AN OPEN FOUR-MANIFOLD HAVING NO INSTANTON

MASAKI TSUKAMOTO

ABSTRACT. Taubes proved that all compact oriented four-manifolds admit non-flat in-
stantons. We show that there exists a non-compact oriented four-manifold having no

non-flat instanton.

1. INTRODUCTION

Taubes [15] proved that all compact oriented Riemannian 4-manifolds admit non-flat
instantons. To be precise, if X is a compact oriented Riemannian 4-manifold then there
exists a principal SU(2)-bundle £ on X which admits a non-flat anti-self-dual (ASD)
connection. (Taubes [15] considered self-dual connections. But recently people usually
study anti-self-dual ones. So we consider anti-self-dual connections in this paper.) The
purpose of this paper is to show that an analogue of this striking existence theorem does
not hold for general non-compact 4-manifolds.

Let (CP?)* be the connected sum of the infinite copies of the complex projective plane
CP? indexed by integers. (The precise definition of this infinite connected sum will be

given in Section 2.1.) (CP?)* is a non-compact oriented 4-manifold.

Theorem 1.1. There exists a complete Riemannian metric g on (CP?)* satisfying the
following. If A is a g-ASD connection on a principal SU(2)-bundle over (CP?)* satisfying

(1) / | Fa|2dvol, < +o0,
X

then A is flat. Here Fy is the curvature of A. |-|, and dvol, are the norm and the volume
form with respect to the metric g. A connection A is said to be g-ASD if it satisfies
xg 'y = —F4 where x4 is the Hodge star with respect to g.

For a more general and precise statement, see Theorem 2.1. As far as I know, this is
the first example of oriented Riemannian 4-manifolds which cannot admit any non-flat

instanton.

Remark 1.2. I think that the following question is still open: Is there an oriented

Riemannian 4-manifold which does not have any non-flat ASD connection (not necessarily
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satisfying the finite energy condition (1))? We studied infinite energy ASD connections
and their infinite dimensional moduli spaces in [11], [17], [18].

A naive idea toward the proof of Theorem 1.1 is as follows. Let g be a Riemannian metric
on (CP?*)2. For each integer n > 0, let M(n,g) be the moduli space of SU(2) g-ASD
connections on (CP?)* satisfying f(cpg)ﬁz |Fa|2dvoly = 87°n. We have by ((CP?)*) = 0
and, formally, b, ((CP?)*) = 4o00. Therefore, if we formally apply the usual virtual
dimension formula [5, Section 4.2.5] to M(n, g), we get

dim M(n, g) = 8n — 3(1 — by ((CP*)*) + b, ((CP*)*)) = 8n — 00 = —00.

This suggests the following observation: If we can achieve the transversality of the moduli
spaces M (n,g) by choosing the metric g sufficiently generic, then all M(n,g) (n > 1)
become empty. (M (0, g) is the moduli space of flat SU(2) connections, and it does not
depend on the choice of a Riemannian metric.)

Acknowledgement. I wish to thank Professor Kenji Fukaya most sincerely for his
help and encouragement. I was supported by Grant-in-Aid for Young Scientists (B)
(21740048).

2. INFINITE CONNECTED SUM

2.1. Construction. Let Y be a simply-connected compact oriented 4-manifold. Let
21,22 € Y be two distinct points, and set Y = Y\ {z1,22}. Choose a Riemannian metric
h on Y which becomes a tubular metric on the end (i.e. around x; and z3). This means
that there is a compact set K C Y such that Y\ K = Y_UY, with Y_ = (—o0, —1)x S® and
Y, = (1,400) x S Here “=" means that they are isomorphic as oriented Riemannian
manifolds. (S® = S3(1) = {z € R*||z] = 1} is endowed with the Riemannian metric
induced by the standard Euclidean metric on R*.) We can suppose that there is a smooth
function p : ¥ — R satisfying the following conditions: p(K) = [-1,1]. p is equal to
the projection to (—oo,—1) on Y_ = (—o0,—1) x S3, and p is equal to the projection
to (1,400) on Yy = (1,+00) x S3. For T > 2, we set Yp := p ' (-T + 1,7 — 1) =
(-T+1,-1)x SBUKU(1,T —1) x S3. (Later we will choose T large.)

Let Y™ be the copies of Y indexed by integers n € Z. We denote K™, Y_(n), Yi"), p™,
Y™ as the copies of K, Y_, Yo, p, Yp. (K™ Y™ v v c y® and p™ : Yy - R))
We define X = Y* by

Xo=| |/ ~,

nez

where we identify YT(”) N yi") with YT(n+1) Ay D by
~(t—T,0) € (~T+1,-1) x §3 =y qy+h,
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We define ¢ : X — R by setting ¢(z) := nT + p™(x) on Yiﬁ"). This is compatible with
the above identification (2). The identification (2) is an orientation preserving isometry.
Hence X has an orientation and a Riemannian metric which coincide with the given ones
over YT(n). We denote the Riemannian metric on X (given by this procedure) by go. 9o
depends on the Riemannian metric h on Y and the parameter 7.

Since Y is simply-connected, X is also simply-connected. The homology groups of X

are given as follows:
Ho(X) =7, H\(X)=0, HyX)=Hy(Y)%", H3(X)=27, Hy(X)=0.

Hy(X) is of infinite rank if bo(Y) > 1. For every n € Z, the inclusion YT(n) N Yin) cX
induces an isomorphism Hg(YJE") N Yﬁn)) > H3(X). The fundamental class of the cross-
section S® C YT(n) N Yﬁn) = (1,7 — 1) x S? becomes a generator of Hz(X).

2.2. Statement of the main theorem. Theorem 1.1 in Section 1 follows from the
following theorem.

Theorem 2.1. Suppose b_(Y) =0 and b, (Y') > 1. If T is sufficiently large, then there
exists a complete Riemannian metric g on X = Y satisfying the following conditions

(a) and (b).
(a) g is equal to the periodic metric go (defined in Section 2.1) outside a compact set.
(b) If A is a g-ASD connection on a principal SU(2) bundle E on X satisfying

(3) / |FalZdvol, < oo,
X
then A is flat.
The proof of this theorem will be given in Section 9.

Remark 2.2. (i) If a Riemannian metric g on X satisfies the condition (a), then it is
complete.

2

(ii) From the condition (a), the above (3) is equivalent to
A|90

o

(iii) Since X is non-compact, all principal SU(2)-bundles on it are isomorphic to the
product bundle X x SU(2). Hence we can assume that the principal SU(2)-bundle £ in
the condition (b) is equal to the product bundle X x SU(2).

dvoly, < oo.

2.3. Ideas of the proof of Theorem 2.1. In this subsection we explain the ideas of
the proof of Theorem 2.1. Here we ignore several technical issues. Hence the real proof is
different from the following argument in many points.

Let g be a Riemannian metric on X which is equal to gy outside a compact set. Let
E = X x SU(2) be the product principal SU(2)-bundle over X. If a g-ASD connection
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A on E satisfies [ |FA|§dvolg < 00, then we can show that 8% Ix |FA|3dvolg is a non-
negative integer. For each integer n > 0, we define M (n, g) as the moduli space of g-ASD
connections A on E satisfying ¢z [y [Fal2dvoly, = n. Take [A] € M(n,g). We want to
study a local structure of M(n, g) around [A].

Set Dy == —d +dy° : Q' (adE) — (2° @ Qt9)(adE). Here d% is the formal adjoint
of dy : Q°(adE) — Q'(adE) with respect to go, and d? is the g-self-dual part of dy4 :
Q'(adE) — Q?(adF). (Indeed we need to use appropriate weighted Sobolev spaces, and
the definition of D 4 should be modified with the weight. But here we ignore these points.)
The equation da = 0 for a € Q' (adF) is the Coulomb gauge condition, and the equation
d}’a = 0 is the linearization of the ASD equation F*s(A 4 a) = 0. Therefore we expect
that we can get an information on the local structure of M(n,g) from the study of the
operator D4. The most important point of the proof is to show the following three
properties of Dy. (In other words, we need to choose an appropriate functional analysis
setup in order to establish these properties.)

(i) The kernel of D, is finite dimensional.
(i) The image of D, is closed in (Q° ® Q19)(adE).
(iii) The cokernel of D, is infinite dimensional.

Then the local model (i.e. the Kuranishi description) of M (n, g) around [A] is given by

the zero set of a map

f:KerDy — CokerD 4.

(Rigorously speaking, the map f is defined only in a small neighborhood of the origin.)
From the conditions (i) and (iii), this is a map from the finite dimensional space to
the infinite dimensional one. Therefore (we can hope that) if we perturb the map f
appropriately, then the zero set disappear. The parameter g gives sufficient perturbation,
and we can prove that M(n,g) is empty for n > 1 and generic g.

Organization of the paper: In Section 3.1, we review the basic facts on anti-self-
duality and conformal structure. In the above arguments we considered the moduli spaces
M (n,g) parametrized by Riemannian metrics g. But ASD equation depends only on
conformal structures, and hence technically it is better to parameterize ASD moduli
spaces by conformal structures. Section 3.1 is a preparation for this consideration. In
Section 3.2, we prepare some estimates relating to the Laplacians.

In Section 4 we study the decay behavior of instantons over X, and show that they decay
“sufficiently fast”. This is important in showing that all instantons can be “captured” by
the functional analysis setups constructed in Sections 6 and 8.3.

Section 5 is a preparation for Section 6. In Section 6 we study a (modified version of)
operator Dy = —d* + d* and establish the above mentioned properties (i), (ii), (ii).

In Section 7 we show that there is no non-flat reducible instantons on E. Here the
condition b_(Y") = 0 is essentially used.
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Sections 8.1 and 8.2 are preparations for the perturbation argument in Section 8.3. In
Section 8.3 we establish a transversality by using Freed-Uhlenbeck’s metric perturbation.
Here we use the results established in Sections 6 and 7. Combining the results in Sections
4 and 8.3, we prove Theorem 2.1 in Section 9.

3. SOME PRELIMINARIES

3.1. Anti-self-duality and conformal structure. In this subsection we review some
well-known facts on the relation between anti-self-duality and conformal structure. Spe-
cialists of the gauge theory don’t need to read the details of the arguments in this subsec-
tion. The references are Donaldson-Sullivan [6, pp. 185-187] and Donaldson-Kronheimer
[5, pp. 7-8].

We start with a linear algebra. Let V' be an oriented real 4-dimensional linear space.
We fix an inner product gy on V. The orientation and inner product give a natural
isomorphism A*(V) = R, and we define a quadratic form @ : A*(V) x A*(V) — R by
Q&) = &An € AM(V) 2 R. The dimensions of maximal positive subspaces and
maximal negative subspaces with respect to () are both 3

Let g and ¢’ be two inner products on V. They are said to be conformally equivalent
if there is ¢ > 0 such that go = cg;. Let Conf(V') be the set of all conformal equivalence
classes of inner-products on V. Conf(V') naturally admits a smooth manifold structure.

We define Conf’(V') as the set of all 3-dimensional subspaces U C A%*(V) satisfying
Q(w,w) < 0 for all non-zero w € U. Conf’(V) depends on the orientation of V, but
it is independent of the choice of the inner product go. Conf’ (V) is an open set of the
Grassmann manifold Gr3(A?(V)), and hence it is also a smooth manifold.

Let AT be the space of w € A?(V) which is self-dual with respect to g, and A~ be the
space of w € A%(V) which is anti-self-dual with respect to go. We define Conf”(V') be the
set of linear map p : A~ — A7 satisfying |u] < 1 (ie. |u(w)| < |w| for all non-zero w € A~
where the norm | - | is defined by go). This is also a smooth manifold as an open set of
Hom(A~,A™). The map

Conf” (V) — Cont’(V), pu+— {w+ pw)|weA™}
is a diffeomorphism. Hence Conf’ (V) is contractible. (In particular it is connected.)
Lemma 3.1. The map
(4)  Conf(V) — Conf'(V), [g] — {w € A*(V)|w is anti-self-dual with respect to g},
s a diffeomorphism.

