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Abstract

We investigate the m-relative entropy, which stems from the Bregman diver-
gence, on weighted Riemannian and Finsler manifolds. We prove that the displace-
ment convexity of the m-relative entropy is equivalent to the combination of a lower
Ricci curvature bound and the convexity of the weight function. We use this to
show appropriate variants of the Talagrand, HWI and the logarithmic Sobolev in-
equalities, as well as the concentration of measures. We also prove that the gradient
flow of the m-relative entropy produces a solution to the porous medium equation.

1 Introduction

The displacement convezity was introduced in McCann’s influential paper [Mc1] as the cov-
exity along geodesics in the Wasserstein space. Recent astonishing development of optimal
transport theory reveals that the displacement convexity of an entropy-type functional
plays important roles in the theory of partial differential equations, probability theory and
Riemannian geometry (see [Vil], [Vi2] and the references therein). For instance, on a com-
pact Riemannian manifold (M, g) equipped with the Riemannian volume measure volg,
the gradient flow of the relative entropy Enty, (see (3.2)) in the L?-Wasserstein space
(P(M),W5) produces a weak solution to the heat equation ([Ohl], [GO], [Vi2, Chap-
ter 23]). Then the K-convexity of Enty,, for some K € R (denoted by Hess Enty,, > K
for short) implies the K-contraction property

W2 (p(ta €, ) VOlg7p(t7 Y, ) VOlg ) S €_th(l', y)

of the heat kernel p : (0,00) x M x M — (0,00) (and vice versa, [vRS]). The condition
Hess Enty,), > K is called the curvature-dimension condition CD(K, co) and known to be
equivalent to the lower Ricci curvature bound Ric > K ([vRS]). There is a rich theory
on general metric measure spaces satisfying CD(K,00) ([St1], [LV2], [Vi2, Part III]).
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Especially, CD(K, 00) with K > 0 is an important condition which yields, among others,
the logarithmic Sobolev inequality and the normal concentration of measures (a kind of
large deviation principle).

The curvature-dimension condition is extended to CD(K, N) for general K € R and
N € (1,00], and then CD(K, N) is equivalent to the lower bound of the weighted Ricci
curvature Ricy > K of a weighted Riemannian manifold (M, w), where w is a conformal
deformation of vol, ([St2], [LV1]). However, CD(K,N) with N < oo is written as a
simple convexity condition only when K = 0 (and it causes some difficulties when K # 0,
see [BS]). Precisely, CD(0, N) is defined as the convexity of the Rényi entropy Sy (=
(m —1)E,, —1 with m = 1 —1/N, see (3.1)), while CD(K,N) with K # 0 is a more
subtle inequality involving the integrand of Sy. It will be observed in Remark 4.3(2) that
Hess Sy > K is actually meaningless when K # 0.

In this article, we introduce and consider a different kind of entropy H,,(-|v) for
m € [(n—1)/n,1) U (1,00) —we call this the m-relative entropy— which is related to,
but different from Sy. Here v = exp,,(—V)w is a fixed conformal deformation of w, and
exp,, is the m-exponential function (see Subsection 2.2). Our definition of H,,(-|v) stems
from the Bregman divergence in information theory/geometry which is closely related to
the Tsallis/Rényi entropy (see Subsection 3.1). Roughly speaking, H,,(u|v) represents
the difference between p and v. Taking the limit as m tends 1 recovers the usual relative
entropy Ent, (or the Kullback-Leibler divergence H(-|v)). Our results will guarantee that
H,,(-]v) is a natural and important object.

Our first main theorem asserts that Hess H,,(-|v) > K in (P*(M), W5) is equivalent to
the combination of Ricy > 0 with N = 1/(1—m) and Hess W > K, where Ricy is of (M, w)
(Theorem 4.1, we remark that N can be negative, such Ricy would be of independent
interest). It is interesting to obtain such split curvature bound/convexity conditions from
a single convexity condition of the entropy. Then, according to the technique similar
to the curvature-dimension condition, we show that Ricy > 0 and HessW > K imply
appropriate variants of the Talagrand, HWI, logarithmic Sobolev and the global Poincaré
inequalities (Propositions 5.1, 5.4, Theorem 5.2), and also the concentration of measures
(Theorem 6.1). Furthermore, the gradient flow of H,,(-|v) produces a weak solution to
the porous medium equation of the form

= LA + vV D),

where A¥ and div,, are the Laplacian and the divergence associated with the measure w
(Theorem 7.6). Most results hold true also for Finsler manifolds thanks to the theory
developed in [Oh2] and [OS] (see Section 8).

Former work on this kind of entropy has been concerned with only the unweighted
Euclidean spaces (R", dx) where w = dz is the Lebesgue measure (as far as the authors
know). Among them, Otto [Ot] demonstrated that the gradient flow of the Tsallis entropy
E,, solves the porous medium equation, and it is shown in [AGK], [CGH] and [Ta2| that
Hess U > K > 0 (with v = exp,,(—V)dz) implies various functional inequalities. Even in
this unweighted Euclidean situation, however, the equivalence between Hess W > K and
Hess H,,(-|v) > K and the concentration of measures are previously unknown.

The organization of the article is as follows. After preliminaries, we introduce the
m-relative entropy H,,(-|v) in Section 3, and show that Hess H,,(-|v) > K is equivalent to
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Hess U > K with Ricy > 0 in Section 4. Using this equivalence, we obtain several funci-
tonal inequalities in Section 5, and the concentration of measures in Section 6. Section 7
is devoted to the study of the gradient flow of H,,(:|v). Finally, we treat the Finsler case
in Section 8.

2 Preliminaries

Throughout the article except Section 8, (M, g) will be an n-dimensional Riemannian
manifold with n > 2. We denote by B(z,r) the open ball of center z € M and radius
r > 0.

2.1 Weighted Ricci curvature

We fix a conformal change w = e~¥vol,, with 1y € C*°(M), of the Riemannian volume
measure vol, as our base measure. Given a unit vector v € T, M and N € (—o0,0)U(n, 00),
we define the weighted Ricci curvature by

Ricy(v) := Ric(v) + Hess ¢ (v, v) — % (2.1)

We also set
Ric(v) 4+ Hess (v, v) if (Vip,v) =0,

—00 otherwise.

Ric,(v) = {
Observe that, if ¢ is constant, then Ricy(v) coincides with Ric(v) for all V.

Remark 2.1 We usually consider Ricy only for N € [n, o0] (where Rice(v) = Ric(v) +
Hess 1(v,v) is the Bakry-Emery tensor, see [BE], [Qi], [Lo]), and then it enjoys the mono-
tonicity: Ricy(v) < Ricy/(v) for N < N’. Admitting N < 0 violates this monotonicity,
but we abuse this notation for brevity. The reason why we consider this range of N will
be seen in (2.2).

As we mentioned in the introduction, Ricy > K for some K € R and N > n is equiv-
alent to Sturm’s curvature-dimension condition CD(K, N). Spaces satisfying CD(K, N)
behave like a space with dimension < N and Ricci curvature > K (see [St2], [LV1], [Vi2,
Part I11]).

2.2 Generalized exponential functions and Gaussian measures

We briefly recall the m-calculus, see [Ts2] for further discussion. We introduce a parameter
m such that
m € [(n—1)/n,1)U (1, 00).

We sometimes eliminate the special case m = 1/n = 1/2 or restrict ourselves to m < 2.
We set
N=N(m):=1/(1—=m) € (—00,0) U [n, c0). (2.2)



Define the m-logarithmic function by

In,,(t) =

t>0 ifm>1.

tmt—1 {t>0 if m <1,
— fo
m—1

Note that In,, is monotone increasing and that the image of In,, is (—oo,1/(1 —m)) if
m < 1; [-1/(m — 1),00) if m > 1. We define the m-ezponential function exp,, as the
inverse of In,,, namely

expp(t) = {1+ (m = 1)t} for { te[=1/(m—1),00) ifm>1.
For the sake of simplicity, we set exp,,(t) := 0 for m > 1, ¢t < —1/(m —1). For t > 0, we
define

" —t
m(t) :=tln,,(t) = )
enlt) 1= (1) = =
We also set e,,(0) := 0. Observe that
lim1 In,,(t) = In(?), lim1 exp,,(t) = ¢, lim1 em(t) = tin(t).

Remark 2.2 (1) Taking m < 1 and m > 1 give rise to qualitatively different phenomena
(see Lemma 2.4, Example 2.5 for instances). Nonetheless, most of our results cover both
cases.

(2) In some notations, it is common to use the parameter ¢ = 2—m instead of m (e.g.,
exp, and ¢g-Gaussian measures). In the present paper, however, we shall use only m for
simplicity.

Using exp,, and w = =¥ vol,, we will fix
v =ow:=exp,,(—¥)w

as our reference measure, where ¥ € C'(M) such that ¥ > —1/(1 —m) if m < 1. For
later convenience, we set

Moo M for m < 1,
O U ((—o0,1/(m — 1)) for m > 1,

and assume that M, is nonempty. Note that suppv = M, holds in both cases. We shall
study how the convexity of U is related to the geometric/analytic structure of (M, v).
Given K € R, we say that ¥ is K-convez in the weak sense, denoted by Hess W > K, if
any two points z,y € M admits a minimal geodesic 7 : [0, 1] — M between them along
which

(5(1) < (1= () + 1E(y) — 5 (1~ Dt y)? (2.3

holds for all ¢ € [0,1]. Note that this is equivalent to saying that (2.3) holds along any
minimal geodesic y between x and y, for 7| 1_ is a unique minimal geodesic for all € > 0
and W is continuous.



Remark 2.3 Consider a different presentation v = (co)(c™'w) =: 60 of v for some
constant ¢ > 0. Then the weighted Ricci curvature Ricy is unchanged, while

g = cexp,,(—¥) = {Cm*1 —(m— 1)Cm71\11}1/(m71)
o1 _ 1 1/(m—1) _
e R Gl B S

m—1

and hence Hess U = ¢! Hess .

Sections 5, 6 will be concerned with the case where HessW > K > 0 as well as
Ricy > 0. In such a situation, it turns out that v has finite total mass. Here we give
explicit estimates for later use (in Section 6).

