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Abstract. We discuss a semi-stable minimal model program for
varieties with (numerically) trivial canonical divisor.
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1. Introduction

We prove the following theorem, which is a semi-stable minimal
model program for varieties with trivial canonical divisor. It was in-
spired by Yoshinori Gongyo’s paper [G2] and Daisuke Matsushita’s
seminar talk on May 21, 2010 in Kyoto.

Theorem 1.1 (Semi-stable minimal model program for varieties with
trivial canonical divisor). Let f : X → Y be a proper surjective mor-
phism from a smooth quasi-projective variety X to a smooth quasi-
projective curve Y with connected fibers. Let P ∈ Y be a point. As-
sume that f ∗P is a reduced simple normal crossing divisor on X and
f is smooth over Y \ P . We further assume that Kf−1Q ∼ 0 for ev-
ery Q ∈ Y \ P . Then there exists a sequence of flips and divisorial
contractions

X = X0 99K X1 99K · · · 99K Xk 99K · · · 99K Xm

over Y such that KXm ∼Y 0. We note that Xm has only Q-factorial
terminal singularities. Moreover, the special fiber S = f−1

m P = f ∗
mP of

fm : Xm → Y is Gorenstein, semi divisorial log terminal, and KS ∼ 0.
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For the definition of semi divisorial log terminal, see [F1, Defini-
tion 1.1]. Theorem 1.1 can be applied for semi-stable degenerations of
Abelian varieties, Calabi-Yau varieties, and so on. From the minimal
model theoretic viewpoint, the following theorem is a natural formu-
lation of uniruled degenerations of varieties with numerically trivial
canonical divisor (cf. [T, Theorem 1.1]).

Theorem 1.2 (Semi-stable minimal model program for varieties with
numerically trivial canonical divisor). Let f : X → Y be a proper sur-
jective morphism from a smooth quasi-projective variety X to a smooth
quasi-projective curve Y with connected fibers. Let P ∈ Y be a point.
Assume that f∗P is a reduced simple normal crossing divisor on X and
f is smooth over Y \ P . We further assume that Kf−1Q ≡ 0, equiva-
lently, Kf−1Q ∼Q 0, for every Q ∈ Y \P . Then there exists a sequence
of flips and divisorial contractions

X = X0 99K X1 99K · · · 99K Xk 99K · · · 99K Xm

over Y such that KXm ∼Q,Y 0. We note that Xm has only Q-factorial
terminal singularities. Moreover, the special fiber S = f−1

m P = f ∗
mP of

fm : Xm → Y is semi divisorial log terminal and KS ∼Q 0. Therefore,
if S is reducible, then every irreducible component of S is uniruled. If
S is irreducible, then S is uniruled if and only if S is not canonical.

In this paper, we prove Theorem 1.1 and Theorem 1.2 as applications
of the following theorem.

Theorem 1.3. Let (X, ∆) be a Q-factorial quasi-projective divisorial
log terminal pair and let f : X → Y be a proper surjective morphism
onto a smooth quasi-projective curve Y with connected fibers. Assume
that (KX + ∆)|F ∼Q 0 for a general fiber F of f . Then there exists a
sequence of flips and divisorial contractions

(X, ∆) = (X0, ∆0) 99K (X1, ∆1) 99K · · ·
99K (Xk, ∆k) 99K · · · 99K (Xm, ∆m)

over Y such that KXm + ∆m ∼Q,Y 0 where ∆k is the pushforward of ∆
on Xk for every k.

Remark 1.4. It is known that (KX + ∆)|F ∼Q 0 if and only if (KX +
∆)|F ≡ 0. See, for example, [G2, Theorem 1.2].

We can also prove the following theorem as an application of The-
orem 1.3. We recommend the reader to compare it with Kodaira’s
classification of elliptic fibrations (cf. [BPV, V. Examples]).
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Theorem 1.5 (cf. [T, Theorem 1.1]). Let f : X → Y be a proper sur-
jective morphism from a smooth quasi-projective variety X to a smooth
quasi-projective curve Y with connected fibers. Let P ∈ Y be a point.
Assume that Suppf ∗P is a simple normal crossing divisor on X and f
is smooth over Y \P . We further assume that Kf−1Q ≡ 0, equivalently,
Kf−1Q ∼Q 0, for every Q ∈ Y \P . Then there exists a sequence of flips
and divisorial contractions

X = X0 99K X1 99K · · · 99K Xk 99K · · · 99K Xm

over Y such that Xm has only Q-factorial terminal singularities and
KXm ∼Q,Y 0. Let S = Suppf ∗

mP be the special fiber of fm : Xm → Y .
If S is reducible, then every irreducible component of S is uniruled. If
S is irreducible, then S is normal and has only canonical singularities
if and only if S is not uniruled. We note that KS ∼Q 0 when S is
irreducible and has only canonical singularities.

