HANDLE ATTACHING IN WRAPPED FLOER HOMOLOGY AND
BRAKE ORBITS IN CLASSICAL HAMILTONIAN SYSTEMS

KEI IRIE

ABSTRACT. The objective of this note is to prove the existence result for brake orbits in
classical Hamiltonian systems (which is first proved by Bolotin) by using Floer theory.
To this end, we compute an open string analogue of symplectic homology (so called
wrapped Floer homology) of some domains in cotangent bundles, which appear naturally
in study of classical Hamiltonian systems. The main part of the computations is to show
invariance of wrapped Floer homology under certain handle attaching to domains.

1. INTRODUCTION

First we recall the definition of classical Hamiltonian systems. Let N be a n-dimensional

manifold. Then, TN carries a symplectic form wy := Z dp; N\ dg; where (qq,...,q,) 18
1<i<n
a local coordinate in N, and (py,...,p,) is an associated coordinate on fibers.

Assume that N carries a Riemannian metric. Then, for V' € C*(T*N), we define
Hy € C°(T*N) by Hy(q,p) = V(q) + |p|?/2. A pair of symplectic manifold (T*N, wy)
and Hy € C*(T*N) is called classical Hamiltonian system. Its Hamiltonian vector field
is defined by Xy, WN = —dHy. Asis well-known, Xy, describes free motion of a particle
on N under potential energy given by V.

Following theorem is first proved by Bolotin [B].
Theorem 1.1. Let N be a Riemannian manifold, and V€ C™(N). If Sy := Hy;'(h) is a

compact and regular hypersurface in TN, then there exists a closed orbit of Xp, on Sh.

When S, N N = (), theorem 1.1 is easily obtained by existence of closed geodisics on
compact Riemannian manifolds, using Maupertuis-Jacobi principle. So difficulty arises
when S, NN # (). In this case, theorem 1.1 is obtained by following result ([B]):

Theorem 1.2. Let N and V are as in theorem 1.1. If S, NN # 0, there exists a
non-trivial orbit of Xy, on Sy, , which starts from and ends at S, N N.

Define [ : T*N — T*N by I(q,p) = (¢, —p). If x : [0,1] — S}, satisfies & = Xp, () and
x(0),z(l) € N, then T : [0,2l] — S}, defined by

oy [=® 0<t<l)
ot) = I(z(20—1)) (<t<2)
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is a closed orbit of Xy, (closed orbits of Xy, obtained in this way are so-called brake
orbits). Hence theorem 1.2 implies theorem 1.1.

In this paper, we deduce theorem 1.2 from computations of certain Floer-theoric invari-
ant. The invariant we use is an open string analogue of symplectic homology, and often
called wrapped Floer homology. Foundations of wrapped Floer homology can be found in
[AS] (they also construct an A*°-algebra structure on the chain complex underlyng the ho-
mology). Roughly speaking, wrapped Floer homology is defined for a pair (M, L), where
M is a compact symplectic manifold with contact type boundary, and L is a Lagrangian
of M (in fact, we need more data and additional conditions. see section 2 for details).
Let us denote the wrapped Floer homology for (M, L) by WFH,(M, L).

We explain our main theorem briefly. Let N be a Riemannian manifold, and V €
C®(N). Assume that S, = Hy;'(h) is compact. Then, setting D), := H;,'((—o0, h]),
(Dp,wy) is a compact symplectic manifold with contact type boundary, and we can
define wrapped Floer homology for (D, D, N N) (for details, see section 4). Our main
theorem is theorem 4.2, which asserts that if S, N N # () and D,, is connected, then
WFH, (D, D,NN) = 0.

Combined with basic results of wrapped Floer homology, theorem 4.2 implies theorem
1.2 (Details are explained in section 4). Theorem 4.2 is proved as follows. By ”defor-
mation invariance” of wrapped Floer homology (proposition 2.7), it is easy to show that
WFH, (D, D, N N) depends only on diffeomorphism type of D, " N. When Dy N N is
diffeormophic to the disk, WFH, (D, D, N N) = 0 can be checked by simple argument.
Hence all we have to show is invariance of WFH,(Dy,, Dy, N N) under surgery on Dy N N
by attaching handles (lemma 4.10). This is proved by aruguments which are similar to
Cieliebak’s arguments in [Ci], where he proves invariance of symplectic homology under
subcritical handle attaching.

We explain the structure of this paper. In section 2, we recall basics of wrapped Floer
homology. We treat somewhat broader class of Hamiltonians than usually considered in
Floer theory for manifolds with boundary, because this is needed to carry out arguments in
section 5. For this reason, establishing C° estimate for Floer trajectories becomes harder
than usual. The precious statement of the C° estimate is stated in section 2 (theorem
2.5), and proved in section 3. The proof given in section 3 is based on [FH]. In section 4,
we explain basics of classical Hamiltonian systems, and state the main theorem (theorem
4.2). We also reduce theorem 4.2 to lemma 4.10 in section 4. Lemma 4.10 is proved in
section 5.

Acknowledgements. I would like to appreciate professor Kenji Fukaya, for reading
manuscripts of this note and giving precious suggestions.

2. WRAPPED FLOER HOMOLOGY

In this section, we recall basics of wrapped Floer homology, which we will use in the
following of this paper.



2.1. Liouville quadruple. First we define Liouville quadruple, for which we define wrapped
Floer homology.

Definition 2.1. Let (M,w) be a 2n dimensional compact symplectic manifold, X €
2 (M), and L be a Lagrangian of M. Liouville quadruple is a quadruple (M,w, X, L)
with following properties:

(1) Lyw = w.

(2) X points strictly outwards on OM.

(3) X, € T,L for any ¢ € L.

(4) L is transverse to OM, and 0L = LN OM.

For Liouville quadruple (M, w, X, L), let A := ixw. Then, A|;, = 0. (OM, ) is a contact
manifold, and 0L is a Legendrean of (OM,\). Recall that the Reeb vector field R on
(OM, N) is characterized by igw = 0, A(R) = 1. Let € (0M, \,0L) be the set of all Reeb
chords of OL in (OM, \), i.e.

€ (OM,\,0L) = {z:[0,]] = OM | 1> 0,2(0),z(l) € OL, & = R(x)}.
I
For x € €(OM,\,0L), let o () := / x*A. Define the action spectrum of 0L
0

A (OM,\,0L) := { () | x € €(0M,\,0L)}.
It is easly verified that inf .o/ (OM, X\,0L) > 0.

Let M := M UAM x [1,00). We extend X € 2 (M) to X € 2 (M) by X = pd, on
OM x [1,00), where p stands for coordinate on [1,00). Moreover, we extend A to A by
A:=pAon M X [1,00), and w to @ := dA. Then, L := LUOIL X [1,00) is a Lagrangian
of (M,w). We call (M,&, X, L) the completion of Liouville quadruple (M, w, X, L).

Define ®: M x (0, 00) — M by

D(z,1) = 2, 0,9(z,p) = p_lX(CD(z, p))-
Then, ®*\ = pA. We call Im (®) cylindrical part of M, and denote it by Cyl(M). We

often identify Cyl(M) with M x (0,00) via ®. For any p € (0,00), we define M(p) to
be the domain in M, which is bounded by the hypersurface M x {p}. i.e.

_MuaMx (1] (p=1)
M<'O>‘{M\(9Mx(p,1] (p < 1).

2.2. Chords and indexes. For H € C*™(M), let
C(H) = {z:[0,1] = M | 2(0),2(1) € L, & = Xp(x)},
where Xy is the Hamiltonian vector field of H, defined by dH = —ix, .

Forz € ¢(H)and 0 <t <1, let ®;: Tx(O)M — Tm(t)M be the Poincare map of the flow
generated by Xy. = € €(H) is called nondegenerate if ®;: TI(O)M — Tx(l)M satisfies

A ~

@1(Tx(0)L) N Tx(l)L =0.



For nondegenerate x € € (H ), we define its index ind(z). In the following of this paper,
we assume that all Liouville quadruple (M, w, X, L) satisfies

7T1(M, L) = 7T2(M, L) =0.
This is quite strong assumption, but it is enough to consider this case for our objective.

Consider R*" with coordinate (qi,...,qn,D1,-..,Pn) and the standard symplectic form

Wyt 1= Z dp; N dg;. Let £ (n) be the space of Lagrangian subspaces of (R**, wy). Note
1<i<n
that {p =0} € Z(n).

Let # € €(H) and assume that x is nondegenerate. Let D™: = {2 € C| |2| <1,Imz >
0} and take T: D™ — M such that Z(e™™) = 2(0) (0 < 0 < 1) and Z(DT NR) C L (such
T exists since w1 (M, L) = 0). Take arbitrary isomorphism of vector bundle F': *T'M —
(R?", wy) x DT over D, such that F, : Ty M — R*" preserves symplectic form for any
z € D, and FZ(TE(Z)IA/) = {p = 0} for any z € D" NR. Define A : [0,1] — Z(n) by
A(B) := Foiro (®9(Tho) L)), and let

ind(x) := g + prs (A, {p = 0}),

where pgrs is Robbin-Salamon index introduced in [RS]. Note that this definition is
independent of the choice of T since mo(M, L) = 0.

