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ABSTRACT. Let F,, be a free group of rank n, and T',,(k) the k-th term of the lower
central series of F;,. For [ > 1, let K] be the (I4+2)-nd term of the lower central series of
['(2). We denote by FNi the quotient group of F}, by the subgroup [T, (3), T, (3)] K.
In this paper, we show that each of the graded quotients of the lower central series of
the group FM for any | > 1 is a free abelian group, and give a basis of it by using a
generalized Chen’s integration in free groups.

1. INTRODUCTION

Let G be a group, and I'¢(k) the k-th term of the lower central series of G' defined
by
Fg(l) = G, Fg(]f) = [Fg(l{? - 1), G], k > 2.

For each k > 1, we denote by L (k) := I'c(k)/Tc(k + 1) the graded quotient of the
lower central series of G, and by

Le =P La(k)

its graded sum. Then L has a graded Lie algebra structure induced from the commu-
tator bracket on G. The Lie algebra L is called the associated graded Lie algebra of
a group G.

In general, L4 reflects and supplies much useful information about a group G. It is
often appeared in a study in topology as well as group theory. Now there is a broad
range of results for the lower central series and the associated graded Lie algebra of a
group. Especially, in our research, they are powerful tools to investigate a deep structure
of the Johnson filtration of the mapping class group of a surface and the automorphism
group of a free group. (For example, see [9] and [5] for the mapping class group, and
[1], [3] and [12] for the automorphism group of a free group respectively.)

To clarify the Lie algebra structure of L, it is important to determine the structure
of each of L(k) as an abelian group. If a group G is finitely generated, it is easily seen
that L(k) is finitely generated abelian group. It is, however, quite difficult problem
in general to determine the structure of Lg(k) for k& > 1 even in the case where G is
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finitely generated. Hence, to establish a method to clarify the structure of L5(k) for a
given group G is an important problem.

Classically, in combinatorial group theory, the case where G is a free group of finite
rank is the most important. Let F}, be a free group with basis x4, ..., x,. For simplicity,
we write I',,(k) and L, (k) for T'r, (k) and L, (k) respectively. By a pioneer work due to
Magnus, it is well known that each of £, (k) is a finitely generated free abelian group.
(See [8], for example.) It is also well known due to Witt [13] that the rank of £, (k) is
completely determined. (See (1) in Subsection 2.3.) Furthermore, P. Hall [6] introduced
basic commutators of F;,, and showed that the coset classes of those of weight k form
a basis of L£,(k). Namely, for G = F,, the group structure of L5(k) is completely
determined.

In addition to the above, the structures of L5 (k) has been studied in the case where
G is a quotient group of F), by a certain commutator subgroup. Let FM be a quotient
group of F,, by the second derived subgroup [I',,(2),,(2)]. The group F is called a
free metabelian group. For simplicity, we write £} (k) for Lz (k). By a remarkable
work of Chen [2], it is known that each of LM (k) is a free abelian group of finite rank.
He [2] also gave the rank of LM (k). (See (2) in Subsection 2.4.) In particular, he [2]
introduced the integration in free groups which is used to detect linearly independent
elements in LM (k).

On the other hand, the result for the free metabelian group were generalized to that
for a free abelian by nilpotent group by Gaglione and Spellman [4]. Let F4Me be a
quotient group of F,, by a subgroup [[',(c),Tn(c)] for ¢ > 2. Clearly FAN = FM_ In
[4], they showed that for each k > 1, the graded quotient L£4¥¢(k) is a free abelian
group, and gave the rank of it.

In this paper, we consider some “intermediate” groups between FAY and FM. For
any [ > 1, let

Kl, = H e [Fn(2)’ Fn(z)]a R Fn(2>]v FN<2)]

be the (I+2)-nd term of the lower central series of I',,(2), and set K; := [[',(3), [',(3)] K.
Then we define FM to be the quotient group of F, by K;. For simplicity, we write £ (k)
for £~ (k). In our previous paper [11], in order to study the cokernel of the Johnson
homorﬁorphism of the automorphism group of a free group, we determine the structure
of LN (k). In particular, we showed that £ (k) is a free abelian group of finite rank,
and obtained a basis of it for k£ > 1 by using a generalized Chen’s integration in free
groups which we introduced in [11].

Main goal of the paper is to show that we can also apply the generalized Chen’s
integration to determine the structure of £1(k) for each [ > 2 and k > 1. Let € (k)
be the set of commutators

[$i1,$i27 sy Lig gy [xjvsz]a SRR [xjmfwxjm]]

such that iy > iy < -+ < i o, Joso1 > Jos and (j1,J2) < -++ < (Jo1, jor). Here
(p,q) < (r,s) is a usual lexicographic order. Namely, (p,q) < (r,s) if and only if p < r,
or p=r and g < s. Then our main theorem is



Theorem 1. (= Theorem 4.1.) For anyl > 1 and k > 21+ 4, LY1(k) is a free abelian
group with basis

kyuelk)yu---uel (k).

