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ABSTRACT. In this paper, we show that the abelianization of each subgroup of the
lower central series of the basis-conjugating automorphism group of a free group, ex-
cept for the first term, contains a free abelian group with infinite rank. As a corollary,
we also show that each subgroup of the Johnson filtration of the basis-conjugating
automorphism group of a free group has the same property.

1. INTRODUCTION

For n > 2, let F,, be a free group of rank n with basis x;, 2, ..., x,, and F,, = ', (1),
[,(2), ... its lower central series. We denote by Aut F}, the group of automorphisms of
F,,. For each k > 0, let A, (k) be the group of automorphisms of F,, which induce the
identity on the nilpotent quotient group F,,/I',(k 4+ 1). The group A, (1) is called the
[A-automorphism group and also denoted by IA,,. Then we have a descending filtration

Aut F,, = A,(0) D A,(1) D A,(2) D ---
of Aut F,,, called the Johnson filtration of Aut F;,.

The Johnson filtration of Aut F,, was originally introduced in 1963 through the
remarkable pioneer work by Andreadakis [1] who showed that A,(1), A.(2), ... is
a descending central series of A, (1), and that for each k£ > 1 the graded quotient
grf(A,) == A, (k)/An(k+1) is a free abelian group of finite rank. Andreadakis [1] also
computed the rank of gr'(A4,). Recently, by independent works of Cohen-Pakianathan
2, 3]0Farb [5] and Kawazumi [6], it is known that gr'(\A,,) is isomorphic to the abelian-
ization of IA,. For k = 2 and 3, the GL(n, Z)-module structure of gr®(A,) ®z Q is
determined by Pettet [14] and Satoh [15] respectively. For k > 4, however, there are
few results for the structure of gr¥(A,).

When we study the Johnson filtration, we often face a problem of how to find a
generating set of A, (k). Although each of the graded quotients gr*(A,) is a finitely
generated free abelian group, it is still not determined whether each of A, (k) is finitely
generated or not for £ > 2. Furthermore, it is also not known whether the abelianization
A, (k) of A, (k) is finitely generated or not for k > 2.

In the study of the Johnson filtration of Aut F,,, it is also interesting to determine
whether A,,(1), A,(2), ... coincides with the lower central series A/ (1), A.(2), ...
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of A,(1) or not. Andreadakis [1] showed that Ay(k) = A4(k) and A3(3) = A5(3).
From the results due to Cohen-Pakianathan [2, 3], Farb [5] and Kawazumi [6], we have
A, (2) = A (2) for n > 3. Furthermore, Pettet [14] obtained that .4/, (3) has finite index
in A, (3). Now it is conjectured by Andreadakis that A, (k) = A/ (k) for any n > 3 and
k> 3.

In this paper, we consider a few problems as mentioned above for a certain subgroup
of Aut F,,. An automorphism o of F}, such that x¢ is conjugate to x; foreach 1 <i <n
is called a basis-conjugating automorphism of F},. Let PX,, be the subgroup of Aut F,
consisting of the basis-conjugating automorphisms. The group P, is called the basis-
conjugating automorphism group of F,, or the McCool group. It is easily checked that
PY,, C TA,. In general, by a work due to McCool [9], it is known that P, has a finite
presentation. (See Subsection 2.4.)

In our previous paper [16], we study the image of the Johnson filtration of IA,, by the
Burau representation 7. In particular, we are interested in some problems for 75(IA,,)
which correspond to the open problems for IA, as mentioned above. For example, we
consider whether 75(IA,,) is finitely presentable or not, whether 75(A,(k)) are finitely
generated or not, and so on. In general, however, these problems are still difficult
to handle. On the other hand, one of notable points is that the image of IA, by 75
coincides with that of P3,,. Hence it is meaningful to study the structure of the Johnson
filtration of PY,, from the view point of the research of the Burau representation.

Now, set P, (k) := PX,, N A, (k) for each £ > 1. Then we have a descending central
filtration
PY, =P,(1) DPn(l) DPu(2) D---
of P¥,. We call it the Johnson filtration of PX,. On the other hand, let P/ (1) D
P!(2) D --- be the lower central series of P¥,. Then P! (1) = P,(1) by definition.
Since the Johnson filtration is central, we see P, (k) C P,(k) for each k£ > 1.

In this paper, we concentrate ourselves on the subgroups P/ (k) and P, (k) for k > 1.
By a recent remarkable work by Cohen, Pakianathan, Vershinin and Wu [4], some
properties of the associated graded Lie algebra and the (co)homological structure of
PY, are studied. In particular, from one of their results, we see that the abelianization
of PY, is a free abelian group of rank n(n — 1), and that Magnus generators type of
K;; form a basis of PX2". As a corollary, we obtain P/ (2) = P,(2). (See Corollary
2.2.) Then by determining the image of the second Johnson homomorphism restricted
to PY,,, we obtain:

Lemma 1. (= Corollary 2.4.) Forn >3, P/ (3) = P.(3)
) =

From this, it immediately follows that 75(A,(3) 75(A,(3)) which has already
obtained in [16].

Next, using the Reidemeister-Schreier method, we obtain an infinite presentation for
P!(2) = P,(2). Then we construct a certain surjective homomorphism

v:P(2)— A

which target is a free abelian group with infinite rank. (See Subsection 3.2.) Observing
U and its restriction to the subgroups P/ (k) for k > 3, we obtain our main result of
the paper:



Theorem 1. (= Theorems 3.1 and 3.5.) Forn > 3 and k > 2, P.(k)*™ contains
infinitely many linearly independent elements.

As a corollary, we have:

Corollary 1. (= Corollaries 3.2 and 3.7.) For n > 3 and k > 2, P,(k)* contains
infinitely many linearly independent elements.

We also remark that these results shows that P/ (k) and P, (k) are not finitely gen-
erated for k > 2.