By combining Theorem 1.3 with [L, Proposition 2.7], we obtain the
following result.

Corollary 1.6. Let f : X → Y be a projective surjective morphism
from a smooth quasi-projective variety X onto a smooth quasi-projective
curve Y with connected fibers. Assume that the general fiber F of f
has a good minimal model and κ(F ) = 0, where κ(F ) is the Kodaira
dimension of F . Then there exists a sequence of flips and divisorial
contractions

X = X0 99K X1 99K · · · 99K Xk 99K · · · 99K Xm

over Y such that KXm ∼Q,Y 0.

Remark 1.7. By [D, Corollaire 3.4], F has a good minimal model
with κ(F ) = 0 if and only if κσ(F ) = 0, where κσ(F ) is the numerical
Kodaira dimension in the sense of Nakayama. See also [G2, Theorem
1.2].
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Abe and Yoshinori Gongyo for useful discussions. He also likes to
thank Professor Daisuke Matsushita for giving him various comments
and answering his questions. He was partially supported by The In-
amori Foundation and by the Grant-in-Aid for Young Scientists (A)
]20684001 from JSPS.

Notation. Let f : X → Y be a proper morphism of normal algebraic
varieties. Two Q-divisors D1 and D2 on X are Q-linearly equivalent
over Y , denoted by D1 ∼Q,Y D2, if their difference is a Q-linear com-
bination of principal divisors and a Q-Cartier divisor pulled back from
Y .
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We work over C, the complex number field, throughout this paper.
We freely use the standard terminology on the log minimal model pro-
gram in [BCHM] and [KM].

2. Proofs

For the proof of Theorem 1.3, we use the minimal model program
with scaling (cf. [BCHM, 3.10] and [B, Definition 3.2]). The cru-
cial point for the termination of flips is essentially Zariski’s lemma
(cf. [BPV, III. (8.2) Lemma]).

Proof of Theorem 1.3. Before we run the minimal model program with
scaling, we note the following easy observation.

Step 1 (cf. [FM, Proposition 4.2]). There exist a Q-divisor D on Y
and an effective Q-divisor B on X, which is vertical with respect to f ,
such that

KX + ∆ ∼Q f∗D + B

with the following properties:

f∗OX(xmBy) ' OY

for every nonnegative integer m.

Let us run the minimal model program with scaling (cf. [BCHM,
3.10], [B, Definition 3.2], and [F2, Theorem 18.9]).

Step 2 (Minimal model program with scaling). Let H be an effec-
tive Q-divisor on X such that (X, ∆ + H) is divisorial log terminal,
KX +∆+H is f -nef, and the relative augmented base locus B+(H/Y )
(cf. [BCHM, Definition 3.5.1]) contains no lc centers of (X, ∆). We run
the (KX + ∆)-minimal model program with scaling of H over Y . We
obtain a sequence of divisorial contractions and flips

(X, ∆) = (X0, ∆0) 99K (X1, ∆1) 99K · · · 99K (Xk, ∆k) 99K · · ·

over Y . We note that

λi = inf{t ∈ R |KXi
+ ∆i + tHi is nef over Y },

where Hi (resp. ∆i) is the pushforward of H (resp. ∆) on Xi for every
i. By the definition, 0 ≤ λi ≤ 1 and λi ∈ Q for every i and

λ0 ≥ λ1 ≥ · · · ≥ λk ≥ · · · .

We also note that the relative augmented base locus B+(Hi/Y ) con-
tains no lc centers of (Xi, ∆i) for every i (cf. [BCHM, Lemma 3.10.11]).
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Step 3. We see that there are no infinite sequence of flips in the above
(KX +∆)-minimal model program with scaling of H over Y . By renum-
bering i, we assume that

(X0, ∆0) 99K (X1, ∆1) 99K · · · 99K (Xk, ∆k) 99K · · · .

is an infinite sequence of flips.

Step 4. We further assume that

λ = lim
i→∞

λi > 0.

In this case, the sequence of flips we consider is a sequence of (KX +
∆ + 1

2
λH)-flips. We note that there exists an effective Q-divisor B on

X such that ∆+ 1
2
λH ∼Q B, (X, B) is klt, KX +B+(1− 1

2
λ)H is f -nef,

(X, B + (1 − 1
2
λ)H) is klt, and B is big over Y (cf. [BCHM, Lemma

3.7.3] and [G2, Lemma 5.1]). Therefore there are no infinite sequences
of flips by [BCHM, Corollary 1.4.2]. It is a contradiction. Thus we can
assume that λ = 0.

Step 5. Under the assumption that λ = 0, we see that KX + ∆ is a
limit of movable Q-divisors in N1(X/Y ). Let Gi be a relative ample
Q-divisor on Xi such that GiX → 0 in N1(X/Y ) for i → ∞ where GiX

is the strict transform of Gi on X. We note that KXi
+ ∆i + λiHi + Gi

is ample over Y for every i. Therefore the strict transform KX + ∆ +
λiH + GiX is movable on X for every i. Thus KX + ∆ is a limit of
movable Q-divisor in N1(X/Y ).