We prove this theorem by induction on [ > 1. More precisely, we determine the
structure of the kernel K. (k) of a natural surjective homomorphism £ (k) — L (k)

induced from FM — F'' step by step. In particular, we prove that €. (k) is a basis
of Kl (k). In order to show that € (k) is linearly independent in K (k), we use the
generalized Chen’s integration in free groups.

This paper consists of five sections. In Section 2, we recall the associated graded Lie
algebra of a group. In Section 3, we recall the generalized Chen’s integration in free
groups. In Section 4, we give a proof of our main theorem.
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2. PRELIMINARIES

In this section, we recall the definition and some properties of the associated graded
Lie algebra of a group G.

2.1. Notation and conventions.

Throughout the paper, we use the following notation and conventions. Let G be a
group and N a normal subgroup of G.
e The abelianization of G is denoted by G#P.
e For an element g € G, we also denote the coset class of g in G/N by g if there
is no confusion.
e For elements = and y of GG, the commutator bracket [x,y] of  and y is defined
to be [z,y] := zyx~ly~ L.

2.2. Associated graded Lie algebra of a group.

In this subsection we recall the associated graded Lie algebra of a group G. Let G
be a group, and I'¢(k) the k-th term of the lower central series of G defined by

Te(1) =G, Tgk):=Talk—1),G], k> 2.



For each k > 1, set Ls(k) :=T¢(k)/T¢(k+ 1) and

Lo =D La(k).

k>1

Then L has a graded Lie algebra structure induced from the commutator bracket on
G. We call Lg the associated Lie algebra of a group G. Clearly, the correspondence
from G to Lg is a covariant functor from the category of groups to that of graded
Lie algebras. In particular, if f : G; — G5 be a surjective group homomorphism, the
induced homomorphism f, : L5, — L, is also surjective.

For any ¢1,...,gr € G, a commutator of weight & among the components g1, ..., gk
of the type

H o [[gla92]7g3]a t ]7gk]

with all of its brackets to the left of all the elements occurring is called a simple k-
fold commutator, denoted by [g1, 92, - , gr]. In general, if G is generated by g1, .., gn
then for each k& > 1, L (k) is generated by (the coset classes of) the simple k-fold
commutators

[gi1agi27"-7gik]7 ZJE{l,,n}
(For details, see [8] for example.)

2.3. Free groups.

Here we consider the case where G is a free group F,, with basis x1,...,x,. For sim-
plicity, if G = F),, we write I',,(k), £, (k) and L,, for I'¢(k), Lo(k) and L respectively.
Let H be the abelianization of F),. In general, the associated graded Lie algebra L, is
isomorphic to the free Lie algebra generated by H. (See [10] for basic materials con-
cerning the free Lie algebra, for example.) It is classically well known due to Magnus
that for each k£ > 1, the graded quotient £,,(k) is a GL(n, Z)-equivariant free abelian
group of finite rank. Furthermore, Witt [13] determined the rank of £, (k) by

1) ralk) = 1 3 uld)n’

dlk
where p is the Mobius function.

Next, we briefly recall some properties of the Hall basis of £, (k) for each k£ > 1. In
6], P. Hall introduced basic commutators of F,,, and showed that the coset classes of
those of weight k form a basis of £, (k). These are called the Hall basis of £, (k). (For
details for the basic commutators, see [7] and [10] for example.) In this paper , we
consider a fixed sequence of basic commutators of F}, beginning with

T < Ty <o < Ty < X9, 1] < [w3,21] < [m3,20] < -0 < [Ty mpq] < -

where the ordering among [z;, z;] is defined by the usual lexicographic order. Namely,
[z, ;] < |xp, 2] if i <k,ori=Fkandj<lLl

For each k > 1, let ¢;1 < ... < Cpm, be all the basic commutators of weight k. Then
P. Hall showed that for any k£ > 1, any element w € F), is uniquely written as a form

__ el €1,n €k,1 Ck,my,
W=Cpq o Cy Gy G (mod I'y,(k + 1))



for some e;,,, € Z. We call it the mod-I',,(k + 1) normal form of w. By the Hall’s
correcting process, if any w € F, is given, we can rewrite w as its mod-I',,(k+ 1) normal
form with finitely many steps for any k& > 1. (For details of the Hall’s correcting process,
see [7].)

2.4. Some quotient groups of a free group.

In this subsection, we consider some quotient groups of F},, and its associated graded
Lie algebras.

