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1 Introduction

We will always assume each space has the homotopy type of a CW-complex.
Let G be a topological group and let P be a principal G-bundle over a space B. The gauge
group of P, denoted G(P), is the group of automorphisms of P covering the identity of B.
Fix a basepoint by of B. Then the basepoint inclusion by <— B induces a homomorphism of
topological groups

G(P) = G(Ply,) = G.

Since we work with CW-complexes which are normal, this homomorphism is easily seen to be
a surjection. We call the kernel of this homomorphism the based gauge group of P and denote
by Go(P). Namely, Go(P) consists of automorphisms of P covering 1 which restrict to the

identity on the fibre at the basepoint by. Now we have an extension of topological groups:
1 —Gy(P)>G(P) 5 G—1 (1.1)

The second author [14] classified the homotopy types of G(P) as spaces, not as topological
groups, when P runs all over principal SU(2)-bundles over S*. Later, Crabb and Sutherland [4]
studied the homotopy type of G(P) as H-spaces for a general P. Moreover, when B is a simply
connected 4-manifold and G = SU(2), Tsukuda and the second author [15], [22] classified the
homotopy types of the classifying spaces BG(P), equivalently, the homotopy types of G(P) as
loop spaces. These results suggest us to study the homotopy theory of gauge groups as spaces
with intermediate higher homotopy associativity in the sense of Stasheff [18], that is, as A,-
spaces. In particular, we may study the group extension (1.1) in the category of A,-spaces and
Ap-maps. The aim of this article is to study a splitting of (1.1) in the category of A,-spaces
and A,-maps which we call an A,-splitting. More precisely, we will formulate the A,-splitting

and consider:

Question 1.1. 1. What does a geometric meaning of an A, -splitting of (1.1)7



2. Giwve a criterion for an A,-splitting of (1.1).

Regarding the first question, we consider a relation between an A,-splitting of (1.1) and the
bundle P. Let ad : G — AutG be the adjoint action of G on itself and let adP = P x,q G, the
adjoint bundle of P. Introducing fibrewise analogue of A,-maps between topological monoids,

we obtain:

Theorem 1.1. There is an A,-splitting of (1.1) if and only if adP is fibrewise A, -equivalent
to the trivial bundle B X G.

Let map(X,Y’; f) be the path component of the space of maps from X to Y containing

f, where we will always take f to be basepoint preserving. Denote the universal G-bundle by

EG — BG. Regarding the second question, we will be concerned with the classical result of
Atiyah and Bott [2]:

BG(P) ~ map(B, BG; a), (1.2)

where « is the classifying map of P. Naturality of this homotopy equivalence allows us to

identify the map Bw : BG(P) — BG with the evaluation fibration map(B, BG;a) — BG.
This leads us to the definition of H(k,1)-spaces having the following property.

Theorem 1.2. There is an A;-splitting of (1.1) if BG is an H(k,l)-space and catB < k.

As above, H(k,l)-space is motivated by the evaluation fibration map(B, BG;«) — BG and,
in particular, H(1,n)-space can be described by the connecting map ¢ : G — map,(B, BG; «)
in the fibre sequence G ER map, (B, BG; «) — map(B, BG;a) — BG, where map,(X,Y; f) is
the subspace of map(X,Y; f) consisting of based maps. Note that the adjoint action ad : G —
aut(G) induces a map Bad : G — map,(BG, BG;1) which assigns each g € G to the map
Bad(g) : BG — BG. Here we must notice that Bad does not mean the map BG — Baut(G)

induced from the adjoint action ad : G — aut(G). Then we obtain:

Theorem 1.3. The connecting map 6 : G — mapy(B, BG;«) is given by §(g) = Bad(g) o «
for g € G.

Let E,G — B, G be the n-th stage of Milnor’s construction of the universal bundle EG —
BG [16]. By definition, BG is an H(1, n)-space if and only if the connecting map 0 in Theorem

1.3 is trivial for the inclusion 7,, : B,,G — BG. Then we have:

Corollary 1.1. BG is an H(1,n)-space if and only if Bad o i, : G — mapy(B,G, BG;i,) is

null-homotopic.