This paper consists of four sections. In Section 2, we recall the TA-automorphism
group, the Johnson filtration of Aut F},, and of the basis-conjugating automorphism
group of a free group. In Section 3, we give an infinite presentation for P/ (2), and
detect infinitely many linearly independent elements in P, (k)" for k > 2.
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2. PRELIMINARIES

In this section, after fixing notation and conventions, we briefly recall the definition
and some properties of the IA-automorphism group, the Johnson filtration of Aut F;,,
and of the basis-conjugating automorphism group of a free group.

2.1. Notation and conventions.

Throughout the paper, we use the following notation and conventions. Let G be a
group and N a normal subgroup of G.

e The abelianization of G is denoted by G&.

e The group Aut G of G acts on G from the right. For any 0 € Aut G and = € G,
the action of o on x is denoted by x.

e For an element g € GG, we also denote the coset class of g by g € G/N if there
is no confusion.

e For elements = and y of G, the commutator bracket [z, y] of  and y is defined
to be [z,y] := zyx 'y~



e For elements g1, ..., gr € G, a commutator of weight k of the type

[+ [lg1, g2], 93], - -+ |, 94

with all of its brackets to the left of all the elements occurring is called a simple
k-fold commutator, and is denoted by [gi,, giys - - iy ]-

2.2. TA-automorphism group.

In this paper, we fix a basis z, ..., z, of a free group F,, of rank n. Let H := F?" be
the abelianization of F), and p : Aut F,, — Aut H the natural homomorphism induced
from the abelianization of F;,. In the following, we identify Aut H with the general
linear group GL(n,Z) by fixing the basis of H induced from the basis z1, ..., z, of F,.
The kernel TA,, of p is called the TA-automorphism group of F,,. It is clear that the
inner automorphism group Inn F,, of F}, is contained in IA,. In general, however, 1A,
for n > 3 is much larger than Inn F),. In fact, Magnus [8] showed that for any n > 3,
IA,, is finitely generated by automorphisms

Ki;:x — {lexixj7 " Z:’
’ Ty, t#£1i
for distinct 4, j € {1,2,...,n} and
Kiji:x— {xi[xj’xl]’ = 5
Xy, t#1
for distinct 4, j, [ € {1,2,...,n} such that j <.
Recently, Cohen-Pakianathan [2, 3|0Farb [5] and Kawazumi [6] independently showed
(1) IA® >~ [T* @, A°H

as a GL(n,Z)-module where H* := Homgz(H,Z) is the Z-linear dual group of H. In
particular, from their result, we see that IA?" is a free abelian group with basis the
coset classes of the Magnus generators K ; and K ;.

2.3. Johnson filtration.
In this subsection, we recall the Johnson filtration of Aut F},. Let I',(1) D T'(2) D - -

be the lower central series of a free group F), defined by the rule

To(1) = F,, Tu(k):=[Ta(k—1),F], k>2.

We denote by L, (k) :=T',(k)/T,(k+ 1) the graded quotient of the lower central series
of F,, for each k > 1. It is classically well known due to Witt [19] that each £, (k) is a
GL(n, Z)-equivariant free abelian group of rank

&) E3
dk

where p is the Mobius function. For example, £,(1) = H and £,(2) = A*H, the
exterior product of H of degree 2.



For each k > 0, the action of Aut F,, on the nilpotent quotient group F,/I',(k + 1)
of F), induces a homomorphism

Aut F,, — Aut(F, /T, (k+1)).

We denote its kernel by A, (k). Then the groups A, (k) define a descending central
filtration
Aut F, = A,(0) D A,(1) D AL(2) D - -

of Aut F,, with A,(1) = TA,. (See [1] for details.) It is called the Johnson fil-
tration of AutF,. Set gr*(A,) = A,(k)/A.(k + 1) for each k > 1. Then the
graded sum gr(A,) := @, gr"(A,) has a graded Lie algebra structure induced from
the commutator bracket on IA,. The subgroups A,(k) and the graded quotients
grf(A,) = A.(k)/A.(k + 1) play an important role on the various study of the IA-
automorphism group IA,. It is known that each of gr*(A,) is a free abelian group of
finite rank due to Andreadakis [1]. Its rank is, however, not determined yet in general.

In order to study the graded quotients gr*(A,), the Johnson homomorphisms are
often used. For each k > 1, define a homomorphism 7 : A, (k) — Homgz(H, L,,(k+ 1))
by

o (rw—a'2%), x€H.
Then the kernel of this homomorphism is exactly A,(k + 1). Hence it induces an
injective homomorphism

71t gr¥(A,) < Homg(H, L, (k +1)).

The homomorphism 7y, is called the k-th Johnson homomorphism of Aut F,,. Hence to
study the graded quotients gr®(A,) is equivalent to study the images of the Johnson
homomorphisms. For the Magnus generators of [A,,, their images by 7, are given by

(3) n(Kiy) = 27 @ [z, 73], n(Kij) =27 ® [z, /]
where x7,...,2; € H* is the dual basis of xy,...,z, € H. We remark that 7 is an

isomorphism and nothing but the abelianization of IA,,. (See [2, 3, 5, 6].)

Let Der (£,,) be the graded Lie algebra of derivations of £,,. The degree k part of
Der (£,,) is considered as H*®zL,(k + 1), and we identify them in this paper. Then
the sum of the Johnson homomorphisms

T = @Tk : gr(A,) — Der (L)
k>1

is a graded Lie algebra homomorphism. In fact, if we denote by 0§ the element of
Der (L,,) corresponding to an element ¢ € H*®zL,, and write the action of 9 on
X € £,, as X% then we have

Tk+l([0a 0_/]) _ Tk(o_)an(g’) . Tl(g/)am(a).

for any 0 € A, (k) and ¢’ € A, (I). This formula is very useful to calculate the image
of the Johnson homomorphism inductively.