Free metabelian group. First, we recall a free metabelian group. Let FM be
the quotient group of F,, by a subgroup [I',(2),T,(2)]. The group FM is called a free
metabelian group of rank n. For simplicity, we write L3 (k) and L) for Lpu (k) and
Lpu respectively. The associated graded Lie algebra LM is called the free metabelian
Lie algebra generated by H, or the Chen Lie algebra. By a remarkable pioneer work
by Chen [2], it is known that for each k > 1 the graded quotient £ (k) is a GL(n, Z)-
equivariant free abelian group of rank

) )= k- (" Ty

with basis
{[@iys Tigs - - 20, ) € LK) |41 > dg <iig < -+ <ip, 1<4; < n}.
In particular, we see that for any k£ > 2, the basic commutators which do not belong to

[Fn(2>,Fn(2)] are [l‘il,l’iz, Ce ,ZEik] e F, for 1>y <ig < - < 7.

Free abelian by nilpotent group. For any ¢ > 2, let F4Ne be the quotient group
of F,, by a subgroup [[',(c), ', (c)]. The group F4Me is called a free abelian by nilpotent
group of class ¢ — 1. For ¢ = 2, F/™2 is exactly the free metabelian group FM. We
write LNe(k) for £ pane (k) for simplicity. Gaglione and Spellman [4] showed that each

of L2Ne(k) is a free abelian group and determined the rank of it.
In this paper we consider the case where ¢ = 3. Set
X(k) = {[xiu Ligy oy Tip,y [‘Tijjz]? BRI [xj2q717 xj?q]] € Eﬁj\%(k)
Ip+2¢=Fk, 3<p<k, ig>ip<--- <1y Jos_1 > Jos,
(J1,J2) < - < (Jog—1,J2q) }
for any k, and
Y(k) = {ijlvxjé]v SRR [xj2q717xj2q:|j| S ['SNB (k)

’j25,1 > j257 (jl?j?) > (j37j4) S (j57j6) S trt S (quflanq)}
if k = 2¢. Then, by the work due to Gaglione and Spellman [4], we see that £2V3(k) is
a free abelian group with basis

2(k) = X(k)UY(k), if k>6 and k is even,
O X (R), if k>7 and kis odd.



We remark that for 1 < k <5, LAN3(k) = L, (k) as a GL(n, Z)-module. In fact, since
L (k) [Th(3), 1 (3)] = Th(k) for 1 < k <6,

LN (k) =T, (k)[n(3), Fn(3)]/Fn(/f + D(3),Ta(3)] = Ln(k)
for 1 <k <5.

Free abelian by polynilpotent group. Next, for any [ > 1, let
K} = [ [Da(2), Tal2)], .. Tu(2)], Ta (2]

be the (I+2)-nd term of the lower central series of I',,(2), and set K; := [[',(3), [',(3)] K.
Then we define FV to be the quotient group of F, by Kj. In general, the groups F:
are free abelian by polynilpotent groups since F has an abelian normal subgroup
r #N (3) such that the quotient group of FM by I' Fi (3) is a polynilpotent group. For
simplicity, we write I')" (k) and L] (k) for T' .~ (k) and L~ (k) respectively. Then we
have sequences of natural surjective homomornphisms ’

ANs _, ... Ni Ni-i L. Ny M
Fn — —>Fn —>Fn — —>Fn —>Fn,

and
LM (k) — - = LY(k) = LY (k) — - — LY1(k) — LY (k)
for each £ > 1.

In our previous paper [11], we showed that £)1(k) is a free abelian group, and
obtained a basis of it for £ > 1. In this paper, we determine the group structure of

LNi(k) for each [ > 2 and k > 1. More precisely, we show that each of L) (k) is a free
abelian group, and give its rank in Section 4.

3. A GENERALIZATION OF THE CHEN’S INTEGRATION IN FREE GROUPS

In order to determine the structure of £Y(k), we use a generalization of the Chen’s
integration in free groups, which was established in our previous paper [11]. In this sec-
tion, we recall the definition and some properties of the generalized Chen’s integration.
(For details, see Section 3 in [11].)

Let F,, be the free group generated by x1,...,z, as above. Denote by E the vector
space over the real field R with basis xy,..., 2, and [z;,z,] for 1 < j <i < n. A
Euclidean metric is introduced into E by taking 1, . .., z, and [z;, z;] as an orthonormal
basis. Then E is a Euclidean n(n + 1)/2-space. The orthonormal basis induces a
Cartesian coordinate system in E. We call the coordinates corresponding to x; and
[z, x;] the t;-coordinates and the t; j-coordinates.