We will investigate an H(k,[)-space further in view of higher homotopy commutativity
as follows. By definition, the loop space of an H(1,1)-space is homotopy commutative and
an H (oo, 00)-space is an H-space. On the other hand, Sugawara [21] constructed a class of
spaces between homotopy commutative topological monoids and the loop spaces of H-spaces,
called higher homotopy commutativity. Then we expect that the loop spaces of H(k,!)-spaces
form a new class of higher homotopy commutativity. Kawamoto and Hemmi [12] introduced
Hy(n)-spaces in order to unify Aguadé’s Ty-spaces [1] and Félix and Tanré’s H(n)-spaces [6].
They also introduced higher homotopy commutativity called Cy(n)-spaces in order to describe
Hyi(n)-spaces by higher homotopy. An Hjy(n)-space is, in fact, given by patchinig together
H(i,j)-spaces for i + j = n and i = 1,...,k. Moreover, in describing an H(n)-space by a
Cr(n)-space, they worked at the level of H(i, j)-spaces. This leads us to define a new class of
higher homotopy commutativity, C'(k, [)-spaces, by cutting Cy(n)-spaces into pieces and obtain:

Theorem 1.4. A connected topological monoid is a C(k,l)-space if and only if its classifying
space is an H(k,l)-space.

Combining Theorem 1.1, Theorem 1.2 and Theorem 1.4, we can conclude:

Corollary 1.2. Let G be a connected topological group and let P be a principal G-bundle over
B. If G is a C(k,l)-space, then there is an A,-splitting of (1.1), equivalently, adP is fibrewise
A,-homotopy equivalent to the trivial bundle B x G.

The authors would like to thank Y. Kawamoto for pointing out similarity of Hy(n)-spaces

and H (k,[)-spaces, and for letting the second author know his work with Hemmi [12].

2 A,-splitting

In this section, we formulate a splitting of an extension of topological groups in the category of
A,-spaces and A,-maps which we call an A,-splitting. An A,-space was introduced by Stasheff
[18] to be a space with a multiplication which enjoys a certain higher homotopy associativity.
Then an A,-map should be a map between A,-spaces preserving their A,-space structures.
Stasheff [19] defined an A,-map between A,-spaces. Later, he [20] defined an A,-map from
an A,-space to an A,-space and implied an A,-map between A,-spaces. Finally, Iwase and
Mimura [13] described an A,-map between A, -spaces completely. Of course, these definitions
of A,-maps are consistent and then we will use convenient one case by case.

An A,-splitting of an extension of topological groups should be analogous to a splitting in
the category of topological groups and their homomorphisms. Then we define an A,-splitting

of an extension of topological groups as follows.



Definition 2.1. An A,-splitting of an extension of topological groups 1 — K — H — H — 1

consists of the following:

1. There is an A,-structure on H x K, the direct product as spaces, not as topological

groups, which restricts to the canonical group structures on H x {1} and {1} x K.

2. There is an A,-map 0 : H x K — H with respect to the above A,-structure on H x K

satisfying the homotopy commutative diagram:

1 K H H 1
i

l1—K——HxK~*~—>H—1,
where 7 is the second projection.

Let 1 — K — H 5 H — 1 be an extension of topological groups. A splitting of this exten-
sion as groups can be completely described by a section of 7w which is a group homomorphism.
We shall show that there is an analogy for an A,-splitting. Namely, a homotopy section of
7w which is an A,-map, called an A,-section, implies an A,-splitting of the extension, where
homotopy section of 7 is a map s : H — H such that T o s ~ 1.

Let us first recall Stasheff’s polytope, the associahedron, which was used to define an A,,-
space and an A,-map from A,-space to an A-space (See [18] and [20]). The i-th associahedron

K; is an (i — 2)-dimensional convex polytope having the face maps
Ok(r,s): K, x Ky — K;
forr+s=i+1and 1 <k <i— s+ 1 and the degeneracy maps
sj i K — Ky
for 1 < j <i. In particular, there are relations:

Op(r,s —1)o (1 X sj_p11) k<j<k+s

. (2.1)
Op(r—1,s8)0(sj_ss1 x1) j>k+s

50 0k(r,s) = {

There is a one to one correspondence between vertices of K; and connected binary trees with
n-leaves. In order to define an A,-space structure from an A, -section, we consider the following
operations of binary trees. Let T, be the set of connected binary trees with n leaves and let fn
be the set of ordered binary trees, not necessarily connected, with n leaves. Then we can label
each leaf of an element of fn from 1 to n in the obvious way. Define a map § : T,,,1 — fn by

deleting the branches from the root to the n-th leaf. For example, d : T7 — fG is:
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Then 0 is a bijection. Analogously we define a map 6: T, — Thy by applying the above map o
to the connected binary tree having the leaf labelled by n. Then ¢ : T}, — fn,l is the restriction
of § : fn — T\n,l.