Proof. For A € SL(V') and [¢g] € Conf(V') we define [Ag] € Conf (V') by setting (Ag)(u,v) :=
g(A™'u, A~'v). In this manner SL(V) transitively acts on Conf(V), and the isotropy sub-
group at [go] is equal to SO(V) = SO(V, go). Hence Conf(V') = SL(V)/SO(V). On the
other hand, the Lie group SO(A%*(V), Q) (= SO(3,3)) naturally acts on Conf’(V'). This
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action is transitive. (For U € Conf'(V) set U’ := {w € A*(V)|Q(w,n) = 0 (Vn € U)}.
A2(V) =U @ U'. Q is negative definite on U and positive definite on U’. By choosing
orthonormal bases on U and U’ with respect to @, we can construct A € SO(A%(V), Q)
satisfying A(A7) =U.)

Let SO(A?(V),Q)o be the identity component of SO(A*(V),Q). Since Conf’'(V) is
connected, SO(A?(V),Q)o also transitively acts on Conf’(V). The isotropy group of
this action at A~ € Conf'(V) is equal to SO(AT) x SO(A™). (It is easy to see that
if A € SO(A*(V),Q)o fixes A~ then it also fixes AT. Hence A € O(AT) x O(A7).
Since Conf’(V) is contractible, the isotropy subgroup must be connected. Therefore A €
SO(AT) x SO(A™).) Thus Conf'(V) = SO(A*(V),Q)o/SO(AT) x SO(A™)

SL(V) naturally acts on A%(V), and it preserves the quadratic form Q. Hence we have a
homomorphism f : SL(V) — SO(A*(V), Q). A direct calculation shows that it induces
an isomorphism between their Lie algebras. Hence the homomorphism f : SL(V) —
SO(A%(V), Q) is a (surjective) covering map. f~1(SO(AT)x SO(A™)) is equal to SO(V).
(It is easy to see that SO(V) C f~1(SO(AT) x SO(A™)) and their dimensions are both
6. SL(V) is connected and SL(V)/f~1(SO(AT) x SO(A™)) =2 SO(A*(V),Q)o/SO(AT) x
SO(A™) = Conf’(V) is contractible. Hence f~'(SO(AT) x SO(A™)) must be connected.
Therefore it is equal to SO(V).) Thus SL(V)/SO(V) = SO(A*(V),Q)o/SO(AT) x
SO(A™). This gives a diffeomorphism Conf(V) = Conf’(V), and this diffeomorphism
coincides with the above map (4). O

Let M be an oriented 4-manifold (not necessarily compact), and go be a smooth Rie-
mannian metric on M. Two Riemannian metrics g and ¢’ on M are said to be conformally
equivalent if there is a positive function ¢ : M — R satisfying ¢’ = pg. Let Conf(M) be
the set of all conformal equivalence classes of C*°-Riemannian metrics on M.

Let AT and A~ be the sub-bundles of A? := A?(T*M) consisting of self-dual and anti-
self-dual 2-forms with respect to go. For [g] € Conf(M) we define a sub-bundle A} C A as
the set of anti-self-dual 2-forms with respect to g. There is a C>°-bundle map p, : A~ — AT
such that [(uy).] < 1 (z € M) and that A} is equal to the graph {w + py(w)|w € A7}
Here |(ptg)2] < 1 (z € M) means that |p,(w)| < |w| for all non-zero w € A~. (|- | is the
norm defined by go.) From the previous argument, we get the following result.

Corollary 3.2. The map
Conf(M) — {u: A~ — A" : C®-bundle map| || <1 (x € M)}, [g] — pg,
15 bijective.

3.2. Eigenvalues of the Laplacians on differential forms over S®. We will some-
times need estimates relating to lower bounds on the eigenvalues of the Laplacians on S2.

Here the 3-sphere S? is endowed with the Riemannian metric induced by the inclusion
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S3 ={r e RY 2z +23+22+22 =1} C R (R? has the standard Euclidean metric.) The
formal adjoint of d : QF — Q*! is denoted by d* : Q! — Q.

Lemma 3.3. The first non-zero eigenvalue of the Laplacian A = d*d acting on functions

over S® is 3.
Proof. See Sakai [13, p. 272, Proposition 3.13]. O

Lemma 3.4. Let Ker(d*) C Q! be the space of 1-forms a over S® satisfying d*a = 0.
Then the first eigenvalue of the Laplacian A = d*d + dd* acting on Ker(d*) is 4.

Proof. See Donaldson-Kronheimer [5, p. 310, Lemma (7.3.4)]. O

As a corollary we get the following. (This is given in [5, p. 310, Lemma (7.3.4)].)

Corollary 3.5. (i) Let a be a smooth 1-form over S satisfying d*a = 0. Then

1
/ \a!deolg—/ |da|*dvol.
S3 4 S3

(i) For any smooth 1-form a on S, we have

/ a A da
g3

Proof. (i) [|dal* = [(a,Aa) >4 [ |a]*.
(ii) There is a smooth function f on S® such that b := a — df satisfies d*b = 0. Then

|[anda] =|[bAdb] < /[ |b*\/[|db]> <L [|db]> =1 [|dal*. O

4. DECAY ESTIMATE OF INSTANTONS

1
<= [ |da|*dvol.
2 Jos

4.1. Classification of adapted connections. Let us go back to the situation of Section
2.1. Y is a simply connected, compact oriented 4-manifold, and X = Y*” is the connected
sum of the infinite copies of Y indexed by Z. Since X is non-compact, every principal
SU(2)-bundle on it is isomorphic to the product bundle £ = X x SU(2). Following
Donaldson [4, Definition 3.5], we make the following definition.

Definition 4.1. An adapted connection A on F is a connection on E which is flat outside
a compact set. (That is, there is a compact set L C X such that Fy = 0 over X \ L.) Two
adapted connections A; and Ay on E are said to be equivalent as adapted connections
if there is a gauge transformation u : F — E such that u(A;) is equal to Ay outside a
compact set.

For m € Z, let u,, : X — SU(2) be a smooth map such that (p,,). : H3(X) —
H3(SU(2)) satisfies (p)«([S?]) = m[SU(2)]. (Here [S?] is the fundamental class of the
cross-section §% € YA NY™ | and it is a generator of Hy(X) 2 Z. See Remark 4.2 below. )
This means that the restriction of u,, to the cross-section $* C Y™ N Y™ becomes a
map of degree m from S® to SU(2) (for every n € Z).
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Remark 4.2. The cross-section $3 € YA NY™ is endowed with the orientation so that
the identification YT(") N ijn) = (1,7 — 1) x S? is orientation preserving. (The interval
(1,7 — 1) has the standard orientation.) The orientation on the Lie group SU(2) is
chosen as follows: Let § € Q' ® su(2) be the left invariant 1-form (on SU(2)) valued in
the Lie algebra su(2) satisfying 6(X) = X for all X € su(2) = T1.SU(2). (In the standard
notation, we can write § = g~'dg for g € SU(2).) We choose the orientation on SU(2) so
that
1 2 .\ -1 ,

(5) 52 e tr (0 A df + §9 ) =i o) tr(0°) = 1.

Since F is the product bundle, u,, becomes a gauge transformation of E. Let p be
the product flat connection on £ = X x SU(2), and set p,, := u,'(p). Let A(m) be a
connection on E which is equal to p over ¢~!(—o0, —1) and equal to p,, over ¢~*(1, +00).
A(m) is an adapted connection on E. For ¢ > 1 we have

L 2 1 w | tr 2 =m
(6) — [ tr(F(A(m))?) /ql(t) . <t (0N do+ 39 )) .

87T2 D' - 871'2
Here we have used (5) and deg(um|q-1¢1) 1 ¢~ (t) — SU(2)) = m.

Proposition 4.3. For m; # ma, A(my) and A(msy) are not equivalent as adapted con-
nections. If A is an adapted connection on E, then A is equivalent to A(m) as an adapted

connection where

1
m=— [ trF2.
87T2 X 4
(An important point for us is that there are only countably many equivalence classes of

adapted connections.)

Proof. The first statement follows from the equation (6).

Let A be an adapted connection on E. There is M > 0 such that A is flat on
q '(—o00,—M] and ¢ '[M,0). We choose M > 1 so that ¢~ (M) = S3 C YT(n) N Y+(”)
and ¢ Y (=M) =83 C YT(_n) NY"™ for some n > 0. Since ¢~ (—o0, —M] and ¢~*[M, o)
are simply connected, there are gauge transformations v on ¢~!(—oo,—M] and «' on
¢ '[M, 00) such that u(A) = p and v/(A) = p. We can extend u all over X. Hence we can
suppose that u = 1 and that A is equal to p over ¢~'(—o0, —M]. Set m := deg(v'|,~1(ar) :
g (M) — SU(2)). The degree of the map (u,,'t/)|;~1(ar) : ¢~ (M) — SU(2) is zero.
Then there is a gauge transformation u” of E such that u” = u_'u’ on ¢7*[M, +0c) and
u” =1 on g '(—oo, M —1). Then u”(A) is equal to p over ¢~!(—o0, —M] and equal to
u,t(p) over ¢ '[M, +00). Hence u”(A) is equal to A(m) outside a compact set. We have

m—— [ rP(Am)? = i/ I E2.
b

N 87T2 X 87'('2
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4.2. Preliminaries for the decay estimate. We need the following. (This is a special
case of [9, Proposition 3.1, Remark 3.2].)

Proposition 4.4. Let Z be a simply-connected compact Riemannian 4-manifold with (or
without) boundary, and W C Z be a compact subset with W N0Z = (. Then there are
positive numbers e1(W, Z) and Cy (W, Z) (k > 0) satisfying the following: Let A be an
ASD connection on the product principal SU(2)-bundle over Z satisfying |Fapzz <
e1(W, Z). Then A can be represented by a connection matriz A over a neighborhood of W

satisfying
HA Ch (W) < Cl,k ||FA||L2(Z) )
for all k > 0.
Proof. See Fukaya [9, Proposition 3.1, Remark 3.2]. O

Lemma 4.5. Let L > 2. There exist positive numbers o and Cyy (k > 0) independent
of L satisfying the following. If A is an ASD connection on the product principal SU(2)-
bundle G over (0, L) x S® satisfying | Fal 20,0y xs3) < €2 then A can be represented by a

connection matriz A over a neighborhood of [1, L — 1] x S® satisfying
(7) |Vk121(t7 9)| < C2,k ”FA||L2((t—1,t+1)><S3) )
for (t,0) € [1,L — 1] x S and k > 0.

Proof. Proposition 4.4 implies the following. There exist positive numbers &5 and Cj ),
(k > 0) such that if B is an ASD connection on the product principal SU(2)-bundle
over [0,1] x S? satisfying |Fj| L2([o,1]xs?%) < €5 then B can be represented by a connection
matrix B over a neighborhood of [1/4,3/4] x S? satisfying

VA B(@)| < Gy | Fall o pesny (@ € [1/4:3/4] x 8% k 2 0).

Let €5 be a small positive number with g5 < £,. We will fix e, later. Suppose that A is
an ASD connection on the product principal SU(2)-bundle G over (0, L) x S? satisfying
| Fall p2(0,1)xs3) < €2 For 2 < m < [AL — 4], set I, := [n/4,n/4 4+ 1/2] and J, :=
[n/4 —1/4,n/4+ 3/4]. We have I,, C J,. For each n, there is a local trivialization h,, of
G over a neighborhood of I,, x S? such that the connection matrix A, := h,(A) satisfies

[VFA, (2)] < Cé,k ||FA||L2(Jn><S3) (z €I, x S k>0).

Set gn := hyih b s (I, N L11) X S? — SU(2). Then g,(A,) = Apyy (ie. dgn, = gnAn —
Apy19n). In particular |dg,| < 4C5 465, Fix a reference point zy € S3. By multiplying
some constant gauge transformations on h,’s, we can assume that g,(n/4+ 1/4,z¢) = 1.
Then |g, — 1| < const-&y over (I,NI,,1) xS where const is independent of L, n. Since the
exponential map exp : su(2) — SU(2) is locally diffeomorphic around 0 € su(2), if &5 is
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sufficiently small (but independent of L, n), we have u,, := (exp) 'g, : (I, N ,41) X S* —
su(2). (Here we have fixed g5 > 0.) Then g, = e“" over (I, N I,41) X S® with

IV un(@)] < OV Falaruonpess) (@ € (TN L) x 5% 12 0)

Let ¢ be a smooth function in R such that supp(dy) C (1/4,1/2), p(t) =0 for t < 1/4
and ¢ = 1 for t > 1/2. Set ¢, (t) := p(t —n/4). (supp(dy,) C Interior(l, N I,.1).) We
define a trivialization h of G' over the union of (I, N I,,;1) x S® (2 < n < [4L — 4]) by
setting h := e¥m“noh,, on (I,N1,11)xS3. Then h is smoothly defined over a neighborhood
of [1, L — 1] x S, and the connection matrix A := h(A) satisfies (7). O

Let us go back to the given manifolds Y and Yy = p~ (=T + 1,T — 1).