Let €, be the set of words among the letters z1, ..., z,. For any word w = x{!x§? - - - 2{™

with e, = £1, and any integers aq,...,a, € Z, we define points P, € E for 0 < s < m
by

P()ZZO,

P,.=P,_,+ esti, + Z { (CLJ' + Z €l> estj,is}

1s<J 1<i<s-1
i=J



for 1 < s < m. Let P,P,;; be the path from P, to P,,; defined by a segment, and

lw(ai, ..., a,) the polygonal path which successive vertices are Py, Py, ..., P,,. Since the
vertex P, depends only on the integers aq,...,a, and the equivalence class of w in Fj,,
we denote P, above by P,(ay,...,a,) for w € F,,. Then we have

Lemma 3.1. As the notation above,

(1) Pl(al, . ,an) = 0,

(2) If w = xy? - x¥ in Hi(F,,Z) then t;-coordinate of Py(aq,. .., ay,) is w; for
1 <1 <n,

(3) Ifw=xj"---2im € T',(2) and

w = [xg, 21|t - [Ty, Tpo1 ] € L(2),

the t; j-coordinate of Py(a1,...,a,) is w; ;.

Now, for any w € Q,, ay,...,a, € Z and continuous real-valued function f : E — R,
we define integrations by

[j(faw;alv"'aa'n) ::/ f(t)dtj
lw(ai,....an)

for each 1 < j < n. Since the integration [;(f,w;a,...,a,) depends only on f,
ai,...,a, and the equivalence class of w in F,, we consider I;(f, w;as,...,a,) for
w € F,. We remark that if f : E — R does not depend on the coordinates t; ; for any
1 < j < i < n, the integration I;(f,w;a,...,a,) coincides with the Chen’s original
integration I;(f,w) for each 1 < j < n, where f is the restriction of f to the subspace
E’ of E generated by the basis x1,...,z,. In the following, if there is no confusion, we
always write f for f for simplicity.

For any P € E, the translation function on E defined by

t—t+ P
is denoted by 7. Here we recall some properties of I;(f, w;a,...,a,). (For details,
see [11].)
Lemma 3.2. For any ay,...,a, € Z, u,v € F, such that u = z{'zy*---zi" v =
xtay? - alr € Hi(F,,Z), and real-valued functions f, g on E, we have
(1) Li(af + Bg,w;a,...,a,) = al;j(fiw;aq,...,a,) + BLi(g,w;aq,...,a,) for any
a, 3 €R.

(2) L;(f.L;aq,...,a,) =0.
3) Li(f,wvia,. .. an)
= [j(f? u;ay, - .. ’a'n) + [](f © TPu(al,...,an)vv; a; +uy, ..., an + un)
(4) ]j(fu uil;alu s 7an> - _]](f OTPu_l(al,...,an)uu;al — Ul .- Qn — un)
(5) ]j(fu [U7U];a17"'7an)
=Li(fiwsar, ... a0) + Li(f 0 Thy(ar,..an)s Vi @1+ Uty -y Gy + Uy
_I](f o TPuvu_l(al,...,an)a Uu; ay + V1y...,0Qp + Un)
—I;(fo Tp[w](ahm’an),v;al, Cey Q).



Let RJ[t] be the commutative polynomial ring over R among indeterminates ¢; for
1 <i<nandt;forl<j<i<n. Each element of R[t] is regarded as a real-valued
function on E in a usual way. We consider the polynomial ring R[ty, ..., t,] as a subring
of R[t]. For any f € RJt], we denote by deg(f), deg,(f) and deg,(f) the degree of f,
that of f with respect to the indeterminates ¢1,...,t, and that of f with respect to the
indeterminates ty1, ..., tnn_1 respectively. For example, for f = tJtsto1ts1 + 13,

deg(f) =5, deg,(f) =3, degy(f) =14

Here we give a few examples of calculations of the integrations. Clearly, for any
w e F,, I;(l,w;ay,...,a,) = I;(1,w) is the sum of the exponents of those z; which
occur in w.

Lemma 3.3. For any 1 <1i,j5 < n, we have

(1) For any p > q,

5jq7 1=0Dp,
[j<ti7[xpaxq];a17"'7an) = _5jpa Z:qv
0, L7 D

(2) For any w € I',,(3), L;(t;,w;aq,...,a,) =0.
See [11] for the proof of Lemma 3.3. The following theorem is essentially due to Chen
[2].
Theorem 3.4 (Chen [2]). Let k> 2 and f € Rlty,...,t,].

(1) Ifw e [[',(2),1(2)], L;(f,w;ai,...,a,) =0.
(2) If w = [xi), Tig, - - ., x5, | and deg(f) <k —1,

(1) oy, J =1,
Li(f,w;ay,. .. a,) = < (=1)Fas, j =io,
0, J 7 11,02
where
o ak—lf o ak—lf

N T Ot 0ty - 0Ly,
(3) Ifw e Ty(k) and deg(f) < k — 2, then I;(f,w;ay,...,a,) = 0.