Let X be an H-space. For xy,...,z, € X and t € T,,, we define t(z1,...,z,) as in [20],

which is consistent with the definition of A,-spaces. For example, if t € T} is

then t(z1, xq, x3,24) = x1((z223)x4). Let G be a topological group. Using the above map ¢, for
amapf:XHG,Wedeﬁneamapf:fn><X”—>Gby

f(tAa L1 7xn) = f(tl(xb s 7xn1))f(t2(xn1+1a < 7tn1+n2)) e f(tk(l'n1+...+nk_1+1, <. axn))a

where f = t, LU--- Ut € T, such that t; < --- < t, and t; € T,.
Now we consider an extension of topological groups 1 — K — H - H — 1. Suppose that
7 admits an A,-section s whose A,-form is {m; : K;;; x H* — f[hgigw As noted above, for

a vertex v € K;;, corresponding to te ﬁ, we have
hi(v,z1,...,2;) = s(t,x1,...,x;).

We write v;(7, 2) = hj(sj118542 - $i(T), Tj417Tj42 - - () for 7 € K;,x € K* and the projec-
tion 7; : K' — K'~! omitting the i-th entry. Then, for a vertex v € K; corresponding to ¢t € T;
and z = (z1,...,7;) € K', it follows from (2.1) that

vi(v,x) = s(dt a3y, (2.2)
Define M; : K; x (H x K)" — H x K by

Mi(7, (R, k), -y (hay k) = (hah3 TP R2TR g 00 k)



for 7 € K; and k = (ky,...,k;) € K, where g" = hgh™! for g,h € H. Then, by (2.2), it
is straightforward to check that {M; : K; x (H x K)" — H X K}y<i<ni1 is an A, -form on
H x K such that, for a vertex v € K; corresponding to t € T;, M;(v, (hy, k1), ... (hi ki) =
t((h1,k1),. .., (hi,k;)). In particular, the multiplication of H x K is defined by

(h, k1) - (ha, ko) = (R (RS™Y), kiksy)

which is analogous to semidirect products of groups.

By a quite analogous observation, we can see that the map 6 : H x K — H defined by
O(h,k) =h-s(k)
for h € H and k € K admits an A,-form. Summarizing, we have established:

Lemma 2.1. An extension of topological groups 1 — K — H = H — 1 has an A,-splitting if

and only if ™ admits an A,-section.

3 Fibrewise A,-map

In this section, we introduce fibrewise analogue of A,-maps between topological monoids and
characterize them by using fibrewise analogue of projective spaces. Let us first recall from [3]
some notations and terminologies of fibrewise homotopy theory. Fix a space B. A fibrewise
space over B is an arrow X 5 B. 7wy is called the projection and 7' () for b € B is called a
fibre at b. Then the direct product A x B is a fibrewise space over B and, in particular, so is

B itself. A fibrewise map from a fibrewise space X = B to Y =5 B is a commutative diagram:

X—Y
ﬂxi lw
B=——=20B

Then fibrewise spaces over B and fibrewise maps between them form a category which is
nothing but the comma category Top | B, where Top is the category of topological spaces and
continuous maps. Fibrewise homtﬂay theory is not 1 homotopy theory by the canonical model
category structure on Top | B induced from Top, but it respects fibre homotopy equivalence
in the classical sense. With this in mind, we recall basic constructions in fibrewise homotopy
theory. The fibrewise product X x5Y of X =% B and Y = B is the pullback of the triad

XX BZY, that is,

X xpgY ={(z,y) € X xY|rx(z) = my(y)}.



Then the diagonal map restricts to the fibrewise diagonal map X — X xpg X, denoted Apg.
We often abbreviate the fibrewise product of n-copies of a fibrewise space X — B by X" by
abuse of notation. We denote the fibrewise space [0, 1] x B — B by Ip and call it the fibrewise
interval, here the projection is the second projection. A fibrewise homotopy is a fibrewise map
X xp Igp — Y and we have a fibrewise homotopy equivalence in the obvious sense, which are
the classical fibre homotopy and fibre homotopy equivalence respectively. With this notion
of fibrewise homotopies, we have a fibrewise fibration and a fibrewise cofibration which are
characterized by a fibrewise homotopy lifting property and a fibrewise homotopy extension
property respectively (See [3]).

The fibrewise unreduced cone of X =% B , denoted Cg X, is a pushout of the cotriad Iz xp
X «— {0} x X % B. Similarly, the fibrewise unreduced suspension of X =% B, denoted £pX,
is a pushout of the cotriad Ip xp X <« {0,1} x X oy {0,1} x B.