Lemma 2.4 Assume that Hess W > K holds for some K > 0, and take a unique mini-
mizer xg € M of U.

(i) If m <1 and Ricy > 0, then o € L(M,w) for all ¢ € (1/2,1]. Moreover, we have
/ 0% dw < Cy(w) ™ v(M)° + Co(m, ¢, w) K/ Mm=Y.
M

(ii) If m <1 and Ricy >0, then [,, d(zo,z)? dv < oo for allp € [1,1/(1 —m)).

(iii) If m > 1, then My and suppv are convex in the sense that any minimal geodesic
connecting two points in My or supp v is contained in My or supp v, respectively. In

addition, we have
9 1 1/2
suppv C B Zo, % ﬁ — ‘P(.To) .

Proof. By our assumption Hess ¥ > K > 0, we find a unique point xy € M, such that
U(xp) = infy, U. Then we deduce from (2.3) that

W(5(1)) 2 (o) + - d(mo, 4(1))’

holds for all minimal geodesics v with v(0) = 2. Thus we have

o(x) = exp,, ( — \I/(a;)) < exp,, ( — U(zg) — %d(mo7 x)2> (2.4)
for all z € M,.

(i) Denote by area, (S (zo,7)) the area of the sphere S(xg,r) := {x € M |d(z¢,x) =1}
with respect to w. Then (2.4) implies

o0 K C
/ odw < / o¢ dw —i—/ exp,, (_ W(zg) — —7“2) area,, (S(l’o, 7”)) dr.
M B(Z‘o,l) 1 2



On the one hand, if follows from Ricy > 0 that, for r > 1,
area,, (S(zo, 7)) < ¥ 'area, (S(z0,1)) = ™/ 1=m) area,, (S(zo,1)).

Therefore we obtain, putting a := exp,, (=¥ (zy))™ ! > 0,
o0 K ) c
exp,, | — ¥(zo) — 57” area,, (S(Q}O"]”)) dr
1

o0 K /(m—1)
< area,, (S(xo, 1)) / {CL ™ (1 N m)?rQ} Fm/(1=m) .
1

00 K ¢m=1
= area,, (S(:CO’ 1)) / {ar2 +(1— m)—} F(m=20)/(1=m) 7.
1

2
K ¢/(m=1)  poo
< area,, (S(a:o, 1)){(1 — m)g} / p(m=20)/(1-m) 1.
1
(1 _ m)c/(m—l)—H K c¢/(m—1)
= area,, (S(:Uo, 1)) e 1 o)

=: Cy(m, c,w) KMV < o0,

On the other hand, as v(M) < oo is already observed, the Holder inequality yields
/ odw < (/ adw> w(B(o, 1))1_C < v(M)‘w(B(o, 1))1_C
B(zo,1) B(zo,1)
= C)(w)" " v(M)".

(ii) We similarly deduce that

/ d(xg, )P dv(z)
M\B(z0,1)
< r?exp,, | — V(xo) — 57 ) areay (S(zo,7)) dr
1
2

1— m)m/(m—l) K 1/(m-1)
1—(1—m)p <5)

1/(m=1) oo
< area,, (S(z0,1)) {(1 - m)—} / ppr(m=2)/(1-m) g..
1

= area,, (S(z0,1)) (

< 00.

(iii) Recall that suppv = U=1((—o00,1/(m — 1))). Therefore M, and supp v are convex

and (2.4) shows the desired estimate.

Example 2.5 (m-Gaussian measures) One fundamental and important example is

the m-Gaussian measure on R™ defined by

Np(v,V) = odx == Co(detV) V2 exp,, | — %(x — 0,V Hx —v))|dxr,



where dz is the Lebesgue measure, v € R™ is the mean, V € Sym™(n, R) is the covariance
matrix, and Cy, C are positive constants depending only on n and m (see [Ta2]). Then
clearly Hess W = C;**(detV)(1=™/2. 01V =1 and hence

Hess U > C 1 (detV)(1-m)/2 A1

holds by taking Remark 2.3 into account, where A denotes the largest eigenvalue of
V. Note that N,,(v,V) has unbounded and bounded support for m < 1 and m >
1, respectively. The family of m-Gaussian measures will play interesting roles also in
Sections 3, 5, 7.

2.3 Wasserstein geometry

We very briefly recall optimal transport theory and Wasserstein geometry. We refer to
[Vil], [Vi2] for basics as well as recent diverse development of them.

Let (X, d) be a metric space. A rectifiable curve 7 : [0,1] — X is called a geodesic if
it is locally minimizing and has a constant speed, we say that v is minimal if it is globally
minimizing (i.e., d(y(s),v(t)) = |s — t|d(7(0),~(1)) for all s,t € [0,1]). If any two points
in X is connected by a minimal geodesic, then (X, d) is called a geodesic space.

We denote by P(X) the set of all Borel probability measures on X, and by PP(X) C
P(X) with p > 1 the subset consisting of measures p of finite p-th moment, that is,
[ d(z, y)? du(y) < oo for some (and hence all) x € X. Given u,v € P(X), a probability
measure 7 € P(X x X) is called a coupling of 1 and v if its projections are p, v, namely
T(A X X) = u(A) and 7(X x A) = v(A) hold for any measurable set A C X. We define
the LP-Wasserstein distance between p, v € PP(X) by

™

W) =int ([ ey dw(x,w)l/p,

where 7 runs over all couplings of © and v. We call 7 an optimal coupling if it attains the
infimum above. We remark that W, (u, v) is finite since p, v € PP(X), and it is indeed a
distance of X if X is complete and separable. Then the metric space (PP(X), W,,) is called
the LP-Wasserstein space over X. If X is compact, then (PP(X), W,) is also compact and
the topology induced from W, coincides with the weak topology.

We will consider only the case of p = 2 that is suitable and important for applications
in Riemannian geometry. A minimal geodesic between p,v € P?(X) amounts to an
optimal way of transporting u to v. Then it is natural to expect that such an optimal
transport is performed along minimal geodesics in X, that is indeed the case as seen in the
following proposition. We denote by I'(X) the set of all minimal geodesics v : [0,1] — X
endowed with the topology induced from the distance dr(x) (v, 7) = sup,eo 1) d(7(t), (1))
For t € [0,1], define the evaluation map e; : T'(X) — X as e;(y) := () and observe
that it is 1-Lipschitz.

Proposition 2.6 ([Vi2, Corollary 7.22]) Let (X,d) be a locally compact geodesic space.
Then, for any p,v € P*(X) and any minimal geodesic a : [0,1] — P?(X) between them,
there exists I € P(I'(X)) such that (e x eq)4I1 is an optimal coupling of p and v and
that (e;)3I1 = a(t) holds for all t € [0, 1].



We denoted by (e;);II the push-forward measure of II by e;. In Riemannian manifolds,
a more precise description of an optimal transport using a gradient vector field of some
kind of convex function is known. We first recall McCann’s original work on compact
Riemannian manifolds. Denote by P,.(M, vol,) C P(M) the set of absolutely continuous
measures with respect to the volume measure vol,,.

Theorem 2.7 ([Mc2, Theorems 8, 9]) Let (M, g) be a compact Riemannian manifold.
Then, for any p € Pac(M,voly) and v € P(M), there exists a (d*/2)-convex function
v : M — R such that the map Ti(z) := exp,(tVp(x)), t € [0,1], provides a unique
minimal geodesic from p to v. To be precise, (Ty x Tq)ypv is an optimal coupling of p and
v, and p, = (T;)spv is a minimal geodesic from pig = p1 to 1 = v.

See [Vi2, Chapter 5] for the definition of the (d?/2)-convex function, here we just
remark that it is locally semi-convex in compact spaces. Such convexity is important as
it implies the almost everywhere twice differentiability, and is generalized to noncompact
spaces in [FG].

Theorem 2.8 ([FG, Theorem 1]) Let (M, g) be a complete Riemannian manifold. Then,
for any p € P2(M,vol,) and v € P*(M), there exists a locally semi-convex function
¢ : M — R such that the map T;(x) := exp,(tVe(z)), t € [0,1], provides a unique
minimal geodesic from j to v.

3 (eneralized entropies

Before discussing the m-relative entropy, we briefly review the Boltzmann and the Tsallis
entropies (see [Tsl], [Ts2]), and explain the motivation related to information geometry
(see [Am], [AN]). The readers familiar with (or not interested in) these can skip to
Subsection 3.2.

3.1 Background: Tsallis entropy and information geometry

Entropy is a functional playing prominent roles in thermodynamics, information theory
(sometimes with the opposite sign) and many other fields. It describes how particles dif-
fuse in thermodynamics, and measures the uncertainty of an event in information theory.
The most fundamental entropy is the Boltzmann(-Gibbs-Shannon) entropy given by

E(p) = —/ plnpdx

for = pdx € Pae(R™, dx), where dz is the Lebesgue measure.

Boltzmann entropy is thermodynamically extensive (and probabilistically additive) and
suitable for the treatment of independent systems. Recently, there is a growing interest
in strongly correlated systems and nonextensive entropies. Among them, we consider the
Tsallis entropy defined by

En(p) = —/ em(p) dr = —/ pln, pdr = — pm _fdx (3.1)
n n Rn -
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for p = pdr € Pae(R™, dx), where m € [(n — 1)/n,1) U (1,2]. Note that letting m tend
to 1 recovers the Boltzmann entropy E(u). One can connect E and E,, via Gaussian
measures as follows. On the one hand, given v € R" and V € Sym™ (n,R), the (usual)
Gaussian measure

1
N(v, V)= (detV)"Y2exp | — 5(93 —0,V Hz —v))|dz

1
maximizes F among i € Pae(R", dz) with mean v and covariance matrix V. On the other
hand, the m-Gaussian measure N,,(v, V') defined in (2.5) similarly maximizes Es_,, under
the same constraint (for m # 1/2,2).

In the following sections, we shall verify that a number of further geometric/analytic
properties and applications of E have counterparts for E,,. Precisely, since E,, itself is
not really interesting in our view (see Remark 4.3(2)), we modify E,, in the manner of
information geometry.