Lemma 4.6. Let T' > 4. There exist positive numbers €5 and Csy (k > 0) independent
of T' satisfying the following. If A is an ASD connection on the product principal SU(2)-
bundle over Yr satisfying |Faliey,) < €3, then A can be represented by a connection

matriz A over Yr_1 such that

VFA@)] < Caa Il Fal gz -siropmny (8= P()),
forx e Yr_1 and k > 0.
Proof. Set Z := p~'[-3,3] and W := p~1[-5/2,5/2] C Z. We apply Proposition 4.4 to
these Z and W: There is € > 0 (depending only on Z, W and hence independent of T')

such that if |Fa|;2) < €5 then A can be represented by a connection matrix A; over a

neighborhood of W such that

|VF AL (2)] < consty |Fallpezy  (z€ W, k2>0).
On the other hand, by applying Lemma 4.5 to the tubes p~*(=T+1, —1) = (=T+1, —1) X
S*and p~!(1,T—1) = (1, T—1) x S, if [ Fa| 12(y,) < €2 (the positive constant introduced
in Lemma 4.5) then A can be represented by a connection matrix A, over a neighborhood
of pH-T+2,-2|Up 2,7 —2] = [-T+2,-2] x S*U[2,T — 2] x S? such that
[VEAs(t,0)] < Cop | Fall 21 ppywssy  (8:0) € [FT+2,=2]x SPU[2, T—2] x S, k > 0).

Then by patching A; and Ay over p~1(—=5/2, —2) and p~*(2,5/2) as in the proof of Lemma
4.5, we get the desired connection matrix A. O

4.3. Exponential decay. In this subsection we study a decay estimate of instantons on
the product principal SU(2)-bundle £ = X x SU(2). The results in this section will be
used in Section 9. Our method is based on the arguments of Donaldson [4, Section 4.1]
and Donaldson-Kronheimer [5, Section 7.3]. In this subsection we always suppose T > 4.
Let g be a Riemannian metric on X which is equal to gy (the Riemannian metric given

in Section 2.1) outside a compact set. Let A be a g-ASD connection on E satisfying

/ | Fal2dvol, < .
X
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For t € R, set
2
J(t) = / | Fal dvoly.
g~ (t,+o0)

For t > 1 we have J(t) = qul(t oo
volume form with respect to the periodic metric go. Recall that for each integer n we
have ¢ '(nT+ 1,(n+ )T — 1) =V, n Y™ = (1,7 — 1) x S3.

) |F4|?dvol where | - | and dvol are the norm and

Lemma 4.7. There is no(A) > 0 such that for n > ng(A)
J(t)<=2Jt) (nT+2<t<(n+1)T-2).
(The value —2 is not optimal.)

Proof. In this proof we always suppose nT +2 <t < (n+ 1)T — 2 and n > 1. We have
J'(t) = —/ 1 | Fa|*dvol = —2 ||F(At)||iQ(S3) (A¢ == Alg1)).
g ()

Here we have used the fact |F4|? = 2|F(A;)|?. This is the consequence of the ASD
condition. From Lemma 4.5, we can assume that, for n > 1, a connection matrix of A
over ¢ '[nT + 2,(n + 1)T — 2] is as small as we want with respect to the C'-norm (or
any other C*-norm). In particular we have |F(4;)|;.» < 1 for n > 1. Then, by using
[5, Proposition 4.4.11], we can suppose that A; is represented by a connection matrix
satisfying

(8) | Adl g < const (A | gse, -
Then we can prove
Sublemma 4.8.
J(t) = — /SS tr(A; A dA; + gAf) (= —0(A)).
Proof. Form>n>1land mT +2<s<(m+1)T — 2,

(9) / [Fal2dvol = 6(A,) — 0(A,) mod $72Z.
qil[tvs}

We can suppose that the connection matrix A, also satisfies (8). Then both of the left
and right hand sides of the above equation (9) are sufficiently small. Hence

/ |FaPvol = 0(A,) — 0(A,).
q_l[t,s]

We have §(A;) — 0 as m — +oo. Then we get the above result. O

1
g—/ |dA,|.
2 /g

From Corollary 3.5 (ii),

/ tr (At VAN dAt)
S3
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Since dA; = F(A) = A}, [dA72s) < IF(ADI72 + 2[F (A 12 |43 2 + |AZ] 720 We
have L3(S3) — L5(5®). Hence |A?|,. < const ||At||i% < const | F(A;)|7, by (8). Hence
|dA|7, < (1 + const |[F(A,)]2) | F(A)]3». In a similar way, we have

< const HAt”is < const ”F(At”li? :

tr(A7)
g3

Thus we have
36 = ~6(40) < (5 + const IF ()2 ) IF(ADIE:.
Since J'(t) = ~2|F(A)|72 and |F(A)|p < 1, we have J(t) < [F(A)lz. = —37'(1).
Hence J'(t) < —2J. O
Corollary 4.9. Fort > ny(A)T + 2,
J(t) < constur - e—2(1=4/T)t
Here const a1 is a positive constant depending on A and T

Proof. First note that J(t) is monotone non-increasing. For nT' +2 <t < (n+ 1)1 — 2
(n > ng(A) =: ng), we have J(t) < e 2=""=2) J(nT + 2) by Lemma 4.7.

Set a, = J(nT +2) (n > ng). a1 < J(n+ 1T —2) < e24g,. Hence a, <

6_2(T_4) (n—no) g

For nT +2 <t < (n+1)T -2, J(t) < e 20T=2)q, < o 2(t=In)d+2n0T=8nog — Since
t >nT +2, we have t —4n > (1 — 4/T)t + 8/T. Hence J(t) < const 4 pe~20=4/1)t,
For(n+1)T-2<t<(n+1)T+2,J(t) <J(n+1)T'—-2) < Const'ATe*Q(lf‘l/T)t, O

In the same way we can prove the following.
Lemma 4.10. Fort > 1 we have
/ | Fa|*dvol < const g p - e—201=4/T)t
q ! (—o0,—1)

Corollary 4.11. There exists an adapted connection Ay on E satisfying
VA, (A(z) — Ao(x))] < constyaz - eI (¢ = g()),

for all integers k > 0.

Proof. For |n| > 1, we have |Fy4| L2y < € (g5 is a positive constant introduced in
Lemma 4.6.) Then by Lemma 4.6, Corollary 4.9 and Lemma 4.10, A can be represented
by a connection matrix A, on YT@I (|n| > 1) such that

|VFA,(2)| < constygp-e” DI (5 ¢ ngn)l, t=q(x), k>0).

By patching these connection matrices over YT( )1 N YT"+1 (In| > 1) as in the proof of
Lemma 4.5, A can be represented by a connection matrix A on {|t| > 1} such that

IVFA(x)| < constyap - e WYDIH (1t > 1, k> 0).
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To be more precise, there are t, > 1 and a trivialization h : E|{ysy — {|t| > to} x SU(2)
such that h(A) satisfies

|V’;(h(A) —p)| < consty ar - eI (14| > to, k > 0),
where p is the product connection. This means that
|VZ_1(p)(A — 17 Yp))| < constyag - e VDI (1t > tg, k> 0).

Take a connection Ay on E which is equal to h™*(p) over {|t| > to + 1}. Then Ay is an
adapted connection satisfying the desired property. 0

5. PRELIMINARIES FOR LINEAR THEORY

In this section, we study differential operators over X. The results in this section will be
used in Section 6. All arguments in Sections 5.1 and 5.2 are essentially given in Donaldson
[4, Chapters 3 and 4].

5.1. Preliminary estimates over the tube. Let a be a real number with 0 < |a| < 1.
In this subsection we study some differential operators over R x S®. We denote ¢ as the
parameter of the R-factor (i.e. the natural projection ¢ : R x S* — R). Let d* : Qg o5 —
Q%ng, be the formal adjoint of the derivative d : Q]%ng, — Q%RX&% over R x S3. We have
d* = — % dx where * is the Hodge star over R x S3. We define a differential operator
do®: Qpos — A gs Dy setting d*b := e 2*d*(e**'b) (b € Q4 gs). Then

RxS3
d*b = d*b — 2c x (dt N\ *b).

If feQ, o and b € Qs have compact supports, then

/ e (df, b)dvol = / e (f, d**b)dvol.
RxS3

RxS3
Consider dt := (1 +%)d : Qp, s — Uf g, and set D* = —d** +d* : Qg o —
Q][1)§><S3 ® Q]?{ng?"

Let A%, (i > 0) be the bundle of i-forms over S®. Consider the pull-back of A%, by the
projection R x S% — S?, and we also denote it as A%, for simplicity. We can identify the

bundle Ay g of 1-forms on R x S? with the bundle A%, & AL, by
Ag3 D A}gg = (bo,ﬁ) «—— bodt + 6 c A]%%XSLS'

We also naturally identify the bundle A}, ¢ with A;. The bundle Af, g of self-dual
forms can be identified with the bundle A%, by

1
Ay 38— §(dt AB+x30) € Al o5 (x3: the Hodge star on S°).

We define L : T'(A%; & ALs) — T(AS @ AL) by setting

I bo - 0 —d bo
B —d3  *3d3 B ’
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where dj is the exterior derivative on S* and dj = — %3 dg*3. Let b = (b, 3) € I'(A% &
Agg) = Qp. g (le. b=1bodt + ). Then Db € Q%Xss &) Qixsg = F(A%3 &) Agg) is given by

30 )0)

For u € Qo (i > 0), we define the Sobolev norm ”“”Li (k> 0) by

k
(10) ful2 = > /R Viul2dvol.
=0

x93
We define the weighted Sobolev norm |u 12 by
(11) ||U||Lio¢ = HeatuHLi.

The map Ly*(R x S, A% ) D ur e®u € LI(R x S, AL o) is an isometry.
D* becomes a bounded linear map from Ly (R x S3, AL ) to Ly (R x S, AY oo @
Af gs). For b =bydt + € Q. 45 as above, we have

ot Mo/ —at . 8 b(] (6% 0 bo
Set
o a 0
L .L—i—(o _a>.

Recall that we have assumed 0 < |a| < 1.

Lemma 5.1. Consider L* as an essentially self-adjoint elliptic differential operator acting
on Q% ® QL over S®. If X is an eigenvalue of L, then |A| > |a|. Moreover if X # a,
then |A| > 1.

Proof. We have
Qgs @ Qs = (s ® d3(Qgs)) O ker d;,
where df = — 3 d3xg : QL — Q%. The subspaces Q% ® d3(Q%) and ker dj are both
L%-invariant.
For § € kerd}, L*(0,0) = (0, *3ds — a3). Suppose that L*(0,3) = X0, ) and [ is
not zero. Since dj3 = 0 and H'(S?) = 0, we have d33 # 0. Then *3d33 = (A + «)f and
A+ a # 0. Since we have (Corollary 3.5 (ii))

BN dsp
g3

1
< = [ |dsp[*dvol
2 /s
and (X + )3 A d33 = |ds3]*dvol, we have
2<|A+qal

Then |A| > 2 —|a] > 1> |a|.
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For (f,dsg) € Q% @ d5(Q%) (f and g are smooth functions on S?),

dsg —d3 [ — adsg
Suppose that L*(f, dsg) = A(f, dsg) and (f,dsg) is not zero. Then

Azg=(a—=A)f, dsf =—(a+ N)dsg.

- A
Lo ( f ) = ( of 39 ) , (A3 = dids is the Laplacian on functions over S*).