2.3. Hamiltonians. Let K be a compact set in M which contains M. Then, H € C’OO(M)

is of contact type on M \ K, if and only if there exists a smooth positive function a on
OM and b € R such that

(z,p) € M\ K = H(zp) =a(z)p+b.

a and b are uniquely determined by H, and denoted by ag, by. The set of all H € C'OO(M )
which are of contact type on M \ K is denoted by #%(M). H € k(M) is called
admissible if 1 ¢ o7/ (OM, a;* N\, 0L) and all elements of ¢’ (H) are nondegenerate. The set

of all admissible elements of .7 (M) is denoted by 5 .q(M). Let (M) = U Hc (M)
K
and %ﬁd(M ) = U%Kad(]\;[ ), where K runs over all compact sets in M which contain
K

M. Tt is easily verified that if H € #q(M), then €(H) is a finite set.

Let H H € Hg(M). (H®)ser, a smooth family of elements of (M), is called
monotone homotopy from H to H', if it satisfies following conditions:

(1) There exists a compact set K such that H® € 5 (M) for any s.
(2) There exists so > 0 such that:

s_JH (s<—%0)
(a)H _{HI (5250) .

(b) For any s € (—sq, so), 3, H* >0 on M, and dsays > 0 on M.
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2.4. Almost complex structures. Let J be an almost complex structure on M. Jis
compatible with @ if and only if

(-, V) TM xTM —R; (v,w)— &(v, Jw)

is a Riemannian metric on M. We denote the set of almost complex structures on M
which is compatible with & by #(M,&). We often abbreviate it as _# (M).

For smooth positive function a on dM, define diffeomorphism

D, : M x (0,00) — Cyl(M); (z,p) — (z,a(z)""p).

Let A\* := a~'\ € QYOM). Then, (®,)"(A) = pA% Let £* and R® be the contact
distribution and the Reeb flow on the contact manifold (OM, \?).

For v € T(OM), let

v:= (v,0) € T(OM) ® R, = T(OM x (0, 00)).
There is a natural decompositon
T(0M x (0,00)) = £* © RR* © RJ,,

where £* = {v | v € £°}.
Definition 2.2. LeP K be a compact set in M which contains M. Then, J € /(M) is
of contact type on M \ K with respect to a, if ®}.J satisfies following:

(1) ®*J preserves €% on & (M \ K).
(2) There exists J*, an almost complex structure on £, such that drlz o ®;J|= =
J* o drle on ®-Y(M \ K). (7 denotes the natural projection to M)

1 — ~
(3) There exists ¢; > 0 such that ®.J(9,) = — R on &, (M \ K).
a g a

We denote the set of J € _# (M) which are of contact type on M \ K with respect to
a, by Zax(M). Moreover, Z,(M) := U i (M) where K runs over all compact sets
K

in M which contain M. Clearly, for two positive functions a and o/, if a /a' is a constant
function then Z, x(M) = Lo x(M).

Let J € /Q(M), and J* be as in (2) in definition 2.2. Abbreviate the metric
o* (( - >J) on OM x (0,00) by (-, - )as. Moreover, define a metric (-, ), o0 on OM

by
o (v, w)a oM = (dA)(v, J®w) on £°,
o (v,R"),70m =0 for any v € £,
° |Ra

_ .2
|a,J,aM =<5

Then, following properties are verified by simple calculation.

Lemma 2.3. (1) On®;Y(M\K), €2, Re, 0, are orthogonal to each other with respect
to < B >a,J-



—_
—~

M\ K) and v € T(OM), ‘W(Z,P)LLJ = P%Ma,JﬁM-
0,20, = (oer) 2.

2.5. Floer equation. Let H € %d(M), and (Ji):ep0,1) be a smooth family of elements
of #(M). For z_,x, € €(H),

%H7(Jt)t(x_,x+> ::{u: R x [0,1] — M } Ostt — Jt(atu — XH(u)) =0,
w(R x {0,1}) C L, u(s) — x4 (s — +o0)}.
M H,(J,), admits a natural R action. We denote the quotient by .#y (),

We also consider the case where Hamiltonans are time-dependent. Let H, H' € %’Qd(M )
and (H*)ser be a monotone homotopy from H to H'. Let (J;')ser cjo1) be a smooth family

of elements of /(M) For z_ € ¢(H) and z, € €(H'),
j/A(Hths)&t (z_,z4) ={u: Rx[0,1] — M | Osu — J7 (Opu — Xpy=(u)) =0,
u(R x {0,1}) € L, u(s) — < (s — +00) }.

For x € €(H), we define its action by
1
T (x) ::/ A — H(a(t))dt.
0

The following lemma can be proved by simple calculation.

Lemma 2.4. Forx_ € €(H), x € €(H'), and u € //Z(Hs,Jf)Syt(x_, Ty),

— 0 (A= (u(s))) :/0 |Osu(s, )

In particular, if ,///A(HS,Jts)Syt(x_,xJF) £ 0, then oy (xv_) > Ay (xy).

35 + 0, H* (u(s, t))dt.

We sometimes call elements of ///AHU,S)t(:}:_,xJF) and ///A(Hsny)syt(x_, xy) Floer trajecto-

ries from z_ to x,. The next theorem asserts the existence of C° apriori estimate for
Floer trajectories. This is proved in section 3.

Theorem 2.5. (1) Let H € #4(M) and (J;)o<i<1 be a family of elements of/(M)
Assume that there exsits a compact set K in M such that J, € Za,, (M) for any
t. Then, there exists a compact set B C M such that for any x_,x, € €(H) and
we Mgy (r_,7y), u(R % [0,1]) € B.
(2) Let H H' € Hq(M) and (H®), be a monotone homotopy from H to H'. Let
(J7)st be a family of elements of /(M) such that for sufficiently large sq > 0,

s Jt_SO (8 S _80)7
Jt — S0
J; (s > so).

Assume that there exists a compact set K in M, such that H® € %”K(M) and

S} € Fays k(M) for any s,t. Then, there exists a compact set B C M, such that

forany x_ € €(H), x; € €(H') and v € M gs gs),, (v, 74), u(]R x [0, 1]) C B.
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Finally, we state transversality results.

Lemma 2.6. (1) Let H € #4(M), and K be a compact set in M which contains
M. Assume that H € (M) and images of all elements of €(H) are contained
in intK. Then, for generic (Ji)icp,1), where Jy € Zap x(M y )y Mg, (x—,x1) s
a indx_ — indx, — 1 dimensional smooth manifold for any r_,x4 € ‘5( ). We

denote the set of such (J;); by /HK(M), and Zu(M U Fux(M), where K

runs over all compact sets in M with conditions as above.

(2) Let H,H' € 54( A) (H®)s be a monotone homotopy from H to H' and K be
a compact set in M which contains M. Assume that H® € Hc (M ) for any s,
and images of all elements of €(H),€(H') are contained in intK. Then, for

generic (J;)serzep,1), where Ji € Iare (M), ,%A(HS’JtS)S’t(fE_,m_i_) is a indr_ —
indx, dimensional smooth manifold for any x_ € €(H),z, € €(H'). We denote

the set of such (J;)st by sy, k(M 1), and /(Hs)S(M) = U/(Hs)&K(M), where
K

K runs over all compact sets in M with conditions as above.

Proof. First we prove (1). Let (J;); be a family of elements of £, x(M). Then, for any
r_,xy € C(H)and u € ,%A}L(Jt)t(x,, x,), u *(intK) is a non-empty open set in R x [0, 1],
since both z_ ([0, 1]) and z([0,1]) are contained in intK. By standard arguments (see
[FHS]), one can perturb (J;); to achieve transversality conditions without violating the
condition J; € #,,, x(M). This proves (1). (2) is proved by similar arguments. O

2.6. Wrapped Floer homology. In this subsection, we define wrapped Floer homology
for Liouville quadruples. Once C° estimate for Floer trajectories is established (theorem
2.5), other arguments are parallel to Lagrangian Floer thoery for compact symplectic
manifolds ([F]).
Let H € #,4(M), and k be an integer. Let
Cr(H —{xe% }mdx—k}
and WFC(H) be a free Zy module generated over 6 (H).

Let (J;); € Zu(M). For each integer k, define 8,?’(Jt)t: WFCy(H) — WFCy_1(H) by
0 MMl = YT bl (,y) - )

YECK—_1(H)

Then, (WF C.(H), o ’(Jt)t) is a chain complex, and the resulting homology group does
not depend on choice of (J;);. We denote this homology group by WFH, (H; M,w, X, L).
We often abbreviate it as WFH,.(H).

Let H, H' € s4(M), and (H®), be a monotone homotopy from H to H', and (J¢),, €
sy, (M). For each integer k, define gokH i)t WFCy(H) — WFC(H') by
SDJ(CHS JS)et — Z ﬁ//Z(HS,Jf)S,t(x»y) ).
yELR(H')
7



<<p,gHs’Jf)s’t) is a chain map, hence we can define a morphism WFH,.(H) — WFH,(H').
k

~

We define relation < on J#4(M) by
H < H <= H(z) < H'(z) for any € M and ay(z) < ag(2) for any z € M.

If H < H', then there exsits a monotone homotopy (H®)s from H to H', and morphsim
WFH.(H) — WFH,(H') obtained as above does not depend on choices of (H®, J;')s,. We
call this morphism monotone morphism.

Finally, we define the wrapped Floer homology of (M,w, X, L) by taking direct limit
(though (#24(M), <) is not a pre-ordered set, we can define a direct limit):
WFH,(M,w, X,L):= lim WFH.(H).
H
HeHq(M)

One of the important properties of wrapped Floer homology is its invariance under
deformations. The next proposition is proved in section 3.5.

Proposition 2.7. Let (M,w®, X®, L)o<s<1 be a smooth family of Liouville quadruple.
Then there exists a canonical isomorphism WFH, (M, w°, X°, L) — WFH, (M, w', X', L).

If (M,w, X, L) and (M,w, X', L) are Liouville quadruples, then (M, w, sX+(1—s) X', L)o<s<1
is a smooth family of Liouville quadruples. Hence, by proposition 2.7, WFH,(M,w, X, L)
does not depend on X. We often donote it by WFH, (M, w, L).

Next corollary is easily obtained from propositon 2.7.