We start from the family of Gaussian measures

N(n):={N@,V)|veR" Ve Sym"(n,R)}

as an ((n? 4 3n)/2)-dimensional manifold. In information geometry, we equip N'(n) with
the Fisher information metric mp which is different from the Wasserstein metric Ws. In
fact, (M(1),mp) has the negative constant sectional curvature ([Am]) and (N (1), W3) is
flat (cf. [Tal, Theorem 2.2] and the references therein). The Fisher metric admits a pair
of dually flat connections (ezponential and mizture connections) and the Kullback-Leibler

divergence
H(plv) = / P1n (B) dv
n 0 o

for v = odx € Poc(R",dx) and 1 = pdz € Pae(R™, v). Note that H(u|v) is nonnegative by
Jensen’s inequality. The square root of the divergence H(u|v) can be regarded as a kind
of distance between p and v. It certainly satisfies a generalized Pythagorean theorem,
though it does not satisfy symmetry nor the triangle inequality. The Kullback-Leibler
divergence H (u|v) coincides with the relative entropy Ent,(u) of p with respect to v.
More precisely, Ent, (1) is defined for 4 € P(R™) and Borel measure v on R™ by

f]Rn slngdr for = qv € Pae(R™, v),
%) otherwise,

Ent, (u) := { (3.2)

and then Ent,(u) > —Inv(M).
The family of m-Gaussian measures

N(n,m) :={Nn(v,V)|veR", V& Sym"(n,R)}

similarly admits dually flat connections and the corresponding Bregman divergence ([3-
divergence) is

H,(p|v) = m Rn{pm —mpo™ '+ (m —1)o™} dx (3.3)

9



for v = odx € Poc(R", dx) and p = pdz € Pae(R™, ). We rewrite this by using e, as

1
Halpl) = - [ {enp) = enlo) = en(o)p =)} da
and recover the Kullback-Leibler divergence as the limit:

lim1 H,(plv)= | {plnp—0clnoc— (Ino+1)(p — o)} dx = H(p|v).
m— Rn

It will turn out that the entropy induced from (3.3) is appropriate for our purpose (see
Theorem 4.1). We remark that the division by m in (3.3) is unessential, we prefer this
form merely for aesthetic reasons of the presentation of Theorem 4.1 as well as functional
inequalities in Section 5.

3.2 m-relative entropy

Recall our weighted Riemannian manifold (M,w) and reference measure v = ow. The
Bregman divergence (3.3) leads us to the following generalization of the relative entropy.

Definition 3.1 (m-relative entropy) Assume o € L™(M,w). Given p € P(M), let
= pw + 1° be its Lebesgue decomposition into absolutely continuous and singular parts
with respect to w. Then we define the m-relative entropy by

H,,(u|v
- / {enlp) = en(0) = (@) p = )} do = — [ "' + ook ()

m —

gy LA e [ o Bt (34)

if p e Lm(M,w)7 where H,,(o0) := 0 for m < 1, H,,(c0) := oo for m > 1, and co-0 =0
as convention. We set H,,(u|v) := oo for yp € P(M) with p ¢ L™ (M, w).

For p1 = pw € Poe(M,w) with p € L"™(M,w), H,,(u|v) has the simplified form
Ho () = s [ 4" = mpa™ 4 (= )"}

as in (3.3). Note that this is 1ndeed well-defined.

Remark 3.2 (1-a) For m < 1, moreover, the Hélder inequality implies

m 1-m
/ p" dw:/ (po™ Hymemi=m) gy, < (/ po™ ! dw) (/ o™ dw) .
M M M M

Thus we have, for = pw € Pa.(M,w),
1
H,.(plv) — —/ o™ dw
m Jm

1 1 1/m (m—1)/m
_ ™ d T ™ d ™d
=D o “’*1—m(/M” w) </MJ ‘”)
1 (1=m)/m (m—=1)/m
:—/ pmdw-{m</ pmdw) </ dew> —1},
m(l —m) [y M M

10
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and it is natural to define H,,(u|v) = oo for p & L™(M,w).
(1-b) For m > 1, the Holder inequality

1/m (m—1)/m
/ pam_l dw < (/ pmdw> (/ o™ dw)
M M M
similarly yields

1
H,,(plv) — E/Mom dw

swima(r ) {(re) ™ ()

Hence it is again natural to set H,,(u|v) = oo for p & L™(M,w).

(2) The validity of the definition of H,,(co0) would be understood by the following
observation (putting p = Xp(a,e)/w(B(x,€)) so that Xp,.) is the characteristic function
of B(z,¢)):

_ 1 1-m 0 ifm<1,
ém@wa@wﬂw‘”@@f” "{m itm > 1

as € tends to zero.

We remark that the seemingly unessential term m™" [, 0™ dw was inserted in H, (u|v)
for the sake of nonnegativity.

Lemma 3.3 We have H,,(u|v) > 0 for all p € P(M), and the equality holds if and only
if p=v.
Proof. Note that, if u*(M) > 0, then the singular part

1
ot [ Hooe ()
M

m—1

in (3.4) is positive for m < 1 (since ¢ > 0 on M) and infinity for m > 1, respectively.
Hence it is sufficient to consider the absolutely continuous part. As the function e, (t) =
(t™ —t)/(m — 1) is strictly convex on (0, c0), we have

em(p) = em(0) = €,(0)(p—0) 2 0

in (3.4) and equality holds if and only if p = 0. Therefore H,,(u|v) > 0 and equality
holds if and only if p*(M) =0 and p = o a.e. O

The following lemma will be used in Section 7 (Claim 7.7) where M is assumed to be
compact. This also guarantees the validity of H,,(c0).

Lemma 3.4 Let (M, g) be compact. Then the entropy H,,(-|v) is lower semi-continuous
with respect to the weak topology, that is to say, if a sequence {;}ien C P(M) weakly
converges to 1 € P(M), then we have

H,,(p|v) < liminf H,,(u;|v).

11



Proof. We divide H,,(pulv) —m™" [,, 0™ dw into two parts:

1

m(m — 1)

hy(p) == /Mpm dw + H,,(00)p® (M), ho(p) := —;1 /Maml du.

m —

Then hy(p) is clearly continuous in p. In addition, the lower semi-continuity of hj(u)
follows from [LV2, Theorem B.33] since the function U,,(t) := t™/m(m —1) is continuous,
convex and satisfies U,,(0) = 0 as well as lim; o Uy, (t)/t = Hy,(00). O

4 Displacement convexity

In this section, we prove our first main theorem on a characterization of the displacement
convexity of H,,(-|v) along the lines of [CMS], [vRS] and [St2]. This should be compared
with the equivalence between Ricy > K and CD(K, N) for (M,w) ([St2, Theorem 1.7],
[LV1, Theorem 4.22]). Such a characterization has motivated the general theory of metric
measure spaces satisfying CD(K, N), as what is called a synthetic lower Ricci curvature
bound ([St1], [St2], [LV1], [LV2], [Vi2, Part III]). Recall that My, = M for m < 1,
My = ¥~ ((—o0,1/(m — 1))) for m > 1, and that M, = supp v in both cases.

Theorem 4.1 Let (M,w,v) andm € [(n—1)/n,1)U(1,00) with o € L™ (M,w) be given.
Then, for K € R, the following three conditions are mutually equivalent:

(A) We have Ricy > 0 on My with N = 1/(1 —m) as well as Hess W > K on M, in the
weak sense.

(B) For any po, u1 € P2.(M,w) such that supp o, supp 1 C My and that any two points
XTo € supp Mo, r1 € supp py are joined by some geodesic contained in My, there is a
minimal geodesic (fu)iepp1)] C Peo(Mo,w) along which we have

Ho(plv) < (1= 1) Ho(poly) + tH(ulo) = 5 (L= 0iWalpao,m)®  (4)

for all t € [0, 1].

(C) For any po, 1 € P*(M) such that supp g, supp 1 C My and that any two points
XTo € SUpp g, T1 € sSupp py are joined by some geodesic contained in My, there is a
minimal geodesic (pu)iep1) C P*(My) along which we have (4.1) for all t € [0, 1].

Proof. Note that (C) = (B) is clear. Thus we will show (A) = (B), (A) = (C) and
finally (B) = (A). The part (A) = (C) is somewhat technical and may be skipped at the
first reading.

(A) = (B): Since the assertion (4.1) is clear if H,,(uolv) = oo or Hy,(u1|v) = oo,
we assume that both H,,(uo|v) and H,,(p1|v) are finite. Theorem 2.8 ensures that there
is an almost everywhere twice differentiable function ¢ : M — R such that the map
Ti(x) := exp,(tVe(zx)) gives the unique minimal geodesic p; := (7)sp0 from pg to pis.
Due to [CMS, Proposition 4.1|, 7;(z) is not a cut point of x for pg-a.e. x, and hence the
minimal geodesic (7;(x))icpo,1] is unique and contained in My. Note also that, putting

12



e = ppw and J¢(z) := e?@=¥(7@)det( DT (x)), the Jacobian (Monge-Ampere) equation
(pe 0 T;)J¥ = po holds pg-a.e. ([CMS, Theorem 4.2]) Recall that

1 1
H,(lv) = —/ (Pt —mo™ N py dw + E/ o™ dw.
M M

m(m — 1)

By the change of variables formula, we deduce that

/M ("' = ma™ )pydw = /M {p(T)" " = mo(T))" " }pu(T0)I7 dw

L) e

Claim 4.2 For jg-a.e. © € M, the function J¥(x)'=™/(m — 1) = —NJ¥(2)V is convex
n t.

