If £(&) + £(n) + £(c) + {(7) < n,
then [LO) : L& @ L1757 = 6, .6, , where 8,y is Kronecker’s delta.

Proof. Under the notation of Theorem 3.5, « = =~ =6 = (0). Thus kK = £ = 7 and

m =n = o. We obtain LR}?;S;{U;T} = 0¢,+0p,q- -

3.4 Schur-Weyl duality

For the natural representation Hg =2 L399 of GL(n, Q), we consider the m-th tensor
product representation GL(n, Q) — GL(H®™) of Hg. The symmetric group &,, acts on
(HQ)®™ by 0 - (11 ® ++ @ Up) = VUp(1) @ -+ Up(m) for o € &,,. Since these two actions
are commutative, we can decompose H®™ as GL(n, Q) x &,,-module. Let us recall this
irreducible decomposition, called the Schur-Weyl duality for GL(n, Q) and &,,.

Theorem 3.8 (Schur-Weyl duality for GL(n, Q) and &).

(1) Let X be a partition of m such that €(\) < n. There exists a non-zero mazximal vector
vy with weight X satisfying the following three conditions;

(i) The &,,-invariant subspace S* := > e, Qo gives an irreducible representa-
tion of G,
ii) The subspace (HZ™)Y of weight \ coincides with the subspace S*,
Q /A
(iii) The GL(n,Q)-module generated by vy is isomorphic to the irreducible represen-
tation L* of GL(n, Q) associated to .

(2) We have the irreducible decomposition:

Hg" 4 MRS

A=(A1>> A >0)Fm

1%

as GL(n, Q) x &,,-modules.

(3) Suppose n > m. Then {S* | A b m} gives a complete representatives of irreducible
representations of S,,.
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3.5 Combinatorial description of branching lows from &,, to Cyc,,

Let Cyc,, be a cyclic group of order m. Take a generator o, of Cyc,, and a primitive
m-th root (,,, € C of unity. In this section, we consider representations of the cyclic group
Cyc,, over an intermediate field Q(¢,) C K C C.

We define one-dimensional representations (or characters) x?, : Cyc,, — K* by x? (0,,) :
¢J, for 0 < j < m — 1. Especially, we denote the trivial representation x°, by triv,,. The
set of isomorphism classes of irreducible representations of Cyc,, is given by {x? , 0 < j <
m—1}.

Consider Cyc,, as a subgroup of &,, by an embedding 0% + (12 ---m)’ for 0 < i <
m — 1. Let us recall Kraskiewicz-Weyman’s combinatorial description for the branching
rules of irreducible &,,-modules S* to the cyclic subgroup Cyc,,. To do this, first we define
a major index of a standard tableau. For a standard tableau T, we define the descent set

of T to be the set of entries 7 in T such that 7+ 1 is located in a lower row than that which
i is located. We denote by D(T') the descent set of T. The major index of T is defined by

maj(T) := Z i.
ieD(T)

If D(T) = ¢, we set maj(T") = 0.

Theorem 3.9 ([25], [36, Theorem 8.8, 8.9], [14, Theorem 8.4]). The multiplicity of x?, in

Resg;ém S* is equal to the number of standard tableau with shape \ satisfying maj(T) = j

modulo m.

Example 3.10. For m > 2, we have the following table on the multiplicities of triv,, = X?
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A T major index mult. of triv,, | mult. of x;,
(m) 112 m 0 1 0
1{2(-|m
(m—1,1) p—1 0 1
p
(2<p<m)
1 m(m —1)
(1m) 2 2 1 m:odd 1 m=
: = 0 if m:odd 0 m:even 0 m#
—5  if mieven
m
1 m(m — 1)
(2,172) 2 — (=1 1 m:even 1 m#
’ — 1—p if m:odd 0 m:odd 0 m=
1—-p—7% if meven
m
2<p<m)
4 Irreducible decomposition of the derivation alge-

bras over Q

In this section, we give the irreducible decompositions of each of the degree k parts of
the derivation algebras C2, Der® (L, q), Der™ (L)) and Der® (L) ). For describing the
multiplicity of L*, we will use some representation of Cyc,, over an intermediate filed
Q(¢n) € K C C. But we should note that our irreducible decompositions of C2(k),
Ln,q(k), Der™ (L, q)(k), Der® (L} ) (k) and Der® (LY ) (k) hold over Q.

4.1 Decomposition of C(k)

For the natural representation Hq = L(%0 of GL(n, Q), the module C2(k) can be
considered as a quotient module of Hgk by the action of cyclic subgroup Cyc,;, of G on

21



the components:

CR(k) = HE"/Q-span (v —ojv |1 <i <k —1, Vv € HF")

n

where o0y, is a generator of Cyc,. In this subsection, we give the irreducible decomposition

of CQ(k).