Now, for 1 < k < 3, the GL(n, Z)-module structure of gr*(A4,) ®z Q is completely
determined by Andreadakis [1], Pettet [14] and Satoh [15] for & = 1, 2 and 3 respectively.
It seems, however, to study gr¥(A,,) for k > 4 is quite difficult problem in general since
even its generating set has not been obtained yet.



Let A/, (k) be the lower central series of IA,, with A/ (1) = [A,,. Since the Johnson
filtration is central, A/ (k) C A, (k) for each k& > 1. It is conjectured that A/ (k) =
A, (k) for each k > 1 by Andreadakis who showed A5 (k) = As(k) for each & > 1 and
A%5(3) = A3(3) in [1]. Now, it is known that A/, (2) = A, (2) due to Cohen-Pakianathan
2, 3], Farb [5] and Kawazumi [6], and that A/ (3) has at most finite index in A4,(3)
due to Pettet [14]. Since TA,, is finitely generated, so does each of the graded quotient
grf(Al) := Al (k)/ Al (k+1). Hence gr¥(A!) is easier to handle rather than gr¥(A4,) in
general.

A restriction of 7 to A/, (k) induces a GL(n, Z)-equivariant homomorphism
7 g (A) — H* @z L, (k+ 1).

We also call it the Johnson homomorphism by an abuse of language. In our previous
papers [15], [17] and [18], we have studied the cokernel of the rational Johnson ho-
momorphism 7/, = 7/, ® idq. Although the GL(n, Z)-module structure of gr*(A7) is
considerably clarified today through these works, the group structure of each of A/ (k)
is still not well-understood. For example, it is not determined whether each of A/ (k)
is finitely generated or not.

2.4. Basis-conjugating automorphism group.

In this subsection, we recall the basis-conjugating automorphisms of F;,. In general,
an automorphism o of F,, such that ¢ is conjugate to x; for each 1 < ¢ < n is called a
basis-conjugating automorphism of F,. Let PX, be the subgroup of Aut F,, consisting
of the basis-conjugating automorphisms. The group P, is called the basis-conjugating
automorphism group of F,, or the McCool group. It is easily checked that PX, C IA,
and an IA-automorphism Kj;; for i # j belongs to PX,. McCool obtained a finite
presentation for P, as follows:

Theorem 2.1 (McCool [9]). The group PX,, has a finite presentation with generators
K;; for 1 <1 # j <n subject to relations:

(Rl) [Kz',ijk,j] =1 fO?”i <k,

(R2) [Kz',jaKk,l] =1 fori <k,

(R3) [Ki,kaKi,ij,j] =1
where the subscripts v, 7, k, | are distinct.

In this paper we consider the restriction of the Johnson filtration to PY,. Namely,
set Pn(k) :=P%, N A, (k) for each & > 1. Then we have a descending central filtration

PY, =P,(1) DPn(l) DPu(2) D---
of PX,,. We call it the Johnson filtration of P¥,,. Then each of the graded quotients

gr®(P,) := P, (k)/Pn(k + 1) is a Z-submodule of gr¥(A,) for k > 1. We denote by 7p
the k-th Johnson homomorphism 7}, restricted to gr*(P,) for k > 1.

Let P/ (1) D P (2) D --- be the lower central series of PX,. Then P/ (1) = P,(1)
by definition. Since the Johnson filtration is central, we see P/ (k) C P,(k) for each
k > 1. Set gr*(P.) := P/ (k)/P.(k + 1) for k > 1. There is a natural homomorphism
et gr®(Pl) — gr®(P,) for each k > 1 induced from the inclusion P/ (k) — P, (k).
Then we define a homomorphism 75, to be the composition of 1, and the Johnson



homomorphism 7py:

TIID,k = TPk Ol : grk(Pfl) — HomZ(H, ﬁn(k + 1))

According to the Andreadakis’s conjecture as mentioned before, it would be seemed
P! (k) = P,(k) for each k > 1. It is, however, still an open problem in general. Here
we observe P/ (2) = P,(2), and show P/ (3) = P,(3) by using the second Johnson
homomorphism. First, we consider the abelianization of P, = P,(1). By a work of
Cohen, Pakianathan, Vershinin and Wu [4], we have

(4) Pa(1)® 2 ZOn D

for n > 3. This isomorphism is given by the first Johnson homomorphism 7p;. In
particular, we see that the Magnus generators K, ; for 1 < i # j < n form a basis of
P,(1)?*. Hence, as a corollary, we have

Corollary 2.2. Forn >3, P (2) = P,(2).

Proof. Since 7p; is the abelianization of P, (1), the natural homomorphism ¢; :
r!(P!) — gr'(P,) must be injective. Hence P! (2) = P,(2). This completes the proof
of Corollary 2.2. [

Next, we consider P/ (3). First, we determine the image of the Johsnon homomor-
phism 7p5.
Lemma 2.3. Forn > 3, Im(7p,) = Z&"=1°/2,
Proof. From Corollary 2.2, we see that Im(7ps) = Im(7p,). We show that gr®(A7,)
is generated by n(n - 1)2/2 elements:
{[sz[( ]‘1§i<j§n}'

In general, gr?(P)) is generated by commutators [K; ;, K,,]. Set N := #{i,j,p,q} as
above. If N=4, or N = 3 and ¢ = j, we have [K;;, K,,] =1 € P,(2) by the relation

(R1) and (R2). It is also clear that if N = 3 and ¢ = i, [K; , Kpi] = [Kpi, Kij] ™
P,(2), and that if N =3, p =1 and j > ¢, [K;;, K| = [qu,K ;7' On the other
hand, using the relation (R3), we have

(Kij, KigKj o) = [Kij, Kig) + [Kij, Kjg) = 0 € gr*(A).