Proof. Form < 1 (and hence N > n), this is proved in [St2, Theorem 1.7] (see also [Oh2,
Section 8.2]). We can apply the same calculation to m > 1 (and N < 0). Indeed, with
the notations in [Oh2, Section 8.2], we observe that Ricy > 0 implies (N — 1)h4h;" < 0.
Thus hg is convex and e? is concave, therefore

{6*¢(1)J;u<x)}1/N _ h(t) _ (eﬁ(t))l/Nh:i(t)(Nfl)/N
is convex in ¢ (just calculate h” or use the Holder inequality). &

In order to estimate the term o(7;)™ /(1 —m), we observe

oT)"7 1 +W(7T;)

1—m 1—m
1 K
= 1—m + (1 =)¥(To) + t¥(7h) — 5(1 — t)td(%/fﬂg
o(T)"' | o))" K

=(1— ——(1- Ty, T1)2.
1=ty it = (1 = td(T, Ty)

Combining this with Claim 4.2 and integrating with pq yield the desired inequality (4.1).

(A) = (C): Suppose that py or p; has nontrivial singular part. There is nothing to
prove for m > 1. For m < 1, we decompose as py = pow + i and 1 = prw + pf,
and take an optimal coupling 7 of ug and p;. Now, 7 is decomposed into four parts
T = Taq + Tas + Tsa + Tss such that (p1)s(7aa), (P1)5(Tas)s (P2)(Taa) and (p2)s(7sq) are
absolutely continuous, and that (p1)s(7sa), (P1)4(7ss), (P2)4(7as) and (p2)y(7ss) are singular
(or null) measures. Here py,ps : M x M — M denote projections to the first and second
elements.

We divide optimal transport between po and p; into two parts, corresponding to
T —Tss and g, As for fig := (p1)s(m — 7ss) and fi; := (p2)s(m — 7ss), Theorem 2.8 is again
applicable and gives a minimal geodesic ji; = pyw € (1 — (M x M)) - P2 (Mo, w) (i.e.,

13



fu(M) =1 —me(M x M)) satisfying

[rasza-n [ gpaore [ pra

M M M

/ mLdp, < (l—t)/ Um_ldﬂ0+t/ o™ Vi
M M M

Rt [ de - moe

We then choose an arbitrary minimal geodesic fi; = pyw + ji§ € mes(M X M) - P?*(My) from
fio := (p1)4(7ss) to fig := (p2)s(7ss). Thanks to Proposition 2.6, fi; is also realized through
a family of geodesics in My, and hence Hess W > K implies

/ ™y, < (1_t)/ Umld/lO‘i‘t/ o™t djiy
M M M

1—-m)K
- %(1 _t)t/ d(fL’,y)Q dﬁss(xay)‘
MxM
We put p; := fis + fir and conclude that

1
Hi () — /{pt+pt T (m —1>am}dw+—m/ o dp,

< m/M{ﬁ’?Jr(m— Vbt 7= [ @™ Vi + )
< (1 = t)Hp(po|v) + tHp (1 |v) — g(l — t)tWa(po, p1)*

(B) = (A): We first consider the case of m < 1. Fix a unit vector v € T, M with
x € My and put y(t) := exp,(tv), B+ := B(y(%d), (1 F ad)e) with a constant a € R
chosen later. Set

XB_ XBy
[y = pow = ———w, fi] = pw = w (4.2)
A5 B,

for 0 < ¢ € 0 < 1, where x4 stands for the characteristic function of a set A. Let
(t4)tepo,1) be the unique optimal transport from pg to p1. Recall that

Hply) — /M 7 = s [ O e . (43

Note that
={che” (1 +ad)"e" + 0" )Y " xp_,

where ¢,, denotes the volume of the unit ball in R™. Hence, since 1 —m > 0, the leading

term of (4.3) (as ¢ — 0) is
1
T /M o (T1)" " dpo.

Thus we obtain from (4.1) that, by letting € go to zero,

PG H o) K
2 2

o(7(0)"" <

14



This means that ]
Hess U = —— Hess(oc™ ) > K
1—m

in the weak sense.

In order to show Ricy(v) > 0, we choose a point y with d(z,y) > ¢ and modify g

and p into
n+l) XB(y.9)

w(B(y,4))
for i = 0,1. Then Ws(jio, fir) = gnt/2. Wa(po, p11) and

fii = (1—e¢ w+ ey,

~ n XB(y’a) n+1
fip = (1 — ™28 e
v= ) By, 0)

is the unique optimal transport from fiy to fi;, so that (4.3) is modified into

Mt

Mol >—1/0mdw
ot /{ ") I — o (T)™ Y dpg

’ m(m Y w<§<j;> /B@,a) { (m)m - m“m_l} o

We rewrite this as
1
Holjuly) = o [ o™ d
m Jm
1— 6n—l—l {( 1 — €n+1 >m1 m / _ }
— —_ o dw
m( (B(ya 5)) W(B(y7 5)) B(y,9)

s [ @ = o T d

(4.4)

(4.5)

Since (e"*1pg)™ ! = {c, e PO (1 4 ad)"e~ + O(1)}1™, the leading term of (4.5) is

gm(nJrl) m—1 Jw lfmd
m/MPo (J7) Ho-

Therefore (4.1) and the Jacobian equation yield that

Co(1(=0) " > I (4(=0)) T+ IS (v(—0)) Y

n/N
- 1—ad O (=) v (r(@)}/N L
1+ ad

As
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this together with the Taylor expansion shows

1y
1+ SN Ric(v)d

> %{(1 + ad)N @ vOEMYN (1 a5)n/zve{w(z>fw(w(6>)}/zv} +O(8)
L [nn o [(¥o9)"(0)  ($079)(0)*] | 2na(¥7)(0) 3
e[y (o) R - R R ow
— 14+ ﬁ{ — (¢ 0 7)"(0) + n(n]; N)aQ_'_ Qn(wjv'y) (0)(1—1— (woz\[) (0) } +O((53>.
Therefore we obtain
RiC(U) + (w o 7)//(0) . n(n — N) CL2 - 277’(1/] © ’7)/(0)a . W © 7)/<0)2 > 0. (46)

N N N -

If N > n, then choosing the minimizer a = (1) 0v)’(0)/(N —n) gives the desired curvature
bound Ricy(v) > 0. If N = n, then we consider a going to co or —oo and find (1 0v)'(0) =
0 and Ric,(v) > 0.
In the case of m > 1, we use the same transport (4.2) and then the leading term of
(4.3) changes into
1

m—1 Jv 17md )
m<m_1)/MpO (t) Ho
Thus calculations as above yield (4.6) with N < 0. We choose the minimizer a = (¢ o
7) (0)/(N —n) and find Ricy(v) > 0. Similarly, for the transport (4.4), the leading term

of (4.5) changes into

6n-i—l L
1—m u U(Z)mi d:“’O?
and then (4.1) yields Hess ¥ = Hess(¢™ ' /(1 —m)) > K. O

Remark 4.3 (1) If we admit m € (0, (n—1)/n) and generalize Ricy in (2.1) to N € (1,n),
then Claim 4.2 is false. Moreover, as the coefficient of a® in (4.6) is negative, (4.1) is never
satisfied (let a — 00).

(2) Note that the special case v = w (i.e., ¥ = 0) in Theorem 4.1 makes sense only for
K = 0. Then the assertion of Theorem 4.1 corresponds to the equivalence between Ricy >
0 and the convexity of the Rényi entropy Sy, i.e., the curvature-dimension condition
CD(0,N) of (M,w).

(3) In the case of m = 1, two weights ¢ and ¥ are synchronized as v = e ¥~ ¥ vol,,
and HessEnt, > K (i.e., CD(K,00) for (M,v)) is equivalent to the single condition
Ric+ Hess(y + V) > K. For m # 1, however, ¥ and ¥ keep separate and they measure
different phases of (M,w, ), as indicated in Theorem 4.1.

5 Functional inequalities

Since Otto and Villani’s celebrated work [OV], the displacement convexity of entropy-type
functionals has played a significant role in the study of functional inequalities (and the
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concentration of measures). In this section, we follow the argument in [LV2, Section 6]
(with m = 1) that the direct application of the displacement convexity of the entropy
implies various functional inequalities. Our proofs use only fundamental properties of
convex functions. In more analytic context, related results for m # 1 in the Euclidean
spaces (M,w) = (R", dz) can be found in [AGK], [CGH] and [Ta2]. See especially [AGK,
Section 4] and [CGH, Section 3] for various generalizations of the Talagrand (transport)
inequality, logarithmic Sobolev (entropy-information) inequality, HWI inequality and the
Poincaré inequality. The relation among these inequalities are also discussed there.
Throughout the section, we suppose that m > 1/2, Ricy > 0 and that Hess ¥ > K
holds in the weak sense for some K > 0. Recall from Lemma 2.4(i), (iii) that v(M) < oo
automatically follows from these hypotheses, so that the normalization gives

v =0cw=exp,,(—V)w:=v(M) v & Pu(M,w)

with Hess ¥ > v(M)'~™K according to Remark 2.3. Moreover, Lemma 2.4(i), (ii) ensure
that 6 € L™ (M, w) as well as v € P2 (M,w), for m > 1/2. Keeping this in mind, we will
take v with v(M) = 1 for simplicity.

Proposition 5.1 (Talagrand inequality) Assume thatm > 1/2, v(M) =1, Ricy >0
and that Hess W > K holds for some K > 0. Then, for any u € P*(M,), we have

2
Walp, v) < ([ 7o Hm(ulv).

Proof. Recall from Lemma 2.4(iii) that M is convex. Let (u)iepa; C P?(My) be an
optimal transport from py = p to py = v. It follows from (4.1) and H,,(v|v) = 0 that

Ho(pulv) < (1= 1) Hon(l) = (1 = 0)Waln, ) (5.1)

Since H,,(u¢|v) > 0 (Lemma 3.3), we obtain H,,(u|v) > (K/2)W(u, v)? by dividing (5.1)
with 1 — ¢ and letting ¢ go to 1. O

For yu = pw € P2 (M,w) such that p is Lipschitz, we define the m-relative Fisher
information by

I} = 5 [ V(o) = o)) p s = ﬁ [ v —am P au 52

It will be demonstrated in Proposition 7.9 that \/I,,(u|v) is the absolute gradient of
H,,(-|v) at p. Then it is natural to expect that the convexity of H,,(-|v) yields the
following inequality.