Since the actions of GL(n, Q) and &, are commutative, the space CR(k) is a GL(n, Q)-
module. Let pr : Hgk — CQ(k) be the natural projection. The map pr is a GL(n, Q)-
equivariant homomorphism.

Proposition 4.1 (irreducible decomposition of C2(k)). For any A = (A1, Mg, ..., \,) € P,
the multiplicity of L* in C2(k) as a GL(n, Q)-module is given by

1
[trivy : ResC o SN = E Mo), if AFE,
[L* = CR (k)] = R G

0, if otherwise.

Here, [trivy : Resg’;% S*| means the multiplicity of the trivial representation trivy of Cyc,,
in the restriction of irreducible &j-module S*.

Proof. By the Schur-Weyl duality, the complete reducibility and the Schur’s lemma, the
subspace CQ (k)Y coincides with pr(S*). Thus [L* : CQ(k)] = dimq pr(S*). On the other
hand, the restriction Res S* has a direct isotypic decomposition S* ®q K = @k ! Vi
over K where V} is a certam direct sum of the irreducible representation x; of Cycy, namely
Vi ={ve S ow=_Clvyfor 0<j<k—1.

Then, Ker(pr) ®q K = @#OX/; In fact, if 0 # v € Vj for j # 0, we have v — ojv =
(1 —¢,)v € Ker(pr). Since 1 — ¢ # 0for 1 < j <k —1, v € Ker(pr) ®q K. Thus
we obtain V; C Ker(pr) ®q K for j # 0. Conversely, for any v € Hf%k, there exists
v € Vo and v' € P, V; such that v = vy +v". Since P, V; is Cycy-stable, v — ov =

(vo+0")—(vo+0v') = v'—0v" € P, V; for any o € Cyc. Hence Ker(pr)@qK C ;. V;

Therefore we obtain pr(S*) & V4 as a vector space, and [L* : CR(k)] = dimq pr(S’\) =
dimg Vy = [trivy : Resg;jck S*]. The second equality of the claim follows from an ordinary
character theory of finite groups. m

For the symmetric product V = S*Hq = L™ or the exterior product V = AfHq =
L™ we calculate the multiplicity [V : CR(k)] as follows:

Corollary 4.2 (explicit results as a GL(n, Q)-module).
(1) (LW : CR(k)] = 1.
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(2) [L®Y . cQ

n

1 k is odd and k < n,
W= :

0 otherwise.

1 k is even and k < n,
0 otherwise.

(3) (L&) COk)] = {

Proof. The claims follows from direct computation for irreducible decompositions of ResCyc S

Resgb’jck S and Resg’y‘ck S@72) pespectively. But the claim also follows from Kragkiewicz-
Weyman’s combinatorial description. (See Theorem 3.9 and Example 3.10.) O]

4.2 Decomposition of Der" (L, q)

In this subsection, we consider the irreducible decomposition of the derivation algebra
of the free Lie algebra £, q. The degree m part L, q(m) of L, q is a submodule of Hg™
as a representation of GL(n, Q). The irreducible decomposition of £, q(m) is obtained by
the following theorem.

Theorem 4.3 ([20]).

(1) Let us consider a subspace Ly, of Hg™ generated by all elements v € HEZ™ such that
Omv = Cnv. Then Ly, becomes a GL(n, K)-submodule of Hg™. Moreover as GL(n, K)-
module, we have L,, = L, q(m) ®q K.

(2) For A= (A1, Mg, ..., \n) € PT, the multiplicity of L* in L, q(m) as a GL(n, Q)-module
s given by

[x1 Resg;’; S, if A\, >0, (\is a partition),

0, if otherwise.

12+ Loq(m)] = {

Remark 4.4. We can obtain a more explicit description of the right hand side by using
the Mobious function as follows:

1 -
X1+ Resgy, §%=— > xalg ZMob n/d),
g€Cyc,, d|n
Next, we consider the irreducible decomposition of H{®L,, q(m) as a GL(n, Q)-module.

Proposition 4.5 (irreducible decomposition of Hg ® L, q(m)). For any partition \ =
(AL, A2, ..., \n), the multiplicity of the irreducible polynomial representation L* in Ho ®
L, q(m) is given by

(LY Hy ® Log(m)] =) [L": Loq(m)]

I
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where p runs over all partitions obtained by removing a vertical (n — 1)-strip from (A +
L., A +1).

Proof. Recall that Hf = det ' ®@L(*" 9. Since the highest weight of the irreducible
rational representation det™' is (—1,...,—1), we have det ' ®@L* = L+~(")  Thus we

obtain
1 Hy ® Laq(m)] = [LOT1-AH) s L0110 @ £ 0 ()]

By the Pieri’s formula given by Theorem 3.4, we have L("9 @ L* = @ L”, where v
runs over all partitions obtained by adding a vertical (n — 1)-strip to p such that ((v) < n.
Thus we conclude the claim. []

Here we consider the multiplicities of the symmetric product and the exterior product
of Hq in H§ ® L, q(m).