Case 1: Suppose a + A = 0. Then f is a constant, and
0= / Asgdvol =2« | fdvol.
g3 g3
Hence f = 0. This implies A3g = 0 and hence d3g = 0. This is a contradiction.

Case 2: Suppose a+ A # 0. Then Azf = (A\? —a?)f. Since the first non-zero eigenvalue
of the Laplacian A3 is 3 (Lemma 3.3), A* —a? = 0 or \> —a? > 3. Since \ # —a, we have

A=a or \)\|2\/3+a22\/§.
]

Lemma 5.2. Fora € L7*(R x S% AL o), we have |a];2. < v2|a|™ | D% 2.0, More-
over ||a||L%a < consty |[D%a| 2,0 -

Proof. We can suppose that a is smooth and compact supported. Set b := e*a = bydt + 3
where (by, 3) € T(R x S* A% @ ALs). Let {¢a}r be a complete orthonormal basis of
L*(S3, A% & AL,) consisting of eigen-functions of L* over S* with L®py = Ay where A
runs over all eigenvalues of L*. From Lemma 5.1, we have |\| > |a|. Decompose (by, 3)
by {¢a} as

(bO(t7 6)7 6(t7 8)) = Z CA(t)SO/\(Q)'

A
Since a is compact supported, the functions ¢, are also compact supported. (9/0t +
L) (bo, B) = D, (cA(t) + Aealt))oa. If (90t + L*)(bo, 5) = (b1,7), then e**D*(e~'b) =
(b1, 5(dt Ay +#37)). Hence [e* D¥(e='b)| = \/1b1]> + [1[2/2 > (90t + L*)(bo, 5)|/ V2.

Therefore
1 o
/ e D*(e~*'b)|2dvol > Z/ |\ + AealPdt.
Rx.S3 2 N J oo

|+ Aeal? = A + A(3) + A2c3. Since |A| > |a| and the functions ¢y are compact

Z/ |c',\+)\c,\|2dt2a22/ o2t = a2 bl
A - A -

supported,

Then
- o ||
[D%al 20 = [l D*(eb)|| » = —= [bl 2 = — lal 2 -

V2 V2
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Since e DY~ = % + L% is a translation invariant elliptic differential operator, for

every n € Z we have

2 2 at Mo/ —a 2
”bHL%((n,n+1)><S3) < consty, (”buLz((nq,mz)sz) + He 'D(e tb)Hp((nfLmz)sz)) :

Here const,, is independent of n. By summing up this estimate over n € Z, we get

ol < consta (Bliacssy 16 D™D s -
This shows HG/HL?,a < consty ([ af ;2.a + [D¥a] ;2.0) < const!, [ D% 2.a- O

Lemma 5.3. (i) Suppose a > 0. Let a be a smooth 1-form over the negative half tube
(—00,0) x 5% satisfying [_, o .gs €*lal*dvol < +oo. Suppose D*a = 0. Then

lal, |Va| < consta,ae(l_a)t (t < —2).

(i) Suppose o < 0. Let a be a smooth 1-form over the positive half tube (0,+o00) x S*

satisfying f(0,+oo)xs3 e?*q)

2dvol < +o0, and suppose D%a = 0. Then
la|, |Va| < constyae” 39 (¢ > 2).

Proof. We give the proof of the case (i) (o > 0). The case (ii) can be proved in the
same way. Set b 1= e*a = bydt + [ where (by,5) € T(R x S* A% @& AL;). Then
e D*(e=*h) = 0. Choose {py} as in the proof of Lemma 5.2. Decompose (by, 3) by {©a}
as (bo(t,0), 5(t,0)) = Z/\ ex(H)ea(0). Since (9/0t + L*)(bo, B) = 2_(c\(t) + Aea(t))ox = 0,

we have c)(t) = dye™ where d is a constant. For ¢t < 0,

/ |b|2dV013 _ Z ’C)\|2 _ Z |d)\‘2€72)\t > ‘d)\|2€72)\t
{t}xS3

\ \
Since the L?-norm of b over (—o0,0) x S? is finite, we have dy = 0 for A > 0. Set

B := 62/ |b]2dvols = 622 |dye*|? < oo.
{—1}xS83

A<0

From Lemma 5.1, negative eigenvalues A satisfy A\ < —1. Hence for t < —1

/ ’b‘QdVOIS _ Z |d)\€)\‘2€_2)\(t+1) < Z |d)\€)\‘2€2(t+1) — B€2t.
{t}x 53

A<0 A<0

Then for t < —2,
t+1

/ b>dvol < B / e**ds < B2+,
(t—1,t+1)xS3 t—1

Since e** D*(e~*'b) = 0 (and this is a translation invariant equation), the elliptic regularity
implies

1], |Vb| < consto VB - € (t < —2).
(Indeed we can choose const, independent of a. But it is unimportant for us.) Since
a = e b, we have

la|, |[Va| < const;’ae(l_a)t (t < —=2).
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0

5.2. Preliminary results over Y. Recall that Y is a simply connected closed oriented
4-manifold and that ¥ = Y\ {z,z,}. ¥ has cylinderical ends, and we have p : ¥ — R.
For a section of u of A" (i > 0) over Y, we define the Sobolev norm |u] L2 (k > 0) as
in (10). We define the weighted Sobolev norm by ||U||Lioc = |e™u| ;2. where t = p(z)
(z € Y). Recall 0 < |a| < 1.

For a 1-form a over Y we set D% := —d*“a + d*a = —e~2d*(e2a) + d*a.

Lemma 5.4. Let a be a 1-form over Y with ||a||L§,a < o00. If D*a =0, then a = 0.

Proof. We give the proof of the case @ > 0. The case o« < 0 can be proved in the same
way. We divide the proof into three steps.

Step 1: We will show that the above assumption implies da = 0. First we want to
show a, da € L?. We have

/ |a|*dvol §/ e*|al*dvol < oo, / |da|*dvol S/ e?*|dal*dvol < oo.
>0 >0 >0 >0

Lemma 5.3 implies that the L:norms of a and da over Y_ = (—oo, —1) x S? are finite.
Hence a,da € L?. For R > 1, let 8z be a smooth function over Y such that Br = 1 over
p_l(_R7 R)7 ﬁR =0 over p_l(_oo7 _2R) Up_1(2R7 OO) and |dﬂR| < 2/R

Oz/d(ﬁRa/\da):/ﬁRda/\da—i—/dﬁR/\a/\da.

Since d*a = 0, we have da A da = —|da|*dvol and hence

2
/ﬁR\da]deol = /dﬁR ANaAda < = lal ;- |da| ;- .

Let R — +o00. Then [ |da|*dvol = 0. Hence da = 0.
Step 2: We have

la| < consty e (t> 1), |a] < consty e (t < —1).

The latter estimate comes from Lemma 5.3. The former one comes from the elliptic

regularity and the following estimate: For ¢ > 1,

/ ) la?dvol < e_Qo‘t/ 2@ |o(z) 2dvol(z) < |afrs. €72
p~H(t,+o0

p~!(t,400)
Step 3: From Step 1 and HC}R(Y) = 0, there is a smooth function f on Y satisfying
a = df. From Step 2, the limits f(400) := lim;— 4o f(£,0) and f(—00) := lim;—, o f(¢,0)
exist and independent of § € S3. In particular f is bounded. We can assume f(+o00) = 0.
Then for t > 1
©Hf

f.0)== [ 550
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Since |0f /0s| < |a|] < const, e for t > 1 (Step 2),

(13) |f| < constyn-e” ™ (t>1).

Let B be the cut-off function used in Step 1. Since e~2?td*(e**q) = d*“a = 0,

0= /eht(ﬁpj, d*“a)dvol = /eQat(d(ﬁRf),@clvol
:/ezatﬂdﬂR,a}dvol—i—/62“t63|a]2dvol.

Hence

2
(14) /BQQtﬂR‘CZPdVOI < — | f||a|dvol.
R Jsupp(ds)
We have supp(dfg) C p~'(=2R,—R) U p (R, 2R). Since |f| and |a| are bounded,
/ e*| f||a|dvol — 0 (R — 400).
p~1(-2R,—R)

On the other hand, by the above (13)

2
—/ ™| f||a|dvol < / e*|a|dvol
R Jp1(rar) p-1(R:2R)

constg o

< V/vol((R,2R) x S3) / e2ot|a|2dvol < constqq [a] 20 /VR.
R p~1(R,2R)

consty o

This goes to 0 as R — +o0. From (14),

/620‘t|a|2 = 0.

Thus a = 0. O
Lemma 5.5. Fora € LY (Y, A'),
lal 205y < conste [D%al 205y -
Proof. Set U := p~'(—2,2) C Y. By using Lemma 5.2, for all a € L}*(Y)
(15) lal 2o 9y < consta(lal 2y + 1Dl 2.0 (59)-

We want to show [af 2,y < conste |D%a[;2.4(y. Suppose on the contrary there exist a
sequence a, (n > 1) in L>*(Y, A!) such that

I = ||an||L2(U) >n ||Daan||L2,a(f/) :

From the above (15), {a,} is bounded in L*(Y). Hence, if we take a subsequence (also
denoted by ay,), the sequence a,, weakly converges to some a in L*(Y"). We have D%a = 0.
Hence Lemma 5.4 implies a = 0. By Rellich’s lemma, a,, strongly converges to 0 in L*(U).
(Note that U is pre-compact.) This contradicts |an |y = 1. O
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5.3. Preliminary results over X = Y*2, Recall that X = Y*” has the periodic metric
go which is compatible with the given metric h over every Y™ (n € Z), and that gq
depends on the parameter 7' > 2. We define the Sobolev norm |-| 12 over X as in (10)
by using the metric gy and its Levi-Civita connection. We define the weighted Sobolev
norm by ||U||Lioz = ||eatu||Li,a where t = ¢(z) (r € X). For a 1-form a over X we set
D% := —d*®a + dTa = —e ?*d*(e***a) + d*a.

Lemma 5.6. There exists T, > 2 such that if T > T, then for any a € Lf’o‘(X, AY) we
have

HO/HL%OL(X) < const, HDO‘aHLM(X) .

The important point is that T, depends only on c.

Proof. Let 3™ be a smooth function on X such that 0 < g™ < 1, suppp™ Yiﬁn) =
¢ H(n—1)T+1, (n+1)T—1), 30 =1 over ¢ H((n—1/2)T, (n+1/2)T) and |[d3™| < 3/T.
Since t = q(z) = p™ (x) + nT over Y by applying Lemma 5.5 to 3™a, we get

80 2y = ™ e 5 L)
< consty, - e |[e2?™ @) D (3 g) L2(y{")
= const, HDa(ﬁ(n)a)HLw(X)
< O lal o, +consta |0l 0,
Then
lalzeg < Y 18al 20,
neZ
< SOSta COnSt Z ”a”L2 ayiy T const,, Z ||Daa||L2a (v
nez nez
e

If T"> 1, then
2 a2
||a||Lzl),a(X) < consty | D[ 2.0 (x) -

O

For a 1-form a on X we set Da := —d*a + da. Its formal adjoint D* is given by
D*(u, &) = —du+d*¢ = —du — xd€ for (u,&) € Q°® Q. We consider D as an unbounded
operator from L?(X,A') to L?(X, A% & AT).

The additive Lie group Z naturally acts on X = Y*. Set Y := X/Z. We have
b1(YT) =1and b, (Y") = b, (Y). The operator D is preserved by the Z-action, and its
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quotient is equal to the operator —d* +d* : Q. — Q). & Q;L on Y. Then we can
apply Atiyah’s I'-index theorem (Atiyah [3], Roe [12, Chapter 13]) to D and get

indZD = lnd(_d* + d+ . Q%/Jr — Q(}]/Jr @ Q;_,_) = _1 + bl(Y+) — b+(Y+) = —b+(Y>

Here indzD is the I'-index of D (I' = Z).

The above implies that if b, (Y) > 1 then KerD* C L*(X,A° @ AT) is infinite di-
mensional. Suppose p = (u,&) € L?(X,A° @ A™") satisfies D*p = —du + d*¢ = 0 as a
distribution. By the elliptic regularity, p is smooth, and for each n € Z

||P||L2 —(n—1/2)T\(n+1/2)T)) = CONStr ||P“L2(y:§n)) .