Theorem 5.2 (HWI and Logarithmic Sobolev inequalities) We assume that m >
1/2, v(M) = 1, Ricy > 0 and that Hess WV > K holds for some K > 0. Then, for any
p = pw € P2(My,w) such that p is Lipschitz, we have

Ho(plv) < VT lil) - Walys,v) = 5 Walp, ) (5.3)

Ho(plv) < 5 (i), (5.4)
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Proof. Let pu; = pw € P2 (My,w), t € [0,1], be the optimal transport from gy = u to
i = v given by py = pw = (Ty)yp with Ty(x) = exp, (tVp(x)), and put H(t) := Hp (pu|v).
Then it follows from (5.1) that

H(0) — H(?)

H(0) < -

— %(1 — )Wa(p, v)2. (5.5)

We shall estimate the term

HO) = () = s [ (7 =) = mlp = o™ "} o

Since the function f(s) := s™/(m — 1) is convex, we have
pm — P:n / m m—1
L i A _ - _
1 =[P p=p) =" (0= o)
and hence

HO - 10 < — [ (77 =0 po e

By the change of variables formula along with the Jacobian equation p;(7;)det(D7;) = p,
we observe

/M (" — o™ )y duo = /M (0(T)™ 1 = (T o (T)det (DT;) dw
= [ oy = o(mm

This yields

H(0) - H{®) < ml— 1 /M {(p" " =™ ) = (p(T)" " = o(T)" ) } dpe.
Thus we obtain
b sup H(O); = \m—1|/ V("™ = o™ )| - d(To, Ty) dps
1/2
< g, wort o) ([ mran)
= In(plv) - Walp, v

Combining this with (5.5), we conclude that
K
m(uv) < VIn(ulv) - Wap,v) — EWQO’La v)? < ZKI m(plv).
(]

Remark 5.3 It is established in [Ta2] that, in the Euclidean space (M,w) = (R, dx),
equality of both (5.3) and (5.4) is characterized by using m-Gaussian measures.

18



We finally show a kind of Poincaré inequality. Observe that putting m = 1 recovers
the usual global Poincaré inequality [, f2dv < K~' [, |V f]>dv.

Proposition 5.4 (Global Poincaré inequality) Assume that m > 1/2, v(M) = 1,
Ricy > 0 and that Hess ¥ > K holds for some K > 0. Then, for any Lipschitz function
f: My — R such that fMo fdv =0, we have

1
/ fro™ dy < E/ IV (fo™ H|* dv.
M M

Proof. We apply (5.4) to = pw := (1 + ef)ow for small € > 0 and obtain

1 -1 1 1 -1 ~1y|2
mm —1) /M{p mpo™ "+ (m—1)0™}dw < 5 (m_1>2/M|V(p o™ )|Fdu

On the one hand,

m

P —mpo™t +(m—1)0™ = (1+cf)"0™ —m(l +ef)o™ + (m—1)o™
=o™{(L+ef)" —1—m(ef)}
2
=m(m — 1)07“%52 + O(%).
On the other hand,

V(" = o P = |V[((1 )™t = 1)
— |V[(m — 1) feo™ "] + O(%)?
= (m — 1)2<~32|V(fam_1)|2 + 0(83).

Thus we have, letting € go to zero,

/MfZUmdw < %/M|V(fam_1)|2du.

6 Concentration of measures

This section is devoted to an application of Proposition 5.1 to the concentration of mea-
sures. Let us assume v(M) = 1 and define the concentration function by

Q) (1) = sup {1 — V(B(A, 7“)) |AC M, v(A) > 1/2}
for r > 0, where A is any measurable set and

B(A,r):={ye M| iIelgd(l’,y) <r}.

The function «a(y,) describes how the probability measure v concentrates on the neigh-
borhood of an arbitrary set of half the total measure in a quantitative way (in other
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words, a kind of large deviation principle). An especially interesting situation is that
a sequence {(M;,v;)}ien satisfies lim; oo g, 1) (1) = 0 for all 7 > 0, that means that
(M;, ;) is getting more and more concentrated. We refer to [Le] for the basic theory and
applications of the concentration of measure phenomenon.

In the classical case of m = 1, it is well-known that the concentration of measures
has rich connections with functional inequalities appearing in Section 5. For instance, the
L'-transport inequality Wi (u,v) < +/(2/K)Ent, (1) implies the normal concentration
a(r) < Ce "’ with constants ¢,C > 0 depending only on K ([Le, Section 6.1]). In
the same spirit, we show that an application of Proposition 5.1 gives new examples of
concentrating spaces.

We set G, = G.(v) := [,;0%dw for ¢ > 1/2. Recall from Lemma 2.4(i) that, if
Hess¥ > K > 0,

G.(v) < Cyw) =v(M)° + Co(m, c,w) K™V < oo (6.1)
holds for m < 1 and ¢ € (1/2,1].

Theorem 6.1 (m < 1 case) Let (M,w) satisfy Ricy > 0 and m € [(n — 1)/n,1) N

(1/2,1).
(i) Assume that v(M) =1 and Hess ¥ > K holds for some K > 0. Then we have

—m _ mK 2
OZ(M,V)(T)Q In,, (ZOC(M,V) (T)) < _G?ml_g)/(l_g){( TT -V Gm) — Gm} (6.2)

for all >0 and 6 € [0,2m — 1).

(i) Take a sequence v; = exp,,(—V;)w € Pac(M,w), i € N, such that Hess ¥; > K; and
lim; .o K; = 00. Then we have lim;_.o o(ar,,)(1) = 0 for any r > 0.

Proof. (i) Note that v € P2.(M,w) by Lemma 2.4(ii). We also remark that (6.2) clearly
holds for r < 24/2G,,/mK. Indeed, then the right-hand side is nonnegative, while
amwy(r) < 1/2 implies Ing, (2apr, (7)) < 0.
Suppose r > 24/2G,,,/mK, take a measurable set A C M with v(A) > 1/2 and put

B:= M\ B(A,r), a:=v(A), b:=v(B),

XA XB

= v, B = ==

a b
We assumed b > 0 since there is nothing to prove if b = 0 for all such A. The triangle
inequality of W and Proposition 5.1 together imply (since W; < Wy by the Schwarz
inequality)

2 2
r < Wipa, pp) < Wipa,v) + Wiy, up) < \/gHm(MAM + \/gHm(MB\V)-

Note that

1 ma™ 1t —1 1
H,, = "dw 4+ —G,
(nal) m(l—m)/A am CLH—m
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and ma™ ' — 1 < 0 since a > 1/2 > m'/(=™)_ Thus we obtain

pm—1 —1
—7“ < VG, + \/ m + b*mm— o™ dw.

1—m B

We observe from r > 2./2G,,,/mK that \/mK/2r > 2\/G,, which yields 0 < mb™ -1 <

(20)™~! — 1. Hence we have

( _T - \/_m) — Gy < —b"™In,, (20) /B o™ dw. (6.3)

It follows from the Hélder inequality that

) 1-0
m _ 0+(m—0) (m—0)/(1-0) 0, ~1—-0
/0’ dw-/a dwg(/adw) (/U dw) <bG m—0)/(1-0)"
B B B B

where the assumption § < 2m — 1 ensures (m —60)/(1—6) > 1/2. Therefore we obtain the
desired inequality (6.2) by choosing A; C M such that lim;_,o v(M\B(A;,7)) = o) (7).
(ii) Thanks to (6.1), we know that

limsup G.(v;) < C1(w)' ¢ < o0

for all ¢ € (1/2,1]. Therefore we deduce from (i) that, setting o; := a s, (7),
971 1 — (2041,)1—771

zllglo af ™" I (20:) = zlgglo 211 m 1-m
which shows 1im; oo ov(ar,,) () = 0. O

Remark 6.2 (1) Taking the proof of Lemma 2.4(i) into account, we can generalize The-
orem 6.1(ii) as follows. Suppose that a sequence {(M;, w;, ;) }ien satisfies

(a) Ricy > 0 for all (M;,w;),
(b) v; = exp,,(—V;)w; € Pac(M;,w;) so that Hess ¥; > K; and lim; ., K; = oo,

C) SUp;en SUP,ens, wi( Bz, R)) < oo and sup, .y Sup,.,, area,, (S(x, R)) < oo for some
ieN SUPze M, ieN SUPze M, :
R > 0.

Then we have lim; .o o(as,4,)(r) = 0 for all 7 > 0.
(2) Taking the limit of (6.2) as m — 1 and then § — 1, we obtain

In (2a(r)) < —(\/gr — 1)2 +1.

Here lim. .1 G. = G; = 1 follows from the dominated convergence theorem since ¢ <
max{c, 0} € L'(M,w) for 1/2 < ¢y < ¢ < 1. Therefore we recover the normal concen-

tration )
— {1/ 57“ -1 +1] < 1e_KT2/4+2
2 -2

which is well-known to hold for (M,w) with Ric,, > K > 0.

1
a(r) < 5 OXP
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Theorem 6.1(ii) is applicable to the fundamental example of m-Gaussian measures
(see Example 2.5).

Example 6.3 Let {N(v;, Vi) }ien C PA(R™, dx) be a sequence of m-Gaussian measures
with m € [(n—1)/n,1)N(1/2,1) as well as

lim (detV;)3=™/2A 71 = oo,

1—00

where A; is the largest eigenvalue of V;. Then we have lim;_.. c(rr n(w,,v;)) (1) = 0 for all
r > 0.

Under the additional assumption that w(M) < oo, we further obtain the m-normal
concentration. We first prove a computational lemma for later use.

Lemma 6.4 (i) For any m € (1/2,1) and a,r > 0, we have
2
expy, (— (ar — 1) +1) < (2m — DY Mm=Y exp, ( - —7’2>.

(ii) For any m € (1,2) and a,r > 0, we have
) 9 1/(m—1) a®
1)y =-1)>(—-1 — .
exp,, ((ar —1) ) > (m > exp,, ( 57 )

Proof. (i) We just calculate

2
exp,, (— (ar — 1)+ 1) < exp,, (— %rz—i—Z)

= {1 +(m — 1)<— %272 + 2) }Mml)

— (2m - 1)1/<m—1>{1 1) ( - Q—Q)ﬂ) }1/<m1>

2(2m — 1

a2
< (2m - 1)Ym Yexp (— 37"2).