Corollary 4.6 (explicit results as GL(n, Q)-modules).
(1) [Lm=1000 HE @ Lr,q(m)] = 1.

(2) [LO"9 HE @ Log(m)] =1 for 1 <1+m < n.
Proof.

(1) By Proposition 4.5 and Theorem 4.3, we have

[L(m—l,o ..... 0) . Ha ® En,Q<m)] — [L(m,l ..... 1. L(l”—l,O) ® ﬁmQ(m)]
_ [L(m,o ..... 0) . ﬁn,Q<m)] [L(mfm,o,..,,o) : En,Q(m)]
= . .Resg;’; S™) 4 [xk, Resg;c Sim=1.1)],

The claim follows from Example 3.10.
(2) By Proposition 4.5 and Theorem 4.3, we have
[L(lm_l,o) : Ha ®£n,Q(m)] _ [L(Qm—l71n—m+1) : L(ln—l’o) ®£n’Q<m)]
m m—2
= (LU Lyqm)] + (LB s £,q(m)
= x5 Res6m SA™] 4+ [, : Res§m  §&1™).

Cyc,, Cyc,,

The claim also follows from Example 3.10.
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From the corollary above, we verify that each of the multiplicity of S¥*H and A*H in
Der™(L,q)(k) = Hy ® Lyq(k + 1) is just one. We can write down each of a maximal
vector of S*Hq and A*Hq in Dert (L, q)(k). A maximal vector of S¥Hgq is given by

vy = Zx;f ® |5, 21, . .., 21] € Der™(L,.q) (k)

and that of A*Hgq is given by

Z Z sgn(0)] @ [X1, To(1); To(2), - - - > Tok)] € Der™ (L, q) (k).

We leave the proof to the reader as exercises.

More generally, we show that the multiplicity of L* coincides with [L* : Hgk] = dim S*.
In other words, the following theorem and corollary describes the kernel of the contraction
map CI)’é.

Proposition 4.7. As a GL(n, Q)-module, we have a direct decomposition
HY® Loglk+1) = HS & W

for some subrepresentation W such that every irreducible components of W are non-
polynomial representations. Especially, the kernel of the contraction map @’é 1$ isomorphic
to W.

Proof. We shall prove that
[L*: Hy ® Log(k+1)] = dim S* (= [L* : HEY])
for any partition A of k. By Proposition 4.5, we have

(L Hy @ Loq(k+1)] =Y [L": Lok +1)]

I

where p runs over all elements in the set of partitions obtained by removing a vertical
(n — 1)-strip from (A; +1,..., A\, + 1). But for a partition A, this set coincides with the
set of partitions obtained by adding one box to A. Thus, by Theorem 4.3, we have

(L) Hy @ Loq(k+1)] = >[I L, q(k+1)]

T

_ Sk+1 )\u{x} Sk+1 AU{x}
- Z[ ReSCy;rkH S @ ReSCY;rkH S

T
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where x runs over all addable boxes to A.

Recall that Indgi+1 SA = @@ S where o runs over the set of addable boxes to .
Therefore we obtain

[L* s H ® Log(k+1)] = [Xl : Resg’“+1 1 Indg:+1 S’\] = [S’\ : Resg:“ Indg’yc;j+1 X1i| :

YCk+

by the Frobenius reciprocity. We shall use the Mackey’s decomposition theorem for &1,
Sy, and Cyc, . But since &, U Cyc,, generates &1, in this case the (&, Cyc,,)-coset
is trivial. Moreover &, N Cyc,,; = {1}. Thus by the Mackey’s decomposition theorem, we
have

S & G C
5* : Resgt™ Indcye, | X<k+1:| = [S’\ : Ind Res{ly}c’“+1 XCk+1] .
Here Ind{Gl"'} Res?f}c’““ XCoy1 = Ind{gl"'} (triv) is isomorphic to the regular representation of Sy.
Since the multiplicity of S* in the regular representation of &, is equal to the dimension
of S*, we conclude [L* : Hy ® Ly, q(k +1)] = dim S*. O
Corollary 4.8. Under the notation above, we have
W= P [ Loglk+ 1)L
pil(p)<n

Proof. This follows from Corollary 3.6. O

In [42], we have obtained a GL(n, Q)-equivariant exact sequence
0— Im(T,;Q) — Der™(L,.q)(k) — CR (k) = 0

for any n > k + 2. Hence if we fix an integer k£ > 2, for any n > k + 2 we can calcu-
late the irreducible decompositions of C}(k) and Im(7 o) using Proposition 4.1, Theorem
4.3, Proposition 4.5, Proposition 4.7 and Corollary 4.8. We give tables of the irreducible
decompositions of CR(k) and Im(7} o) in the following.