Here constr is independent of n € Z. Hence |p|2y) < consty |pf2x) < 400, and
p € L?(X). In particular u,¢ € L3(X) and hence (du,d*¢) 2 = 0. Then

0= (D*p,du}sz = — |dul 2.

So du = 0. This means that u is constant. But v € L?. Hence u = 0. Therefore d*¢ = 0.
Thus we get the following result.

Lemma 5.7. Suppose b, (Y) > 1. The space of & € L3*(X,A") satisfying d*¢ = 0 is

infinite dimensional.

Take and fix a smooth function |- | : R — R satisfying |t|" = |¢| for |[t| > 1. For
0 < |a| <1, set W(z) := el4@!" for 2 € X. Hence W is a positive smooth function on X
satisfying W (z) = e*9@)l for |q(z)| > 1. For a section 5 of A (i > 0) we set ||77HLi’W(X) =
[Wnl 2 (x)- For a self-dual form 5 over X, we set d* Wiy = W2 xd(W?p). If a € Q%
and n € Q+ have compact supports, then [, W?(da,n) dvol Jx W*(a,d*"n)dvol.

Lemma 5.8. Suppose by(Y) > 1 and o > 0. Then the space of n € L*" (X, AT)
satisfying d*"Vn = 0 is infinite dimensional. Moreover it is closed in L*" (X, A").

Proof. Suppose that ¢ € L?(X, AT) satisfies d*¢ = 0. Set n := W=2¢. Then d*"n = 0 and
||77||L%W(X) = ||W715||L§(X) < oo from o > 0. Thus Lemma 5.7 implies the first statement.

In order to prove the closedness of Ker(d*") c L¥"(X,A") in L*W(X,A"), it is
enough to show that if n € L>W(X,AT) satisfies d*"n = 0 (as a distribution) then
ne L*Y(X,A"). nis smooth by the (local) elliptic regularity. The differential operator
d*" on YT(") (n > 0) are naturally isomorphic to each other. The same statement also
hold for n < 0. Hence, by the elliptic regularity,

HW77HL2 L(n—1/2)T,(n+1/2)T)) = CONStrq - (HW’7||L2(YT<”>) + Hd*’W(WmHLz(YT(")))
< consty,, | W””H(YT(”)) :

Here consty, are independent of n € Z. Thus ||7’]”L%W(X) < constra 7] 2w (x) < oo. O



AN OPEN FOUR-MANIFOLD HAVING NO INSTANTON 21

Lemma 5.9. Suppose b (Y) > 1 and o > 0. For any € > 0 and any pre-compact open
set U C X, there is n € L*" (X, At) such that n = 0 over U and

Proof. First we prove the following statement: For any ¢ > 0 and any pre-compact open
set U C X there exists n € L>" (X, A1) satisfying d*"'n = 0 and 7l 2w 1y < €Il 2w (x)-
Suppose that this statement does not hold. Then there are ¢ > 0 and a pre-compact open
set U C X such that all n € Ker(d=") ¢ L*" (X, A") satisfies

d*,W

n”LZW(X) <&l pew x -

HTIHLQ,W(U) > € ||77HL2’W(X) :

Ker(d*") is an infinite dimensional closed subspace in L>" (X, A") (Lemma 5.8). Let
{Nn}n>1 be a complete orthonormal basis of Ker(d*"') with respect to the inner product
of L*W (X, A*). They satisfies

[l 2wy 2 €

The sequence 7, weakly converges to 0 in L»" (X)), and hence 7, |y weakly converges to
0 in L>W(U). Then, by the elliptic regularity and Rellich’s lemma, a subsequence of 7, ¢
strongly converges to 0 in LW (U). But this contradicts [7ll 2w 1y = €

Next take a pre-compact open set V' C X satisfying the following: U C V and there
exists a smooth function # such that 0 < 5 <1,6=00onU, f=1o0n X \V, supp(df) C
V, and |df| < e. By the previous argument there exists n € L%’W(X, AT) satisfying
d*"Vn =0 and [ ew ) < (1/3) [0l 2w (xy- Then [80] 2w (x) > (2/3) [0l 2w (x)- Since
d*W(pn) = — * (dB A n) is supported in V,

Hence 8y € L% (X, A1) satisfies 3y = 0 over U and |

A (B0 pow () < € Il pow vy < (&/3) Il 2w ) < (£/2) 1B 2w (x -
(x) ) (x) (

d*’W(ﬁﬁ)HLQ,W(X) <e€ ||ﬁ77||L2,W(X)~
O

6. LINEAR THEORY

In this section we always assume 0 < a < 1 and
(16) T > max(Ty, T-q).

Here T, and T_, are the positive constants introduced in Lemma 5.6. (Recall that they
depend only on a.) The purpose of this section is to prove several basic properties of the
linear operators Dy and D', introduced below. The constants introduced in this section
often depend on several parameters («, T, Ay, A, ). But we usually don’t explicitly

write their dependence on parameters unless it causes a confusion.
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6.1. The image of D, is closed. Let £ = X x SU(2) be the product principal SU(2)-
bundle over X, and Ay be an adapted connection on E (see Definition 4.1). Let W =
4@ bhe the weight function on X introduced in Section 5.3. For a section u of A’(adE)
(1 > 0), we define the Sobolev norm |u] L2 by using the periodic metric g and the
connection Ay. We define the weighted Sobolev norm by |u] 2w = W 12

Let AT and A~ be the bundles of self-dual and anti-self-dual forms (with respect to the
metric go) on X, and p: A~ — A* be a smooth bundle map. We assume |u,| < 1 for all
z € X (ie. |p(w)| < |w]| for all non-zero w € A~ where the norm | - | is defined by the
metric go). Moreover we assume that p is compact supported. Hence p corresponds to
a conformal structure on X which coincides with [go] outside a compact set (see Section
3.1).

We define A = Ay, as the space of L3" -connections (with respect to Ag) on E:

A:={Ay+a|a e L7V (X, A (adE))}.

(Recall that the connection Ay is used in the definition of the weighted Sobolev space
L2 (X, A (adE)).) We will need the following multiplication rule: If k > 3 and k > [,
then Lz’w X LIQ’W — L?’W7 i.e. for f; € Lz’w and fo € LIQ’W (k>3,k>1>0)

a7 |fufol e < const | ful o [ fol o

In particular, for A = Ay + a € A, we have F(A) = F(Ay) +da,a+arae L¥". For
b€ Q' (adE) over X, we set

Db = —d"Vb+ (df — pd;)b = —W2d,(W?b) + (d — pd;)b.

Here d%b = —*da(xb) and df = 2(1£x)d. (x is the Hodge star defined by the metric go.)
D, is an elliptic differential operator since we assume |u,| < 1 for all € X. Rigorously
speaking, we should use the notation DZ’W instead of D4. But here we use the above
notation for simplicity. We have

(18) Db = Da,b+ x[a A*b] + [a ANb]T — pu(fa AD]7).

From this and the above (17), the map Dy : LzK(X, A'(adE)) — LYY (X, (A’@AT)(adE))
(0 < k < 3) becomes a bounded linear map.

Let 7 be a positive integer such that ¢='(—rT,rT) contains the supports of F(Aj) and
p. Set U :=q 1 (=(r+5/2)T, (r+5/2)T).

Lemma 6.1. (i) For any b € Lifl(X, A(adE)) (k> 0) we have
(19) 6] 2w x) < comst ([6] 2y + [Daghl 2w (xy)-

Here const is a positive constant independent of b. (We will usually omit this kind of
obvious remark below.)
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(ii) For any A = Ao+ a € A, there is a pre-compact open set Uy C X (which depends on
w,a, T, Ag, A) such that for any b € LZ’K(X, A(adE)) (0 <k < 3)

(20) ”b"Li’K(X) < const (||b||L2(UA) + ||DAb||Li'W(X))'

Proof. (i) We first consider the case k = 0. From Lemma 5.6 and the condition (16), for
any by € LY*(X,A') and by € LY %(X,AY)

(21) [b1] 2 < const [Dby] a0,

(22) |62 HL%w < const HD‘abQHLQﬁa :

Let b € L?"(X,A'(adE)). Let § be a smooth function on X such that 3 = 0 on
t<(r+1/2)Tand B=1ont> (r+1)T (t = q(x)). Recall that supp(p) and supp(Fa,)
are contained in ¢~'(—rT,7T) and that W = e* for ¢ > 1. By applying the above (21)
to Ba, we get

(23) 118l 2w xy < const | Dag(Bb)] peaw (xy < const ([] 2y + [Dagd] 2w x))-

Let 3 be a smooth function on X such that 3 =0ont > —(r+ 1/2)T and ' =1 on
t < —(r+1)T. By applying (22) to 3'b, we get

(24) |87l 2w ) < comst [ Dag (8'0)] 2w (x) < comst ([b] L2y + [Daohl 2w (x))-
From the elliptic regularity,
||b||L§’W( U (r43/2)Ty(r43/2)T)) = CONSY (||b||L2(U + ||DAob||L2(U ).
This estimate and the above (23) and (24) imply
(25) [0 2w (x) < comst (1] 2y + 1D bl 2w (x))-
Next let b € Lzﬂ(X ,A'(adF)). From the elliptic regularity, for any n € Z

ohe2 s 120, oy = IWOliz 2 mm1/am, s 2my)
< const (1113, + 1D WO )
< const ("b”Li’W(YT(n)) + ||DA0bHLi,W(YT<n))).
The above two “const” are independent of n € Z. Therefore

(26) ”b”Li’K(X) < const (”b"Li’W(X) + “DAob”LivW(X))'

By using this estimate and the above (25), we can inductively prove (19).
(ii) From (i)

(27) ||b||Lif{(X) < O(||b”L2(U) + ”DAob”Li’W(X))’
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where the positive constant C' depends on p, «, T, Ag. Take € > 0 so that C'e < 1. From
(17), (18) and a € L2", there is a positive integer 4 > r (Uq := ¢~ (= (ra+5/2)T, (ra+
5/2)T) D U) such that
[ Dab— DAob”Li’W(X\m) <e ”b”Li!W(X) (0<k<3).
On the other hand
| Dab — DAob”Li’W(UA) < const HbHLz(UA) .
Therefore, from (27),

||b”Liﬂ(X) < const (”b”Li(UA) + ”DAb”Li’W(X)) + Ce Hb"Li’W(X) :
Since Ce < 1, we get
||b|’Liﬂ(X) < const (”b”Lg(UA) + “DAb“Li’W(X))'

By the induction on k, we get (20). O

Proposition 6.2. Let A € A. Ifb e L*W(X,AY(adE)) satisfies Db = 0 as a distribu-
tion, then b € L7 (X). Let 0 < k < 3. The kernel of the map D, : Li’f{(X, A(adE)) —
LIV (X, (A @ A*)(adE)) is of finite dimension, and the image Da(Ly1y (X, AY(adE))) is
closed in L7 (X, (A° ® AT)(adE)).

Proof. The first regularity statement (Db = 0= b € L") follows from Lemma 6.1 (ii).
Let KerD 4 be the space of b € LiW(X, A(adE)) satisfying Db = 0. For any b € ker D4,
||b||Li’W(X) < const |b] 2, by Lemma 6.1 (ii). Here U, is a pre-compact open set. Then
the standard argument using Rellich’s lemma shows the finite dimensionality of ker D 4.

Sublemma 6.3. Ifb € L} (X, A'(adE)) (0 < k < 3) is L*" -orthogonal to KerD 4 (i.e.
Jx W2(b, B)dvol = 0 for all 5 € KerDy) then

”bHsz{(X) < const HDAb”Li’W(X) .

