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ABSTRACT. In this paper, we show that the abelianization of the kernel of the Magnus
representation of the automorphism group of a free group is not finitely generated.

1. INTRODUCTION

Let F), be a free group of rank n > 2, and Aut F,, the automorphism group of F},. Let
denote p : Aut F,, — Aut H the natural homomorphism induced from the abelianization
F,, — H. The kernel of p is called the IA-automorphism group of F,,, denoted by IA,,.
The subgroup IA, reflects many richness and complexity of the structure of Aut F;,,
and plays important roles on various studies of Aut Fj,.

Although the study of the [A-automorphism group has a long history since its finitely
many generators were obtained by Magnus [14] in 1935, the combinatorial group struc-
ture of TA, is still quite complicated. For instance, any presentation for IA,, is not
known in general. Nielsen [19] showed that IAy coincides with the inner automorphism
group, hence, is a free group of rank 2. For n > 3, however, IA,, is much larger than
the inner automorphism group Inn F,,. Krsti¢ and McCool [11] showed that IA; is not
finitely presentable. For n > 4, it is not known whether IA,, is finitely presentable or
not.

In general, one of the most standard ways to study a group is to consider its represen-
tations. If a representation of the group is given, it is important to determine whether
it is faithful or not. Furthermore, if not, it is also worth studying how far it is from
faithful, namely, to determine its kernel. In this paper, we consider these matters for
the Magnus representation

rar 1A, — GL(n, Z[H])
of TA,,. (See Subsection 2.3.)

Classically, the Magnus representation was used to study certain subgroups of IA,,.
One of the most famous subgroup is the pure braid group P,. The restriction of rj; to
P, is called the Gassner representation. (For a basic materials for the braid group and
the pure braid group, see [4] for example.) It is known due to Magnus and Pelso [15]
that ry|p, is faithful for n = 3. Although the faithfulness of rj/|p, has been studied
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for a long time by many authors, it seems, however, still open problem to determine it
for n > 4.

Another important subgroup is the Torelli Z, ; subgroup of the mapping class group of
a surface. By a classical work of Dehn and Nielsen, the Torelli group Z,; is considered
as a subgroup of IAy;. Suzuki [22] showed that the restriction 7|z, , to Zg, is not
faithful for ¢ > 2. Furthermore, by a recent remarkable work of Church and Farb [7],
it is known that the abelianization of the kernel of ry|z, , is not finitely generated for
g=2.

From the facts as mentioned above, it is immediately seen that rj; itself is not faithful.
There are, however, few results for the study of the kernel of ry;. Let K,, be the kernel
of rps. In our previous paper [21], we showed that the abelianization K2 of KC,, contains
a certain free abelian group of finite rank. In this paper, we show that r,, is far from
faithful. That is,

Theorem 1. (= Theorem 4.1 and Proposition 5.2.) For n > 2, K is not finitely
generated.

In order to prove the theorem for n > 3, we consider embeddings of IC,, into the
[A-automorphism group of a free group of higher rank. Then, taking advantage of the
first Johnson homomorphisms, we detect infinitely many linearly independent elements
in K. For n = 2, in particular, we show

PI‘OpOSitiOH 1. ,CQ = HFQ,FQ], [FQ,FQH

by using a usual and classical argument in the combinatorial group theory.

This paper consists of six sections. In Section 2, we recall the TA-automorphism
group and the Magnus representation of the automorphism group of a free group. In
Section 3, we prove the main theorem for n > 3. In Section 5, we consider the case
where n = 2.
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2. PRELIMINARIES

In this section, after fixing notation and conventions, we recall the IA-automorphism
group and the Magnus representation of Aut F,.