Ot 0t - Ot

We generalize the theorem above to
Proposition 3.5. Forl > 1, k > 2] + 4, take

W= [Tiy, Tigy s Tig o [Ty Tin)s oo s [Ty 1s T
Jas—1 > Jas, (J1,02) < o0 < (Ja—1,Ju). Then for any f € Rt} such that deg(f) <
k—1—1 and degy(f) <, we have
(D16, =1,
Li(f,w;an, ... a,) = (=1)F3,, J =i,
0, J # i1, 02



where

ak—l—lf
By =
ot; at 0t Zk 2zatj1,j2 T atjzthjzz’
ak - 1f
Bo = .
atuatm 0t Zk zzatjlyjz T atjzz—hjzz
Proof. Set
w' = [xiwxiw s Lo [levij]v SRR [Ijmf:s? szzfz]]'

Then for any f € R[t] such that deg(f) < k—1—1 and deg,(f) <, using Lemma 3.2,
we have

]](f7wa ala"-aa'n)

= I;(f, w'iay,. .., a,) + Li(f [y )i ans - an)
/.
- []<f © TP[;CJQFI’x].m](al,.‘.,an); wia,. .. 7an)
- Ij(f? [xjmfw‘xjm]; ay, ... 7an)7
= IJ(f - f o TP[zjgl_l,zjm](al,...,an)7 U},; ag, ... 7an)7
0
= ]( / w’;al,...,an>.
8t]2l 17]2l
By repeating this process, we have
of
]»(f,w;al,...,an):(—1)ZI-< w';al,...,an>.
! "ot J1 J2 8t]21 1,721
Then by the hypothesis, we see
8l
/ € Rlty, ...t

ot ‘71,]2 : at]ZZ 1,J21

and hence, from Theorem 3.4, we obtain the required results. This completes the proof
of Proposition 3.5. [J

As a corollary, we obtain

Corollary 3.6. Using the notation in Proposition 3.5, we have

(1) If deg(f) < k—1—2 and degy(f) <, I;(f,w;a1,...,a,) =0.
(2) Ij (tpltpz ol o i baige  gn g0 Wi A, - - 7an> # 0 if and only if
(i> tthm gy vqn = Liige T L
( ) Upp_oia by = Tiy =iy gy
(iii) j =1y orj =is.

4. THE STRUCTURE OF THE GRADED QUOTIENTS LYi(k)

In this section, we determine the group structure of the graded quotient £2(k) of
the lower central series of F,{Vl for [ > 2 and k£ > 1. In particular, we show that each
of LN1(k) is a free abelian group, and give a basis of it by using a generalized Chen’s
integration in free groups. Since K; = I',,(k) for 1 < k < 6, we have L) (k) = L, (k) for



1 <k < 5. On the other hand, since I';,(k)K; = ', (k) [[(3), T (3)] for 6 < k < 21 + 3,
we see that

LY (k) = T (k)1 /T + 1)K,
= 1 (k) [T (3), Fn(3)}/Fn(k’ + D[Ca(3), Tn(3)] = L™ (k).

Hence there is nothing to do anymore in these cases. In the following, we consider the
case where [ > 2 and k > 2] + 4.

Let €! (k) be the set of basic commutators

[xiwxiz? s Lo [$j1,«77j2], SRR [ijlfl’IjQZ]]

of F,, of weight k such that i; > iy < -+ < ig_g, Jos-1 > Jos and (j1,52) < -+ <
(Jor—1,J21). Our main theorem is

Theorem 4.1. For anyl>1 and k > 20+ 4, L(k) is a free abelian group with basis
kyuelk)yu---ue (k).

Before giving a proof of Theorem 4.1, we observe several facts and prepare some
lemmas. First, for [ = 1, we have already shown the theorem in our previous paper
[11]. For [ > 2 and k > 1, let

b L3t (k) — L34 (k)

be a natural surjective homomorphism induced from the natural map FM — EN-
Since £5'"'(k) is a frec abelian group, if we denote by KL (k) the kernel of ik, we have

Ll (k) = K, (k) & L) (k)
as a Z-module.

Now, we have a natural isomorphism
£ (k) = Do (k) Ko [ Tk + 1)K,

for any m > 1. In general, for a group F' and its normal subgroups GG, H and K such
that H is a subgroup of G, we have a natural isomorphism

(3) GK/HE = G/H(G N K).
Using (3), we see
L2 (k) = To(k) Tk + 1)(Talk) 0 )
for m > 1. Hence, we verify that
KL (K) = Ty (k 4+ 1) (T (K) 0 K1) [Tk 4+ 1)(T () 1K),
> T, (k)N Kl_l/(Fn(k) NEK)(Ta(k +1) N Kpy),
= (I, (k) N Ki1) K1 / (Ta(k 4+ 1) 0 Ki 1)K

by using (3).

10



To determine the structure of X! (k), we prepare a descending series of subgroups of
F,. For k > 1+ 2, denote by ©' (k) the subset of F,, which consists of elements w such
that

Ij(faw;CLl?"';an):Oy 1§j§n

for any ay,...,a, € Z and any f € RJ[t] such that deg(f) < k— (I+2) and deg,(f) <.
Then we have

L(l+2)26L(1+3) o6 (1+4) > .