Corollary 2.8. Let (M,w, X, L) be a Liouville quadruple, and M’ be a compact submani-
fold of int M, such that (M', w|p, X|ar, LOOM') is also a Liouville quadruple. Assume that
there exists H € C*(M) such that dH(X) > 0 on M \ intM'. Then WFH,(M,w, L) =
WEFH. (M, w|p, L0 M.

Proof. For any © € M \ M', an integral curve of X through z starts from dM' and
ends at M. This is because inf dH(X) > 0. Thus there exists a family (M;)o<;<1 of

M\intM’
submanifolds of M such that (M, w|ar,, X|ar,, LN M;)o<i<1 is a smooth family of Liouville
quadruples and My = M’', M; = M. Now claim follows from propositon 2.7. 0

We show an example of calculation of wrapped Floer homology. Consider R*" with
coordinate (qi, ..., qn,P1,---,Pn), and the standard symplectic form wy, = Z dp; N\ dg;.
1<i<n
1
Let D* := {(g,p) | la* + |p|* <1}, X := 5 > 40y, + pi0y,. Then, (D*",wy, X, D> N
1<i<n
{p= 0}) is a Liouville quadruple.

Proposition 2.9. WFH, (DZ”, wet, D" N {p = 0}) = 0.

Proof. Let \ :=ixwg. Take (a,),, an increasing sequence of positive numbers such that

lim a, = oo and a,, ¢ &/ (0D*",X\,0D** N {p = 0}) for each n.

n—oo

8



We identify D" with R?" using a flow generated by X, and define H,, € e%’éd(DAQ”) by
H,(p,q) = n+ a,(|p]> + |¢|*). Then H; < Hy < --- and (H,), is a cofinal sequence in

(#a(D?>), <). Therefore WFH, (D*",wy, D** N {p = 0}) = lim WFH,(H,). The only

element of ¢ (H,) is a constant map to (0,...,0), and its index goes to oo as n — oc.
Therefore, for any k, WFH(H,,) = 0 for sufficiently large n. This completes the proof. [

We conclude this section with a remark on relation between wrapped Floer homol-
ogy and Reeb chords. The following theorem can be proved by reduction to the finite
dimensional Morse theory.

Theorem 2.10. Let (M,w, X, L) be a Liowville quadruple. If €(0OM,\,0L) = 0, then
WFH. (M, w, X, L) = H.(L,dL).

as a corllary, we get:

Corollary 2.11. Let (M,w, X, L) be a Liouville quadruple. If WFH,(M,w, X, L) = 0,
then € (OM, \,0L) # .

Remark 2.12. The Reeb vector field on (0M,\) depends on A, but ”characteristic fo-
liation” RR on OM depends only on w. Since characteristic foliation determines Reeb

chords up to parametrization, following assertion make sence: if WFH,(M,w, L) = 0,
then € (OM,0L) # (.

3. A C° ESTIMATE

The goal of this section is to prove theorem 2.5 and proposition 2.7. Theorem 2.5 is
proved in section 3.1-3.4. We only prove (2), since proof of (1) is much simpler than that
of (2). In 3.1, we reduce theorem 2.5 to three lemmas. These lemmas are proved in section
3.2, 3.3, 3.4. In 3.5, we prove proposition 2.7. The proof of proposition 2.7 is similar to
the proof of invariance of symplectic homology under deformations (which can be found,
for instance, in [S]). The crucial step in the proof of proposition 2.7 is C° estimate for
Floer trajectories (lemma 3.9), and its proof is very similar to the proof of theorem 2.5.
Hence in 3.5, we only mention few points which make difference.

3.1. Reduction of the proof to three lemmas. First, we introduce some abbreviations
which we will use in the following of this section. We abbreviate ays by a®, and ®qs, A*,
€7, R™ by ®,, N, €5, R*. Moreover, we abbreviate (-, Das,gs BY (5 sy (o5t )as,as0m
by (-, - )stom, and cjs by ¢ (see section 2.4). Finally, we abbreviate an almost complex
structure (®,)*(JF) on OM x (0,00) by J;.

Take po > 0 so large that ®,(9M x [py, 00)) C M\ K for any s. Take smooth function
¢ :(0,00) — R such that

¢"(p) =0,
P(p)=1 (p=po+1),
e(p) =0 (p<po)
Note that ¢(p) > p — (po + 1) for any p



For each s € R, we define p*: M—R by

S(z) = 0 (r € K)
i) {so(p) (z = Dy(2,0)).

By definition of pg and ¢, it is easy to verify that each ¢ is a smooth function on M.
For x_ € €(H), x4 € €(H') and u € M s j5)(x—, x4), we define o : R x [0,1] — R

by a*(s,t) = ¢*(u(s, t)).

Lemma 3.1. 0,0 =0 on R x {0,1}.

Proof. 1f u(s,t) € K, then o = 0 on some neighborhood of (s,t), hence d;a"(s,t) = 0.
Therefore it is enough to consider the case u(s,t) ¢ K. Let D := {(s,t) € R x [0,1] |
u(s,t) ¢ K}. This is an open set in R x [0,1]. Define v: D — 0M x (0,00) by

v(s,t) = ()" (u(s, 1))
and z: D — OM, p: D — (0,00) by

(2(s,1), p(s,1)) = v(s,1).
Since u satisfies O,u — J; (Gu — Xp=(u)) = 0, by simple calculation we obtain:
(1) Osv — J, 0 — p- (csp + 05a°(2) - a’(2) 1) 9, = 0.
Since a*(s,t) = ¢(p(s,t)), it is enough to show dp(d,v) = 0. By (1) in lemma 2.3, it is
equivalent to (0,v,0,)s; = 0. By (1), it is enough to check <7fasv, 8p>s,t = <7f8p, 8p>s’t =
0. The latter is obvious. Since u(R x {0,1}) C L,if t € {0,1} then

0sv(s,t) € T(OL) ® RO, C & & RO,.

Hence we get 7:051) € & ®RR® and 75 v, is orthogonal to 0,. O

Following three lemmas play crucial role in the proof of theorem 2.5. They are proved
in section 3.2, 3.3, 3.4.

Lemma 3.2. Foranyz_ € €(H) and xy € € (H'), there exists co(x_,x4), c1(x_,x4) > 0
such that Aa" + co(x—, x4 )" +ci(v_,x1) > 0 for every u € M (s s3), (T, T4).

Lemma 3.3. For any x_ € € (H), x4 € €(H') and 6 > 0, there exists c(x_,x,,8) > 0
such that: for any w € Mips js), (v, 1), there exists a sequence (si)rez with following
properties:

(1) 0 < 841 — Sk < 0 for any k.
(2) sup a“(s,t) < c(x_,x4,0) for any k.
te[0,1]
Lemma 3.4. Assume that a,b,\ > 0 and § > 0 are given such that §°\ < ©*. Then, there
exists ¢(a,b, A\, §) > 0 such that, if closed interval I and smooth function o: I x[0,1] — R
satisfies 0 < |I| < 0 and

(1) O, =0 on I x{0,1},
(2) Aa+ A a+a >0,

10



(3) sup{a(s,t) | s € dI} <,

then, sup o < ¢(a, b, A, 0).

We give a proof of theorem 2.5 (2) assuming those results. Since € (H) and ¢ (H') are
finite sets, it is enough to show that:

Forany z_ € € (H) and x, € € (H'), there exists a compact set B(x_,x,) C
M such that any u € A y= j5), ,(x_, x) satisfies u(Rx [0,1]) C B(z_,z).

Take § > 0 so small that 6°cy < m*. Then, for any u € A ys s, ,(v—, x4), if we take
(sk)r as in lemma 3.3, u|rx[s,,s,,,) Satisfies assumptions of lemma 3.4 for each k, with
a = c,b = c(r_,xy,0),\ = ¢o. (it follows from lemma 3.1 and lemma 3.2). Hence
sup a,, < c(cl, c(x_,x.,9),co, 5). This proves the above claim.

3.2. Proof of lemma 3.2. Let x_ € ¢(H) and x, € ¢ (H'). Our goal is to show that
there exist ¢y, c; > 0, which are independent of u € .#(ys ss), (2,24 ), such that

(2) Ao + copa +c¢1 >0
holds on R x [0, 1]. In the following of this subsection, we fix v and abbreviate a* by «a.

If u(s,t) € K, then @« = 0 on some neighborhood of (s,t), and (2) holds for any
co, ¢ > 0. Therefore, it is enough to show (2) for (s,t) € D (we use notations D, v, z, p
which are introduced in the proof of lemma 3.1).

Since a|p = ¢ o p, we get

(3) A= ¢"(p)((9sp)* + (81p)%) + ¢'(p)Ap > ¢'(p) Ap.
Assume for the moment that there exists ¢y > 0, which is independent of u and
(4) Ap+cop>0on D.

Then, combining (3), (4) and ¢(p) > p — (po + 1), we get
Aa + o+ ca(po + 1) > Aa+ e (p)(a+ po + 1) > Aa+ e’ (p)p
> ¢'(p)(Ap+ c2p) = 0.

i.e. (2) holds for ¢y = ¢a, ¢1 = ca(po + 1) on D. Hence our goal is to show the existence
of ¢g > 0 such that (4) holds.