A fibrewise pointed space is a fibrewise space X — B with a distinguished section and then
we assume B C X. We have a fibrewise pointed map in the obvious sense. The fibrewise reduced
cone CEX and the fibrewise reduced suspension L8 X are the fibrewise collapses C3X/pCpB
and X5 X /pXpB respectively (See [3, p.55]). A fibrewise pointed space is said to be well-pointed
if the section is a fibrewise cofibration. Then, as in the usual case, if a fibrewise pointed space
X over B is well-pointed, then CpX is fibrewise homotopy equivalent to C5X relative to X.
In particular, ¥3X is fibrewise homotopy equivalent to X8 X.

In order to introduce a fibrewise analogue of A,-maps between topological monoids, we
need to have a fibrewise analogue of topological monoids which is given by replacing spaces and
structure maps with fibrewise spaces and fibrewise maps of topological monoids as follows. A
fibrewise topological monoid over B is a fibrewise space X = B with fibrewise maps € : B — X

and p: X xp X — X satisfying two conditions:
po(ux1l)=po(lxu), po(lxerx)oAg=1=po(ecomy x1).

In particular, a fibrewise topological monoid is a fibrewise pointed space and each of its fibre
is a topological monoid. We usually abbreviate u(z,y) by zy. A fibrewise topological monoid

X —>XB is a fibrewise topological group, if it has a fibrewise map ¢ : X — X satisfying
po(lxi)oAg=eomy =po(tx1)oApg.
Let us look at examples of fibrewise topological monoids.

Example 3.1. Let X = B be a fibrewise pointed space with a distinguished section s. The
fibrewise Moore path space of X is

QX =[] (1)

beB
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equipped with an appropriate topology (See [3]), where 'Y is the Moore path space of a space
Y. Then the loop multiplication of '(7~!(b)) makes 23X be a fibrewise topological monoid.

Example 3.2. Let G be a topological group and let 7 : P — B be a principal G-bundle. Then

the adjoint bundle adP is a fibrewise topological group with the structure maps:
€: B —adP, e(b) = [r1(b),1],

p:adP xgadP — adP, u([x,gl, [z, h]) = [z, gh],
v:adP —adP, o[z, g]) = [2.97"],

where [z, g] is a equivalence class of (z,g) € P x G in adP.

Now we define a fibrewise A,-map between fibrewise topological monoids just by replacing
objects and arrows with fibrewise ones and the interval [0, 1] with the fibrewise interval Iz (See

[19] for the definition of the usual A,-maps between topological monoids).

Definition 3.1. Let X and Y be fibrewise topological monoids over B. A fibrewise map
f X — Y is called a fibrewise A,-map if there exists a sequence of fibrewise maps {h; :
]Efl XB Xt — Y}lgign such that hl = f and

hi<t1, Ce ,ti_l,l’l, e ,ZEZ')

_ hifl(tl’...,i},...,tifl’xl,...’xijLi,l,...,xi) tJ:O
hj(tl, e >tj—17x17 . ;Ij)hi—j(tj—i-l; Ce ,ti_l,JIj+1, Ce ,l’i) tj =1.

By a quite analogous proof to [20] and [7], we can see the following properties of fibrewise

A,-maps.

Proposition 3.1. 1. A fibrewise map f is fibrewise homotopic to a fibrewise A,-map, then

sois f.
2. The composition of fibrewise A,-maps is a fibrewise A,-map.

3. A homotopy inverse of a fibrewise homotopy equivalence which is a fibrewise A,-map is a

fibrewise A,-map.

It follows from the above proposition that fibrewise homotopy equivalences which are fibre-
wise A,-maps give an equivalence relation among fibrewise topological monoids. We call this
equivalence by a fibrewise A, -equivalence.

Let us characterize fibrewise A,-maps using fibrewise analogue of projective spaces as in

[19]. Note that we do not have appropriate quasi-fibrations in our fibrewise category. That is,



we do not have weak equivalences nor quasi-fibrations, which can be replaced with fibrewise
fibrations by weak equivalences, in our fibrewise category. Then it seems impossible to mimic
the proof of [19, Theorem 4.5] directly. However, we only need to deal with fibrewise topological
groups and we can overcome the above difficulty by restricting to fibrewise topological groups.

Let G be a fibrewise topological group over B. Then, by [3, p.37], we have a fibrewise
analogue of the Milnor construction for classifying spaces. Denote the n-th stage of the fibrewise
Milnor construction for G by EG — BBG which is a finite numerable fibrewise fibre bundle.