Hence we can reduce the generators type of [K; j, K;,]. Then we see that S’ generates
r2(A).
This shows that Im(7p2) is generated by

S=Arpa([Kij, Kig)) [1<i<mn, 1<j<q<n, jq#i}
U{rpa([Kiy, Kjal) |1 < i < j <n}.

Here we have
TPQ([KZJ?K ]) = ZL‘: ® [xivﬁq’xj] - x;k ® [xi’xijQ]
and

Tp2([Kij, Kjil) = 2} @ [x4, 75, 1] — 25 @ [, 74, 73]



In order to show S is linearly independent in H* ®z L,,(3), set

/ "
> i mra([Kig Kig)) + Y biyrea([Kij, Kjil) =0

where the first sum runs over 1 <7 < n, and 1 < j < ¢ < n such that j, ¢ # i, and the
second one 1 <7 < j <n. Then for any 1 < iy < n, we have

jr(I#iO
Z aioyquTP,Q([Kio,j’ Kioﬂ]) + Z bi07j5172<0 ® [mio’ Ly xio]
(5) Jj<q 10<j
— Z bj,iox;ko X [.Tio,l'j,ilfio] =0.
Jj<io

Then consider the composition of homomorphisms
O H ®g L,(3) = H @z H® — H®?

where the first homomorphism is induced from the natural embedding £, (3) — H®3
defined by [X,Y] — X ®Y — Y ® X, and the second one is the contraction map

* *
Ly ® Ly ® Liy ® Lig = T (‘IH) Ly ® Lig-

Observing the image of (5) by ®, we obtain

j7q7£7:0
i<q i0<J
- ij,z'o(%' ® Ty — Ty @ x;) =0 € HE?
J3<io

This shows that a;, ;, = bi,; = bji, = 0 for 1 < j < ¢ < n and j,q # ip. Hence S
is linearly independent in H* ®z L,,(3). Therefore we obtain the required result. This
completes the proof of Lemma 2.3. [

Corollary 2.4. Forn >3, P.(3) = P.(3).

Proof. Since the image of the generating set S’ of gr*(A;) by 75, is a basis of
Im(7p,) = Im(7p2), it turns out that gr*(A},) is a free abelian group with basis S’, and
that

Tha : a7 (A}) 2 gr®(A,) =2 Tm(7py)

is an isomorphism. Hence ¢y is also an isomorphism. This shows P/ (3) = P,(3). This
completes the proof of Corollary 2.4. [

Observing the proofs of Lemma 2.3 and of Corollary 2.4, we see that for each k > 3
if we determine the rank 7, (k) := rankgz(gr*(A,)) of grf(A,), and show that gr®(A’)
is generated by r,(k) elements, then we can show P, (k) = P, (k) inductively. It seems,
however, quite complicated since we have to consider too many types of commutators
among K; ; in gr®(A) for large k.



3. ON THE ABELIANIZATION OF P/ (k) AND P, (k) FOR k > 2

In this section, we show that the abelianization of P/ (k) contains a free abelian group
of infinite rank for n > 2 and k > 2. Then we prove that P, (k) also has the same prop-
erty. In order to show this, we obtain a presentation for the commutator subgroup
P!(2) of PX, by the Reidemeister-Schreier method. Then we construct a homomor-
phism from P/ (2) to some free abelian group which detects an infinitely generated free
abelian subgroup in P} (k) for k > 2.

3.1. A presentation for P/ (2).

In this subsection, we obtain a presentation for P/ (2) by applying the Reidemeister-
Schreier method. (For the details for the Reidemeister-Schreier method, see Proposition
4.1 in Chapter II in [7] for example.)

Let F be a free group with basis {K; ;|1 < i # j < n}, and ¢ : F — P3, the
canonical map. Set N = o~ }(P/(2)). Then a subset

T:={K{¥K - K" e, €2y CF

nn—1
is a Schreier transversal for N of F since PY2 is a free abelian group with basis
{Ki;|1<i+#j<n}. Heretheorder of the product among K; % in K5’ K75 - - - K"
is the usual lexicographic order with respect to the index set
I={(i,7)|1<i#j<n}.

Namely, for any (i,7) and (p,q) € I, (i,5) < (p,q) if and only if ¢ < p, or i = p and
J<4q

Set

Vg€ s enno1) 1= (Ki5" - K K (K- Kt KT e E

n,n—1 0, n,n—1
Then by applying the Reidemeister-Schreier method to the McCool’s presentation for
PY,, and the Schreier transversal T' for N of F', we see that P/ (2) is generated by

€= {yijler2,- - enn-1)](1,2) < (4,75) < (n,n—2), e,y # 0 for some
(1,7 +1) < (p,q) < (n,n—1)},
subject to relators
r(trt™!) for t € T and r = (R1), (R2), (R3)

where 7 denotes the “rewriting function”. Namely, for any word w € N among K; s,

T(w) (= w in F) is a word among 7, j(€12,...,€nn—1)s. In the following, for any
t=Ky5 - K" €T, we write down 7(trt™") explicitly.

Case (I). r = K, ;, K} ;] for distinct 1 <14, j,k <n and i < k.
In this case, we have

-1 _ €1,2 €n,n—1 €1,2 ei,j+1 €n,n—1\—1
7t (S K K (KO - KO K

n,n—1 .7 n,n—1
€1,2 eq,j+1 en,n—1 ) e1,2 eq,j+1 ek, j+1 en,n—1\—1
’ (K1,2 "'Ki,j "'Kn,n—l )Klw(KLz "'Ki,j "'Kk,j "'Kn,n—l )
e1,2 ejj+1 ek, ;+1 en,n—1 -1 e1,2 ek, ;j+1 en,n—1\—1
: (KLQ e 'Ki,j o 'Kk,j o 'Kn,n—l )Ki,j (Kl,Q o 'Kk,j o 'Kn,n—l )
e1,2 ek, ;+1 €en,n—1 -1 e1,2 en,n—1\—1
’ (K1,2 o 'Kk,j o 'Kn,nfl )Kk,j (K1,2 o 'Kn,nfl ) .