Since [;(1,w;aq,...,a,) = I;(1,w) is the sum of the exponents of those x; which occur
in w, we see ©! (I +2) = I',(2). By (3) and (4) of Lemma 3.2, ©! (k) is a subgroup
of F, for each k > [ + 2. Furthermore, by (5) of Lemma 3.2, each of ©! (k) contains
[[,(3),T,,(3)]. Here we show each of ©! (k) is a normal subgroup of F,. First, we
consider

Lemma 4.2. 0! (1 +3) C T',(3).
Proof. For any w € ©! (1 + 3), since w € T',,(2), we have
w = [z, 2] - [T, Tpa ]y

for some w; ; € Z and v € I',,(3). For any 1 < j < i < n, using (3) of Lemma 3.2 and
Lemma 3.3 , we see

[j<tz7 w;ag, . .- 7an) = Ij(tza [x% xl]le e [x'rw xn—l]wn’nil; Ay, ... 7an)7
= Zwmfj(ti, [T, )5 a1, ..., an),
r>s
= wi,j = 0

This shows w = v € I',,(3). This completes the proof of Lemma 4.2. [

Now, for k > 1+ 3, w € O (k), u € F,, and f € R]t] such that deg(f) <k — (I +2)
and deg,(f) <, we have

Li(fouwu Y ay,. .. a,)
=ILi(f,uiar, ... an) + L;(f o Th,(ay,..an) Wi a1 + U, ..., Qp + Uy)
_Ij(foTPuwufl(al ..... an)7u;a17"'7an)7
=0

since uwu~t € T',,(3). Therefore ©! (k) is a normal subgroup of F},.

Next, we show
Lemma 4.3. Fork>1+2, K] =[[--[[.(2),T,.(2)],...],Tn(2)] C 6. (k).

Proof. Since K] is generated by

{[y17y27 s >yl+2] |y7, S Fn(2)}7

11



it suffices to show [y1, s, ..., Yise] € OL (k) for y; € T',,(2). For any f € RJt] such that
deg(f) <k — (I +2) and degy(f) <, using Lemma 3.2, we have

Ij(f7 [ylay27 s 7yl+2]; Ay, ... 7an)
= [j<f7 yl7 ag, ... 7an) + []<f © TPy/(al ..... an)s Yi+2; A1, - - . >an)

—Li(fo TPy’szy/‘l(“l ..... an)s YA, )
—Ii(fo Tp[y,’yl+2](a1 ,,,,, an)s Y425 Q15 - - - 5 Q)
= ]J(f - f o TPy/yH_Qy/—l(al ,,,,, an)s y/; at, ..., an)
where ¢ = [y1,¥2, ..., yi+1]. Hence, if
Yivo = [T2, 210 - [, mpa [t € Li(3)
for z;; € Z, we see
Py oy-1(a1, ... an) = 2zo1ta1 + - 4 Znn1tnn-1,

and if weset g := f—foTp, —1(a1

Yy 40u
Repeating this process, we see that

I](f, [y17y27 e 7yl+2]; ay, ... ,Cln) = Ij(h, [yla yz], Aty ... ,an)
for some h € Rlty,...,t,]. Then from (1) of Theorem 3.4, we have

Ij(f? [y17y27 v 7yl+2];a17 oo 70’11) =0.
This completes the proof of Lemma 4.3. [

By Lemma 4.3, we see that K; C ©! (k) for k > 1 +2. For any [ > 1 and k > 2] + 4,
set

a) then deg(g) < k—(I+2)—1 and deg,(g) < 1—-1.

77777

Dy (k) = [[-+- [Ta(k = 20),Ta(2)], -1, Ta(2)] € Tu(k)

where I',,(2) appears [ times in the commutator above. Then we have
Lemma 4.4. Forl>1, k> 2l +4, D! (k) c ©L (k).
Proof. Since D! (k) is generated by

{[y17y27 s 7yl+1] ’yl € Fn<k - 2l)7 Y2, .- Yi+1 € Fn<2)}a

it suffices to show [y1, s, ..., yir1] € OL (k) for y; € Tp(k—21) and yo, ..., y111 € T,(2).
For any f € RJt] such that deg(f) <k — (I +2) and deg,(f) <, using Lemma 3.2, we
have

Ij(f> [y17y27 s 7yl+1];a17 o ~7an)
= [j(f — foTp

y/ylﬂyzfl(m ..... an)s y’; ag, ... 7an)
where v = [y1, o, . .., y]. Hence, if we set g := f — f OTPy’ymy o) then deg(g) <

k—(l+2)—1and degy(g) <! — 1. Repeating this process, we see that

I](f? [y17y27 S ayl-i-l];ah s 7an) = ]j(h'7y1;a17 s 7a’n>

for some h € Rty,...,t,] such that deg(h) = k — 2] — 2. Since y; € I';,(k — 21), from
(3) of Theorem 3.4, we obtain