2.1. Notation and conventions.

Throughout the paper, we use the following notation and conventions. Let G be a
group and N a normal subgroup of G.

e The abelianization of G is denoted by G?P.

e For any group G, we denote by Z[G| the integral group ring of G.

e The group Aut G of G acts on G from the right. For any ¢ € Aut G and x € G,
the action of ¢ on x is denoted by z°.

e For an element g € GG, we also denote the coset class of g by g € G/N if there
is no confusion.

e For elements = and y of GG, the commutator bracket [x,y] of  and y is defined
to be [z,y] := zyx~ly~L

2.2. TA-automorphism group.

In this paper, we fix a basis 1, . .., 2, of F},. Let H := F be the abelianization of F},
and p : Aut F,, — Aut H the natural homomorphism induced from the abelianization
of F,. In the following, we identify Aut H with the general linear group GL(n,Z) by
fixing the basis of H induced from the basis z1,...,x, of F,. The kernel TA,, of p is
called the [A-automorphism group of F},. It is clear that the inner automorphism group
Inn F,, of F), is contained in IA,. In general, however, IA, for n > 3 is much larger
than Inn F),. In fact, Magnus [14] showed that for any n > 3, TA,, is finitely generated
by automorphisms

Ti ks, =1
Kij LTy = J e .7
Ty, t#1
for distinct 4, j € {1,2,...,n} and

T\, x t=1
Kijl L2, z[ 7 l]a '7
Ty, t#£1i

for distinct 4, j, [ € {1,2,...,n} such that j < [. In this paper, for the convenience,
we also consider an automorphism K;; for j > [ defined as above. We remark that

Recently, Cohen-Pakianathan [5, 6]0 Farb [8] and Kawazumi [10] independently
showed

(1) IA®Y =~ [[* @4 A°H
as a GL(n, Z)-module where H* := Homg(H, Z) is the Z-linear dual group of H. This
isomorphism is induced from the first Johnson homomorphism
71 IA, — H* @7 A’H.
(For a basic materials for the Johnson homomorphisms, see [16], Kawazumi [10] and

[20] for example.) Then we see that (the coset classes of) the Magnus generators Kj;s
and Kj;;s form a basis of IA®" as a free abelian group.



In Section 4, we use the following lemmas.

Lemma 2.1. For n > 4, and distinct integers 1 < 1,7,l,m < n, let w € TA,, be an
automorphism defined by

xi:vj:vl_lxmx;lxlx,gl, t =1,
Ty, t 7é ’L

xt|—>

Then, we have
w = Ky Ky Kijm Kij K;;* € TA,,,
and in particular,
w = Kt + Kijm + Kyj € TAZ.
Proof. Since KilKileijmKileijl fix z; for t # 1, it suffices to consider the image of
z;. Then we see

Ky -1 Kimi 1 o1 -1 Kijm 4 1
Tj —= T T —= T T[T, BT = ] BT T, — T T[T, T | T T T,

1. —1 Kuj 1. —1

_ o1 - 1 -
=X LTI BT, — T xi[:vl,asj]xj:vmxj rx,,

—1
-1 -1 B B . | -1, -1
=X TTT;T] TG DT, — LTl TpT; DT, -

This completes the proof of Lemma 2.1. [J

Similarly, we obtain the following lemmas. Since the proofs are done by a straight-
forward calculation as above, we leave them to the reader as exercises.

Lemma 2.2. Forn > 5, and distinct integers 1 < 1,7, l,m,p < n, let w € TA,, be an
automorphism defined by

wixiay T, ey  mape ey, =1,
Ty, t 7£ 1.

Ty =

Then, we have
W= KmpKilKileijmKileﬁlKn_%; € IAna

and in particular,
W = Kiml + Kijm + Kilj € IAZb.

Lemma 2.3. Forn > 5, and distinct integers 1 < i,7,1,m,p < n, let w € TA,, be an
automorphism defined by

s Tyt iy iy L e et =1,
t .
T, t 7é 1.

Then, we have
w = K Kpp K Kii Kiji Ky K3 K, LK € TA,,

and in particular,
w = Kiml + Kijm + Kilj € IAzb.