(1) If ey, # 0 for some (k,j+1) < (p,q) < (n,n—1),
T(t?"t_l) = %,j(em, ey en’n_1>’yk,j(61727 ey e,;,j + ]., C. ,enm_l)

Vijlera, . en;+ 1,0 ,Gn,n—1)_1%,j(€1,2, . ,€n,n—1)_1

(2) It {(p.g) € I[(k,j+1) < (p.q) < (n,n—1), ey #0} =0,
= (K3 K K (K3 - Ko™ Kt
) (Kilf . K;;J‘“ . KZ;;J‘“)KJ(KI@E? o sz“];j“)—l.
Hence, we see:
(i) If e, 4 # 0 for some (i,7+1) < (p,q) < (k,j—1), or e, # 0, —1,

T(t’l“t_l) = ’%J(GLQ, <oy CLjy 0, ce ,O)%,j(em, vy CLj + 1, O, . ,0)_1.

1) U{(pg) e I|(t,7+1)<(p,q) < (k,j—1), epqg# 0} =¢ and e} ; =0,
T(trt™") = yij(e12, ..., €5,0,...,1,...,0)7"
where 1 appears in (k, j) entry.
(iii) If {(p,q) € I'[(i,7+ 1) < (p,q) < (k,j — 1), €pq# 0} =¢ and ey ; = —1,
T(trt™) = yijlera, ... €50, .., —1,...,0)
where —1 appears in (k, j) entry.
Similarly, we have the cases (II) and (III) as follows.
Case (II). r = [K;, Kj,] for distinct 1 <4,7,k,1 <n and i < k.
In this case, we have

t?"t_l :(Kle,l; L Ken,nfl)Km. (Kle712,2 o Kei,jJrl . Ken,nfl)—l

nyn—1 i N
) (Kf,lz’Q . Kz;;f“ . KZtlﬁn__ll)Kk,l(Kle}éQ . KEE;J'H . KZ?Z“ . KZ%"_—ll)*l
(K75 Ki;j“ . K,if}’lﬂ KKK K;i,k[l“ LK)
(KT KT K K (K K

(1) If e, 4 # 0 for some (k,l+1) < (p,q) < (n,n—1),

r(trt™h) = Yij(e12, s enn1)Vki(€12, . €ij+ 1, . €nn_1)
yijleras e+ 1 enn 1) ra(era, o nmo1)

(2) E{(p,q) € I|(k,l+1) <(p,q) <(n,n—1), e,,F# 0} = ¢, we have:
(i) If e, 4 # 0 for some (i,7+ 1) < (p,q) < (k,l —1), or e; #0,—1,
T(t’f’t_l) = ’7@]’(61,27 N 7€k,l7 0, e ,O)’}/,'7j(6172, Ce 76k,l + 1, 0, Ce ,0)_1.
(ii) I {(p,q) € [ (1,7 +1) < (p.g) < (k1 =1), €7 0} = ¢ and ey =0,
T(t?"t71> = ’}/,L"j(€172, <5645, O, Cey 1, ey 0)71

where 1 appears in (k,[) entry.

10



(iii) If {(p,q) € I'[ (5,5 +1) < (p,q) < (k,1—1), ey #0} =¢ and e =

T(tT’til) = Wi7j(€1’2, <5 €44, O, Cey —1, ey O)
where —1 appears in (k,[) entry.

Case (III). r = (K, K; ;K ;] for distinct 1 <14, j, k < n.
(1) i <k and j < k. Then (4,7) < (i, k) < (k, ).

In this case, we have

Y (e KK - K Ky

n,n—1 i,k nn—1

e; k+1 — i,5+1 e k+1
.(Kflf...[(%k N 1)](1.’].(](;12»2...[(?1;] KSR K

i,k
1 —I—l _
. (KilQ,Q L. Kez ]+ . Kzezkk . K@n,n I)Kk;J

n,n—1 1,J i,k

2y n,n—1
(Kflf . Ke;] .. .Kiezk“ . K}‘zf};d“ . .KZ:;v;l_*ll)—l
KDY KT KT KT KRG
(B K K K
(KT5 - Kﬁ;ﬁl : ..K’:cjﬁl : "K:;?ﬁi_f)K/;]l-(Kiléz e Kigﬁl .
(KT KT R DK KT K ) T

(i) If epq # O for some (k,j7+1) < (p,q) < (n,n —1),

T(trt™') = Yik(€1,2s - €nn1)Vijl€1,2, - €ix+ 1. . €nn1)

' Vk,j(el,% <y € + 17 -y Gk + ]-a o 7€n,n—1)
-1
. ’77j,k(6172’ ce 762',]' + ]_, N 76k,j + 1, e en,n—l)

Vel -6+ 1., en,n—l)_l%,j(el,z, e Cnn—1)

. Ken,n—l

n,n—1

-1

(1) I {(p,q) € I|(k,7+1) <(p,q) <(n,n—1), e,,# 0} = ¢, we have:

@ Ife,, # 0 for some (i,k+1) < (p,q) < (k,j—1),0or e, ; #0,—1,

T(t’r’t_l) = ’YZ"]C(@LQ, ce ,ekﬁj,O ce ,0)’72'7]‘(6172, -6k + 1, ce 7€k,j70 ce ,0)

. ’}/i7]§(6172, <y 6ig + 1, ey CLj + 170 .. .O)_l
. 'Yi,j(el,% e ekvj, O, Ce ,0)_1.