Li(f [y, 92, s yialsany oo an) = 0.
This completes the proof of Lemma 4.4. [

r—1(a1,...,
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Forl>1,k>2l4+4and 1 <m </, set
Dﬁlm(k‘) =[] [Tk —20),T(2)],---],Tn(2)] C Ty(k — 20+ 2m)

where I',,(2) appears m times in the commutator above. Clearly, D4!(k) = D! (k). Then
we have

Lemma 4.5. For any w € K|_,, w is written as

w=c"---c  (mod DL™(k))

S
where ¢; are the basic commutators in I',,(2).
Proof. We prove this lemma by the induction on m > 1. First, consider the case

where m = 1. In general, for any a, b € I',,(2), there exist some a', 0" € T',(k — 2[), and
d; i,d..€Zfor2<i<k—1and1<j<m,; such that

1,79 2,]
dp— / d
=gt b=y Y,
Hence,
dk—1,m,_, d} C/p—
[a,b] = [02 1 'Ckfll,r::,ll ) 62,2i1 T qul,rrnn:,ll] (mod [['y(k —20), T (2)]).

Since [I',(2),T',(2)] is generated by [a, b] for a, b € I',,(2), we see that any w € K] | C
T,(2),T,(2)] is written as
w=c e (mod DEY(E) = [Dn(k — 20),T,(2)])

where ¢; are the basic commutators in I',,(2).

Next, assume m > 2. Since K| , is generated by {[y,z]|y € K| 5, z € T',(2)}, it
suffices to show above for such [y, z]. By the inductive hypothesis, we can write

__ e e /
y—C1 ...crry

for some basic commutators ¢; in I',(2) and some y' € D:™71(k). On the other hand,
considering the mod-I',,(k — 2) normal form of z, we see

z = d{l--~d£5z’

for some basic commutators d; in I',,(2) and some 2’ € ', (k—21). If weset § := ¢i* -+ - ¢
and z := d/' - - - dfs, then

v, 2] = [y, = 5, [y, Ay 21, ),
=[5.2] (mod D" (k).

Since y € K| , and v € K], ,, we see § € K|, ,. Hence [y,2'] € [[',(k —20),K], ] C
DEm(k) by the following Lemma 4.6. Therefore we obtain

19.2] = 15, 2) = [5, 27, ([, 9. 2],
=[3.2] (mod D" (k).

This completes the proof of Lemma 4.5. [J
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Lemma 4.6. Let G be a group, A and B normal subgroups of G. For any m > 1,
define normal subgroups N,,(A, B) and M,,(A, B) by

N (A,B) :=[A,[B,B,...,B]], M,(AB):=[AB,B,...,B]
where B appears m times in each of commutators. Then

N,.(A, B) C My(A, B).

Proof. We prove this lemma by the induction on m > 1. If m = 1, it is clear. Consider
the case where m = 2. In general, for any subgroups X, Y and Z of GG, a commutator
subgroup [X,[Y, Z]] is contained in the product of [Y,[Z, X]] and [Z,[X,Y]]. (See
Theorem 5.2 in [8], for example.) Using this fact, we see that

[A,[B, B]] C [B,|B,A]]-|B,[A,B]] = [A, B, B].
Next, assume m > 3. Similarly, we have
Nn(A,B)=1A,[B,B,...,B]]C|[B,...,B],[B,A]] - [B,[A, [B,...,B]],
= No-1([4, B, B) - [Nm-1(4, B), B].
By the inductive hypothesis, we see N,,(A, B) C M,,(A, B). This completes the proof
of Lemma 4.6. [

Here we consider a mod-D!, (k)[I",(3),T,(3)] normal form of an element of K] .

Lemma 4.7. Let [ > 1 and k > 2l+4. For any w € K| _,, there exists some r > 1 and
€1,...,6. € 24 such that

w=c"--- ¢ (mod Dfl(k:)[f‘n@), ['n(3)])

r

where ¢; < -+ < ¢, are the basic commutators of F,, which belong to [I',(2),1,(2)] but
D}, (k)[Tn(3), Tu(3)].

Proof. Using Lemma 4.5 for m = [, we see that for any w € K] |, there exist some

the basic commutators ¢; in I',(2) such that
_e

w=et---e (mod DY (K)).

By applying the Hall’s correcting process to the element w' := éill e Eils to obtain the
mod-I",, (k) normal form, we have

/I __ el er
w _cl ...Crfy

where ¢; < -+ < ¢, all ¢; belong to [[',(2),T,(2)], and v € T,,(k + 1) is a product of
commutators u among the components czil. In fact, if there exists some ¢; such that

¢; € Th(2)\ [Th(2),T,(2)] and e; # 0, set
E:=min{wt(c;) |1 <i<r, ¢ ¢ [[n(2),Tn(2)], e # 0} <k,

and let wt(c;) = k. Then ¢; = [z, 7,,...,7;,] for some j; > j < jg < -+ < g

Hence by observing the image of w’ by a natural homomorphism £, (k') — LM (K'), we
see that e; = 0. This is a contradiction.