k C(k) = Coker(r), ), n >k +2
110 Andreadakis [1]
21 (2) Pettet [35]
31 3@ (13) Satoh [3§]
41 (4)e2,2)@(2,1%) Satoh [41]
51 (5)@(3,2)@2(3,1%) @ (22,1) @ (1%)
6| (6)®2(4,2) ®2(4,12) @ (3) @2(3,2,1) @ (3,1°) @ 2(2%) @ (22,1%) @ (2,1%)
71 (1) ®2(5,2) ®3(5,1%) ©2(4,3) ®5(4,2,1) ©2(4,13) @ 3(3%,1)
®3(3,2%) ©5(3,2,12) @ 3(3,14) @ 2(23, 1) © 2(22,1%) @ (17)
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In the table above, for simplicity, we write (A) for an irreducible polynomial represen-

tation L. For Im(7] o), we have

D422 1) @ 4(2,13)

k polynomial part of Im(7; q) non-polynomial part of Im(7; q)

1 (1) (1,1)

2 (12) (2,1)

3 2(2,1) 3,1) @ (2,12)

1 3B e @) e2021%) e (1Y) 41) & (3,2) @ (3,12)
S 1) 8 (2 1)

5 4(4,1) ®4(3,2) @ 4(3,1%) (5,1) @ (4,2) ®2(4,1*) @ (3?)

3(3,2,1) ® (3,13) @ 2(22,12) & (2, 1)

6 5(5,1) @ 7(4,2) @ 8(4,1%) @ 4(3?)
B14(3,2,1) @ 9(3,1%) & 3(29)
@8(22,12) ® 4(2,14) @ (1)

1
(6,1) ®2(5,2) ®2(5,12) & 2(4, 3)
®5(4,2,1) @ 3(4,13) @ 3(32, 1)
®3(3,2%) & 5(3,2,1%) & 2(3,11)
®2(23,1) ®2(22,13) @ (2, 1°)

716(6,1) ®12(5,2) @ 12(5,1%) @ 12(4, 3)
@30(4,2,1) @ 18(4, 1%) & 18(32,1)

®18(3,23) @ 30(3,2,12) @ 12(3,1%)
B12(23,1) @ 12(22, 1) & 6(2, 1°)

(7,1) ©2(6,2) @ 3(6,1%) & 4(5, 3)
®8(5,2,1) ® 4(5,1%) & (4*) ®9(4,3,1)
®6(4,2%) ® 12(4,2,1%) @ 4(4,1%) © 6(32,2)
®9(3,22,1) ©8(3,2,13) @ 3(3,1%) @ (24)
®4(23,1%) @ 2(22,1%) @ (2,1°)

In the table above, (A) means an irreducible polynomial representation L*)
polynomial part, and () means an irreducible non-polynomial representation L{#M} in

the non-polynomial part.

We have a basis (4) of LM (k) for each k > 1. Note that an element [z, 7, ...
a maximal vector with weight (k —1,1) in £}q (k).

1> iy <ty < e

MQ)

4.3 Decomposition of Der™ (L)

(k—1,1)

a GL(n Q)-module by Theorem 3.3. Using Corollary 3.6, we have

Proposition 4.9. For any k> 1 andn >k + 2,

Der® (L

mo) (k) = Hg ® L3

ok +1) =

Lk} ® L {(k):0} fa L{(k=1,1);0}
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in the

,xq] is
The number of elements satisfying
< i coincides with the number of semi-standard tableau of shape
(k—1,1). Thus we see L} (k) is isomorphic to the irreducible representation L



Note that LI} is nothing but S*Hq. In [39], we showed that the cokernel of 77 is
isomorphic to S¥H for any n > 4 and k > 2. Hence from Proposition 4.9, we immediately
obtain

Proposition 4.10. For any k> 1 and n > k + 2,

Im(r) & LIV} g 1110}

4.4 Decomposition of Der+(£nN’ )

We have a basis (6) in £ (k) consisting of weight vectors. Using this basis, we see the
character of LY (k) coincides with that of L*:~1D & (L3 @ L), Thus,

E,]XQ(k) ~ g (k=11) ® (L(k—s,l) Q L(12))
o L(k—l,l) ® I,(k=2.2) ® L(k—2,12) ® L(k—3,2,1) ® L(k—3,13)
by Theorem 3.3 and Pieri’s formula (See Theorem 3.4.). Using Corollary 3.6, we have

Proposition 4.11. Let W, and W5 be the polynomial part and the non-polynomial part of
the irreducible decomposition of Der* (LY o) (k) = H§ @ L)Y o(k + 1) respectively. Then we
have