_1’

)—1

@ If{(p.q) €I[(i,k+1) < (p,q) < (k,j— 1), €pq#0} =0 and ey = —1,

T(t?"t_l) = %k(el,g, c. ,61'7]“0 cey —1, c. ,O)’%”j(el,g, <y Gk + 1,0, ey T

Nijler, .00, —1,...,0)7"

where —1 appears in (k, j) entries in 7, and ~; ;s.
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(pv ) < (k7.] - 1)7 €p,q 7é O} = ¢ and €k, — 07

@I {(p,q) el|(i,k+1)<
— e € k+1 e €i,j €k 1y —
il (K17122 Klkk+ )Kij(KlléQ KZ] +1 ."Ki,k,‘k+ )
) Kezk-l-lKk])K (K1€712,2 Kf;]‘l*l ,.Keszk:J)

€2 Kei,k) 1
i,k '

, i, +1
(KK
o Kze,l/ék)Kszl (Kl,Z

€1,2 ez7+1
’ <K1,2 o sz

Hence, we have:
(i,k—1),0r e #0,—1,

(a) If e,, # 0 for some (7,5 + 1)
T(t?”t_l) = /yz‘,j(eLQ, ey

<(p,q) <
eix+1,0,...,0)

ei,j+1,.‘.,61‘7/“0...,1,...,0)_1

Yiklerz, ..o,
ijlera, . €ip 0.0, .., 0)7
where 1 appears in (k, j) entry in ; x
(B) 1 {(p.q) € I1(irj +1) < (pa) < (i — 1), €y #0} = 6 and e = 0,
T(trt™") = vijle1n, ... €.5,0,...,1,...,0)
eij +1,0,...,1,...,0)7"

iz, .-,
d (k,j) entries in v; ; and +; ;, respectively

where 1 appears in (7, k) a
(©) I {(pg) € I[(j+1) <(pg) <(i,k=1), e # 0} = and e = -1,
T(trt™) = yir(era, ..., e +1,0,. 1, 107!
eivj,O,... ., 07!

: %‘,j(61,2, SR
where —1 appears in (7, k) entries in 7, and 7, ;, and 1 appears (k, j) entry in

Similarly, we can obtain the other three cases
(i,7) < (k. j).
(p,q) < (n,n—1),

(2) i < kand k < j. Then (i,k) <
eik+1,. . enn1)

(i) If e,  # 0 for some (k,j+1) <
en,n—l)%,j(€1,2, Sy

r(trt™!) = yirlern, . - -,
k€12, e+ 1 e+ 1 ennt)
cYir(era, . yeig+ 1 ek 1 enn1)
egler, .. e+ 1,00, en,n,l)*lfyi,j(em, . en,n,l)*l

(p,q) < (n,n—1), e,, # 0} = ¢, we have:

(i) It {(p,q) € I'[(k,j+1) <
(p,q) < (k,j—1),ore,; #0,—1,

@ If e,  # 0 for some (i,5+1) <
T(trt ") = yir(era, - e,0. .., 0)vi (e12, .-y ein+1,...,e65,0...,0)
Yigl(erz, e+ 1 e +1,0...0)7
“Yiglerz, . en;, 0, .. ,0)7h
(pq) < (k,j—1), epq# 0} =0 and e; = —1, we see:

@I {(pg) € I[(i,j+1) <

12



(a) If e, , # 0 for some (i,k+1) < (p,q) < (4,5 — 1), or e;; # —1,
T(trt™") = yix(er, ..., ei,0...,=1,...,0)
“Yijlerg, .. .eip+1,...,65,0,...,—1,...,0)
Yipleras .o eij+1,0,...,0) i (e, o€y, 0,0, =1, 0)7)
where —1 appears in (k, j) entries in 7, , and 7,
(B) T {(p,) € 71 (i, +1) < (p,0) < (] — 1), ey # 0} = ¢ and eg = —1,
r(trt ') = yirlera, - oy €in, 0,y =1, —=1,...,0)
“vijlerg, .6 +1,0,000, =1, .. =1, ...
ij(€ras s 0, =1, =1, 0)7!
where —1 appears in (7, j) and (k, j) entries in v, , and 7, ;s
@ U{lp.gel|(,j+1)<(pq) <(kj

—1), epq #0} = ¢ and e ; = 0, we see
(a) If e,, # 0 for some (i,k +1) <

< (p.q) < (i,j—1),0r e;; #0,—1,
T(trt™) = yix(era, ..., €i4,0,...,0)

Viglera, .. ei;+1,00..,1,...,0)7"
where 1 appears in (k, j) entry in 7; .

(b) It {(p,q) € I'|(i,k+1) < (p.q) (6,5 — 1), €q# 0} =0 ande;; =0,

T(trt™) = yirlera, oy ein, 0, 1, 1,...,0)7!
where 1 appears in (7, j) and (k, j) entries.

() If{(p,q) € I|(i,k+1) < (p,q) < (5,5 — 1), €q7#0} =¢ande;; = —1,

T(t?"til) = ’}/Z"k(el’z? e 7€i,k7 0, ey —1, e ,0)
. ’)/i,k(elyg, e 6i’k, O, cey 1, e ,O)il
where —1 appears in (4, j) entry in 7, %, and 1 appears in (k, j) entry in v; &

(8) k <iand j < k. Then (k,j) < (i,7) < (i, k).