Now we show that the commutators u above belong to D! (k)[[,(3),T,(3)]. In
fact, set u = [ug,ug]. If min{wt(uy), wt(ug)} > 3, u € [[',(3),T,(3)]. Assume
min{wt(u;), wt(uz)} = 2, without the loss of generality, it suffices to consider the case
where wt(ug) = 2. Then, uy is of form [uy1,u12] where uy; and w5 are commutators
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among the components ¢!, If min{wt(u;;), wt(u12)} > 3, u; € [['n(3),T,(3)]. If not,
we may assume wt(uz) = 2. By repeating this process, ﬁnally we see u € [[',(3), T, (3)]
or u € D! (k). This completes the proof of Lemma 4.7. [J

Proof of Theorem 4.1. Now we give a proof of Theorem 4.1. We prove the theorem
by the induction on [ > 1. If [ = 1, it is given in our previous paper [11]. Assume | > 2,
and for 1 <m <1 —1, LN (k) is a free abelian group with basis

CkyueL(k)U---uer(k)
for each k > 1. In order to find a basis of ! (k), we use the following lemma.
Lemma 4.8. Forl>2 and k > 2+ 4, T,,(k) N K;_y C D! (k)[[.(3),T,(3)].

Proof. For any w € T'y(k) N K;-1 C K-y = K| {[I'4(3),I(3)], there exist some
w' € K[y and w” € [I',(3),',(3)] such that w = w'w”. On the other hand, we have

w =c§ - (mod D! (k)T,(3),T,(3)])

for basic commutators ¢; of F), such that ¢; < --- < ¢, and each of ¢; belongs to

[T,,(2),T(2)] but DL (k)[T,(3),T,,(3)] from Lemma 4.7. Here, we claim that wt(c;) > k

for any 1 < i < r. In fact, if there exists some ¢; such that wt(c¢;) < k and e; # 0, set
K = min{wt(¢;) |1 <i<r, e #0},

and let wt(c;) = k’. Then ¢; € Z(k'), and hence by observing the image of w by a
natural homomorphism £, (k') — LAN(k'), we see that e; = 0. This is a contradiction.
Therefore wt(c;) > k for any 1 <1 <.

On the other hand, by observing the image of w by the natural homomorphism
LNi(k) — LN=(k) for each 0 < m < [ — 1, we see that the index e; of the basic
commutator ¢; such that ¢; € €2(k) U €L(k) U --- U €-1(k) is zero. Since a basic
commutator ¢ ¢ €%(k) U --- U €-1(k) satisfies ¢ € D! (k)[[,(3),T,(3)], we obtain
w=w =0 (mod D! (k)[[,(3),T,(3)]). This completes the proof of Lemma 4.8. [J

From Lemmas 4.4 and 4.8, we see that for each k > 2l + 4,
T, (k)N K, C @, (k).
Using this, we can show that €. is a basis of K! (k) for k > 21 + 4. First, we show &,
generates K! (k). For any z € T',,(k) N K;_;, as mentioned above, we can write
r=cptcra

for some 2’ € T',(k 4+ 1) and basic commutators ¢; < --- < ¢, of weight k£ such that
c; € DL(K),(3),T,(3)] € K;—y for 1 < i < r. Since x € K;_, this shows 2/ € K;_,
and hence 2/ = 0 € K! (k). Now each of ¢; belongs to K; or € since k > 2/ + 4. This
shows that €. generates K, (k).

Next we show € is linearly independent. Set

ve= H[xi1>$i2> cos Liggp [$j1,$j2], R [$j21—17$j2z“bi1 """ 2 e Fn(k) N K

for b;, € Z where the product runs over iy > iy < -+ < dp_9), Jos—1 > Jas and
(J1,72) < -+ < (Ju-1,Ju). Suppose v =1 € KL (k). For any ¢} > iy < --- < i}_,,
jés—l > ]és and (]17]5) S e S (jélflﬁjél) consider

g = tlIQ tlkt QZtJi ]é ) tjél_lajél E R’[t]
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Since deg(g) = k — 1 — 1, degy(g) =l and v € O (k + 1), for any ay, ..., a,, we have
OZIi’l(gaU;al7"'aan)a

ak—l—l
- (_1>kilbi/17""j513t. Ot - Ot 3t.f. Ot
in Oy By © V1575 o115
from Proposition 3.5. Since
ak:—l—l
oty 0 0 0 ’ 0 70,
biy Oy -~ Ol Oty ==~ Ol gy

we obtain by ;= 0. This shows that ¢! is linearly independent. This completes the
proof of Theorem 4.1. [
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