Proof. 1t is enough to prove |b],2;,) < const [Dab| ;2w x). Since U, is pre-compact, this
follows from the standard argument using Lemma 6.1 (ii) and Rellich’s lemma. O

Let H C Ly (X, A'(adE)) be the L*"-orthogonal complement of ker D 4. Then Sub-
lemma 6.3 shows that image(D,) = D4(H) is a closed subspace in L (X, A'(adE)). O

6.2. The kernel of D', is infinite dimensional. For ;1 : A~ — AT we define p* : AT —
A~ by

pE) An=Enp () (E€A neA’).
Let A = Ay+a € A For w € Q*adE), we set di"w = —W=2 % dy(+W2w). 1If
b € Q'(adFE) and w € Q*(adE) have compact supports, then [, W?(dab,w)dvol =
[ Wb, d%" w)dvol. For p = (u,n) € Q°(adE) & Q* (adE), we set

D'yp = —dau+d{" (1 + )= —dsu— W2 xds(WH1 — p*)n).
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D', is an elliptic differential operator. If b € Q'(adF) and p € Q°(adE) & QT (adE) have
compact supports, then [, W2(Dab, p)dvol = [, W*(b, D'y p)dvol. We have

(28) DA(U’JT)) - DAO(Uﬂ?) - [CL,U] - *[CL A (1 — K )77]
From the multiplication rule (17), D', defines a bounded linear map D/, : Lif{(X (N @
AT)(adE)) — LYY (X, AY(adE)) for 0 < k < 3.
Lemma 6.4. For any p € Ly (X, (A’ @ A*)(adE)) (0 < k < 3),
[l 29 () < const (ol ow x) + [Dapl 2w x))-

Hence if p € L*W(X) satisfies D'yp = 0 as a distribution, then p € Li’W(X).

Proof. In the same way as in the proof of the estimate (26), we get
ol 2wy < const (Il pow ) + [ Dlagpl] 2w )
By using the multiplication rule (17), we get the desired estimate. The regularity state-

ment easily follows from the above estimate. 0

Let KerD,4 be the space of b € L7 (X, A'(adE)) satisfying Db = 0, and KerD’, be
the space of p € L7 (X, (A° @ AT)(adE)) satisfying D’,p = 0.

Lemma 6.5. Let Ac A and 0 < k < 3.
i) We have the following L*" -orthogonal decomposition:
(i) g g
LYY (X, (A’ @ AT (adE)) = Da(L; (X, A (adE))) @ Ker D).
(i) If p € Ll (X, (A° @ A*)(adE)) is LW -orthogonal to the space KerD', then

HPHL2 w(x) < const HDAp||L2 W(x) -

Hence DA(LiK(X, (A’ A+)(adE))) is a closed subspace in L (X, A'(adE)).
(iii) We have the following L*"W -orthogonal decomposition:

Ly (X, A (adE)) = DA(L%(X, (A’ ® A7) (adE))) @ KerD 4.

Proof. (i) KerD/, is closed in L>". From Proposition 6.2, DA(L%K) is closed in L2V
and it is LZ’W—orthogonal to KerD',. If p € L*W((A° @ AT)(adE)) is L*"-orthogonal to
the space D4(L}"), then D’;p = 0 as a distribution. Hence L*W = D (L}") @ KerD',.
By this decomposition, for p € L2V (A°@®A*)(adE)), there are b € L and p' € KerD/,
satisfying p = Db+ p'. By Lemma 6.4, p/ € L2 W and hence Dyb=p—p € LZ’W. Then
by Lemma 6.1 (ii), b € L7}". This shows Ly = D4(L})}) @ KerD/,.

(ii) By (i), there is b € LiK(X, Al(adE)) satisfying p = D4b. We can choose b so that
it is L»W-orthogonal to KerD4 and that [b] 2w < const |Dab|;sw = const |p| 2w (by
Sublemma 6.3). Then

2
|ol 2w = {p, Dab) 2w = (Dap, b) 2w < |Dupl pow [bl 2w < const |Diypll o o] 2w -
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Thus |p| ;2w < const | D’y p|;2.w. Then by using Lemma 6.4, we get the desired estimate.

(iii) D'y (L7} is LW -orthogonal to KerD4. If b € L2W (X, A'(adE)) is L>W-orthogonal
to the space D’y (L>"), then D 4b = 0 as a distribution. Hence L>W = D', (L*")@&KerD 4.
From this result, for any b € LV (X, A'(adE)), there are p € L?" (X, (A° ® AT)(adE))
and 3 € KerDy satisfying b = D'yp + 3. From Lemma 6.2, 3 € Li’W. Thus D'yp € Lz’w,

and hence (Lemma 6.4) p € Lif{ O

Lemma 6.6. Let 0 < k <3, and A € A be a n-ASD connection (i.e. F{ = u(Fy)). Let
Kerd3" NLY"Y be the space of b € L™ (X, A (adE)) satisfying d%"" b= W=2d,(W?b) = 0

as a distribution. Then the following map is isomorphic:
(29) Ly (X, A%adE)) @ (Kerdy" N LYY) — LPY(X,A'(adE)), (u,b) — —dau+b.

Proof. The above (29) is a bounded linear map. If (u,b) € Lzﬁ @ (Kerd"V n 12™)
satisfies —dau + b= 0, then [b]32w = (b, dau) 2w = 0 by d5"'b = 0 Hence b = dsu = 0.
dau = 0 implies that |u| is constant. But v € L*»W. Hence u = 0. Therefore the map
(29) is injective.
Let b € L7 (X,A'(adE)). By Lemma 6.5 (iii), there exists (u,n) € Li’r{(X, (A°®
AT)(adE)) and § € KerDy satisfying
b=D'y(u,n) + = —dau+d;" (1+ u)n+ .

Since D483 = 0, we have d%" 3 = 0. Since A is pu-ASD, we have d%" d%" (1 4+ p*)n = 0.
Thus d5" (d%" (1 + p*)n + 8) = 0. This argument shows that the map (29) is surjective
and hence isomorphic. O

Proposition 6.7. Suppose b (Y) > 1. For any A = Ay + a € A, the space KerD', C
LiY(X, (A’ @ AT (adE)) is infinite dimensional.

Proof. Suppose that KerD’, is finite dimensional. Then there is a pre-compact open set
V' C X such that for any non-zero p € KerD’, we have p|y #Z 0. Then

ol 2w (x) < comst [pl oy (p € KerDYy).
We want to prove the following: There exists a positive constant C' depending on u, o, T, Ag, A
such that for any p € L*" (X, (A° @ AT)(adE))
(30) o] 2w ) < CUpl 2y + 1ol 2w x)):
Let p € LYW (X, (A° @ A*)(adE)), and p = py + p1 be a decomposition such that p, €
KerD’, and that p; € L>" (X) is L*"-orthogonal to KerD’,. Then
HP”LZW(X) < lpo ”LQvW(X) + |1 ”LQ,W(X) < const ”POHL2(V) + [ ”LZW(X) ’

(31) < const([p] 2y + o1l 2ry) + 11l 2w (x)

< const gy, + (1 -+ const) Il ey
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From Lemma 6.5 (ii)
2 ”L?sW(X) < const [ D)1 ”L?»W(X) = const ”D;Xp”L?ﬁW(X) :

From this and the above (31), we get (30).

Take ¢ > 0 satisfying 2eC' < 1 (C is a constant in (30)). For this €, we can choose a
positive integer R such that V' := ¢ '(—(R+1/2)T,(R+ 1/2)T) contains V Usupp(p) U
supp(Fa,) and that for any p € (Q° @ QF)(adE) we have (see (28))

| Diyop(x) = Dyp(z)| <elp(z)]  (z€ X\ V).

From Lemma 5.9, thereis € L*" (X, A (adE)) such that = 0 over V' and |‘Df40nHL27W(X) <
€||77||L2»W(X)' (Here Dlyn = D/, (0,7).) Then "D;ln“L?vW(X) < 2 |\77||L2,W(X)- But the
above (30) implies

H77HL27W(X) <C “DQXUHL?,W(X) <2Ce HUHLZW(X) :

Since we choose 2Ce < 1, this is a contradiction. O

Let Ker(d%" (14-p*)) be the space of n € L>W (X, At (adE)) satisfying d%" (14-p*)n =0
as a distribution. If n € Ker(d5" (1 + p*)), then D,(0,1) = 0. Hence n € L' (X) by
Lemma 6.4. The space Ker(d%" (1 4 u*)) is closed in L>" (X, A*(adE)), and hence it is
closed in L™ (X, A*(adE)) for all 0 < k < 4. The following proposition is the conclusion

of this section.

Proposition 6.8. Suppose that A € A is a u-ASD connection.

(i) Let (u,n) € L>Y (X, (A°® AT)(adE)). We have D'y(u,n) = 0 if and only if u =0 and
IV (14 p*)n = 0. Hence KerD'y = Ker(dy" (1 + p*)). Moreover if by (Y) > 1 then the
space Ker(d5" (1 + p*)) is infinite dimensional.

(i) Let 0 < k < 3. Let Kerd3" N Lz}fi be the space of b € Li’f{(X, AY(adE)) satisfying
b = 0. Then the space (df — pd;)(Kerd?" N Lil‘i) is closed in L™ (X, A*(adE)),

LQ,W

and we have the following -orthogonal decomposition:

32)  LPY(X,AT(adE)) = Ker(dy" (1 + pu) @ (df — pdy)(Kerd7" n L7Y).

Proof. (i) Suppose D'y(u,n) = —dau + d3" (14 p*)n = 0. Then (u,n) € L2V (X) by
Lemma 6.4. Since A is p-ASD, dau and d5" (1 4+ p*)n are L>W-orthogonal to each
other. Hence dau = d5" (1 + p*)n = 0. Then u = 0 and d%" (1 + u*)n = 0. Therefore
KerD', = Ker(d5" (1 + p*)). If by (Y) > 1, then Ker(d;" (1 + p*)) = KerD', is infinite
dimensional by Proposition 6.7.

(ii) By Lemma 6.5 (i), n € LV (X, AT(adE)) is L>"-orthogonal to Ker(d5" (1 + p*))
if and only if there exists b € Lif{(X, A'(adE)) satisfying (0,7) = Dab (ie. d3"Vb =
0 and (df — pd;)b = n). This shows that (d} — ud;)(Kerdy" N Lir{) is closed in
L?Y(X, A*(adE)) and that we have the decomposition (32) (the factors of the decompo-

L2’W

sition are -orthogonal to each other). 0J
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7. NON-EXISTENCE OF REDUCIBLE INSTANTONS

Lemma 7.1. Let I C R be an open interval. Let w be a smooth anti-self-dual 2-form on
I x S3 satisfying dw = 0. Then there exists a smooth 1-form a on I x S3 satisfying da = w

and |al essy < (1/V8) [wl 2159 -
Proof. Since w is ASD, it can be written as:
w=dt N\ — *x30,
where ¢ € T'(1 x 5, ALs) (cf. Section 5.1). Then dw = 0 is equivalent to

9 _
ot

Let Ker(d}) C Q}gg, be the space of co-closed 1-forms in S®, and consider the operator

— %3 d3¢, d;gb =0.

x3d3 : Ker(d) — Ker(d}). This is an isomorphism by H},(S®) = 0, and its inverse is
given by #3d3A;" : Ker(dj) — Ker(d;). We set a := — *3 dsA;'¢p € T(I x S3,AL). «a
satisfies dja = 0 and *3dsa = —¢. Then

da e
kg3 (a) = —a = *3d30.

Since da/0t and ¢ are both contained in Ker(d}), we have da/0t = ¢. Then we have
da = w. Moreover (Corollary 3.5 (i))

/‘ |¢wmg:/" |%M%mbz4/‘ ladvols.
{t}x 83 {t}xS3 {t}xS3

Since |w]* = 2|¢[*, we get |w] 257y = V8 lal 2(gs)- .

Let p: A= — A" be a compact-supported smooth bundle map satisfying |u,| < 1 for
all z € X. A 2-form w on X is said to be u-ASD if it satisfies w™ = p(w™) where w™ and
w™ are the self-dual and anti-self-dual parts of w with respect to the periodic metric go.
w is u-ASD if and only if w is ASD with respect to the conformal structure corresponding
to p. (See Corollary 3.2.)

Proposition 7.2. Suppose b_(Y) = 0. If w is a smooth u-ASD 2-form on X satisfying
dw =0 and |w]zx) < 00, then w = 0. (Indeed, if w € L*(X,A?) is u-ASD and satisfies
dw = 0 as a distribution, then w is smooth by the elliptic reqularity. Hence the assumption

of the smoothness of w can be weakened.)