(i) If e, # 0 for some (i,k+1) < (p,q) < (n,n —1),

T(trt™) = yix(era, ..., €nn—1)Vij(€12, - €ir+1,... €nn1)

: ’Yk,j(el,% et e+ 1 enn)

-1
: ’yiyk(eu, ey Ry + 1, sy 6 +1,.

yee Cnn—1)
cAkglerayeii 1 1) Yig(eras - enn1)
(i) F{(p,q) € I|(1,k+1) < (p,q) < (n,n—1), epq # 0} = ¢, we have:
@ Ife,, # 0 for some (i,7+1) < (p,q) < (i,k—1), or e; #0,—1,
T(trt ") = yijle1n, - ein + 1,0, 0y e, . yei;+1,... e+ 1,0...,0)
Arjlera, . ei;+ 1, ep,0...0)7"

%’,j(el,%---€i,k,0,...70)71,
@ If{(p,q) eI|(i,j+1)<(p,q) <(ik

—1), ey #0} = ¢ and e;, = —1,
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(a) If e, # 0 for some (k,j+1) < (p,q) < (i,j — 1), or e; ; # —1,

T(t?“t ) = fyk,j(em, - Chg + ]_, O, ce ,O)’Yk’j(el?g, ceey € + 1,0, ceey —]_, ce

-1
"7i7j(6172, e ,61',]‘,0, .. .,—]_,. .. ,O)

where —1 appears (i, k) entries in v, ; and 7, ;.

(b) If {(p,q) € I'|(k,j+1) < (p,q) < (1,5 — 1), epq#0}=¢ and e;; =

T(trt™) = yj(era, -y ers 0,0, —1,...,0)7"
cyiglern, o yeny 0 =1 =1,...,0)7"

—1

Y

where —1 appears in (4, j) and (4, k) entries in ; ;, and in (4, k) entry in v ;.

@U{pqgelllj+1)<(pq <(i,k—1), eq#0} =¢ and e; =0,

(a) If e,  # 0 for some (k,j+1) < (p,q) < (4,5 — 1), or e;; # —1,

T(t?“t ) = %,j(elg, ce 7€i,j>07 ceey ]_, ce 70)7k,j(€1,27 <oy 6ij + 170, ey 4y

Vi€, €+ 1,0, .. ,0)_1

where 1 appears (i, k) entries in 7, ; and 7 ;.

(b) It {(p.g) € I (k7 +1) < (p,q) ((,5 1), €pq#0} = and e;j = —1,

T(trt™) = vi (€12, s ek, 0, ..., —1,...,1,...,0)
(€12, ers,0,00.,1,...,0)

where 1 appears in (i, k) entries in 7, ; and 7y ;, —1 appears in (4, j) entry in ; ;.

(4) k <iand k < j. Then (k,j) < (i, k) < (4, 7).
(i) If e, # 0 for some (i,5+1) < (p,q) < (n,n—1),
T(trt™) = vig(eras s enno1)Vij(€12,--seip+ 1, €nn1)
. ’}/k’j(elg, e 761'7,14; —|— 1, ey ei,j —|— ]_, . 7€n,n—l)

-1
iklerz,-eng 1 e+ 1 enna)

: 7k,j<€1,27 s 7€i,j + 17 ey en,n—l)_lﬁ)/i,j(el,% v en,n—l)

(ii) It {(p,¢) € I1(i;,j +1) < (p,q) < (n,n = 1), €4 # 0} = &, we have:

@ If e,  # 0 for some (i,k+1) < (p,q) < (i,j — 1), or e; ; # 0, —1,

T(trt™") = yix(era, oy eij 00, 0)yky(era, - vein+ 1,0 e+ 1,0,

. ’Yi’k(eLQ, Ce ,Gk,j + 1, .. .,em' + 1,0 . .0)_1
: ’7ij(6172, <€ + 170, . ,0)_1.

@It {(p.g) €I[(i,k+1) < (p,q) < (4,5 — 1), epg# 0} =¢ and e;; =

(a) If e, # 0 for some (k,j+1) < (p,q) < (i,k—1), or e;p # 0, —1,

T(t?’t ) = %-7;6(61,2, .. .61'7]9,0, ey —1, Ce ,0)’)/]67‘1(6172, Ce ,ei,k —+ 1,0, P

: ”Yk,j(el,z, cos €k, 0,0 ,0)’1

where —1 appears in (i, j) entry in 7, .
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(b) It {(p,q) € I'|(k,j+1) <(p.q) < (i,k—1), €470} =0¢and ey, =—1,
T(trt™) = yirlera, - ery 0, —=1,...,—=1,...,0)
Arjlera, ooy ers, 0,0, =1, ., 0)7
where —1 appears in (7, k) and (¢, j) entries in 7, x, and in (4, k) entry in ;.
(c) f{(p.q) €I|(k,j+1) < (p.q) < (i,k—1), €pq#0}=0¢and ey =0,
T(trt™") = viglera, - ver 0,y =1, .0, 0) g (€12, - ooy €x4,0,.0, 1,000, 0)
where —1 appears in (4,7) entry in 7;, and 1 appears in (i, k) entry in v ;.
@I {(pg) eI, k+1) <(pq) < (6,5 —1), epq#0} =¢ande;; =0,
(a) If e, , # 0 for some (k,j+1) < (p,q) < (4,k —1), or e; # —1,
T(trt™) = v (era, e +1,0,...,1,...,0)
cyirlera, o yen; 1 eip, 0,000,100, 0)7!
A1, eip, 0,01, 0)7
where 1 appears in (¢, j) entries in 7, ; and 7 ;s.
() I {(p,q) € I|(k,j+1) < (p,q) < (i,k—1), €pq#0}=¢and e;y, = —1,
T(trt™") = yilera, - ek, 0,00, 1,...,0)
(et yen; +1,0,.,—1,..., 1., 0)7"
Apilera, o ens 0 =1, 10 0)7!

where —1 appears in (i, k) entries in v, and 7 ;, and 1 appears in (4, j) entries in v,
and 7y js.

3.2. Infinitely many linearly independent elements in P’ (2)".

In this subsection, we detect infinitely many linearly independent elements in P’ (2)2P
using the presentation for P/ (2) which we have obtained in the previous subsection.
Then we show that P/ (k) for k > 3 also contains infinitely many linearly independent
elements. Finally we confirm ourselves that for k& > 2, the abelianization of each
subgroups P, (k) of the Johnson filtration of P>, has the same property.