Thus, by a quite analogous observation of [17, Corollary 14], we have:
Lemma 3.1. The fibrewise map ELG — BLG is a fibrewise fibration.

It will be convenient for later use to state a characterization of fibrewise A,-maps by using
fibrewise analogue of the Dold-Lashof construction which coincides with the Milnor construction
in the usual case (See, for example, [8]). Then we define the fibrewise Dold-Lashof construction
only by replacing everything in the Dold-Lashof construction with a fibrewise one as follows. Let
H be a fibrewise topological monoid having a fibrewise action on E, denoted m : H xg F —
E (See [3, p.15]). Start with a fibrewise map ¢ : £ — X enjoying g(m(h,z)) = p(x) for
(h,z) € H xp X. Let DLg(F) be the fibrewise quotient of (H xp CgFE) U E by the relation
(h,(1,2)) ~ wu(h,z) for (h,(1,z)) € H xp CpE and let DLg(X) be the fibrewise quotient of
CpE U X by (1,x) ~ q(z) for (1,2) € CgE. Then the Dold-Lashof construction for ¢ is the
fibrewise map

DLg(q) : DLg(E) — DLg(X), (h,(t,z)) — (t,x).

Note that we do not have to take much care for topologies of DLg(E) and DLg(X) since we work
in the category of spaces having the homotopy types of CW-complexes. Since H is fibrewise
associative, we can apply the Dold-Lashof construction iteratively. We denote the iterated
Dold-Lashof construction DL (7g) : DL (H) — DL%(B) for the projection ny : H — B
by 7}« EgH — PpH. As in the usual case, we can easily verify that if H is a fibrewise
topological group, 7} : EyH — PjH coincides with the n-th stage of the Milnor construction
ELH — B}LH.

We follow [13] to characterize fibrewise A,-maps then we first define a fibrewise A,,-structure

of a fibrewise A,-map. Let DX = CpE}X for a fibrewise topological monoid X.

Definition 3.2. Let X and Y be fibrewise topological monoids over B. A fibrewise A, -structure

of a fibrewise map f: X — Y consists of:

1. f respects fibrewise units of X and Y.



2. There are sequences of commutative squares of fibrewise maps

(DX, By X) £~ (DY, ELY)

7ri+1i imﬂ

(P X, PhX) " (PiY, PLY)
for 1 <i <n—1such that f5[X = f, fplpix = v fb PLX = P

Now we give a characterization of fibrewise A,-map.

Theorem 3.1. Let X be a fibrewise topological monoid over B and let Y be a fibrewise well-
pointed topological group over B. A fibrewise map f : X — Y 1is a fibrewise A, -map if and only

if [ possesses a fibrewise A, -structure.

Proof. The if part is done by Sugawara’s construction [21]. In order to prove the only if part, we
can mimic the proof of [19, Theorem 4.5] instead of replacing quasi-fibrations with fibrations.
Then if we can replace 7} : ERY — PgY with a fibrewise fibration, the proof is completed.
Consider the Dold-Lashof construction for the projection 7y : ¥ — B in which the unre-
duced cone is replaced by the reduced cone. Then, as in [8], we obtain the Milnor construction

ELY — B%Yand hence a commutative diagram:

ELY — ~ELY

o]

PrY — - BLY

Moreover, it follows from induction with the hypothesis that Y is fibrewise well-pointed, EY
and BRY are fibrewise well-pointed. This implies that the horizontal arrows in the above
diagram are fibrewise homotopy equivalences and thus, by Lemma 3.1, we assume that 7% :
ELY — PRY is a fibrewise fibration. [

4 Set of sections

In this section, we consider the set of sections of a fibrewise space and prove Theorem 1.1.
Let X be a fibrewise space over B. We denote the set of sections of X by I'(X). Then it is
obvious that I' is a functor from Top | B to Top. Note that, by the pointwise multiplication,
['(X) is a topological monoid andﬂopological_group according as X is a fibrewise topological
monoid and a fibrewise topological group. In particular, for a principal bundle P, I'(adP) is a

topological group by which we have an isomorphism of topological groups
G(P) =T (adP) (4.1)
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(See [2]).
Let C @ — @ be the unreduced cone functor. We define a natural transformation
A:CT'—=T'Cg by