W, = () ® 3 (k=11 ) 97, (k=2.2) @ 3L(k—2,12) @ 7,(k=3,2,1) @ L(k—3,13)

and

W, = LEDM) @ [Ik-12:i0)} g pAR-L1:0) g [ {k-22050)} gy p{(R=21%1)}
In our paper [40], we investigate the cokernel of the composition map

Ty gt (AL D H* @g Lo (k+ 1) = H* @z Lo(k + 1)

where the second map is induced from the natural projection £, (k + 1) — LY(k +1). In
particular, we showed that

Coker((17, y)q) = L® g k217
as a GL(n, Q)-modules. Hence we see that
Proposition 4.12. For any k> 1 and n > k + 2,

IHl((TIQ N)Q) ~ 3L(k71,1) ® 2L(k72,2) D 2L(k72,12) ® L(k73,2,1) D L(k*3,13) @ WQ,
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Here we mention a relation between 7; y and the k-th Johnson homomorphism of

Aut FN. Let TAY be the IA-automorphism group of F¥. Then we can define the Johnson
homomorphisms

M g (AY) = H* @z L (k+1) and nj y : gt (AN) = H* @4 LY (k +1)

by an argument similar to 75, and 7y, respectively. (See Section 2.1.2 in [39] for details.)
Then we have

Im(7;, ) C Im(my, x) CIm(nen) C H @g LY (k+1).

5 Abelianization of Der™ (L)

In this section, we determine the abelianization of the derivation algebra of the Chen Lie
algebra. To begin with, in order to give an lower bound on it, we consider the Morita’s

trace map
Try : H*@zL,(k+1) — S*H

for £ > 2 as mentioned in Subsection 2.3. Recently, using these trace maps Morita con-
structed a surjective graded Lie algebra homomorphism

©:=id; ® @Tr[k] :Dert(L,) = (H* @z A°H) @ @SkH

k>2 k>2

where id; is the identity map on the degree one part H* @z A2H of Der™(L,,), and the
target is understood to be an abelian Lie algebra. In particular, Morita showed that ©
gives the abelianization of Der™ (£,) up to degree n(n — 1). (See Theorem 25 in [32] for
details.)

On the other hand, © naturally induces a surjective graded Lie algebra homomorphism

oM .=id, @ EBTrf\,f] :Der™ (LY — (H* @4 A’H) @ @Skﬂ,
k>2 k>2
and hence
Der® (£))™ — (H* ®z A°H) & €P S*H.
k>2

In order to prove this is an isomorphism, it suffices to show that for any k£ > 2, the degree
k part of Der™ (£LM)ab is generated by

(n—i—k—l

i > = ranky S*H

elements as an abelian group.
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Let (Der™(£M))2P(k) be the degree k part of Der™(LM)2. Then as a Z-module,
(Der™ (LM))ab(k) is generated by

€= {z] @[z, Tip, ..., Ti,,| | 1 < iy15; <n}

*

where =7, ..., 2} is the dual basis of H* with respect to zy,...,2, € H. To reduce the

rrn

generators in &, we prepare some lemmas. The lemmas below essentially follows from the
facts obtained in our previous paper [39]. (See [39] for the proofs.)

Lemma 5.1. Let | > 2 and n > 2. For any element [v;,, Ty, xj,, ..., x;] € LM (14 2) and
any A € Gy,

[xi17Ii27 Ly - 7Ijz] = []72'17‘771'27 Lixay -+ 7xj,\(z)]'
Lemma 5.2. Letk > 2 andn > 4. For any i and iy,is, ... ig1 € {1,2...,n}, ifi1,19 # 1,
.’E:( ® [xilaxiza o 7$ik+1] =0 S (Der-l_(ﬁﬁ/l))ab(k)‘

Lemma 5.3. Let k > 2 and n > 4. For any i and iy,is,...,0; € {1,2...,n} such that
i1,19 # i, and any transposition A = (m m + 1) € Gy,

T @ [Tiy Tiy,y -5 Ty ] = T @ [Tiy Ty s+ Ty ] € (Der™ (LM))* (k).
Lemma 5.4. Let k > 2 and n > 4. For any iy, ..., i1 € {1,2,...,n}, we have

T; @ [T, Tig, - -+, Ty, | = T @ [T, Ty, Ty, ] € (Der™(LM))™ (k)
for any i # io and j # g, igiq-