2.3. Magnus representation.

In this subsection we recall the Magnus representation of Aut F),. (For details, see
[4].) For each 1 <i <mn, let

0
: Z|F, ZF,
5 2P — 2R
be the Fox derivation defined by
a - €1 %(Ej_l)
. (w) = Z €0, T3 Ty € Z[F,)
1 ]:1

for any reduced word w = xlwy € Fooeg==+1 Leta: B, — H be the abelianiza-
tion of F,,. We also denote by a the ring homomorphism Z[F,| — Z[H] induced from a.
For any matrix A = (ai;) € GL(n, Z[F,]), set A* = (af;) € GL(n, Z[H]). The Magnus

representation 7 : Aut F,, — GL(n, Z[H]) of Aut F,, is defined by

o 895{’ ¢
833]'

for any o € Aut F,,. This map is not a homomorphism but a crossed homomorphism.
Namely,

ra(or) = rar(0)” - rar(7)
where 7/(c)” denotes the matrix obtained from ry,(c) by applying the automorphism

7% Z[H] — Z[H] induced from p(7) € Aut(H) on each entry. Hence by restricting s
to IA,, we obtain a homomorphism IA, — GL(n, Z[H]), also denote it by rp;.

Let KC,, be the kernel of the homomorphism 7y, : IA,, — GL(n,Z[H]). The main pur-
pose of the paper is to show that the abelianization 2P of I, is not finitely generated.
More precisely, we prove that it contains a free abelian group of infinite rank.

Here we consider the group XC,, from the view point of the metabelianization of F,.
Let FM be the quotient group of F, by the second derived subgroup [[F,, F}.], [Fy, F]]
of F,,. The group FM is called the free metabelian group of rank n. The abelianization
of FM is canonically isomorphic to H = F2*. Let p,, : Aut F,, — Aut FM be the induced
homomorphism from the action of Aut F,, on FM. It is known that p, is surjective for
n > 2 except for n = 3. (See [1] for n = 2, and see [3] for n > 4.) Let TAY be the
IA-automorphism group of FM. Namely, the group IAY consists of automorphisms of
FM which act on the abelianization of FM trivially. Then the restriction of y, induces
a homomorphism IA,, — IAY also denoted by .

Now, in [1], Bachmuth constructed a faithful representation
'y IAM — GL(n, Z[H))

using the Magnus representation of FM. Then we can easily see that ry; = 1), o u,, by
observing the image of the Magnus generators of [A,,. (For details, see [1].) Therefore,
the faithfulness of 7/, induces K,, = Ker(u,,). In particular, we have

K, ={0€AutF, |z 2% € [F,, F.),[F,, F]], = € F,} CIA,.



3. EMBEDDINGS OF THE IA-AUTOMORPHISM GROUP

In this section, we consider certain finitely generated subgroups of the free group £,
and its automorphism group.

3.1. Subgroups W, 4 of F,.

For any integer d > 2, let Cy be the cyclic group of order d generated by s. Let
tnd : F, — Cq be a homomorphism defined by

ln,d S? Z: 17
€. = .
‘ 1, i# 1.

We denote by W, 4 the kernel of ¢, 4. Then, W, 4 is also a free group, and its rank is
given by d(n — 1) + 1 since the index of W, 4 in F, is d. Furthermore, applying the
Reidemeister-Schreier method to the following data:

X :={x1,29,...,2,}; the set of generators of F,,,

T :={l,z1,...,27'}; a Schreier-transversal of W, 4 of F,,
we see that a set
(2) {(t,x) e Woa|teT, ze€X, (t,x)#1}

form a basis of W, 4, where (t,x) = tz(tz)~! and a map : F,, — T is defined by the
condition that
Wn,d y:Wn,dyC Fn

for any y € F,,. (For details for the Reidemeister-Schreier method, see [12] for example.)

Then the set (2) is written down as

d
171,
-1 d—1 —(d—-1)
L2y L1L2Ly 5 -+, T T2dy )
(3)
-1 d-1 —(d—1)
:En, ZE1$n[El g e vy ':El afn[El .

In the following, we fit this set as a basis of W), 4.

3.2. Action of IA,, on W, 4.

Since each of W}, 4 contains the commutator subgroup [F,,, F},] of F,, the IA-automorphism

group
IA, ={0c € AutF, |27 '2° € [F,, F,], © € F,}

naturally acts on them. Let p = p, 4 : IA,, — Aut W, 4 be the homomorphism induced
from the action. Then we have

Lemma 3.1. For anyn > 2 and d > 2, the homomorphism p is injective.