Applying dp and A° to (1), we get
(5) Osp + 51 (pA*)(Opv) — p - (cs,t + 0sa°(2) - as(z)_l) =0,
(6) Cs,t(pPA")(Osv) — Brp = 0.
By these two equations, we get
Ap = cs4d(pA°) (0, O5v) + Osp - (o0 + 05a°(2) - a®(2) ")
+p- (85 (cs,t + 0sa°(2) - as(z)’l) — Csp - OsA*(0p2) + OpCsp - N*(052) — OsCsy - )\S(atz)>.
On the other hand, by (1),
d(pA*) (O, Osv) = |asv|§,t — oy Osp - (Cop + 05a°(2) - a®(2) 7).
11



Then, we get
Ap = csyt\ﬁsvliﬁp- (85 (cs,t—l—ﬁsas(z)‘as(z)’l) —cs,t-ﬁs)\s(8tz)+8tcs,t~)\s(8sz)—8scs,t~)\5(6tz)> )

For V € T(OM x (0,00)), we denote its T(9M)-part by (V)aa. On &1 (M \ K), T(OM)
and 0, are orthogonal to each other with respect to (-, -)s;. Hence |(V)anr|se < |V, for
any V. Then, we get (recall lemma 2.3):

052 st.0m = pfl/z‘(asv)aM‘s,t < p 210,0]ss,
10szlsron = o2 (O)ont |, < 072 10]ar < p72|000]er + 5y (Cop + 0ua®(2) - @ (2) 7).
In the last inequality, we use (1) and ‘8p|57 .= (pcsjt)_l/ 2. On the otherhand, there exist
constants cs, ¢4, s > 0, which are independent of u and satisfy
‘85 (8Sas(z) -as(z)_l)‘ < ¢3|0s2|s.t.00m + Cas |8S)\5(8tz)| < ¢5|02s.t.0Mm-
Hence there exists constants cg, c; > 0, which are independent of v and satisfy
Ap > ¢ |0sv]2, — cop'?[050] 50 — crp.

Therefore

CotOv|2,  ciic e
Ap > cs,t|8sv|it — ( 1 5 i + ’t26p> —cp > —( ; 6 +C7>p.

—1 2
SUPg ¢ Cst * €

Hence (4) holds when ¢y > 5 % + ¢;. This completes the proof of lemma 3.2.

3.3. Proof of lemma 3.3. Let u € .#(y j5)(x_,24). Recall lemma 2.4:

0. (i (u(s))) = — /0 Do, )%, + 0. H" (u(s, 1)) dt < 0.

In particular,
Ay (w4) < D (u(s)) < ()

for any s. Hence, for any interval I C R, there exists s € I such that

1
1 / 0,u(s, 1)
0

Hence, we can conclude:

e OH (u(s, 8))dt < y(w_) — chhp(ws).

Lemma 3.5. For any § > 0 and u € ///A(HS,Jts)(x,,a:jL), there exists a sequence (Si)kez
with following properties:

(1) 0 < Spy1 — S <0 for any k.

(2) /1 |asu(57t) QJtS + asHs<u(5’t))dt < 2(%]{(%_) - MH’(I_,_))

J

for any k.

Note that |Osulss = |Oyu — Xpgs ou
prove the following:

Js- Therefore, to prove lemma 3.3, it is sufficient to

12



Lemma 3.6. For any ¢ > 0, there exists M (c) > 0 such that: if s € R and z: [0,1] — M
satisfy (0),x(1) € L and

/01 O — X s (2(1))

then sup ¢®(z(t)) < M(c).

0<t<1

is + 0,H* (z(t))dt < ¢,

Proof. 1f this lemma does not hold, there exist sequences (sy)x and (xy)x such that

(7) /0 |0y, — Xpron (i (t))

(8) lim sup @™ (z(t)) = oo.

k—oo g<t<1

ifk + O, H (s, (1)) dt < c,

Recall that in statement of theorem 2.5, we take sy > 0 such that

s _ JI (5 < =50),
Jt = S0
J; (s > s0).

H (s<—s0)

By replacing sg if necessary, we may assume that sy also satisfies H® = ,
H' (s> s9)

Then, we may assume that s; € [—so, so] for all k. Note that (7) implies

iskdt <e¢,
1
(10) / 8SH5(sk,xk(t))dt <ec.
0

First we show that klim Oi<rt1£ ) P°F (azk(t)) = oo. If this does not hold, by replacing (s )

and (xy)g to their subsequgnges, we may assume that sup Oi<Itl£1 ¢ (z1(t)) < oo. Then,
L 0<t<

for sufficiently large k, there exist ay, by € [0, 1] such that

sup ™ (i (ar)) < oo,

Jim % (b)) = oo,

0<0<1 = x3(fa + (1 —0)b) C M\ K.

Without loss of generality, we may assume that a; < by. Define yy : [ax,by] — OM X
(0700)7 2k [akabk] - 8M7 Pk : [akybk] - (Oa OO) by

yr(t) = (Po) " H(@r(®),  (2k(8), pr(t)) = wa(t).
Then

by,

/ |6t:)3k — XHSk ([L’k(t))
k N
zife! [ (i)

ag

2 ok — 2 bk 2
et = [ 0w~ > [ 0w, |7
a aj

k

S

. (9tpk)2dt 2 lgltf C;t:,L . 4(pk(bk)% — pk(ak)%)z . (bk — ak)’l.
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Since pg(ax) is bounded and klim pr(br) = 00, we get

by
lim |8txk - XHSk (.Tk(t))

k—o0 ak

2
Jfkdt = 00.

This contradicts (9), and we have shown that lim inf ¢®* (mk(t)) = o00. In particular,
k—oo 0<t<1

xk([O, 1]) cM \ K for sufficiently large k. For such k, define y;, : [0,1] — OM x (0, 00),
2k [ 71] _>8M7 Pk [071] - (0700) by

ue(t) = (@)~ (@), (a(t), e(t)) = wa(t)
Then, by (9) and (10), yx satisfies

1
(11) /0 |8tyk — Rsk (yk(t)) ’jk,tdt <c,

(12) /0 Dsa® (s, 21 (1)) - @ (2 (1)) ™" - pi(t)dt + Dsb(sy,) < e

: o s B o B
Since khj& Oértl;gp (zx(t)) = oo, we get ICIEEO 01§It1£1 pr(t) = oo.

By replacing (zy)x and (sg)x to their subsequences, we may assume that (s), converges
to some S € [—S0, So]. Since

2

Ay, — R+ (yn(t)) 2

Sk

2| O~ B 0)) ], =[O~ B @) et

Skt

Sk, t,OM

we get from (11) and lim inflpk(t) = oo that

k—o0 0<t<
1 2
lim Oy — R% (2 (¢t dt = 0.
k—oo Jo ik ( k< )) Sk,t,0M

Then, by taking limit of certain subsequence of (zx), we get zy : [0,1] — OM such that
200(0), 200(1) € OL, Drzoo(t) = R*= (200(1)).
Therefore 1 € &7/ (0M,\*<,0L), hence so € (—So,50). By the definition of monotone
homotopy, irgw 050°(Sc0, 2) > 0. Hence, there exists € > 0 such that i%g/[ 0sa°(s,2) > ¢
zE zE

for sufficiently large k. Let A:=  sup  a°(z). Then,
(s,2)ERXOM

/o 0sa° (sk, zx(t)) - a® (zk(t))fl < pr(t)dt > sA_l/O pr(t)dt

for sufficiently large k. Since lim inf pg(f) = oo, the right hand side of the above

k—oo 0<t<1
inequality goes to oo as k — oo. Hence the left hand side of the above inequality also
goes to 0o as k — oo. This contradicts (12). This completes the proof of lemma 3.6. O

3.4. Proof of lemma 3.4. We use following result, which is exactly the same as propo-
sition 8 in [FHJ.
14



Lemma 3.7. Assume that a,b,\ > 0 and § > 0 are given such that §°X\ < ©°. Then, there
exists C'(a,b, \,0) > 0 such that, if closed interval I and smooth function a: I xR/Z — R
satisfy 0 < |I| < 6 and

Ao+ a+a >0,
sup{a(s, ) | sedl} <b,
then, supa < C(a,b, A, ).
Remark 3.8. For any 7 > 0, lemma 3.7 holds if we replace R/Z to R/7Z in the statment.

proof of lemma 3.4: For any ¢ > 0, there exists 6 > 0 and 3: I x [0,1] — R such that:

sup |a — f|, sup }A(a — ﬁ)‘ <e,
Ix[0,1] Ix[0,1]
(t—1)

1-5<t<1 = [(s,t) =a(s, 1)+ da(s,1) - 5

t2
0<t<é = f[(s,t) = als,0) + da(s,0) - 3

Define 3: I x R/2Z — R by

— Bt (0<t<1),
6(S,t)—{g(s,2_z) (1<t<2).

Then, 3 € C*(I x R/27Z). Moreover, 3 satisfies
AB+ A3+ (a+ (1+N)e) >0, sup {B(s,t) | s € 0I} <b+e.

Then, if we take C' = C(a + (1 + Ae, b+ ¢, ), 6) as in lemma 3.7, sup3 = sup 3 < C.
Hence supa < C' + . O

3.5. Proof of proposition 2.7. First, we may assume that (ws, Xs) = (wg, Xo) if s is
sufficiently close to 0, and (ws, X5) = (wy, X1) if s is sufficiently close to 1. Then, extend
(wsaXs)Ogsgl to (wsaXs)seR by

w _ ) (wo, Xo) (s <0)
( stS) {(wl,Xl) (S Z 1)

The crucial step in the proof of proposition 2.7 is:
Lemma 3.9. Let H, H' € H#.q(M) and (H®), be a monotone homotopy from H to H',

such that ays is a constant function on OM for any s (apgs =: a(s)). Let (J])s: be a
family of almost complex structures on M such that

s ) (s<0)
JP = 71 .
t (s >1)

Assume that there exsits a compact set K in M, which contains M and H® € (M),

J; € /LK(M;LJS) for any s and t (here 1 denotes the constant function on OM ). Then,
there exsit constants co, ¢y > 0, which depend only on (w®, X*)s and (J})s., with following
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property: if coa(s) + ¢1 < d'(s) for s € [0,1], there exsits a compact set B C M such that
u(R x [0,1]) € B for any x_- € €(H), x;. € €(H'), u € My g5)(x, 24).