(ii) We similarly find

9 1/(m—1) 1/(m—1)
= (——1) {1+E(m—1)a27’2}
m 2



Note that the hypothesis m € (1,2) ensures that

2 2 1
(1_T)a2r2__>__>__.
m m m—1

O

Corollary 6.5 (m-normal concentration) Assume that m € [(n—1)/n,1)N(1/2,1),
v(M) =1, w(M) < oo, Ricy > 0 and Hess ¥ > K holds for some K > 0. Then we have

(2m — 1)1/(m=1) mK 9
) (r) < 5 P \ T aoan

for all r > 0.

Proof. We deduce from the Holder inequality that

[oravs ([ o) v =pumyo <y

and, similarly, G,, < w(M)'"™™. In particular, r* > 8w(M)"™™/mK (otherwise the
assertion is clear) implies 72 > 8G,,,/mK. Therefore we deduce from (6.3) that

(@ - w<M><1m>/2)2 (M) < (M) (20),
i (r) < %expm {— (MM)(M)/?\/@T _ 1)2 + 1}.

Then Lemma 6.4(i) completes the proof. O

and hence

Remark 6.6 Note that exp,,(—cr?) is a polynomial of r, so that the m-normal concen-
tration is weaker than the exponential concentration (i.e., a(r) < Ce™“"). This is natural
and the most we can expect, because the m-Gaussian measures have only the polynomial
decay for instance (Example 2.5).

For m > 1, Lemma 2.4(iii) ensures that suppv is bounded and G.(r) < oo for all
¢ > 0. Then the proof of Theorem 6.1(i) is applicable to m € (1,2] and gives (6.2) for all
r >0 and 0 € [0,1). Furthermore, under another condition that o is bounded, we again
obtain the m-normal concentration.

Proposition 6.7 (m > 1 case) Let (M,w) satisfy Ricy > 0 and m € (1,2].

(i) Assume that v(M) =1 and Hess W > K holds for some K > 0. Then we have (6.2)
for all >0 and 0 € [0,1).

(i) If in addition m < 2 and ||0||e < 00, then we have

2 1/(m—1) K 1-m
<MMWVZ(——Q wm(ﬁjgﬁ4ﬁ

m

for all r > 0.
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Proof. (i) This is completely the same as Theorem 6.1(i), since 1/2 > m!/(=™) holds for
m € (1,2].

(ii) In (6.3) (with m > 1), we observe [, 0™ dw < bllo||2~" and G, < [lo]|Z2". Note
also that 72 > 8||o||™~!/mK (otherwise the assertion is obvious) ensures r? > 8G,,/mK.
These yield

K 2
(\/—”; r—|\arr£?1>/2) ozt < 0ol I (26) < [lo 7 I (67).

Hence we have
K 2
() (r)~ > exp,, [(Hdl&‘m)/%/%r - 1) - 1},

and Lemma 6.4(ii) completes the proof. O

Note that we obtained the estimate of the form a(r) < C'exp,,(—cr?) for m < 1, while
a(r) < C{exp,,(cr?)}~! for m > 1. This is in a sense natural because the domain of exp,,
is (—o0,1/(1 —m)) for m < 1 and [—1/(m — 1), 00) for m > 1.

7 Gradient flow of H,,

In this section, we show that the gradient flow of the m-relative entropy produces a
weak solution to the porous medium equation. This kind of interpretation of evolution
equations has turned out extremely useful after the pioneering work due to Jordan et
al. [JKO]. There are several ways of explaining this coincidence (see, e.g., [JKO], [AGK]
and [Vi2, Chapter 23]), among them, here we follow the rather ‘metric’ approach in [Oh1].
To do this, we start with a review of the geometric structure of the Wasserstein space and
the general theory of gradient flows in it in accordance with the strategy in [Oh1] (see also
[GOJ). Throughout the section, (M, g) is assumed to be compact, so that P*(M) = P(M)
and 0 € L™(M,w).

7.1 Geometric structure of (P(M), W)

We briefly review the geometric structure of (P(M), Ws). It is known that (P(M), Ws) is
an Alexandrov space of nonnegative curvature if and only if (M, g) has the nonnegative
sectional curvature ([St1, Proposition 2.10], [LV2, Theorem A.8]). In the case where (M, g)
is not nonnegatively curved, although (P(M),W5) does not admit any lower curvature
bound ([St1, Proposition 2.10]), we can show the following (see also [Oh1, Theorem 3.6]).

Theorem 7.1 ([Gi, Theorem 3.4, Remark 3.5]) Given u € P(M) and unit speed geodesics
a,3:[0,8) — P(M) with (0) = B(0) = p, the joint limit

2 2 2
s £ Wa(a(s), A(D)
s,t—0 st

exists.
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Theorem 7.1 means that (P(M),Ws) looks like a Riemannian space (rather than a
Finsler space), and we can investigate its infinitesimal structure in the manner of the the-
ory of Alexandrov spaces. For u € P(M), denote by ¥/ [P(M)] the set of all (nontrivial)
unit speed minimal geodesics emanating from p. Given «, 8 € ¥ [P(M)], Theorem 7.1
verifies that the angle

Z,(a, B) := arccos ( lim &1 Wala(s), (1)) > € [0, 7]

s,t—0 2st

is well-defined. We define the space of directions (X,[P(M)], Z,) as the completion of
(XL[P(M)]/~, Z,), where a ~ 3 holds if Z,, (v, 3) = 0. The tangent cone (C,[P(M)],0,)
is defined as the Euclidean cone over (X,[P(M)], Z,), i.e.,

CulP(M)] = (S,[P(M)] x [0,00)) /(S.[P(M)] x {0}),
ou((a,s),(B,1)) = \/32 + 12 — 2st cos £, (v, ).

Using this infinitesimal structure, we introduce a class of ‘differentiable curves’.

Definition 7.2 (Right differentiability) We say that a curve £ : [0,]) — P(M) is
right differentiable at ¢t € [0,1) if there is v € C¢)[P(M)] such that, for any sequences
{€i}ien of positive numbers tending to zero and {a;};en of unit speed minimal geodesics
from £(t) to {(t+¢;), the sequence {(c;, Wa(§(t), £(t+€:))/€i) bien C Cewy[P(M)] converges
to v. Such v is clearly unique if it exists, and then we write £(t) = v.

7.2 Gradient flows in (P (M), Ws)

Consider a lower semi-continuous function f : P(M) — (—o0, +o00] which is K-convex
in the weak sense for some K € R. We in addition suppose that f is not identically +o0,
and define P*(M) :={p € P(M)| f(u) < oo}.

Given p € P*(M) and a € 3,[P(M)], we set

D,f(a):= liminf lim f(5() = f(M)

2, [P(M)]36—a t—0 t

Define the absolute gradient (called the local slope in [AGS]) of f at u € P*(M) by

_ : f(p) — f(i)
IV f]() := max {O,III/;}_S);].I) W}

Note that —D,, f(a) < |V f|(p) for any o € £,[P(M)].

Lemma 7.3 (|Ohl, Lemma 4.2]) For each p € P*(M) with 0 < |V_f|(1) < oo, there
exists unique a € 3,[P*(M)] satisfying D, f(o) = —|NV_f|(1).

Using « in the above lemma, we define the negative gradient vector of f at p as

Vf(n) = (. [V fl(w) € Cu[P(M)).
In the case of |V_ f|(x) = 0, we simply define V_f(u) as the origin of C,[P(M)].
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Definition 7.4 (Gradient curves) A continuous curve £ : [0,1) — P*(M) which is
locally Lipschitz on (0,1) is called a gradient curve of f if |V f[(£{(t)) < oo holds for all
t € (0,00) and if it is right differentiable with £(t) = V_f(£(t)) at all ¢ € (0,1). We say

that a gradient curve £ is complete if it is defined on entire [0, c0).

Theorem 7.5 ([Ohl, Theorem 5.11, Corollary 6.3], [GO, Theorem 4.2])

(i) From any pu € P*(M), there starts a unique complete gradient curve £ : [0,00) —
P*(M) of f with £(0) = p.

(ii) Given any two gradient curves &,( : [0,00) — P*(M) of f, we have
W (€0, (1) < e KW (£(0), (0)) (1)

for all t € ]0,00).

Therefore the gradient flow G : [0,00) x P*(M) — P*(M) of f, given as G(t, u) = &(t
in Theorem 7.5(i), is uniquely determined and extended to the closure G : [0,00) X
P*(M) — P*(M) continuously.

7.3 m-relative entropy and the porous medium equation

We recall basic notions of calculus on weighted Riemannian manifolds (M,w) with w =
e vol,. For a C'-vector filed V on M, we define the weighted divergence as

div, V :=divV — (V, V),

where div V' denotes the usual divergence of V' for (M, vol;). Note that, for any f €
CH(M),

/(Vf, V) dw:/ (Vf, e ?V)dvol, = —/ fdiv(e V) dvol,
M M M
:—/ fdiv, Vdw.
M

For f € C*(M), the weighted Laplacian is defined by
AYf=div,(Vf) = Af = (V[, V).

Then it is an established fact that the gradient flow of the relative entropy (or the free
energy)

Ent,, (pw) :/ pln pdw :/ (ped’)ln(pew)dvolg—i—/ Ydp
M M M
produces a solution to the associated heat equation (or the Fokker-Planck equation)

% = A¥p = ew{A(pefw) + div ((Peiw)vzﬁ)}'
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See [JKO, Theorem 5.1], [Vil, Subsection 8.4.2] for the Euclidean case, [Ohl, Theo-
rem 6.6], [GO, Theorem 4.6], [Vi2, Corollary 23.23] for the Riemannian case, and [OS,
Section 7] for the Finsler case.

Here we see that the same technique gives a weak solution to the porous medium

equation

op 1 0 m :
i mA (p™) + div, (pVY) (7.2)

as gradient flow of the m-relative entropy H,,(:|v), as was demonstrated by Otto [Ot] for
the Tsallis entropy as well as H,,(-| IV, (0, ¢l,,)) with respect to the m-Gaussian measures
N (0,cl,) on (R™, dx). Recall that v = exp,,(—¥)w.