Proof. For an element o € [A,,, assume p(o) = 1. Since 27 = z; for 2 < i < n, in
order to see o = 1, it suffices to show 2] = z;.

Set x{ = x;v for some irreducible word v. Then we have

(4) v = (29)7 = (29)* = w210 - - 110,



In the right hand side of the equation above, no cancellation of words happen. In
fact, if v is of type 27 'w for some irreducible word w, then we have z¢ = w?. By a
usual argument in the Combinatorial group theory, there exists some z € F;, such that
r; = 2% and w = 2° for some a,b € Z. (See proposition 2.17. in [12].) From the former
equation, we have z = 1 and a = 1. Hence

d, —d _ d-bd _
rfw =z " =1

Since F), is torsion free, b = 1. This shows that w = x;. This is a contradiction to the
irreducibility of v = 27 'w. On the other hand, If v is of type wa]* for some irreducible
word w, then we have

¢ = a2l ay = 27t (zywla Yz, = vl

By an argument similar to the above, we see that this is also contradiction.

Thus, observing the word length of both side of (4), we obtain that v = 1. This
shows that o = 1. [J

By this lemma, we can consider IA, as a subgroup of each of AutW, ;. In the
following, we identify IA,, with the image of it by p.

Now, let U, 4 be the abelianization of W), ;. We denote by IA(W), 4) the IA-automorphism
group of W, 4. Namely, the group IA(W,, 4) consists of automorphisms of W, ; which

act on U, 4 trivially. Let us define an linear order among (3) by
- 1, —(d-1 - 1 —(d-1
2d < maaayt << a8 Y < < mmpayt << 2% e Y.

Then, by a result of Magnus [14] as mentioned in Subsection 2.2, the [A-automorphism
group IA(W,, 4) is finitely generated by automorphisms

Kop:a—a 'fa, a<p,
Kopqy:a—alfn], a#f<y#a
where «, 3, v are elements of the basis (3).
On the other hand, from (1), we have
IA(Wya)™ = Uy y @z ANUp

where U ; denotes the Z linear dual group Homg(U, 4,Z) of Uy, 4. This isomorphism
is induced from the first Johnson homomorphism

T - IA(Wn’d) — U;,d Rz A2Un,d-

In particular, (the coset classes of) the elements K, s and K, .s form a basis of
TA(W,,.4)* as a free abelian group.

(5)

In general, the induced action of IA,, on U, 4 by p is not trivial. However, its restric-
tion to the kernel

Kn:={c€AuwtF, |z '2° € [[F,, F.),[F., F]], z € F.}
of the Magnus representation is trivial. Namely, p induces an embedding
plic, : Ky — TA(W, 4).
By this embedding, we consider IC,, as a subgroup of IA(W,, 4) for any d > 2.



4. LOWER BOUNDS ON H,(K,,Z)

In the following, we always assume n > 3 and d > 3. For each 2 < m < d — 1, let
om € Aut F,, be an automorphism defined by

T — 2[[IL‘1,[E3],[$1 7'173“’ Z )
T, 1 #£ 2.
Clearly, we see g, € K,. We show that os,...,04_1 are linearly independent in IC?Lb.

To do this, we consider the images of o, by the natural homomorphism
Tnd : Ko = TA(W,q) — TA(W,, 4)*.
To begin with, in order to describe o, in IA(W,, 4)* with K, 5 and K, 5, we consider
the action of o, on the basis (3) of W,, 4. Observing
Tq" = a9 - a3y ay - aPasay™ - w2y ™,
we see
(xil)am = xﬂllv

(Vw7 ¥ = abwa® 0 £ 2,

kpoomkYom _ ko ok okl —(kHD) k1 —k mdk . —(mtk)
(xxox®)T™ = ajxox " - x{ w3z N R L Y
o=l =) ko ook metk —(m+k)
T T3 T -yt af g