(Hsﬂ‘]ts)s

Once lemma 3.9 is established, we can define a chain map ¢, * WFCy(H; M,°, X°, L) —

WFCL(H'; M,w*, X* L) by
H*,J3)s, 5
o T ) = N bl gy (2,y) - [y
yEC,(H')
given a monotone homotopy (H?®)s with conditions as in lemma 3.9. Hence we get a

morphism WFH,(H; M,w° X° L) — WFH,(H'; M,w', X', L). By taking direct limit,
we obtain a morphism

WFH, (M,w°, X°, L) — WFH, (M, w!, X", L).

We can also obtain a morphism in invert direction, and show that they are inverse to each
other. This completes the proof of propositon 2.7. Hence all we have to show is lemma
3.9.

The proof of lemma 3.9 is very similar to the proof of theorem 2.5. First we take py > 1
so that K C intM(pg), take smooth function ¢ : [1,00) — R such that

#"(p) 2 0,
¢'(p)=1 (p=po+1),
p(p) =0 (p<po),
and define o, € C®(R x [0,1]) for u € r///A(Hs,Jts)(x_,er) by

(s, ) = {0 (u(s,t) € lf)
e go(p(s,t)) (u(s,t) € M\K)

Once we establish properties which correspond to lemma 3.1, lemma 3.2, lemma 3.3 for
v, the proof completes. The first two properties can be proved in completely same way.
But to establish the property which corresponds to lemma 3.3, we need somewhat different
arguments. In the following, we prove the property which corresponds to lemma 3.3. First
we spell out what we have to prove.

Lemma 3.10. Let H, H', (H"); and (J;)s; are as in lemma 3.9. Then, there exsit
constants co, ¢y > 0, which depend only on (w*, X*)s and (J;)s+, with following property:

Assume coa(s) + ¢ < d'(s) for s € [0,1]. Then, for any z_ € €(H),
v, € €(H') and § > 0, there exsits c(x_,xy,0) > 0 such that for any
u € ///A(Hs,(]ts)(x_,m), there exsits a sequence (Sk)rez With :

(1) 0 < Sgy1 — S <0 for any k.

(2) sup ay(sk,t) < clz_,x.,9) for any k.

0<t<1
Proof. Let NS = Xsufs. By simple calculation, we get

1) —pst(ulo) = [ ot} + 5 (uls0) - 5 @uts )

2
Jf+
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existence of the third term in integrand requires more arguments than proof of lemma
3.3. In the following, we prove that: there exsits ¢y, ¢; > 0 such that, if cpa(s) +c; < d'(s)

holds for s € [0, 1], then there exsits ¢; > 0 (which may depend on (H?),) such that
2 OH°® O\ 1 2 OH®
- > — —_— .
PR (u(s,t)) B (Ou(s,t)) +c2 > 5 (}&u(s,t) st B (u(s,t)))

Once this is establised, lemma 3.10 is proved by same arguments as proof of lemma 3.3.

~
S

(14) |Osu(s,t)

Since K is compact, to prove (14) it is enough to show that there exsits ¢3 > 0 such
that

oH

L ) ).

First notice that, since J; € le(M WS X5), () J; satisfies following properties (see
lemma 2.3):

(15)  wu(s,t)e M\ K = ’%(atu(s,t))‘ <cs+ %<|85u(s,t) i +

(1) On M \ K, a natural decomposition TM = T(OM) & Ra% is an orthgonal decom-
position with respect to (-, -)s.

JroM for

(2) There exsits a metric (-, -} s ars on M such that |v(z, p)
any v € T(OM) and (z,p) € M\ K.
(3) There exists ¢4 such that ‘3%(2/, ) = (pcs,t)_% on M\ K.

1
ge =P [u(2)

We return to the proof of (15). Since M\ K € M x [1,00), we can write u(s,t) =
oN®

(2(s,1), p(s,1)). Let cq := sup (2) . Then,
2t | 08 JgOM
)N ON® 1
‘ 5 (Opu)| = p(s,t)‘ (0r2)| < cap(s,1)]0p2] 15,00 < c4,0(s,t)5|0tu Js -
s ds
Since |Owulss < [Osulss + ’VfHS ;. and ‘VHS(z,p) 4o S osupcy - a(s)p%7 There exsit
t t S,t
cs5, cg > 0 such that
)N 1
‘ P (Opu)| < §|85u ?,t + (csa(s) + cs) p(s, t).

H? ~
On the other hand, 88_3(2’p) =d'(s)p+V(s) on M\ K. Hence, if 2csa(s) + 2¢6 < d'(s)

and 0 < 2c3 + V/(s) on s € [0,1], (15) holds on s € [0,1]. When s ¢ [0,1], the left hand
side of (15) is zero. Hence, if ¢35 + inﬂfg b'(s) > 0, (15) holds for s ¢ [0,1]. This completes
se

the proof of lemma 3.10. 0

4. CLASSICAL HAMILTONIAN SYSTEMS

First we recall notations which are introduced in section 1. Let N be a n-dimensional
manifold. Then, T*N carries a natural symplectic form wy := Z dp; N dg;.
1<i<n
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Assume that N carries a Riemannian metric. Then, for V' € C*°(N), we define Hy €
C>®(T*N) by Hy(q,p) = V(q) + |p|*/2. Note that Crit(Hy) = Crit(V).

For ¢ € X(N), We define F; € C*(T*N) and { € X(T"N) by Fe(q,p) = p(&,)
and § := Xp,. Then, Law = 0 and {0 = & For a € R, define Y, € X(T"N) by
Y, =7+ aﬁ/, where 77 := Z DiOp, -

1<i<n
Lemma 4.1. Let K be a compact set in T*N such that KNCrit(V) = (. Then, dHy(Y,) >
0 on K for sufficiently small a > 0.

Proof. Since VV(q,0) = VV(q) and K N Crit(V) = 0, dH,(VV) > 0 on K N N. Let

Ky be a subset of K defined by dHy(VV) < 0. Since Kj is compact and disjoint from

N, m = nll(in Ip|* is positive. Take M > 0 so that M > max —dHy(VV), and take
0 0

0 <a< m/M. Then, dHy(Y,) > m —aM > 0 on Ky;. On the other hand, since
dHy(VV) >0 and dHy(7) > 0 on K \ Ky, dHy(Y,) > 0 on K \ Ky for any a > 0. O

As in section 1, we abbreviate Hy,' ((—oc0, h]) by Dy, and Hy,'(h) by Sy. If h is a regular
value of Hy and S}, is compact, then (D, wy,Y,, D, N N) is a Liouville quadruple for
sufficiently small ¢ > 0. This is verified by applying lemma 4.1 for K = S;,. The main
result of this paper is the following:

Theorem 4.2. Let N be a Riemannian manifold, and V € C*(N). Assume that h
is a reqular value of V, and Sy is compact. If Sy "N # () and Dy, is connected, then
WFH*(Dh,wN, Dh N N) =0.

By remark 2.12, theorem 4.2 implies:
Corollary 4.3. Let N and V' are as in theorem 4.2. Then, € (S, S, N N) # ().

Since elements of €'(Sy, S, N N) correspond to orbits of Xy, on S, which start from
and end at S, N N, corollary 4.3 implies theorem 1.2.

In the remainder of this section, we reduce theorem 4.2 to lemma 4.10. First, we prove
the following lemma:

Lemma 4.4. WFH,.(Dy,,wn, D, N N) depends only on diffeomorphism type of Dy N N.

Proof. Let K := Dy N N and K := KUOK x [0,1]. Take any Riemannian metric g
on K and W € C™(K) so that 0 is a regular value of W and K = W ((—o0,0]). For
such (g, W), define Hyw € C®(T*K) by Hyw(q,p) = |pl2/2 4+ W(q), and let Dy :=
H 4 ((—00,0]). Fora € R, let Yy, := 7+ aV,W. Then, (Dyw,wg, Yowa, K) is a
Liouville quadruple for sufficiently small a > 0.

We claim that WFH,.(D, w, wg, ) does not depend on choice of g and W. In paticular,
WFH. (D, w,wg, K) depends only on diffeomorphism type of K. This is proved as follows.
Take two choices (go, Wo) and (g1, W1). Let g; :=tg1 +(1—1)go and Wy := tW+(1—¢t)W,.
Then, when we take a > 0 sufficiently small, (D, w,,wg, Yy wi.q, /) is a smooth family
of Liouville quadruples. Then, the claim follows from proposition 2.7.
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Extend inclusion map i: K — N to an embedding i: K — N. Let ¢ be the pullback of
the Riemannian metric on N by ¢, and W := Voi—h. Then, (D, wy, DN N) in theorem
4.2 can be identified with (D, w,wg, K). So, the above claim proves the lemma. U

We return to the proof of theorem 4.2. We may assume h = 0, and by lemma 4.4, we
may assume that V' is Morse. Then, Crit(V) N V™' ((—00,0]) consists of finitely many
points. We denote it as { P, ..., P;}. Moreover, we may assume the following.

(1) V() <---<V(P)<O.
(2) 1 <indP, <n—1for2<m <[ andindP, =0.

Note that we can eliminate critical points of index n, since D, N N is connected and its
boundary is non-empty.

If h € (V(P),V(P)), Dy N N is diffeomorphic to D". Hence, by lemma 4.4 and
propositon 2.9, WFH, (Dy, wy, Dy, N N) = 0.

By lemma 4.4, if [h, h'] contains no critical value of V| then WFH,.(Dj,, wy, Dy, N N) =
WFH,.(Dy,wy, Dy N N). Therefore, if we prove the following theorem 4.5, we can prove
theorem 4.2 by applying theorem 4.5 to each critical points P, ..., P,.