Using Lemmas 5.2 and 5.4, we see that (Der™ (£M))2P(k) is generated by
{27 @ (w4, 24, i, | 1 <405 <y @ F oy dpga )
Furthermore, by Lemma 5.4 again,
T @ @iy, Tiyy oo Tigyy ], 1 F G2, Thg
does not depend on the choice of ¢ such that i # 5, 7,,1. Hence we can set
S(it, i) =2} @ [i), Tig, -, iy, ) € (Dert (L)) (k)

for i # 4y, ix. On the other hand, take any transposition ¢ = (mm + 1) € &;. If
2<m <k —2, wesee s(iy,...,0) = S(is1), - - -+ 9ok)) by Lemma 5.1. If m = k — 1, there
exists some 1 < j < n such that j # 41, 9,1, 7 since n > 4. Then we have

s(in, .- yik) = 27 @[T, %0y, 2] = 05 @ [T, Ty, -, Ty, Ty

= S(ila SR 7ikaik—l) = s(ia(l)a oo ;ia'(k))
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by Lemma 5.3. Similarly, we verify that s(i1, ..., i) = s(ix), - - - %ok)) if m = 1. Therefore
we conclude that for n >4 and k > 2, (Der™ (£M))2P(k) is generated by

n
Namely, we obtain

Theorem 5.5. Forn > 4, we have

(Der™(L))™ = (H* @z °H) & @ S*H.

k>2

More precisely, this isomorphism is given by the degree one part and the Morita’s trace
maps Trp;.

This theorem induces a Lie algebra exact sequence

7.]\/[
0 — ED g’ (AY) 22, Dert (£M) &5 (H* @4 N H) @ @D SHH — 0.

k>2 k>2

6 Twisted cohomology groups with coefficients in AZHQ

In general, for any GL(n,Z)-module M, we can naturally regard M as an Aut F,,-module
and an Aut N, p-module through the surjective homomorphism Aut F,, — GL(n,Z) and
Aut N, — GL(n, Z) respectively. Here we consider the case where M = A'Hq for [ > 1.
In this section, we study the twisted first and second cohomology groups of T, ; and
Aut N, with coefficients in A'Hgq. In particular, we show that the trace map Trﬁk]
A¥Hq defines a non-trivial cohomology class in H*(T}, ., A*Hq) for even k and 2 < k < n,
and H?(Aut N,,x, A*Hq) for any 3 < k < n.

In the following, for a group G' and a G-module M, we write Z(G, M) for the abelian
group of crossed homomorphisms from G to M. We denote by  the coboundary operator

in group cohomology theory. We also remark that for any finite group G and G-module
M,

for

HP(G,M ®zQ)=0, p>1

6.1 Twisted first cohomologies of GL(n,Z) and Aut [},

Here we show that for n > 3 the first cohomologies of GL(n,Z) and Aut F,, with
coefficients in A'Hq are trivial except for H'(Aut F,,, Hq) = Q.
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Proposition 6.1. Forn >3 and | > 1, H'(GL(n,Z),A'Hg) = 0.

Proof. Take any crossed homomorphism f : (iL(n, Z) — A'Hgq and consider the restriction

of fg . to the subgroup Q,, of GL(n, Z). Since ,, is a finite group, H'(€,,, A"Hq) = 0. Hence

there exists some © € A'Hq such that fg = dz. Consider a crossed homomorphism
f'i=f—0dx:GL(n,Z) — AN'Hq.

Then we see that f'(c) =0 for 0 = P, @ and S. Hence it suffices to show f'(U) = 0.

Set
f(U) = Z @iy, i€y N Ney € AZHQ

.....

f"is a crossed homomorphism, f’ satisfies
(@ UVSQI (V) = (U - 1(Q U5 =0 (10)
since f'(Q) = f'(S) = 0.

Case 1. If [ > 3, for any a;, . ;, we see 3 < 4; < n. By observing the coefficients of
ei, N\ --- Ae;, in (10) for j = i;, we obtain 2a;, _; = 0, and hence a;,,._; = 0.

..........

Case 2. Assume [ = 2. We can see a;,;, = 0 for any 1 < 4 < i3 < n, except for
(i1,92) = (1,2), by the same argument as above. To show a;2 = 0, consider the relation
(R11): PUPSU = USPS. Since f’is a crossed homomorphism, f’ satisfies

f'(P)+ Pf'(U)+ PUf'(P)+ PUPf'(S) + PUPSf'(U)
= () +US(9) +USf(P)+ USPf(S),

and hence
Pf(U)+PUPSf(U) = f'(U) (11)

by f'(P) = f'(S) = 0. Observing the coefficients of e; A ez, we have 3a; 2 = 0, and hence
Q12 = 0.

Case 3. Finally, assume [ = 1. Since a; = 0 for 3 < ¢ < n by the same argument as
above, it suffices to show a; = as = 0. By observing the coefficients of ey in (11), we see
a; = 0. Similarly, from the relation (R13): (SU)? = 1, we have

F'(S)+ Sf(U)+SUf'(S)+ SUSf(U) =0,

and
fU)+USf(U)=0
by f'(S) = 0. Observing the coefficients of e; in this equation, we obtain ay = 0.