Proof. Suppose w # 0. We can assume |w|2x) = 1. We have [y wAw = [((Ju(w)]? -
lw™]*)dvol < 0. So we can take § > 0 so that [, w Aw < —d. Let ¢ > 0 be a positive

number satisfying

(33) (2+¢e)e < 5/2.
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Let N > 0 be a large integer such that U := ¢~ !(=NT, NT) satisfies U D supp(p) and

(34) S ey <

(Recall T > 2.) Set V := ¢ {(=(N+1)T'+1,-NT —1)Uqg *(NT + 1, (N +1)T —1).
V is isometric to the disjoint union of the two copies of (1,7 — 1) x S3 and we have
V Cc X\ U. From Lemma 7.1, there exists a 1-form a on V satisfying da = w and
lal 2y < (1/V/38) |wlz2qy- Let 8 be a smooth function on X such that 0 < 3 < 1,
supp(df) C V, 8 =0over |t| > (N+1)T—1, 3 = 1over |t| < NT+1 and |d3| < 2/(T—-2).
(Here t = g(x).) We define a compact-supported 2-form w’ by

w on [t| < NT+1
w'=<¢d(Ba) onV
0 on |t| > (N+1)T —1.
W' is a closed 2-form (dw’ = 0).
1 T 1
[d(Ba)l 2y < T_9 lal g2y + 1wl p2pr) < T_9 |wlz2qry + 1l 2y T 5 lwll 2y -

Then, by (34), [ — wl2x) £ T7 Iwlp2eyry < € and [w]pax) < 1+e.

/w/\w—/w'/\w'
X X

Here we have used (33). Since we have [, w Aw < =0,

/ WA < =4/2.
X

On the other hand, since w’ is closed and compact-supported (supp(w’) C ¢ '(—=(N +

DT +1,(N +1)T — 1)), o' can be considered as a closed 2-form defined on Y*2N+1) (the
connected sum of the (2N + 1)-copies of V). Since b_(Y) = 0, the intersection form of
Y#@N+1) is positive definite. Hence

OS/ w'Aw’:/w'Aw'§—5/2.
YH#(@2N+1) X

Here 0 is positive. This is a contradiction. O

< (”W"L?(X) + ”w/"L?(X)) jw —w ||L2(X) (2+¢e)e <d/2.

Recall that £ = X x SU(2) is the product principal SU(2)-bundle over X.
Corollary 7.3. Suppose b_(Y') = 0. If A is a reducible u-ASD connection on E satisfying
/ | F4|*dvol < +oo,

X

then A is flat.
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8. MODULI THEORY

8.1. Sard-Smale’s theorem. In this subsection we review a variant of Sard-Smale’s
theorem [14] which will be used later. Let M;, M,, M3 be Banach manifolds. We assume
that they are all second countable. Let f : M; x My — Mj be a C*°-map. Let (xg,y0) €
M; x My and set zy := f(xo,y0) € M3. Suppose that the following two conditions hold.
(i) The derivative df 440 : Too M1 @ Tyy My — T.,Mj is surjective.
(ii) The partial derivative di fzgye) @ TooM1 — ToyMsz with respect to M;-direction is a
Fredholm operator with dim Ker(d; f(z,4,)) < dim Coker(di f(zoy0))-

Under these conditions we want to prove the following proposition. (Recall that a
subset of a topological space is said to be of first category if it is a countable union of
nowhere-dense subsets.)

Proposition 8.1. There exists an open neighborhood U x U' C My x My of (xo,yo) such
that the set {y € U'|3x € U : f(x,y) = 20} is of first category in M.

I believe that this is a standard result. But for the completeness of the argument we
will give its brief proof below.

Lemma 8.2. There is a bounded linear map Q : T, Ms — T, M, @ T, My which is a
right inverse of df (zg.ye)s €. df(zoye) © @ = 1.

Proof. Set D := di f(zg,y0) : TyM1 — T, M3. Since D is Fredholm, we have decomposi-
tions: T, My = KerD @V and T,,M5 = ImD & W where V' and W are closed subspaces
and moreover W is finite dimensional. The restriction D]y : V' — ImD is an isomor-
phism. Since dfy,,,) is surjective and W is finite dimensional, there is a bound linear
map T : W — T, M, ® T, M, satistying df ,,,,) ©T = 1. Then the map

Q: T Mz =ImD QW — T My ® T, My, (u,v)+— (D|y) " (u)+T(v),
gives a right inverse of df (4, yq)- 0

By the implicit function theorem, there is an open neighborhood U x U" C M; x M, of

(20, Yo) such that

M = {(z,y) € U xU'| f(z,y) = 20}
is a smooth submanifold of M; x My, and that for any (z,y) € U x U’ the derivative
df(wyy © ToMy @ TyMy — Ty, Ms is surjective. Let m : M — M, be the natural
projection.

The set of Fredholm operators is open in the space of bounded operators, and the index
is locally constant on it. Hence we can choose U and U’ so small that for any (z,y) €
U x U’ the map d; fzy) : To My — T(z,)Ms is Fredholm and satisfies dim Ker(d, f(z,,)) <
dim Coker(d f(z,)). For (z,y) € M we have

T(xyy)M = {(u, 'U) & Tle ) TyM2| dlf(l,,y)u + dgf(xyy)’l) = 0}
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~

Then it is easy to see that m : M — M, is a Fredholm map with Ker(dm,,y))
Ker(ds f(z4)) and Coker(dm(y,)) = Coker(dy f(s,y)) for (z,y) € M. (The maps Ker(d; f(z,4)) 2
u — (u,0) € Ker(dn(y,)) and Coker(dm(;,)) 2 [v] — [daf(zy)(v)] € Coker(dy fizy)) give
isomorphisms.) In particular Index(dm(;,)) < 0 for (x,y) € M. Then a point y € M, is
regular for 7 if and only if 771 (y) is empty. We apply Sard-Smale’s theorem to the map
7 and conclude that (M) is of first category in M. This proves Proposition 8.1.

8.2. Review of Floer’s function space. Here we review a function space introduced
by Floer [7]. Let 7 = (19, 71,72, --) be a sequence of positive real numbers indexed by
Z>o. (We will choose a special 7 below.) Let C*°(R™) be the set of all C*°-functions in R".
(We will need only the case n = 4.) For f € C>(R") we set |V* f(z)| := maxq = |0° f (z)|
(k > 0) where a = (a1, -+ , ) € Z% and |af := oy + - - + . We define the norm | f|
by

[£1- =" i sup [V* f(z)].

k>0 TeR™
We define C7(R™) as the set of all f € C*(R") satisfying | f]. < co. (C7(R™), |-]-) becomes

a Banach space. For an open set U C R" we define CJ(U) as the space of all f € Cj(R")
satisfying f(z) = 0 for all z € R\ U. CJ(U) is a closed subspace in C7(R").

Lemma 8.3. For any bounded open set U C R™, C5(U) is separable.

Proof. Let Co(R™) be the Banach space of all continuous functions f in R™ which vanish
at infinity (i.e. for any € > 0 there is a compact set K C R™ such that |f(z)| < ¢ for all
x € R"\ K). Let B be the set of all sequences f= (fa)aezn, With f, € Co(R") satisfying

7], = X memaxlfalan < o0 (aleygmn = sup [fula)
k>0

(B, || 5) is a Banach space. Since Co(R") is separable, B is also separable. The map
Co(U) = B, fr (0°f)aez

n
>0’

is an isometric embedding. (Note that 0% f vanishes at infinity because f = 0 outside U
and U is bounded.) Hence Cj(U) is separable. O

Let f : R — R be a C*™-function satisfying 5(z) = 0 for z < 1/3 and §(z) = 1 for
x > 2/3. We define positive numbers a; (K > 0) by setting

o= max |39 )] s (a1 =0)

Here %) is the k-th derivative of 3. We set 73, := (a7k*)™' (k> 1) and 7 := 1.
For 0 < 0 < L, we define a C*-function 351 : R — R by

BEEE) (2 <0)
@S,L xr) =
@ B(=5+) (x> 0).
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Bs.1, approximates the characteristic function of the interval [-L, L] as 6 — 0. We have
(35) @) < 67 (k= 0).

Note that the right-hand-side is independent of L. For y € R™ and 0 < § < L we set

fyor(x) = H@S,L(%‘ — Yi)-
=1

fy.s.1 is supported in the open cube K, := (y1 — L,y1 + L) X - -+ X (y, — L,y, + L), and
lims_o fy5,0 = 1k, , (the characteristic function of K, 1) in L"(R") for 1 <1 < oo.

Lemma 8.4. f, s is contained in Cj(K, ).

Proof. For a = (ay,- -+, ap), 0% fys0(x) = H?:l é?z)(xl —4,). By using (35),
0% fyon(x)] < H(éfaiaai) < (5*‘°‘|a‘”a|.
i=1

Hence |V* fy 5 1(x)| = max|qj— [0% fy.6, ()| < 6 Fa}. Therefore
ZTk sup |V*f,s.0(7)] <1+ Z(aﬁkk)_I(S_kaZ =1+ Z(k:é)_k < 00.
k>0 TR k>1 k>1
Thus | fys.]- < oo. O

Lemma 8.5. For any open set U C R™ and 1 < r < oo, the space Cj(U) is dense in
L"(U).

Proof. 1t is enough to prove that for any ¢ > 0 and any measurable set £ C U with
vol(E) < oo there exists f € Cf(U) satisfying | f — 1g|prgny <e

There is an open set V' C U satisfying £ C V and vol(V \ E) < (¢/4)". By Vitali’s
covering theorem, there are open cubes K; = K, . C V (i = 1,2,---,N) such that
KiNK; =0 (i #j) and vol(E \ | [, K;) < (¢/4)". Then

N
1p— Z 1g,
=1

From Lemma 8.4, there are f; € CJ(K;) C C5(U) (i =1,--- , N) satisfying |1x, — fi] .. <
g/2"1. Then

N 1/r
< (vol(E\UKZ-) +vol(V\E)> <e/2.

i=1

N

g — ) g,

i=1

<

N
+> N, = fil <=
i=1

N
1g — Z i
=1

L Lr

O
Let us go back to our infinite connected sum space X = Y* . Take two non-empty pre-
compact open sets U and V in X such that U C V and V is diffeomorphic to R*. We fix a

diffeomorphism between V' and R* (i.e. a coordinate chart on V). Moreover we fix bundle

trivializations of AT and A~ over V. Here AT and A~ are the vector bundles of self-dual
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and anti-self-dual 2-forms with respect to go. Then a bundle map p: A™|y — AT|y over
V can be identified with a matrix-valued function in R* by using the coordinate chart
on V and the bundle trivializations of A*|, and A™|y. So we can consider its norm
|11] . We define a function space Cj(U, Hom(A~, A")) as the set of all C*°-bundle maps
p: Ay — Aty satisfying |p]- < oo and p, = 0 for all z € V' \ U. From Lemmas 8.3
and 8.5, we get the following.

Lemma 8.6. The Banach space Cj(U,Hom(A~,A")) is separable, and it is dense in
L"(U,Hom(A~,A")) (1 <r < o0).

Since p € CJ(U, Hom(A~, A*)) vanishes outside of U and U C V/, u can be smoothly ex-
tended all over X by zero. By this extension, we consider that all € Cj (U, Hom(A~, A*))

are defined over X.

8.3. Metric perturbation. Recall that X = Y* is the infinite connected sum space
with the periodic metric gy and the weight function W = e®9@)l" and that E = X x SU(2)
is the product principal SU(2)-bundle on X. In this subsection we suppose that 0 < o < 1
and the condition (16) in Section 6 holds. Therefore we can use the results proved in
Section 6.

Let Ay be an adapted connection on E. We define A = Ay, as the set of connections
A = Ay + a with a € L3"(X,A'(adE)) (Section 6.1). Note that the definition of the
Sobolev space L2 (X, A'(adE)) uses the connection Ay. Let C C CJ(U, Hom(A~, A))
be the set of all u € CJ (U, Hom(A~, A1)) satisfying |u,| < 1 for all x € X. Here the norm
11| is defined by using the metric go. C is an open set in CJ(U, Hom(A~,A")). Each
p € C defines a conformal structure which coincides with [go] outside U (see Corollary
3.2). A connection A on E is said to be p-ASD if it satisfies F'y = u(F) where F{ and
F; are the self-dual and anti-self-dual parts of F4 with respect to go.