Theorem 4.5. Let N be a n-dimensional Riemannian manifold, V' be a Morse function
on N, and P € Crit(V) with 1 <indP <n —1. Assume that there exists € > 0 such that
Crit(V)NV=H([V(P) —&,V(P) +¢]) = {P}, and Dy (pys is compact. Then,

WFH., (Dy(p)—c,wn, Dy(py— N N) = WFH,(Dy (p)1e, wn, Dy (py+e N N).

In the remainder of this section, we reduce theorem 4.5 to lemma 4.10. By Morse
lemma, there exists a coordinate neighborhood U around P and local chart (qi,...,q,)
on U such that P corresponds to (0,...,0) and

Vi) =V(P)+{—(ai+...+ @)+ (Grs1 +-.. + ) }/2.

Here k = indP. Denote by my the natural projection T*N — N. In the following of this
paper, we often consider ' (U) as a subset of R*" using the coordinate (g, p).

We introduce some notations which we use in the following of this paper. First, we

abbreviate (q1,...,¢,) by q, (p1,---,p0n) by p, and (p1, ..., pk); Prs1s - Pn)s (G155 k),
(@415 -+ -+ qn) bY p—, P4, 4, g+ Moreover, we set

D([ab) —{qp }p—O a<|q\2<b}
D_([a,b]) :=={(q.p) | p=0, ¢+ =0, a < [g_> < b}.
D((a,b]) etc. are defined in the same manner.

By lemma 4.4, we may assume that Riemannian metric on U is Z dq?. Take b > 0
1<i<n

sufficiently small so that D([0,2b]) C U and Crit(V)NV ' ([V(P) = b,V (P)+1b]) = {P}.

Lemma 4.6. For sufficiently small a > 0, dHy(Y,) >0 on H,;'([V(P) — b, V(P) +1b]) \
{P}.
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Proof. On ' (U), we can write explicitly:

2 2 2
pI* —lg-|* + g
Hv(q,p)=| il 2' 4] . dHv(q,p) = pdp — q_dq_ + q4dg,

Kz(%p) = _CLQ—aqf + (1 + a)p_8p7 + GQ+aq+ + (1 - a)p+6p+-
Then,
dHy (Y,) = (1= a)lp+|* + (1 + a)lp-|* + alq[*.
Hence if a € (0,1), dHy(Y,) > 0 on 75 (U) \ {P}. Therefore, to prove the claim, it is
enough to show that dHy (Y,) > 0 on Hy,' ([V/(P) —b,V(P) +b]) \ 7' (U) for sufficiently
small @ > 0. This follows from lemma 4.1, since Hy' ([V(P) — b, V(P) + b)) \ ny' (U) is
compact and disjoint from Crit(V). O

For H € C*(T"N), let S(H) be the set of x : I — T*N with |I| > 0, & = Xpy(z),
x(0I) C N and z(0I) N D_((0,b)) # 0.

We will show that for generic H, which is obtained by perturbing Hy, S(H) is a
countable set. To put it more rigorously, we first explain the setting for perturbation.
Let . be an affine space consits of H € C*°(T*N) such that supp(H — Hy) C {|p|* <

Qb} \ T (D([O, 2b))). We equip 2 with usual C'™° topology, i.e. the topology induced
by distance
Then, the following lemma holds. The proof is postponed until the end of this section.

Lemma 4.7. There exists ' C H, such that 7' is of second category in F# and S(H)
is a countable set for any H € H".

deoo (H, H') sz

Take a > 0 sufficiently small so that dHy (Y,) > 0 on Hy,' ([V(P) —b, V(P) +b]) \ {P}.
Then, there exists ¢ > 0 such that if H € J#; satisfies d(;oo(H, Hy) <e¢, then dH(Y,) >0
on H'([V(P) —b,V(P) +8]) \ {P}.

By lemma 4.7, there exists H € % such that do~(H, Hy) < ¢ and S(H) is countable.
Moreover, there exists € € (0,b/2) such that H(x) # V(P) — € for any € S(H), since
S(H) is a countable set.

Let Dy := H '(V(P) £ ¢), and
X :=0D_ND_((0,0)) = {(¢,p) | p= s =0, |g_|> = 2¢}.

We summerize their properties:
Lemma 4.8. (1) (D+,wn,Ya, DL N N) are Liouville quadruples.

(2) WFH,.(D4,wn, D+ N N) = WFH, (Dy(py+e, wn, Dy (pyre N N).
(3) For any x: I — 0D_ in €(0D_,0D_NN), z(0)NE = (.

Proof. Since dH(Y,) > 0 on H ' ([V(P) — b,V(P) +b]) \ {P}, Y, points outwards on

0D,. This proves (1). To prove (2), consider H' := (1 —t)H + tHy for 0 <t < 1 and

DY := (H") ' (V(P)+e¢). Since H' € #; and dc=(H, H;) < ¢, same arguments as in (1)

shows that (D', wy, Y, DY N N)o<i<i is a smooth family of Liouville quadruples. Hence
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(2) follows from proposition 2.7. Finally we prove (3). If there exists z : I — 0D_ in
€ (0D_,0D_ N N) such that x(0I) N X # 0, by reparametrizing = we get an element of
S(H). This contradicts the choice of . O

By (1) and (2) in lemma 4.8, to prove theorem 4.5 it is enough to show
(16) WFH.(D;,wy, Dy N N) = WFH,.(D_,wy, D_N N).

Take p € C*°(R) such that

(1) w'(t) = 0.

0 (t < 0)
(2) u(t)z{t_l/Q i1

t — 2¢
)

Ds == D_U{(q.p) | lg-I" — 2 < |q+|* + Ipl* < ps(|a-[*)}-
Then, D_ C Ds C D, for sufficiently small § > 0.

For 6 > 0, define s € C*°(R) by ps(t) = g +9- u( ), and let

Lemma 4.9. For sufficiently small a > 0, (Ds,wn, Yo, Ds N N) is a Liouville quadruple.
Moreover, WFH,(Ds,wn, Ds N N) = WFH, (D, ,wn, Dy N N).

Proof. To prove the first assertion, it is enough to show that Y, points strictly outwards
on dD;s. On 75! (U),

Y.(q,p) = —aq-0, + (1 +a)p_0,_ + aq 0y, + (1 —a)p;0,, .

If a € (0,1), then —a < 0 and 1+a,a,1—a > 0. Therefore Y, points strictly outwards on
ODs Nyt (U), since ps(t) > 0. On the other hand, since D5 \ 7' (U) = dD_ \ 75" (U),
Y, points outwards on dDs \ 75" (U) for sufficiently small a > 0.

The latter assertion follows from corllary 2.8, since dH(Y,) > 0 on D, \ Djs for suffi-
ciently small a > 0. O

By lemma 4.9, (16) is reduced to:
Lemma 4.10. WFH,.(D_,wy, D_ N N) = WFH,(Ds,wn, Ds N N).

Lemma 4.10 is proved in the next section. In the remainder of this section, we prove
lemma 4.7.

Proof. Define S™(H) and S*(H) by
ST(H)={z:[0,]] > T*N | 1> 0,4 = Xy(z), (0) € D_((0,b)), z(I) € N},
SYH)={z:[0,]] > T*N | 1> 0,4 = Xg(z), z(0) € N, z(l) € D_((0,b)) }.

In the following, we prove that there exists 5~ C ¢ which is of second category in ¢
and for any H € 2, S™(H) is countable. By parallel arguments, we can also show that
there exists /1 C % which is of second category in ¢ and for any H € s, ST(H)
is countable. Then, J#' := 2~ N " satisfies the requirements of lemma, 4.7.
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In the following, we prove that there exists 57~ as above. The proof consists of 9 steps.

Stepl: By definition of 2, any H € J# satisfes H = Hy on 7' (D([O, Qb])). Hence,
following (1), (2) holds for any H € JZ.

(1) If z : [0,t] — 7y' (D([0,20])) satisfies t > 0, & = Xy(x) and 2(0) € D_((0,2b]),
then z(t) ¢ N.

(2) There exists ¢ > 0, which is independent of H and such that: if z : R — T"N
satisfies & = Xp(z) and z(0) € D_([0,b]) then z([0,c]) C mx5' (D([0,20])).

Step2: Let Z be the set of (I, ) where [ > 0 and x € LLZ([O, 1],T*N), such that:
(1) z(0) € D_((0,b)), z(1) € N.

(2) If % <t<1-— %, then x(t) # z(0).

,00) x L"*([0,1],T*N). Let &
*T(T*N) ) For H € 77, define

x
) = 0, then x satisfies following

It is easily verified that # is a Banach submanifold of (0
be a Banach vector bundle over # defined by &, ;) = L2(
sy € (&) by su(z,l) = i(t) — - Xu(z(t)). If sp(z,l

conditions:

(a) z([0,1]) N {|p[* < 2b} \ 75" (D([0,20])) # 0.

b) x|jq) is injective.

y (1) in step 1 and z(1) € N, x([(), 1]) is not contained in 7' (D([O, 2b])). Moreover, if
2(t) = (q(t),p(t)) € my' (D([0,20])),
p®)]” = 2(H (2(t)) = V(a(1))) = 2(V (a(0)) = V (a(t))) < 26— |g(0)[".

(a) follows form this at once.

To prove (b), first notice that if there exists 1 — % < t < 1 with z(t) = z(0), then
x(1) ¢ N by (1), (2) in step 1. Hence x(t) # x(0) for 1 —% <t < 1. Hence, ifx|[01 is not

injective there exists largest 0 < ¢ < 1 such that z(t) = z(0), and t <1 — 7 Moreover,

1
if t < =, then z(2t) = x(0) but this contradicts maximality of ¢. Hence 3 <t<1-— %,

but thls contradicts (2) in definition of A.