This shows that f’ = 0 as a crossed homomorphism for any case. Namely, f = dz.
Hence we obtain the required results. This completes the proof of Proposition 6.1. O]
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By the same argument as Proposition 6.1, we have

Proposition 6.2. Forn >3 and > 2, H'(Aut F,, A'Hg) = 0.

Here we should remark that H*(Aut F,,, H) = Z for any n > 2. (See our paper [37].)

6.2 Twisted cohomologies of T}, ;,

Here we consider twisted cohomology groups of the tame automorphism group 7, of
N, for k > 2. To begin with, from Proposition 6.2, we have

Lemma 6.3. For anyn >3, k> 2 andl > 2, H (T, ,A\'Hg) = 0.
Proof. 1t is clear from the fact that the induced homomorphism
HY(Aut N, A'Hg) — H*(Aut F,,,A'Hg) =0
from the natural projection Aut F,, — T}, ;, is injective. O

Similarly, for [ = 1, we have an injective homomorphism
HY(T, 4, H) — H'(Aut F,,, H) = Z (12)

for n > 2. Hence, H (T, 1, H) = 0 or Z. In order to show H (T, s, H) = Z, we consider
Morita’s crossed homomorphism. Let

0

5 2] — ZIF)

be the Fox’s free derivations for 1 < j < n. (For a basic material concerning with the
Fox’s derivation, see [5] for example.) Let a : Z[F,| — Z[H| be the ring homomorphism
induced from the abelianization F,, — H. For any matrix A = (a;;) € GL(n, Z[F,]), set
A® = (af;) € GL(n,Z[H]). Then a map

ra : Aut B, — GL(n, Z[H])

0r7\ "
o :
( du; >
is called the Magnus representation of Aut F,,. We remark that r,; is not a homomorphism
but a crossed homomorphism. Namely, ), satisfies

defined by

Tx

ra(o7) = ry (o)™ - rag(7)
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for any o, 7 € Aut F,, where rj;(0)™ denotes the matrix obtained from ry; (o) by applying
a ring homomorphism 7, : Z[H| — Z[H] induced from 7 on each entry. (For detail for the
Magnus representation, see [29].)

Observing the images of the Nielsen’s generators by detor,,, we verify that Im(detory,)
is contained in a multiplicative abelian subgroup +H of Z[H]. In order to modify the
image of det o ry,, we consider the signature of Aut F,,. For any o € Aut F,,, set sgn(o) :=
det(p(0)) € {£1}, and define a map fy; : Aut F,, — Z[H] by

o — sgn(o) det(ry(0)).

Then the map fj; is also crossed homomorphism which image is contained in a multiplica-
tive abelian subgroup H in Z[H|. In the following, we identify the multiplicative abelian
group structure of H with the additive one. Morita [28] showed that the twisted first co-
homology group of a mapping class group of a surface with coefficients in H is the infinite
cyclic group generated by fy, restricted to the mapping class group. In our previous paper
[37], we showed that fy is a generator of H!'(Aut F,,, H) = Z for any n > 2. We call fy
Morita’s crossed homomorphism.

Now, we consider the restriction of f3; to the IA-automorphism group IA,,. It is a group
homomorphism which target is an abelian group H. On the other hand, A,,(2) coincide with
the commutator subgroup of TA,, since grt(A,,) is the abelianization of IA,, as mentioned
above. Hence we see that fi/(A,(2)) = 0. This shows that the crossed homomorphism
far s Aut F,, — H extends to the quotient group Aut F),/ A, (k) = T, for any k > 2. We
also call this extended crossed homomorphism Morita’s crossed homomorphism. Hence the
homomorphism (12) is surjective, namely is an isomorphism. Therefore we have

Proposition 6.4. For anyn > 2 and k > 2, Hl(Tn,k, H) = Z which is generated by the
Morita’s crossed homomorphism.

Furthermore, we see

Lemma 6.5. For any n > 2, and k > 2, the natural projection T), y+1 — T, induces an
1somorphism
HYTp, H) = H (T i1, H).

Proof. Clearly, the induced homomorphism H*(T,, ., H) — H' (T, x+1, H) from the natural
projection T}, 41 — T}, 1, maps the cohomology class of the Morita’s crossed homomorphism
in H'(T,x, H) to that in H'(T,, y11, H). Hence we see the required results. O

Now, from the cohomological five term exact sequence of the group extension (9), for
k>2and !l > 1, we have

0— HY (T, AN'Hq) — HY(Tp 411, N'Hg)
— H'(gr"(A,), NHQ) ™2 — H*(T, 1, N'Hg) — H*(Typ11, A'Hg).

34



From Lemmas 6.3 and 6.5, we see that
0 — H'(gt"(A,), NHQ)S ™2 — H*(T) 1, N'Hg) — H*(Tpps1, A Hg)
is exact.