A: OT(X) — D(CpX), At s)(b) = (t, s(b)) (4.2)

for b € B. Let H be a fibrewise topological monoid with a fibrewise action u: H xp £ — E
and let ¢ : E'— X be a fibrewise map such that q(u(h,z)) = x for (h,z) € H xg E. Then, by

definition, the natural transformation A induces a commutative diagram

DL(I'(E)) —~'(DL(E))
DL(F(q»j ir(nLB@)
DL(I'(X)) —>'(DLg(X))

in which all maps respects the action of I'(H), where DL(—) means the usual Dold-Lashof

construction. Then it follows that we have a commutative square

An

(D" (H), E"T(H)) == (T(DE" H),T(EH))

An

(P™'T(H), P'T(H)) — (D(Pg™ H),T(PH))
for all n such that
Al pnr() = Anct1s Anlporery = a1,
where, for a topological monoid Y, 7" : E"Y — P"Y is DL"(x) : DL(Y) — DL(x) and
D"y = CE™Y.
Proof of Theorem 1.1. Suppose that we have an A,,-splitting of (1.1). Then, by Lemma 2.1, we

have an A,-section o of 7 : G(P) — G which is identified with the evaluation at the basepoint

I'(adP) — G through the isomorphism (4.1). Define a fibrewise map
0:BxG— adP, 0(b,g) = c(g)(b).

Then we have 0|,,3x¢ = 1g since o is a section of the evaluation at the basepoint I'(adP) —
G, where by is the basepoint of B. Thus, by Dold’s theorem [5], € is a fibrewise homotopy
equivalence.

Since o is an A,-map, it possesses an A,-structure in the sense of [13], that is, there is a

sequence of homotopy commutative square

(DG, EiG) — 75 (DT (adP), E'T (ad P))

| |

(PG, PiG) — 22 (PHIT(adP), PIT(adP))

11



pic = fp ' Note that

DiG — fé‘ilaflg

fori=1,...,n — 1 in which of|¢ = 0, 0%
D5(BxG)=BxG, Ef(BxG)=Bx E'G, P(BxG)=DBx PG
and then we shall make these identifications. Define fibrewise maps
0% (DY (B x G), E5(B x G)) — (D5 'adP, EzadP)

and

6, : (PELY(B x G), Pi(B x G)) — (Pi'adP, PiadP)
by
O (b, z) = Ni(o(2))(b), Op(b,y) = Xi(op(y) (D)
for b € B,x € DG,y € PG, Then these fibrewise maps gives a fibrewise A,-structure of

0 and therefore, by Theorem 3.1, 0 is a fibrewise A,-equivalence.

Let X be a fibrewise space over B. As in (4.2), we have a map
p:[0,1] X (V) = DIy x5 X), plt, 5)(b) = (£, 5(8))

for (t,s) € [0,1] x I'(V) and b € B. Then a fibrewise A,-map f : X — Y for fibrewise
topological monoids X, Y induces an A,-map I'(f) : I'(X) — ['(Y) in the sense of [19].
Suppose that we have a fibrewise A,-equivalence 0 : B x G — adP. Then it follows that we
have an A,,-equivalence I'(0) : I'(B x G) — I'(adP). Now we have an isomorphism of topological
groups I'(B x G) =2 map(B, G) which is natural with respect to B. Then the evaluation at the
basepoint I'( B x G) — G is nothing but the evaluation at the basepoint map(B, G) — G which
admits a section as topological groups. Then we obtain an A,-section of 7 : I'(adP) — G and
thus, by Lemma 2.1, we have established an A,,-splitting of (1.1). O

5 H(k,l)-space

In this section, we consider the second question, that is, a criterion for an A,-splitting of (1.1).
Our major tool is the homotopy equivalence (1.2). Then let us first recall the construction of
the construction of the homotopy equivalence (1.2). Let G be a topological group. We denote
by map®(X,Y) the space of all G-equivariant maps from X to Y for G-spaces X,Y. Let P and
Q be principal G-bundles. Then G(P) acts on map®(X,Y’) by composition. Now we consider
the case ) = EG. Then we have:

Lemma 5.1 ([11, Theorem 5.2], [2, Proposition 2.4]). 1. map®(P, EG) is contractible.
2. The action of G(P) on map® (P, EG) is free.

12



Then we have the universal G(P)-bundle:
G(P) — map® (P, EG) — map“(P, EG)/G(P) (5.1)

Let us denote by @ the map map®(P, EG) — map(B, BG;a) induced from the projections
P — B and EG — BG, where B is the base space of P and « is the classifying map of P.