Step3: Take any almost complex structure J on T*N, which is compatible with wy.
J induces associated metric and its Levi-Civita connection on T*N, and also on & — 2.
Then, (Vsg)(z) @ Twp# — &) is a Fredholm operator. In particular, CokerVsy =
(ImVsg)*t C &z, 1s finite dimensional. Note that the index of this operator is

dim D_((0,b)) + dim N +1 — dim7*N =k + 1 — n.

Let ¢ € CokerVsy, i.e. ( is orthogonal to

Ve(su) =0 —U(Ved -VH +J-V(VH)) =: 0, — lA(t) - £(2),
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for any ¢ € L"*(2*(T(T*N))) with £(0) € Ty0)D-((0,b)) and &(1) € Ty)N. Hence we
obtain (A*(t) is the adjoint operator of A(t)):

(8 +1A )¢t =0, €(0) € (TuoyD-((0,6)))",  ¢(1) € (ToyN) ™

Step4: We claim that if sy (z,1) = 0, then (9, +(A*(t))(VH ox) = 0 . This is verified
as follows. If (y,l) € £ satisfies y(0) = 2(0) and y(1) = z(1), then (VH oy) - su(y,l) =
H(y(1)) — H(y(0)) = (VH o) - sg(x,l). Hence, if £ € L"?*(2*(T(T*N))) satisfies
€(0) =0 and £(1) =0, then V¢(VH - sy) =0 at (x,1). Since sg(z,l) =0, it follows that
VH - Ve¢(sg) = 0. Since this holds for any ¢ € L"*(2*(T(T*N))) such that £(0) = 0 and
£(1) = 0, the claim follows.

Step5: Let m € Zso, and let 5™ be an affine space consists of H € C™(T*N) such
that supp(H — Hy) C {|p|* < 2b} \ my' (D([0,2b))). ™ is an affine Banach space with
C™ norm. Consider Banach vector bundle 7™ x & — 7™ x A, and define a section
of this bundle s: (H,z,1) + sy(x,1). Xy is C™ ' class vector field, hence s is a C™*
class section. We prove that if s(H,x,l) = 0, then Vs is surjective at (H,x,l). If this
is not true, there exists ¢ € CokerVsy(z,l), such that ( # 0 and ¢ - (JVh)oz =0
for any h € ™ — Hy. By (a) in step 2, there exists 0 < ¢y < t; < 1 such that
z([to,t1]) € {lp|* < 20} \ @' (D([0,28])). Moreover, x|y, is embedding by (b). If a

t1
section 7 of o*(T(T*N)) |z, satisfies / n(t) - (t)dt = 0 and suppn C (to, 1), there
to

exists h € ™ — Hy such that n(t) = Vh(z(t)). Hence ( = aVH oz on (to,t;)
for some constant a. Since ¢ and VH o x both vanishes by the differential operator
Oy +1A*(t), ( =aVHox on [0,1]. In particular, ((0) = aVH(z(0)). Hence aVH (z(0)) €
(TI(O)D_((O, b)))L. On the other hand, dH|TI(0)D,((0,b)) # 0. Hence we obtain a = 0,
contradicting ¢ # 0.

Step6: By step 4, s~(0) is a C™ ! class Banach submanifold of /™ x 2. Consider
Tam 5 1(0) — ™ (H,z,]) — H. This is a C™ ! class Fredholm map of index
k+1—n <0 (recall k <n —1). Hence by Sard-Smale theorem, the set of regular value
of mm (denote by J%) is of second category in . Note that H € J#; if and only
if sy : B — & is transversal to 0.

Step7: For any § > 0, let

BO):={(z,) e B |x(0) € D_([6,b—146)),6 <1< 1},
R e%ﬂm\ﬂjfm (Crit(ﬂ'jfm) ﬂ%(é))

reg,0 -=
Obviously, #g = ﬂ A s We show that S 5 is open in ™. 1If (H,, 7y, ln)n s a
>0
sequence on Crit(mem) N A(J) and (H,), converges to some H,, in ™, then certain
subsequence of (x,,1,) converges to some (Zoo,ls), hence (Huo, Too, loo) € Crit(mem) N
PB(65). Therefore F™ \ H 5 is closed in S™.

reg,d

Step8: For any 0 > 0, let Heg 5 := H g 5N (this does not depend on m). We show
that e s is open dence set in 7. Openness is clear since 7, 5 is open in ™ and the

inclusion J€ — J#™ is continuous.
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To show that % is dence in JZ, first notice that JZ, 5 is dence in JZ™ by step 6.

reg,

Hence for any H € J7, there exists H,, € J, ; such that |H — H,,|cm < 27™. Since
m

regs 18 open in J™, there exists 0 < ¢ < 27™ such that c-neighborhood of Hj with
respect to | - |gm is contained in 27 5. Then, take H € S so that |H,, — H, |cm < ¢,

reg,0"
then H), € Hogs and |H — H] |cm < 2™ hence lim H] = H in 5. This shows that
Hegs is dence in J.

m—00

Step9: Let J ., = ﬂ Heog,5- e 18 Of second category in JZ by step 8. Note that
5>0
H € J if and only if sy : 28 — & is transversal to 0. Since virtual dimension of 31}1(0)

is1+k—n <0, s;'(0) is a countable set for any H € 5,,. Therfore it is enough to
show that if s3;'(0) is countble, then S~ (H) is countable.

Let Sy (H) := {x € S™(H) | « is injective}, and S; (H) == S~ (H) \ Sy (H). Sy (H)
is countable, since there exists injection Sy (H) — s (0) which maps z : [0,1] — T*N
to [0,1] — T*N;t — x(tl). Hence it is enough to show that S (H) is countable. Take
x € Sy (H). Since x is not constant, there exists smallest 0 < ¢ < [ such that z(t) =
2(0). Then (y,t) € s5'(0) where y: [0,1] — T*N;7 + x(t7). Moreover, there are only
countably many € > 0 such that z() € N. Hence we obtain map S; (H) — s (0), such

that preimage of each element of s (0) is countable. Therefore, S (H) is countable.
This completes the proof. 0

5. HANDLE ATTACHING

In this section, we prove lemma 4.10. In 5.1, we prove a preliminary lemma on Floer
trajectories (lemma 5.1). In 5.2, we give a proof of 4.10.

5.1. Lemma on Floer trajectories.

Lemma 5.1. Let (M,w, X, L) be a Liouville quadruple, and \ := ixw. Let M™ be a
compact submanifold of M such that (M™, w|pgin, X |y, LOM™) is a Liouville quadruple.
We denote the Reeb vector field and the contact distribution on (OM™,\) by R™, £™.

Let H H' € H,4(M), (H®), be a monotone homotopy in (M) from H to H', and
(J])st be a family of elements of #(M). Assume that there exists a € C*(R) and
0 < v <1 with following properties:

a(—s0) (s < —s0)

a(50) (5> s50) Moreover, a(—sg),a(so) ¢

(1) There exists sg > 0 such that: a(s) = {

o (OM™ N 9L™).
. . l
(2) H(2,p) = a(s)(p —v) on MP\ MP(}). -
(3) For any s € R and t € [0,1], J; preserves &™ and J(9,) = p 'R on M™ \
M™(v?).

Assume that x_ € €(H), x, € €(H') satisfy $,([0, 1]),34([0, 1]) C M™. Then, for any
u € Mgy, (v, 24), w(R x [0,1]) € M™.
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Following proof is based on [AS], section 7.

Proof. By a(—so), a(so) ¢ &/ (OM™, X", OL™) and assumption (2), z_([0,1]), 24 ([0, 1]) C
M™ (7). We claim that u(R x [0,1]) C M™(v?) for any u € e///A(Hs,Jts)s’t(x,,xQ. First
notice that for any p € (V%, 1], D, := R x [0,1] \ " (intM™(p)) is a compact set. If
the claim is not true, there exsits p € (l/%, 1] such that D, # (. For generic p, u and

u|rx{0,1}is transverse to OM™ x {p}, hence we may assume that D, is a compact surface
with boundaries and corners.

Let
ouD,:=0D,NR x {0,1}, ovD,:=0D,NR x (0,1).

It is easily verified that u, is not constantly 0 on D,. This implies

|0su

2o dsdt > 0.
t
D,

Since u satisfies the Floer equation Osu — J;0yu — ViH® =0,

/ |0su
D

P

= / —u*S\—I—HS(u(s,t))dt.
oD,

?ff + O, H® (u(s, t))dsdt = / @(Opu, Osu) + dH*(9su) + O H (u(s, t))dsdt

Dy

We calculate the last term. First we calculate the integration on 0y D,,:
/ —u*A+ H* (u(s,t))dt = / —u*A=0.
duD, 0D,
The first equality follows from dt|s, pr = 0, and the second equality follows from u(dyD,) C
L and A|; = 0. On the other hand, since u(dy D,) C IM™ x {p}, we get
(s,t) € 0y D, = H*(u(s,t)) = a(s)(p—v), AN Xus(ul(s,t)) = a(s)p.

Therefore

/ —u*\ + H* (u(s,t))dt = / MXps @ dt — du) — u/ a(s)dt.
ava 8VDp aVDp
On the other hand, Floer equation is equivalent to

where j is a complex structure on R x [0, 1], defined by j(0s) = 0;. Therefore
/ MXpgs @ dt — du) = —/ A(Jg o (du — Xpgs @ dt) 0 j).
BVDP aVDp
AJP o Xpa) = =AN(VEH®) = 0 on OM™ x {p}. Moreover, if V is a vector tangent to
OvD,, and positive with respect to the boundary orientation, then jV points inwards,
hence dp(jV) > 0. Hence A(J7 o duo j)(V) > 0. Therefore,
dv D,
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Finally,

/ |0su
D,

Since ;H® > 0 and Jsa > 0(this follows from (2) and d;H* > 0), this implies

/ |0su
Dy

This is a contradiction. [l

is + O, H* (u(s, t)) dsdt < —V/ a(s)dt = —v [ Osa(s,t)dsdt.

avD, D,

is dsdt < 0.