On the other hand, we have a GL(n, Z)-equivariant homomorphism Trpx o 74, namely
Trpr o 71 € H (gr*(A,), A'Hg)®(™%) In [38], we showed that Tryx o 7, is surjective for
even k and 2 < k < n. In particular, we have

Proposition 6.6. For even k and 2 < k < n, we see 0 # tg(Tryn o 7,) € H* (T, AFHg)
where tg 1s the transgression map.

6.3 Twisted cohomologies of Aut N,

In this subsection, for £ > 3, we consider twisted cohomology groups of Aut V,, ; with
coefficients in A'Hgq.

Proposition 6.7. For k>3, n>k—1andl >3, H'(Aut N, ,A'Hq) = 0.

Proof. Take any crossed homomorphism f : Aut N, — A'Hq. Let g be the image of f
under the homomorphism

ZYM(Aut N, i, N'Hg) — ZH(Aut F,, A'Hg)
induced from the natural homomorphism Aut F,, — Aut N,, . Since H*(Aut F,,, A'Hg) = 0
from Proposition 6.2, there exists some x € A'Hgq such that g = 6z € Z'(Aut F,,, A'Hg).
Set f':= f —dx € Z'(Aut N, 4, A'"Hq). Then we have

f(o) = flo) —dx = g(o) —dx =0
for c = P, @, S and U. Hence it suffices to show f/(0) = 0. Set
f/(e) = Z bil ..... il€i1 JARERWAN 6il S AlHQ

1<i1 < <31<n

~~~~~

f"is a crossed homomorphism, f’ satisfies
(QUISQT = 1)f'(0) = (0 - Df(Q U VSQH) =0 (13)

since f'(Q) = f'(S) = 0.
Since ! > 3, for any b;, _;,, wesee 3 < 14; < n. By observing the coefficients of e;, A- - -Ae;,
in (13) for j = 4;, we obtain 2b;, _; = 0, and hence b;,

.........

Therefore we see that f’ = 0, and hence f = dx. This completes the proof of Proposition
6.7. [
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By considering the cohomological five term exact sequence of the group extension (8),
we obtain

0 — H*(Aut N, 1, A'Hg) — H'(Aut N, 411, A'Hq)
— HY(H* ®z L,(k+ 1), A'Hg)“"% — H*(Aut N, 1, A'Hq) — H*(Aut N,y i1, A'Hg)

for k>3, n>k—1and [ > 3. From Proposition 6.7, we have an exact sequence
0— HY(H* ®z Ly(k+ 1), AFHQ) ™2 — H?(Aut N, 4, AFHq) — H*(Aut N, i1, AV HQ)

for k>3 and n > k — 1. Since the trace map Trpe € H'(H* ®z L, (k + 1), AFHg)GL(2)
is surjective for any 3 < k < n, we have

Proposition 6.8. For k > 3 and n > k, we see 0 # tg(Tryy) € H*(Aut N, A*Hq)
where tg 1s the transgression map.

Remark 6.9. Finally, we remark on the multiplicity of GL(n, Q)-trivial part in Homgz(Hg®z
Lnq(k+1),A"Hq) and Homz(grg(A,), A"Hg).

First of all, if n > k + 2 and an irreducible representation L% appears in the
decomposition of (Hg ®z L,q(k + 1))*, then ¢(N\) + ¢(n) < k + 2 by Corollary 3.6.
Note that A*Hgq = L1 and the multiplicity of (A¥Hg)* = LM} ig exactly one in
(H§ ®z Lnq(k +1))* by the part (2) of Corollary 4.6.

Using Corollary 3.7, the multiplicity of the GL(n, Q)-trivial part L in (Ho®z L q(k+
1))* ® A*Hgq is exactly one under the condition n > 2k + 2. Thus we obtain
Homz(Hg ®z Laq(k + 1), A"Hg) " =~ Q
for n > 2k + 2. Hence, Homz(Hg ®z Laq(k + 1), AFHq) %™ is generated by Trgk for
n > 2k + 2.

Let us recall that Im(7;, o) C Im(7,q) C Hg ® LnQ(k +1) and Im(74,q) = grgy(Ay) as

GL(n, Q)-modules. Since we have a non-zero element Tr[lk]ork q € Homgz(gry(A,), A'Hg)M Q)

for even k and 2 < k < n, we obtain
Homyz(grgy(An), A*Hq) MY = Q

for even k and 2k+2 < n. Hence Homgz(gr*(A,), A* Hg )" Q) is generated by Trﬁk] OTk.Q-

At the present stage, however, it seems to difficult to determine the precise structures
of HY(H* ®z L,(k+ 1), A*Hg)CL2) and H'(gr*(A,), A*Hq)%*™%) in general.
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