Then one can easily see that the map # induces a homeomorphism
0 : map® (P, EG)/G(P) = map(B, BG; a) (5.2)

which is natural with respect to P. Thus we obtain a homotopy equivalence

~

0 : BG(P) = map(B, BG; )

which is natural with respect to P.
Consider the topological group G as the principal G-bundle over a point and identify G(G)

with GG. Then the basepoint inclusion ¢ : by — B induces a homotopy commutative diagram:

BG(P) il BG , (5.3)

By

map(B, BG; «) BN map(by, BG;0)

0

where 0 stands for the constant map. Then the evaluation at the basepoint e : map(B, BG; o) —
B@G is a model for Br : BG(P) — BG and this leads us to the following definition of H(k,[)-

spaces. Let i; : PPQX — P>*QX ~ X denote the canonical inclusion.

Definition 5.1. A space X is called an H (k,[)-space if there is a map m : P*QX x PIQX — X

satisfying a homotopy commutative diagram:

PEOX v PIOX s X
|
PEQX x PIOX —— X,

where j is the inclusion.

It is obvious that an H(k,[)-space is an H(k',l’)-space if k > k" or [ > I’. The loop space
of an H(1,1)-space is homotopy commutative and an H (oo, co)-space is an H-space. The loop
spaces of H(k,l)-spaces give intermediate states between H-spaces and the loop spaces of H-
spaces which will be discussed in section 7. On the other hand, an H (oo, k)-space is Aguadé’s
Ti-space [1]. In particular, an H (1, oco)-space is Aguadé’s T-space and this can be seen also by
the fibrewise homotopy equivalence ad EG ~ LBG over BG, where LX is the free loop space
of X.

An H(k,1)-space is defined to satisfy the following lemma:

13



Lemma 5.2. If a classifying space of a topological group G is an H(k,l)-space, then there is
an A,-splitting of the exact sequence 1 — Go(E*G) — G(E*G) & G — 1.

Proof. Recall first from [20] that, for A -spaces X,Y, amap f: X — Y is an A,-map if and
only if its adjoint f : XX — P*®Y extends to P"X — P>Y up to homotopy.

Suppose that X is an H(k,l)-space by m : PFQX x P!QX — X. Then, by the exponential
law, the adjoint of m restricts to a map 7 : ¥QX — map(P*QX, X; i) such that e o m =~ iy,
where e : map(P*QX, X;i,) — X is the evaluation at the basepoint. Then the adjoint of 1,
say m : QX — Qmap(P*QX, X; i), is a homotopy section of Qe and thus m is an A,-map.
Therefore, by Lemma 2.1 and (5.3), Lemma 5.2 is established. O

Proof of Theorem 1.2. Tt is well-known that catB < k if and only if i, : P*QB — B admits
a homotopy section. Then, by naturality of #, if catB < k, each map f : B — BG admits
amap f : B — PFG such that iy o f ~ f. This implies that f'E*G = P and then an
Ap-section for m: G(E*G) — G induces that of m : G(P) — G. Thus, by Lemma 5.2, the proof
is completed. O

6 Investigating H(1,n)-spaces

In the previous section, we have obtained the universal G(P)-bundle (5.1). Then it follows from
(5.2) that there is a homotopy equivalence ¢ : map®(P, EG; a)/Go(P) — map,(B, BG; a) and
¢ : BGy(P) — map®(P, EG;a)/Go(P) such that the following diagram of fibre sequences is

homotopy commutative.

BGo(P) e BG(P) —2¢
P)/Go(P HmapG(P,;L;f)/Qo( P) —— map“(P, _ia ;)/G(P)— BG

12

. F -

map, (B, BG; «) map(B, BG;a) —

BG

The aim of this section is to study the connecting map 4, and characterize H(1,n)-spaces by

it. Consider the following commutative diagram.

G >~ map,(BG, BG; 1) — map(BG, BG; 1) “— BG (6.1)

I |

G*>map0(B BG;a) ——map(B, BG;a) —— BG

Then it is sufficient to consider the universal connecting map ¢ : G — map,(BG, BG; 1).

14



Put £ = map®(EG, EG), G = G(EG) and Gy = Go(EG). Let & be the subspace of &£
consisting of G-equivariant maps EG — FEG restricting to the identity on the fibre at the
basepoint. Then we have a fibre sequence & — £ — map®(G, EG) induced from the basepoint
inclusion of BG. Then it follows from Lemma 5.1 that & is contractible and Gy acts freely on

& by composition. Then we have the universal Gy-bundle
Go — & — &/ Go-
On the other hand, the projection 0y : & — map,(BG, BG; 1) induces a homeomorphism

0o : £0/Go — map,(BG, BG; 1),

Note that the inclusion x : & — £ induces a map & : & /Gy — E/Gy by which the diagram

Eo/Go L E/Go /G (6.2)

- : :

map,(BG, BG; 1) == map,(BG, BG; 1) — map(BG, BG; 1)

commutes up to homotopy.