Hence, for any 0 < k < d — 1, if we denote by wy, ; the automorphism of W, 4 defined
by

ko .~k koo o~k k+1 . —(k+1) k-1 —k _m+k_ . —(m+k)
k+1 —(k+1) k.. .~k _mtk —1_—(m+k)

then
Om = Win,0Wm,2 " * " Wnd—1-
Here we remark that for any 0 < k,l < d — 1, the automorphisms w;, ; and w,,; are
commutative in Aut W, 4.
Let us describe wy, . in TA(W,, 4)* with K, and K, 4. for each 0 <k <d — 1.
Case 1. Thecaseof 0 < k<d—-1—-m

In this case, we have k +1 < d—1and m+ k < d— 1. Thus, by (6) and Lemma 2.1,
we see

kax%cl 'rlfx?)x;kKl‘lfxgx;k,gj;nJr (m+ ) I kpawy —k
xlfIQx;k’x’f+1x3x;(k+1),Irlyl+kl‘3xf(m+k)
zllcmzl_k’x’f%wl_k’mlf“x?’ml_(k“)Kw_’flwzxfk,xlfxsxfk

in IA(W, 4), and hence,
Wk = lefxzxfkyxfl“xgxl (mtk) gk kagey® + K”1x2x1 k7x1f+1x3x;(k+1)7x71n+kx3x;(m+k)
- Kx’fxgxfk,:clf:c3x;k7x’f+1x3x;(7€+l) .

in IA(Wmd)ab.



Case 2. Thecaseof d—m <k <d-2.
In this case, we have k+ 1 < d —1 < m + k. Hence (6) is written as

k —k k —k o k+1 —(k+1) k-1 .-k d m+k—d —(m+k—d) _ —d
k+1 (k+) k —k ..d mtk—d —1 —(m-‘rk—d) d

Then using Lemma 2.2, we obtain

wm,k‘ = K k —k m+k—d (m+k d) k ‘l— K —k k41

_ k+1 k—d —(m+k—d
xfxoxy ", xy ,xk Tx3z] xk Txox ™, 2y ( ),xT+ mgxl( )

T3T,
+ lef$2$1_k,mlf$3:ﬂl_k,zlf+1:t3m

in IA(Wmd)ab.

Case 3. The case of k =d — 1.

In this case, we have k 4+ 1 =d and d < m + k. Hence (6) is written as
d—1,, . —(d-1) d-1,, —(d-1)
Ly 1

—(k+1) .
1

ToX = ) Toxy
d —d  .d-1 —(d-1)  _d. ,m-1, —(m-1) _—d
d. .1 ,.—d_ . d— —(d-1)  _d_ ,m-1,-1_—(m=-1) _—d

Then using Lemma 2.3, we obtain

Wm,d—-1 = K:cf_lxgxl_(d_l),x{”_lmsr;(m_l),r?_lﬂfsrf(d_l) + Kmf_lmxl_(d_l),ﬂfs,rT_l%wl_(m_l)
+ Kxf_lxle_(d_l),xcll_l:pgxl_(d_l),xg
in IA(Wmd)ab
Therefore for 2 < m < d — 1, we obtain
Om = Z {Kx’fmgxfk,x?” (m+ ) ,xk Mrsx] —k
0<k<d—1-m
+ Kl]fﬂnml_k,xlf+lz3z;(k+1),zT+k —(mth) + K:Dl:EQ:l‘l k mlfmgml_k’zlf+1173$;(k+l)}
+ E {Kzilgz2wl—k7x;n+k—d —(m+k—d) ok Epgar —k
d—m<k<d—1
T K$’f$2xl_k,ac}f+lz3xf(k+l)7$T+k_d 7<m+k a + lexgzl k $If$3$1_k7$]f+la;3x;(k+l>}
in TA(W,,4)*. Using this, we obtain
Lemma 4.1. For anyn > 3 and d > 3, the elements os,...,04_1 are linearly indepen-

dent in TA(W,, 4)".
Proof. Suppose
ag09 + -+ +agoq =0 € IA(Wn’d)ab.
Then, observing the coefficients of K,, , . in the left hand side of the equation above,
we see

E : CLm{ T2, w 3T, + sz T1T3T, -1 x’lncr;;;:c;m + KCCQ,Q?3,Z‘1$3I;1} = O

2<m<d—-1

Hence, we have ap = --- =a4_1 = 0. O

This Lemma induces our main theorem.