Theorem 7.6 (Gradient flow of H,,) Let (M, g) be compact, m € ((n—1)/n,1)U(1,2]
and W be Lipschitz. If a curve (pi)icjo,o0) C Pac(Mo,w) is a gradient curve of Hp,(-|v),
then its density function p; is a weak solution to the porous medium equation (7.2). To
be precise,

f 0 1
[ owdm— [ owdm,= [ | {$+—pr1AW¢t—<V¢t7W>}dutdt (7.3)
M M to JM m

holds for all 0 < tg < t; < 0o and ¢ € C°(R x M), where py = pw, ¢y = ¢(t,-).

Proof. Fix t € (0,00) and, given small § > 0, choose i° € P(M) as a minimizer of the
function
Wa(p, )

20 '
We postpone the proof of the following technical claim until the end of the section. We
remark that the hypothesis m < 2 comes into play only in the proof of Claim 7.7(iii) (see
Lemma 7.11).

po— Hp(pulv) +

Claim 7.7 (i) Such p° indeed exists and is absolutely continuous.

(ii) We have
5 )2
i Ve, )
0—0 20

In particular, 1° converges to ji; weakly.

=0, lim B (' v) = Hy(pelv).

(iii) Moreover, by putting p® = p’w, (p°)™ converges to p™ in L'(M,w).

Take a Lipschitz function ¢ : M — R such that 7 (z) := exp,(Ve(z)) gives the
optimal transport from p° to u;. We consider the transport pd := (F.);° in another
direction for small € > 0, where F.(x) := exp,(eV¢i(x)). It immediately follows from the
choice of u? that

Wg(uﬁ, Nt)2

Wy (Néa ,Ut)2
20 ’

> Ho(p'ly) + =2

Hy(pi2|v) + (7.4)
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We first estimate the difference of distances. Observe that, as (F. x 7 )yu’ is a (not
necessarily optimal) coupling of y° and p,

W pil, pue)? — Wa(pl, pue)?

lim sup
e—0 €
< lir?jélpé/M {d(]—"e(x),T(x))Z B d(x,T(x))Q} dpd (z)

— [ V6. Vo) di.
M

We used the first variation formula for the distance d in the last line. Thanks to the
compactness of M, there is a constant C' > 0 such that

(T (2)) < &u(@) + (Vou(2), Vep(w)) + Cd(w, T ()",

Thus we obtain, by virtue of Claim 7.7(ii),

1 d 2 é 2 1
lim inf — lim sup Walpie, pe)” = Walp', ) < —lim sup—/ (Vy, V) du®
5—0 20 o € s—0 0 Juy

1
< liminf | [ [ o= oDyt + o W}

1
IIIgIgglfg{/M¢tdu5—/M¢tdut}.

Next we calculate the difference of entropies in (7.4). We put u’ = p’w, u = pSw and
Jv ;= e¥~¥(%)det(DF,). Then we obtain from the Jacobian equation p’(F.)J¥ = p° that

Zﬁ/ﬂj{iﬂg(
1

- m/M{(%)ml “mo(E it

Thus we have

() = - [ o7 = s [ () ety

Fo) =t = ma(Fo)" T pl(Fe) I dw

Hm(ﬂdly) - Hm(ﬂgy)

1 d\m—1 w\1l—m m—1 m—1 1
- 1— - - .
s [ = @y = e — o)
Note that
Jv —1 v=v(Fedet(DF.) — 1
fim e L = g C DI 2L np, (v, v = At
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Hence we obtain, together with Claim 7.7(iii),

51N 5
Lo i) = Hon(p210)

e—0 £

= [ {Eetracon e vom (75)
_>/ { mIAYG, 4 ﬁ(v@,v(am‘l»}dut

as 0 tends to zero.
These together imply, as 0™ =1 — (m — 1)U,

liminf £ { / b dps® / @dut}_ / { LAY, — <V¢t,W>}dut.

Moreover, equality holds since we can change ¢ into —¢. Recall from [GO, (4)] (see also

holds for all h € C*°(M). Therefore we conclude

(151_% {/ ¢t+5dﬂt+5—/ gbtdut}
:%%(15{/ (Pe+6 — D) d,ut+5+/ ¢tdut+5—/ ¢tdut}

_/ {a¢t +m PrLAC G, — (V¢t,V\IJ>}dut

as desired. O

Recall from Theorem 4.1 that the entropy H,,(-|v) is K-convex if (and only if) Ricy >
0 and Hess ¥ > K. Combining this with Theorems 7.5, 7.6, we obtain the following.

Corollary 7.8 The weak solution to the porous medium equation constructed in The-

orem 7.6 enjoys the contraction property (7.1) under the assumptions Ricy > 0 and
Hess U > K.

The argument in the proof of Theorem 7.6 also shows that the absolute gradient of
H,,(-|v) at pu coincides with the square root of the m-relative Fisher information introduced
in (5.2), now for general m. Compare this with Theorem 5.2.

Proposition 7.9 Take m € [(n—1)/n,1)U(1,00) and p = pw € Pac(M,w) such that p is
Lipschitz. For any (d?/2)-convex function ¢ : M — R and the corresponding transport
i = (Tp)sp with Ty(x) = exp, (tVe(z)), t > 0, it holds that

. Hm(,u/t‘l/) - Hm(ﬂ‘y) _ 1 m—1 m—1
lim ; —m_l/W(p —0™), Vo) dp.
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In particular, we have |N_[H,,(-|V)]|(1) = /Im(p|v) and, if |N[H,(-|v)]|(1) < oo, then
the negative gradient vector N_[Hp,(-|v)](n) is achieved by

m—1 _ -m—1
Vo = —v(#)

Proof. Recall that ¢ is twice differentiable a.e., and that y; is absolutely continuous for
t <1 ([Vi2, Theorem 8.7]). Using the calculation deriving (7.5), we obtain

i Fm(plv) = Hi(pe]v)

t—0 t

1., 1 »
- — " A+ ——— m d
/M{mp vt — Ve, V(o )>} 1

= [ Lo 90 - L v Ve i

= _; /M<V(pm_1 — o™ 1), V) du.

m—1

As any geodesic with respect to W is realized in this way (Theorem 2.7), we have
N [H (-[9)] (1) = /T (pe|v) and

vl () = v (£ =0,

m—1

O

Remark 7.10 The family of m-Gaussian measures (Example 2.5) again has a role to play
here. On the unweighted Euclidean space (R",dx), it is known by [OW, Proposition 5]
that a solution to the porous medium equation starting from an m-Gaussian measure will
keep being m-Gaussian. An explicit expression of such solutions is given in [Ta2].

7.4 Proof of Claim 7.7

(i) The existence follows from, as usual, the compactness of P(M) and the lower semi-
continuity of H,,(-|v) (Lemma 3.4). The absolute continuity is obvious for m > 1.

For m < 1, decompose ;° into absolutely continuous and singular parts p® = pw + u°
and suppose p*(M) > 0. We modify p? into ji, € Pac(M,w) as

A () = po () do(z) = {p<x> -/ Oja—;(f) dus(y)}da)(w)

for small » > 0. Then we find

1
O,m—l d/lr S / O_m—l dMJ +/ oly m—1 —/ O_m—l dw
/]\4 M M ( ) w(B(y,r)) B(y,r)

< / o™i+ { sup |V (0™ )] (M)
M M
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Given an optimal coupling @ = 71 + 75 of 1® and s such that (p1)gm = pw and (p)yms =
w, @)
A XB(y,r)
dn,(z,z) = dm(z, z) —i—/ ———— dw(x)dms(y, 2)
yeM W(B(% ))

is a coupling of [, and ;. Hence we observe

WQ(ﬂ’r‘alut)2 S /

MxM

d(x, z)*dm (2, 2) + /M M{d(y, 2) +r}dma(y, 2)
< / d(x, 2)%dr(z, 2) + {2diam M + r}rmy (M x M)
< Walp®, j1)* + {3diam M - u*(M)}r-

Finally, it follows from the Holder inequality that

feae= [ L Gkn + e o] ae
2“S“‘@m_l/ IR R R
Z # /M { M\B(yr s(pf\n;)m wr /B(y,r) m dw}dMS(y)

e (], e
0 / (Bl

As M is compact, we find

pO0" [ w(Bln) ™ ) 2 w0,

and
/ pm dw = / (po_m—l)mo_m(l—m) dw
B(y.r) B(y.r)

m 1-m
< (/ po" 1 dw) (/ o™ dw)
B(y,r) B(y,r)

< </ po™ dw) Cy(w, o, m)r"t=m),
B(y,r)

Since lim, g sup,¢,, fB(y " po™ tdw = 0, these imply

/ ot dw > / p™ dw + Cy(w, m)ps (M)™md=m),
M M
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Combining these, we conclude that

- W (jr, 1) Wa(p, 1)
i Guly) + gy ) R

< —Cs(w, m)p* (M) =™ + Cy (M, 0, m, 6)p* (M)r,
where C5,Cy > 0. Then n(1 —m) < 1 and p*(M) > 0 yield that

W fir, p12)* Wa(p, pue)?

H,,(fu|v) + 5% %

< Hu(pv) +

holds for small » > 0. This contradicts the construction of p°, therefore we obtain
(M) = 0.
(ii) By the choice of 1°, we have

WQ(/L57 ﬂ't)Z

< Hyp(pu|v)

which immediately implies lims_q Wo(p?, py)? < lims_o 26 H,,(p;|v) = 0. Thus p’ con-
verges to u; weakly, and hence

W 1 2
lim sup 2 (:u ) :ut)

< H,,(pe|v) = liminf H,, (1°|v) < 0
0—0 o 6—0
by the lower semi-continuity. This further yields

Hy,(puglv) < Vi inf Ho (p°v) < Yimsup o (p°[v) < Hon(jua]).
- §—0

(iii) This is a consequence of the following general lemma. &

Lemma 7.11 Assumem € [(n—1)/n,1)U(1,2] and that a sequence {i; }ien C Pac(M,w)
converges to p € Pac(M,w) weakly as well as lim;_,oo Hp(1i|v) = Hy(p|v) < oo. Then,
by setting p; = pw and p = pw, pi* converges to p™ in L'(M,w).