Step 6. Since KX + ∆ is not f -nef, we have B 6∼Q,Y 0 (cf. [BPV,
III. (8.2) Lemma]). Then we can find an irreducible component E of
SuppB such that

B · An−2 · E < 0.

where n = dim X and A is an f -ample Cartier divisor on X. It is
essentially Zariski’s lemma (cf. [BPV, III. (8.2) Lemma]). Thus

(KX + ∆) · An−2 · E < 0.

On the other hand,

(KX + ∆ + λiH + GiX) · An−2 · E ≥ 0

for every i. Thus we obtain

(KX + ∆) · An−2 · E = lim
i→∞

(KX + ∆ + λiH + GiX) · An−2 · E ≥ 0.

It is a contradiction. Anyway, there are no infinite sequences of flips.
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Step 7. On the output Xm of the minimal model program, KXm +
∆m ∼Q,Y Bm where Bm is the pushforward of B on Xm. Since Bm

is nef over Y , Bm ∼Q,Y 0 (cf. [BPV, III. (8.2) Lemma]). Therefore,
KXm + ∆m ∼Q,Y 0.

We complete the proof of Theorem 1.3. �
Let us prove Theorems 1.1, 1.2, 1.5, and Corollary 1.6.

Proof of Theorem 1.1. By the assumptions, f : X → Y is a dlt mor-
phism (cf. [KM, Definition 7.1]). By applying Theorem 1.3, we obtain
a relative minimal model fm : Xm → Y of f : X → Y . We see that
fm : Xm → Y is automatically a dlt morphism. We note that Xm is
Q-factorial and has only terminal singularities. By adjunction,

(KXm + S)|S = KS

and S is semi divisorial log terminal because (Xm, S) is dlt (cf. [F1,
Remark 1.2 (3)]). By the upper semicontinuity, h0(S,OS(KS)) ≥ 1.
Thus KS ∼ 0 because KXm ∼Q,Y 0. Therefore, KXm ∼Y 0 by the base
change theorem. Note that S is Cohen–Macaulay because S is Cartier
and Xm is Cohen–Macaulay. �
Proof of Theorem 1.2. The proof of Theorem 1.1 works in this setting.
The only nontrivial part is that every irreducible component of S is
uniruled if S is reducible. If S is reducible, semi divisorial log terminal,
and KS ∼Q 0, then it is easy to see that every irreducible component
of S is uniruled. �
Proof of Theorem 1.5. The former part follows from Theorem 1.3. For
the latter part, let E be any irreducible component of S when S is
reducible, and let ε be a sufficiently small positive rational number.
Apply Theorem 1.3 for (X, εE) over Y . Then it is easy to see that the
divisor E must be contracted in this minimal model program. There-
fore E is uniruled by [KMM, Proposition 5-1-8]. The final statement
easily follows from adjunction. �
Proof of Corollary 1.6. We run the minimal model program with scal-
ing over Y . Then, by [L, Proposition 2.7], we can assume that the
general fiber of f : X → Y is a good minimal model. By Theorem 1.3,
this minimal model program terminates after finitely many steps. �
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sur les variétés dont la première classe de Chern est nulle, to appear in
Math. Z.

[F1] O. Fujino, Abundance theorem for semi log canonical threefolds, Duke
Math. J. 102 (2000), no. 3, 513–532.

[F2] O. Fujino, Fundamental theorems for the log minimal model program, to
appear in Publ. Res. Inst. Math. Sci.

[FM] O. Fujino, S. Mori, A canonical bundle formula, J. Differential Geom. 56
(2000), no. 1, 167–188.

[G1] Y. Gongyo, Abundance theorem for numerical trivial log canonical divi-
sors of semi-log canonical pairs, preprint (2010).

[G2] Y. Gongyo, Minimal model theory of numerical Kodaira dimension zero,
preprint (2010).

[KMM] Y. Kawamata, K. Matsuda, K. Matsuki, Introduction to the minimal
model problem, Algebraic geometry, Sendai, 1985, 283–360, Adv. Stud.
Pure Math., 10, North-Holland, Amsterdam, 1987.

[KM] J. Kollár, S. Mori, Birational geometry of algebraic varieties, Cambridge
Tracts in Mathematics, Vol. 134, 1998.

[L] C.-J. Lai, Varieties fibered by good minimal models, to appear in Math.
Ann.

[T] S. Takayama, On uniruled degenerations of algebraic varieties with trivial
canonical divisor, Math. Z. 259 (2008), no. 3, 487–501.

Department of Mathematics, Faculty of Science, Kyoto University,
Kyoto 606-8502, Japan

E-mail address: fujino@math.kyoto-u.ac.jp