Theorem 4.1. For n > 3, K2* is not finitely generated.

Proof. For any d > 3, the image of the induced map
K> — TA(W,, 0)*

from the natural homomorphism 7, 4 : K, — IA(W,, 4)?" contains a free abelian group
of rank d — 2. Since we can take d > 3 arbitrarily, we obtain the required result. This
completes the proof of Theorem 4.1. [

As a Corollary, we have

Corollary 4.1. Forn > 3, IC,, is not finitely generated.

5. THE CASE WHERE n = 2

In this section, we show that ICy is not finitely generated. More precisely, we show
that /Cy is isomorphic to the second derived subgroup [[Fy, Fy], [Fa, Fb]] of F.

To begin with, we remark that IA, is equal to the inner automorphism group Inn F3
of F due to Nielsen [19]. Furthermore, Bachmuth [1] showed that A2’ coincides with
Inn M. Hence we see

Ky = Ker(Inn Fy £ Tnn FM).
In general, for any group G, a homomorphism from G onto the inner automorphism
group Inn GG of GG defined by

gr—tg=(r—gleg, zeq)

induces an isomorphism Inn G = G/Z(G) where Z(G) denotes the center of G. Since
the center of Fj is trivial, we have Inn Fy =2 F,.

Here we show that Z(FM) is trivial for any n > 2. By a result of Magnus [13], F
is faithfully represented in the group of 2 x 2 matrices of the form

(6 1)

where x € H and L is a linear form vt +- - - +v,t, in the indeterminates t1, ..., t, with
coefficients in Z[H]. Here we identify F™ with the image of it by the representation.
The image of x; € FM by this representation is given by

0 1/°

(5 ) ez

Then for any 1 <7 < n, we have

(x vit +---+vntn> <xz ti> _ (mz vits + -+ (v +x)ti+~--+vntn>

Let

0 1 0 1 0 1
rp t\ (x viti 4 Fuptn)  (mir (ziv)t o+ (v 4+ Dt 4 -+ (xiop)t,
0 1 0 1 ~\ 0 1 ’

10



and hence,
rvj =v;, 1<j5<n, j#i,
v +x = z0; + 1.
Since Z[H] is a domain, we see v; = 0 for j # ¢ from the former equation above.

Since we can take 1 < i < n arbitrarily, we obtain v; = --- = v, = 0 € Z[H|. Then
r=1€ H. Therefore we see Z(FM) is trivial.

By the argument above, we verify that Inn F}¥ = FM and that K, is the kernel of
the natural projection Fy, — FM. That is,

Proposition 5.1. Iy = [[Fy, Fy], [Fa, F3].

By an easy argument in the Combinatorial group theory, we see that [[Fy, Fy], [Fa, Fb]]
is a free group of infinite rank as follows. First, we consider

Lemma 5.1. If F' is a free group of countably infinite rank, so is its commutator
subgroup [F, F].

Proof. Let Y := {y1,ys,...} be the set of generators of F'. Then, applying the

Reidemeister-Schreier method to Y and a Schreier-transversal
S = {y{'ys*--- | e; € Z, all but finite e;s are 0.}
of [F, F] of F', we see that [F, F] is a free group with basis
{(s,y) =sy(sy) "' |s €S, yey, (s,9)#1}.

Hence, it suffices to show the set above contains infinitely many elements.

Let us consider y = y; and s = y;'yo for any Z. Then we have

e — —l\e 1
(5,9) = y5 payrws 'y Y £ 1

and

e -1 —(e1+1 eh 1 —(e'+1
Y ey ur Y £ gy Y

if e; # €. This completes the proof of Lemma 5.1. [J

In general, since the commutator subgroup [F,,, F,] of the free group F), is a free
group of countably infinite rank for n > 2, using Lemma 5.1, we conclude

Proposition 5.2. The group Ks is a free group of countably infinite rank for n > 2.
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