To begin with, set
A= Spanz{bi,j(eﬂ 6/) | I1<i< ] < n, ec Z7 ¢ €Z \ {O}}

Clearly, A is a free abelian group of infinite rank. Since N = ¢~ (P! (2)) is a free group
with basis &, we can define a surjective homomorphism ¥’ : N — A by

bij(€ii, ;i) if i <j and e;; #0
U (vii(e1a,. .. enny)) =4 230770 gi 7Y
Bristers 1)) {0, if otherwise.

Then it is easily checked that /(7 (trt~')) = 0 for any ¢t € T' and r = (R1), (R2), (R3)
from the results obtained in the previous subsection. This shows that ¥’ induces a
surjective homomorphism

U:P,(2) — A
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Since the target of W is abelian, ¥ factors through the abelianization P, (2)* of P,(2).
Hence we obtain

Theorem 3.1. For any n > 3, P’ (2)** contains infinitely many linearly independent
elements.

As a corollary, we see

Corollary 3.2. For any n > 3, P! (2) is not finitely generated.

Next, let us consider P, (k) for k > 3. For 1 <i < j<n,e€Zand € € Z>, set
aijle,e) = K [K;u (Ko (K Kigll - 1K,
Bijle e) =750, ey ey, 0) = KE RS K KK
where K;; appears €’ times in the definition of o j(e,€’).
Here we prepare one lemma. In general, for any group G and x, y € G, set
O (z,y) =[x, [z,...,[2,9]] -] € G
for ¢/ > 1 where x appears €’ times in the commutator above. Then we have

Lemma 3.3. With the notation above, [z, y] € G is written as
06’ (ZE, ?/)93’1 (l’, y) T 06;, (l’, y)

in G for some 1 <ef,... e, <e —1.

Proof of Lemma 3.3. We show this lemma by the induction on €. If ¢/ = 1, it is
obvious that [x,y] = 61(x,y). Assume € > 2. Using a commutator formula

[ab, ] = [a, [b, cl][b, J[a, ],

we see

6/717[ 1

29, y] = [=°7 1, [z, y]] [z, y] [z, y).

Hence, by the inductive hypothesis, we have
[xe’7 y] = 06’—1('177 [CL’, yDQeﬁ (l’, [I7 y]) T Qeg(x’ [CL’, yDel(CC’ y)
’ 06/,1(.%, y)eeg’(l', y) e 96;1/(1', y)
for some 1 < ¢/, e < e’ — 2. On the other hand, since 0._(x, [r,y]) = (v, y) for any
e > 2, we obtain the required result. This completes the proof of Lemma 3.3. [J

Now, we consider a relation between «; ;(e, e’) and 3 ;(e, €').

Lemma 3.4. For any 1 < i < j < n, e € Z and € € Z>,, there exist some 1 <
€y, €, < e —1 such that

aijle,e) = Bijle,e)Bi(e, €)™ - Bijle €)™ for dj = +1.

Proof. We show this lemma by the induction on e’. If ¢ = 1, it is clear that
a; (e, 1) = [; (e, 1). Assume ¢ > 2. By using Lemma 3.3, we have

Bij(e,€) = K¢, (K¢, K; ] K¢

7,87 (2] 4,J
= K7 0o(Kji, K j)0c, (K, Kij) - - - O (Kji, Ki ) K |

,L?J ’

= a; (e, )i je e)) - aijle,e,)
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for some 1 < €’ < ¢’ — 1. Hence, using the inductive hypothesis, we obtain the required
result. This completes the proof of Lemma 3.4. [

Here we prove our main theorem.

Theorem 3.5. For n > 3 and k > 3, P (k)* contains infinitely many linearly inde-
pendent elements.

Proof. For any d > k, consider d — k 4 2 elements
a;jle,k—1), 0, 5(e k), ..., o (e d)
in P! (k) for any e € Z. We denote by
cijle,k—1),¢i(e k), ... cijile d)
the images of a; j(e, k—1), v j(e, k), ..., o j(e, d) by the composition map ¥, : P/ (k) —
Pl (2) Y, A respectively.
Here we show that ¢; j(e,k — 1), ..., ¢; j(e,d) are linearly independent in A. Assume
that
ap—1¢ij(e,k —1)+ -+ aqc; j(e,d) =0

for ay_1, ..., ag € Z. Then using Lemma 3.4, we see that the coefficient of b; ;(e, d) is
exactly ag, and hence ay = 0. This shows that

ak_lcm(e, k— 1) + -+ ad_lcl-yj(e, d— 1) = 0.

By the same argument as the above, we can show that a4y = aq_ 2 =---=a,_1 =0
recursively. Therefore ¢; ;(e,k — 1), ..., ¢; j(e,d) are linearly independent in A.

Since W}, factors through the abelianization P/ (k) of P/ (k), we see that P! (k)"
contains a free abelian group with rank d — k4 2. On the other hand, since we can take
d > k arbitrarily, we conclude that P/ (k)*> contains a free abelian group with infinite
rank. This completes the proof of Theorem 3.5. [

As a corollary, we have

Corollary 3.6. Forn > 3 and k > 3, P/, (k) is not finitely generated.

Finally, we consider the Johnson filtration of P>,.

Corollary 3.7. Forn > 3 and k > 3, P,(k)* contains infinitely many linearly inde-
pendent elements.

Proof. Consider a homomorphism W : P, (k) — P/ (2) Y, A which factors through
the abelianization P,(k)*® of P, (k). Observing the proof of Theorem 3.5, we see that
for any d > k the images of o, j(e,k — 1), ..., a;j(e,d) € P/ (k) C Pn(k) by Uy are
linearly independent in A. Hence we obtain the required result. This completes the
proof of Corollary 3.7. [J

And hence, we obtain

Corollary 3.8. Forn > 3 and k > 3, Pn(k) is not finitely generated.
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