Lemma 8.7. (i) For any A € A we have [ tr(Fa A Fy) = [ tr(Fa, A Fa,).

(i) If Ay is not equivalent to a flat connection as an adapted connection, then any A € A
1s not flat.

(1ii) If Ao is equivalent to a flat connection as an adapted connection and if A € A is
w-ASD for some i € C, then A is flat.

(w) If [ tr(Fa, A Fa,) <0, then for any p € C there is no u-ASD connection in A.

Proof. (i) Tt is enough to prove that for any compact-supported smooth a € Q'(adFE) we
have [, tr(F(Ao + a)?) = [, tr(F(Ao)?). Since we have tr(F(Ay + a)?) — tr(F(Ap)?) =
dtr(2a A F(Ao) + a A daya + 3a®), it follows from Stokes’ theorem.

(ii) Since Ay is not equivalent to the flat connection as an adapted connection, the integral
[ tr(F(Ap)?) is not equal to zero. (See Proposition 4.3.) Hence the result follows from

(i).
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(iii) If A € A is p-ASD, then tr(F3) = (|Fy|* — |u(Fy)|*)dvol (dvol is the volume form
with respect to go). We have |F|> — |u(Fy)[*> > 0, and moreover if F is not zero at
r € X then |F|? — [u(Fy)]*? > 0 at z € X. If Ay is equivalent to the flat connection,
then [, tr(F(Ag)?) = 0. Hence if A € Ais pu-ASD then

JAFRE = lutFp)P)aver =
Therefore Fy = 0 all over X. We can prove (iv) by a similar argument. 0
We define M C A x C by
M = {(A,u) € AxC|Ais u-ASD}.

Let m : M — C be the projection. The main purpose of this subsection is to prove
the following proposition by using the metric perturbation technique originally due to
Freed-Uhlenbeck [8].

Proposition 8.8. Suppose that b (Y) > 1 and b_(Y) = 0 and that Ay is not equivalent
to a flat connection as an adapted connection. Then (M) is of first category in C.

In the rest of this subsection we always assume that b, (Y) > 1 and b_(Y) = 0 and
that Ay is not equivalent to a flat connection as an adapted connection.

Fix (A, ;) € M. Let Kerd" N L™ be the space of b € Ly" (X, A'(adE)) satisfying
d5"'b = 0. Let KerDy4 be the space of b € L3 (X, A'(adE)) satisfying Db = —d"V b+
(d% — pd3)b =0, and Ker(d5" (14 p*)) be the space of n € L2 (X, AT (adE)) satisfying
45V (14 p*)n = 0. KerDy is finite dimensional (Proposition 6.2), and Ker(d%" (1+p*)) is
infinite dimensional (Proposition 6.8). Hence we can take a finite dimensional sub-vector
space H C Ker(d5" (1+ p*)) satisfying dim H > dim KerD,. Let H' C Ker(d5" (14 p*))
be the L>"-orthogonal complement of H in Ker(d3" (1 4 u*)). Since Ker(d%" (1 + u*))
is closed in L?Y (X, AT (adE)), H' is a closed subspace in L>V (X, A*(adE)).

The spaces (d} —pud;)(Kerd3" NLy"), H and H' are closed subspaces in L2 (X, AT (adE)),
and they are L>"-orthogonal to each other (Proposition 6.8 (ii)). Moreover, from Propo-
sition 6.8 (ii),

(36) L?Y(X, AT (adE)) = (df — pd)(Kerd5V n L2 o H o H'.

Let IT : L3V(X, AT (adE)) — (df — pdy)(Kerd"” N L") @ H be the projection with
respect to this decomposition. We define
[ (Kerd{" N L") x € — (df — pd3)(Kerd" n L") @ H,

(37) .
(b,v) — T{FH(A+b) — v(F~(A+b))}.
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We have f(0, ) = 0. The derivative of f at (0, ) is given by

(38)
dfo, + (Kerd3"V N L3™) @ €5 (U, Hom(A~, A)) — (df — pdy)(Kerd3" n L3V @ H,
(b,v) = (dj — pdy)b — I(v(Fy)).

Lemma 8.9. (i) The map (38) is surjective.

(ii) The partial derivative d, f(o, : Kerdy"” N L3 — (df — pdy)(Kerd?" N LyV) @ H,
b (df — pdy)b, with respect to (Kerdy" N L2")-direction is a Fredholm operator with
its index < 0.

Proof. The statement (ii) is obvious because KerD4 and H are both finite dimensional
and satisfy dim KerD 4 < dim H.

Next we will show (i) by using the argument of Donaldson-Kronheimer [5, p. 154]. Let
Iy - L2"(X, AT (adE)) — H be projection to H with respect to the decomposition (36).
It is enough for the proof of (i) to show that the map Iy o df(o ) : (Kerdy" nL3"™) @
Cj(U,Hom(A™,A")) — H is surjective. Here we have Iy o dfg,(b,v) = =1y (v(Fy)).

Suppose that it is not surjective. Since H is finite dimensional, this implies that there
exists a non-zero n € H satisfying (n, v(F}))2w = 0 for all v € Cj(U, Hom(A~,A")).
(Here (-,-)z2w is the L>W-inner product.) This is equivalent to (F; - n,v) 2w = 0 for
v € CJ(U,Hom(A~,A")). Here Fy -1 € T'(A~ ® AT) is the contraction of Fy @7 €
['(A~(adE) ® At(adE)) by the inner product of adE, and we identify A~ @ AT with
Hom (A, A*) by the metric go. Since Cj(U, Hom(A~, A*)) is dense in L?(U, Hom(A~, A*))
(Lemma 8.6), the above means that F; -7 = 0 over U. Then for every point x € U, the
images of the maps

(Fx)z: (A7)) = (adE)s,  na: (A7)} — (adE),,

are orthogonal to each other. Since the rank of adF is equal to dim su(2) = 3, this implies
that min(rank(F’ )., rank(n,)) < 1 for every x € U. Then we use the following sublemma.
This is [5, Lemma (4.3.25)].

Sublemma 8.10. Let O C X be an non-empty open set. Suppose that one of the following
conditions (i), (ii) is satisfied. Then A is reducible over X.

(i) There is ¢ € T'(O, A~ (adFE)) such that ¢ has rank 1 over O (as a map from (A7)* to
adFE) and ds(1 4 p)¢ = 0 over O.

(i1) There is ¢ € I'(O, AT (adE)) such that ¢ has rank 1 over O (as a map from (AT)* to
adE) and da(1 — p*)p =0 over O.

Proof. We assume the condition (i). The case (ii) can be proved in the same way. By
making O smaller, we can assume that ¢ = s®@w where s € I'(O,adFE) and w € T'(O, A7)
with |s| = 1. Here w is not zero at any point of O. ds(1+ p)¢p = da(s ® (1 + p)w) =0
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implies

das N1+ p)w~+s®@d(1+ p)w =0.
Since |s| = 1, we have 0 = d(s, s) = 2(d4s, s). From this and the above equation, we get
das A (1+ p)w = 0. Since w € Q™ and p(w) € QF,

1 1
|das A w| = EIdASHWL |das A p(w)| = EWASHM(CU)!-

Since |p(w)| < |wl|, das A (1 4+ p)w = 0 implies d4s = 0. This shows that A is reducible
over 0. Since X is simply-connected and A is u-ASD, the unique continuation principle
([5, Lemma (4.3.21)]) implies that A is reducible over X. O

We have d(1+p)Fy = daFa = 0and d4((1—p*)W?n) = Osincen € H C Ker(dy" (14
w*)). If F is zero on some non-empty open set, then A is flat on it. Then the unique
continuation principle ([5, pp. 150-152], [1], [2, p. 248, Remark 3]) implies that A is flat
all over X. But this contradicts Lemma 8.7 (ii) because A, is not equivalent to a flat
connection as an adapted connection. Therefore F'; cannot vanish on any non-empty
open set. The unique continuation principle also implies that 1 cannot vanish on any
non-empty open set. (Note that (1 — p*)W?7 is self-dual with respect to the conformal
structure corresponding to p.)

Since we have min(rank(F ),,rank(n,)) < 1 for every x € U, there is a non-empty
open set O C U such that one of F;, n has rank 1 over O. Then one of the conditions
(i), (ii) in Sublemma 8.10 is satisfied. Thus A is reducible on X. Then, from Corollary
7.3, A is flat over X. But this contradicts Lemma 8.7 (ii). O

Kerd3" N L2" and € C C7(U,Hom(A~, A*)) are both separable (see Lemma 8.6) and
hence second countable. Therefore we can apply Proposition 8.1 to the map f in (37) and
conclude that there exists an open neighborhood U x U’ of (0, i) in (Kerds" NnL3™) x C
such that the set {v e U'|Fb € U : f(b,v) = 0} is of first category in C.

Lemma 8.11. There exists an open neighborhood V of (A, 1) in M such that w(V) is of
first category in C.

Proof. Consider the following map (Coulomb gauge):
L2Y(X,A(adE)) x (Kerdy” nL2") — A, (u,b) — e“(A+b).
The derivative of this map at (0,0) is given by
L2V (X, A%adE)) @ (Kerdy"” N L2") — L2W(X,AY(adE)), (u,b) — —dau +b.

This is isomorphic (Lemma 6.6). Therefore, by the inverse mapping theorem, there is an
open neighborhood W of A in A such that for any B € W there are u € L2" (X, A°(adE))
and b € U C (Kerd3" N L") satisfying B = e*(A +b). Set V := (W x U') N M. Then
(V) is contained in the set {v € U'|Ib € U : f(b,v) = 0}, which is of first category in
C. O
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Since M C A x C is second countable, Lemma 8.11 implies Proposition 8.8.

9. PROOF OF THEOREM 2.1

We will prove Theorem 2.1 in this section. So we assume b_(Y) = 0 and b (Y) > 1.
We fix 0 < a < 1. (For example, a = 1/2 will do.) We choose a positive parameter 7" so
that

T > max (TOC,TQ7 i) .

l -«
This implies
T>4, T>max(T,,T-,), 1—4/T > a.

Recall that we assumed 7" > 4 in Section 4.3 and T > max(7,,7-,) in Sections 6 and
8.3. The condition 1 —4/T > « is related to Corollary 4.11. We will show that there is
a complete Riemannian metric g on X satisfying the conditions (a) and (b) in Theorem
2.1.

Let A(m) (m € Z) be adapted connections on E introduced in Section 4.1. They
satisfy [, tr(F(A(m))?) = 8x*m. A(0) is equivalent to a flat connection as an adapted
connection. {A(m)|m € Z} becomes a complete system of representatives of equivalence
classes of adapted connections on E. (See Proposition 4.3.) We define A,, as the set of
all connections A(m) 4 a such that a € L3,,.(X,A'(adE)) satisfies V’j‘(m)a e LW for
0 <k <3 Weset

M, ={(A,n) € A,, x C| Ais u-ASD}.

Here C is the space of p € C; (U, Hom(A~, A")) satisfying |u.| < 1 (z € X) as in Section
8.3. If m < 0, then M,, is empty by Lemma 8.7 (iv). (A, u) € M, if and only if A is flat
by Lemma 8.7 (iii).

Let 7, : M,, — C be the natural projection. Then |, -, mm(M.,,) is of first category in
C by Proposition 8.8. C is an open set in the Banach spac; Ci(U,Hom(A~, A™)). Thus, by
Baire’s category theorem, there exists € C\ (U, 5, Tm(M)). Let g be a Riemannian
metric on X whose conformal equivalence class corresponds to p. (See Corollary 3.2.)
Since p is zero outside U (a pre-compact open set in X'), we can choose g so that it is
equal to gg outside a compact set. In particular it is a complete metric.

We want to prove that there is no non-flat instanton with respect to the metric g.
Suppose, on the contrary, that there exists a non-flat g-ASD connection A on E satisfying
[ |Fal?dvol < oo. Then by Corollary 4.11 and the condition 1 —4/T > «, there is a
gauge transformation u : £ — E such that u(A) is contained in some 4,,. This means
that p € m,(M,,). Since A is not flat, we have m > 1. This contradicts the choice of .

We have completed all the proofs of Theorem 2.1.
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