5.2. Handle attaching. In this subsection, we give a proof of lemma 4.10. First we
prove the following lemma, which is easily proved using Moser’s trick.

Lemma 5.2. Let X be a manifold (not assumed to be compact) and Y be a submanifold
of X. Let (At)o<t<1 be a smooth family of contact forms on X such that M|y = 0 and
dXy = d)\g for any t.

Then, for any compact set K in'Y, there exists V', a neighborhood of K in X , and
(¥1)o<t<1, a smooth family of embeddings from V to X with following properties:

(1) o is an mcluszon V— X.

(2) wt )‘0

(3) v (Y ) vy,

(4) wt]\my is an inclusion VNY — X.

Proof. First we show that there exists W, a neighborhood of K in X, and (&), a family
of vector fields on W such that L\ + 0\ =0and & =0on WNY.

Take W, a neighborhood of K in X so that the restriction morphism Hjgz(W) —
Hjr(WNY) is an isomorphism. Since d\; = d)\g for any t, 9;\; is a closed form. Moreover,
8t)\t‘y = 0 since A\¢|y = 0 for any ¢. Hence (O;\;); is a smooth family of exact one forms
on W. Hence there exists (f;);, a family of C*° functions on W such that df; = 9;\;. We
may assume that f; vanishes on Y, since 9;)\; vanishes on Y and Hig (W) — Hiz (W NY)
is an isomorphism.

Let R; be the Reeb vector field of (X, \;) and & := — f; R;. Then, & vanishes on Y and

Lﬁt)\t - ’l& (d)\t) -+ d(zét)\t) - —dft = —8t)\t.

Integrating (&), we obtain (¢;)¢, a family of embeddings from certain neighborhood of
K to X. Then, o\, = \o. Finally, if we take V sufficiently small, ¥, := (;) ']y can be
defined for all 0 < ¢ < 1 and satisfies the condition of the lemma. OJ
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We explain some definitions, which are used in the following of this paper. For suffi-
ciently small § > 0, we define subsets of ' (U), A, A}, Bs,Cs by
Az ={(@p) | IpP* +la+* = lg-|* — 22 < 6},
A? - {( p) | I +lasl? = ps(lg-1?) < 6},
{(a.p) | Ip]* + lg+|* = |g-|* — 2¢ = 5},
{ ) | la-* = 2¢ < |p* + a4 < ps(ja-1?) } U AT

Recall that we have considered 7' (U) as a subset of R*" using coordinate (g, p). Hence
we consider these sets also as subsets of R*".

We have shown in lemma 4.9 that (Ds,wy, Y,, Ds N N) is a Liouville quadruple for
sufficiently small a. In the following of this paper, we fix such a and denote it by ay.

1
Take arbitrary smooth function a on [0, 1] such that a(0) = ay and a(1) = =. By lemma

5.2, there exists V', a neighborhood of ¥ in dD_, and (¢,);, a family of embeddings from
V to 0D_ with following properties:

(1) 4o is an 1nclu810n V —0D_.
(2) @/Jt hag = )- (Aq denotes iy, wn.)
(3) ¥ (0D_ ﬂ N) VNN.
(4) wtlva is an inclusion VNN — 9D_.
Since | Ay = %, Ay C V for sufficiently small § > 0. If Ay C V, (Cj,wy, Yagp), CsnN)

6>0
can be glued to (D_,wy,Ys,, D_ N N) by ¥|c,nop - As a result, we get a Liouville

quadruple. We denote it by (Cg Uy, D—, wy, Zt, Lt).
We make two remarks which are clear from constructions:

Remark 5.3. (1) 9(Cs Uy, L D_) = (8D \ ¥(Ay)) U AL
(2) For any §,0" > 0, Cs Uy, 1 Uy, D_ and Cy Uy, | Uy, D_ can be identified naturally.

It is clear from construction that (C’(;Uwo D_,wy, Zy, LO) is isomorphic to (Ds, wy, Ya,, DsMN
N) as Liouville quadruple. Hence, by proposition 2.7, to prove lemma 4.10 it is enough
to show that

(17) WFH, (C5 Uy, D_,wi, L) = WFH,(D_,wy, D_ N N).

Let («;); be an increasing sequence of positive numbers, such that lim «; = oo and

1—00

a; & A (0D_, Ny, OD_ N N). Let v € (0,1), and take F; € H#q(D _) such that:

o [ < Iy < )
o Fi(z,p) =a;(p—v)on dD_ x [v2,00).
Since (F;); is cofinal in (%ﬁd(ﬁ_), <),
(18) WFH,(D_,wy, D_ N N) = lim WFH, (F})

1—00
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Hence to prove (17), it is enough to show

(19) WFHe,, (Cs5 Uy, D, w1, Ly) 2 lim WFH.,,(F)

1—00

for each positive integer m. In the following, we fix  and denote it by dq.

Denote the Reeb vector field on (0D_, \,,) by R.

Lemma 5.4. For any a > 0, there exists 6(c) > 0 such that any § € (0,6(cx)) satisfies
following:

Assume that x : I — 0D_ satisfies & = R(x), ©(0I) C ¢4 (Bs)U(OD_NN),
x(0I) N1 (Bs) # 0 and x(I) is not contained in 1 (A;z,). Then, |I| > a.

Proof. Assume that this lemma is not true. Then, there exists y : J — 9D_ such that
§ = R(y), y(©J) < (V1 (45) U OD- O N), (@) N () 1(47) # 0, and y(J) is not
0>0

>0
contained in ¢, (Aj, ). Note that

Noa(4) =i (ﬂ E) — (D) =3

6>0 6>0

In the last equality, we use property (4) of ¢;. Hence y(0J) C dD_NN, and y(0J)NY # (.
Since ¥ C 91(Ay, ), y is not constant and |J| > 0. Hence y € €' (0D_, Ao,,0D_NN). But
this contradicts (3) in lemma 4.8. O

We can take sequences (d;); and (G;);, where ¢; € R.y and G; € %’Qd(C’(;OmD_), such
that (9;); satisfies

6-(1): 0 < &; < min{do, 8(c;)}.
0-(2): 01 > 09 > -
9-(3): lim ¢; = 0.

and (G,); satisfies

- 1) Gi|D_ = E|D_- .

2): (G;); is a cofinal sequence in (#q(Cs, Uy, D_), <).

3): There exsits a sequence iy < i < --- such that G;;, < Gy, < ---.

4): Gi(z,p) = ai(p — v) for (z,p) €(0D- \ ¥1(4;)) %[1, 00).
): If © € €(G;) satisfies 2([0,1]) € Cs, U Af x (1,00), then x is a constant map to
(0,...,0) and indx > m.

In G-(4), we consider (0D_ \ ¢1(A;))x[1,00) to be subset of C(;O/U;;D_ (see remark
5.3).
By G-(1), D_ is an invariant set of X¢,. Hence € (G;) is divided into two subsets:
¢ (G;) ={z € €(G;) | z([0,1]) c D_}, €(Gy) ={x €€ (G |=([0,1]) N D- =0}.
By G-(1), €_-(G;) can be naturally identified with €'(F;).
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Lemma 5.5. If z € €,(G;), then z([0,1]) C Cs, UAL x (1,00).

Proof. Assume that there exists ¢ € [0,1] such that z(t) ¢ Cs, U A} x (1,00), hence
z(t) € (0D_\ ¥1(A;,)) x [1,00). Let I be the largest closed interval which contains ¢
and z(I) C (0D- \ ¢1(4;,)) % [1,00). Then |I| > 0, and z(9I) is contained in (¢1(Bs,) U
(0D_NN)) x [1,00).

By G-(4), X¢, = o - (R,0) on (0D_\91(A;)) x [1,00). Define y : I — dD_ by y(t) =
7o x, where 7 is a projection to dD_. Then § = a; R(y), y(0I) C 11(Bs,) U (OD_ N N)
and y(t) ¢ ¥1(A;,). Since §; < d(a), y(91) N1(Bs;) = 0. Hence y(0I) C 9D_N N, but
this contradicts oy ¢ &7 (0D_, A\s,, 0D_ N N). O

By lemma 5.5 and G-(5), €. (G;) consists only of constant map to (0,...,0) and its
index is larger than m. Hence WFC.,,(G;) is generated by elements of €_(G;). On
the otherhand, since €_(G;) can be identified with €(F;), there is an isomorphism of Zy
module WFC.,,(F;) — WFC<,,(G;). By lemma 5.1, if almost complex structures (which
are used to define differential on WFC,(F;) and WFC, (G;)) satisfy assuption (3) in lemma
5.1 with M™ = D_, this is an isomorphism of chain complexes. Denote this isomorphism
by ®,.

Take (ig)x as in G-(3), and consider following diagram:

WFCgm (sz) - WFCSm(FikH)

WFCep (Gy,) —> WECon (G-

Horizontal arrows are monotone morphisms induced by strong monotone homotopies.
Again by lemma 5.1, if almost complex structures (which are used to define monotone
morphisms) satify assumption (3) in lemma 5.1 with M™ = D_, the above diagram

commutes. Taking homology of this diagram and letting i — oo, we get (last equality
follows from G-(2))

hl’ﬂ WFHSm(E) = hm WFHSm(Gz) = WFHSm (Cg le D_7 w1, Ll)

1—00 1—00

Hence we have proved (19).
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