Proof. Note that the convergence of H,,(u;|v) ensures lim; .., [ o P dw = Il y P dw. We
shall show the following:

(%) For any constant C' > 0, lim; . || min{p;, C'} — min{p, C'}||12(arw) = 0 holds.

Then we have, for m < 1,

/|p§”—pm|dw§/ |Pi—,0|mdw§w(M)l_m</ |pi—p|dw> ,
M M M
/Ipi—pldw

M

< / [|min{p;, C} — min{p, C}| + max{p; — C,0} + max{p — C,0}] dw
M

and

— 0
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as ¢ — oo and then C' — oo. For m € (1, 2], we similarly find

/Ipi”—pmldwém/ i = pl(pi + )" dw
M M

1/m (m—1)/m
Sm(/ Im—plmdw) (/ (pi+p)mdw) 7
M M

and
/ i — p|™ dw
M

< gm-1 / U min{p;, C'} — min{p, C}™ + max{p; — C,0}"™ + max{p — C, O}m} dw
M
— 0

as ¢ — oo and then C' — oo.
To show (%), we suppose that it is false. Then there are some constants C,e > 0 and
sequences {k;}jen, {/;}jen C N going to infinity such that

I 5 — mi 5 w) Z
[ min{py,, C} — min{py,, C}l2(w) = €

for all j € N. This implies, together with d[t™/m(m —1)]/dt* = t™~2 and 7" %(7 —¢)? >
(1—¢)?forT>1>¢,

1 / lokj + ,Olj mdw
m(m —1) i 2

Pry o0 max{py,, p, }" )
< L S 22 P | d
PR+ Pp cm=2 )
< T g, in{pr. CY —min{ o, CY2 d
< [ goethsdo— S [ Jmingp,. )~ min{p,. )P e
o cm-2
S/ P TP 22
u 2m(m —1) 8

This means that fi; := {(p, + p1,)/2}w satisfies

m—2 Om—?
limsup H,,,(f;]v) < lim H,,(p|v) — 3 e? = H,,(ulv) — 3 2,
j—o0 1—00
this contradicts the lower semi-continuity of H,,(-|v). O

8 Finsler case

We finally stress that most results in this article are extended to Finsler manifolds, ac-
cording to the theory developed in [Oh2], [OS] (see also a survey [Oh3]). Briefly speaking,
a Finsler manifold is a differentiable manifold equipped with a (Minkowski) norm on each
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tangent space. Restricting these norms to those coming from inner products, we have
the family of Riemannian manifolds as a subclass. We refer to [BCS], [Sh] for the basics
of Finsler geometry, and to [Oh2], [OS], [Oh3] for the details omitted in the following
discussion.

A Finsler manifold (M, F) will be a pair of an n-dimensional C'*°-manifold M and
a C™-Finsler structure F' : TM — [0, 00) satisfying the following regularity, positive
homogeneity, and strong convexity conditions:

(1) Fis C* on TM \ 0, where 0 stands for the zero section;
(2) F(Av) = AF(v) holds for all v € TM and X\ > 0;

(3) In any local coordinate system (z*)"; of U C M and the corresponding coordinate

v=>,v(9/0x"), of T,M with x € U, the n X n-matrix

(),

i,j=1

is positive definite for all v € T, M \ 0 and z € U.

Then the distance d, geodesics and the exponential map are defined in the same manner
as Riemannian geometry, whereas d is typically nonsymmetric (and not a distance in
a precise sense) since F is merely positively homogeneous. Nonetheless, d satisfies the
positivity and the triangle inequality.

On a Finsler manifold (M, F'), there is no constructive measure as good as the Rieman-
nian volume measure in the Riemannian case, but we can consider an arbitrary positive
C>°-measure w on M and associate it with the weighted Ricci curvature Ricy ([Oh2]).
This curvature turns out surprisingly useful, and the argument in [Oh2] is applicable to
generalizing the whole results in Sections 4-6 to the Finsler setting. (We need a little
trick only in Proposition 5.4, put = (1 — ef)ow when m > 1.)

Theorem 8.1 Let (M, F) be a forward complete Finsler manifold and w be a positive
C*-measure on M. Then the following results in this article hold true also for (M, F,w)
(with appropriate interpretations for the nonsymmetric distance, cf. [Oh2]):

e Theorem 4.1;
e Proposition 5.1, Theorem 5.2, Proposition 5.4;
e Theorem 6.1, Corollary 6.5, Proposition 6.7.

As for Section 7, due to the lack of the analogue of Theorem 7.1, we can not directly
follow the Riemannian argument. Nonetheless, we can follow the discussion in [OS] using
a (formal) Finsler structure of the Wasserstein space, and obtain results corresponding to
Theorem 7.6 and Proposition 7.9. The point is the usage of the structure of the underlying
space M, while we did not explicitly use it in Subsections 7.1, 7.2. See [OS, Sections 6,
7] for further details.
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Let (M, F') be compact from now on. Due to Otto’s idea [Ot, Section 4], we introduce
a Finsler structure of (P(M), W) as follows. Given u € P(M), we define the tangent
space at p by

1,P = ({Velw € C(D}. Fir ("))

f%mvm:(éfww%@m,

where the gradient vector Vo(xz) € T,M is the Legendre transform of the derivative
Dy(z) € T M, and the closure was taken with respect to Fyy(u,-). We remark that the
gradient V is a nonlinear operator (i.e., V(g1 + ¢2)(z) # Vi (z) + Vipa()), since the
Legendre transform is nonlinear (unless F'|r, is Riemannian).

Now, we take a locally Lipschitz curve (u:)ier C P(M) on an open interval I C R.
We can associate it with the tangent vector field f, = ®(t,-) € T, P, that is, ® is a Borel
vector field on I x M with ®(t,x) € T, M and F(®) € L. (I x M, du,dt) satisfying the
continuity equation Opy /Ot + div(P,p) = 0 in the weak sense that

// {a¢t + Dy @t)} dppdt = 0 (8.1)

holds for all ¢ € C*(I x M) ([AGS, Theorem 8.3.1], [OS, Theorem 7.3]). Using these
‘differentiable’ structures, we can consider gradient curves in a way different from the
‘metric’ approach in Section 7.

Definition 8.2 Given a function f : P(M) — (—o0, 00| and u € P(M) with f(u) < oo,
we say that f is differentiable at p if there is ® € T,,P such that

t]0

holds for all ¢ € C*°(M), where 7;(z) := exp,(tVy) and L : T, M — T;M stands for
the Legendre transform. Then we write Vy f(p) = @.

Then a gradient curve should be a solution to fi; = Vi [—H,, (+|v)](1e). We first show
that Vi [—H,,(-|v)] (1) is described by the Fisher information like Proposition 7.9.

Proposition 8.3 Tuke ji = pw € Poo(M,w) with p™ € HY(M,w). If (p™ ' —o™ 1) /(1 -
m) & HY(M,u), then —H,,(-|v) is not differentiable at p. If (p" ' — o™ 1 /(1 —m) €
HY (M, ), then —H,,(-|v) is differentiable at i and we have

V-, () =V (£ 22 ) e P,

Proof. Fix arbitrary ¢ € C®°(M) and put Z;(x) = exp,(tVe(x)), pu = pw = (Tp)gp
for sufficiently small ¢ > 0. Then the Jacobian equation p = p;(7;)J¢ holds p-a.e., where
J¢(x) stands for the Jacobian of DT;(x) : T,M — Tr,»)yM with respect to w. Thus we
obtain, as in the proof of Theorem 7.6,

Ho(pelv) = Hon(ulv) + %1) /M [ @)™ — 1+ m{o™ ™ — o(T)™ )] di

m(m
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As the change of variables formula implies

w\l-m __ 1 w_ 1
lim U=l p"dw = (1 —m)lim : p" dw
t—0 M t t—0
T
:(1—m)1ir% ( )" " JYdw = ( —1/D
—m | DT
M
we obtain i _—
lim m{plv) = / D(p )(Vgo) du.
t—0 t M
This yields
pm 1 _
Vil H ) = v (S0 )
—m
provided that (p™ ' —oc™ 1) /(1—m) € H* (M, u). If (p™~ 1/(1—m) & H (M, ),
then we find I 7
Jim sup m (V) — ~m(u\v) _
i Wa(u, i)

by approximating p™ ! — ™! with ¢ € C>°(M) and choosing ¢ = ¢/(1 — m). Hence
H,,(-|v) is not differentiable at p. O

Theorem 8.4 Let (iit)i>0 C Pac(M,w) be a continuous curve that is locally Lipschitz on
(0,00), and assume that y, = pw satisfies p* € H (M, w) as well as (p;* " — o™ 1) /(1 —
m) € HY(M, jy) for a.e. t € (0,00). Then

e = Vw[=Hp (-[v)] (1)

holds at a.e. t € (0,00) if and only if (pi)i>0 is a weak solution to the reverse porous
medium equation of the form

ap B pm—l o O.m—l
%= div,, {pV( T . (8.2)

Proof. If i, = Vi [—Hn,(-|v)] (1) holds, then Proposition 8.3 yields

m—1 m—1
. Pt — 0
=V|——|.
He ( 1—-m )

Then it follows from the continuity equation (8.1) that

[ Lo [ o

for all ¢ € C2°(]0,00) x M). Therefore p, weakly solves (8.2).
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Conversely, if p; is a weak solution to (8.2), then the same calculation implies that

m—1 _ _m-—1
d, =V <u>
1—-—m
satisfies the continuity equation (8.1). Therefore Proposition 8.3 shows i, = &, =
Vw [=Ho (- [9)] (p12). O

We meant by the ‘reverse’ porous medium equation the porous medium equation with
— —
respect to the reverse Finsler structure F'(v) := F(—v). As the gradient vector for F' is
h
written by Vu = —V(—u), (8.2) is indeed rewritten as

ap L — pm—l _ O_m—l e — pm—l
a—dlvw{pV(T —lew pV m_1+\If .
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