Let us construct an alternative universal G-bundle to describe the connecting map . Fol-
lowing Milnor [16], we denote an element of EG by togo ® t1g1 @ --- for >, t; =1, ¢; > 0 and
g; € G such that finite t;’s are positive. The basepoint of EG is 1e ® 0P 0 @ - - -, where e is
unity of G. For g € G, we denote by &, the principal bundle map

EG — EG, togo Dt1gy ® -+ +— tog_lgo S tlg_lgl D

Then we have a commutative diagram:

ELG & ElG (6.3)
BG —% _ pq

Now we let G act on & x EG from right by

(f7 l’) g = (fw(g)*l © f ©g,T- ﬂ-(g))

for g € G and (f,x) € & x EG. One can easily check that this action is free and then we have
established the universal G-bundle

G— & X EG— (& % EG)/G.
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Thus there exist a homotopy equivalence £/G — (& x EG)/G and a G-equivariant homotopy
equivalence v : £ — & X EG by which the diagram

g E £/G=—————=DBg
G——& X EG——= (& x EG)/G ——= BG
commutes up to homotopy. Since the above diagram is that of Gy-spaces and Gy-equivariant

maps, we obtain a homotopy commutative diagram:

G=—7=G/Gy—E&/G £)G———
Q/Qo — (50 X EG)/QO — (50 X EG)/QD
Note that the above action of G on £ x E'G restricts to the product of the usual action of Gy on &

and the trivial action of Gy on EG. Then we have (£ x EG) /Gy = &y/Go x EG and thus the first
projection 7 : & x EG — & induces a homotopy equivalence 7 : (§yx EG) /Gy = Ey/Go. Since

map¥ (&, &) is contractible, in particular, path connected, the Gy-equivariant map 7 o v o Kk
is homotopic to the identity of & as Gy-equivariant maps. Then, by (6.2), we have established

a homotopy commutative diagram:

E/Go
/ —
G (& x EG) (&0 x EG)/G
G &/Go £/G
\\ R \
N
50/go\j‘p 0|~
fo

G —map,(BG, BG; 1) — map(BG, BG; 1)
Therefore we have obtained:

Lemma 6.1. There is a homotopy commutative diagram:

go/go (80 X EG)/Q

o

G —2 map,(BG, BG; 1) — map(BG, BG; 1)

In particular, the connecting map § is Bad.

Theorem 1.3 follows from (6.1).
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7 C(k,l)-space

In this section, we discuss a relation between H (k, [)-spaces and higher homotopy commutativity
as promised in section 5. Higher homotopy commutativity was first introduced by Sugawara
[21] as intermediate states between loop spaces and loop spaces of H-spaces. Later, Williams
[23] introduced another kind of higher homotopy commutativity using associahedra in section
2. Recently, Hemmi and Kawamoto [12] studied a relation between those higher homotopy
commutativity, Aguadé’s Ti-spaces [1] and Félix and Tanré’s H(n)-spaces [6]. In order to
relate them, They introduced Hj(n)-spaces and Cy(n)-spaces. Hj(n)-spaces collect Aguadé’s
Ty-spaces and Félix and Tanré’s H (n)-spaces whose definition is given by a sequence of H(k,[)-
spaces for k+1 = n (See [12]). On the other hand, Cy(n)-spaces are defined as follows by using
Gel'fand, Kapranov and Zelevinsky’s polytopes called resultohedra (See [9], [10] for definition
of resultohedra).

Let Ry = {z € R|z > 0}. The resultohedron N,,, is an (m + n — 1)-dimensional polytope

in R which consists of all points (po, . . ., Pms o; - - -, @n) € RTT"H? satisfying:
m n
sz =n, ZQZ =m, hi,j > 07 hm,n = 07
=0 =0

where

i

hij =Y (i—Kps+ > (G —Da—ij (7.1)

k=0 1=0
for 0 <7 <m and 0 < j <n. Then, in particular, Ny is the one point set and Nj; and Ny
are affinely homeomorphic to the k-simplex A*. Vertices of N,,,, is labelled by integer lattice
paths from (0,0) to (m,n).
For = p;,¢; and h,; in (7.1), we put

N(z) = {(Po; -+ Pm:Gos - - -+ Gn) € Npnn|z = 0}.
Gel’fand, Kapranov and Zelevinsky [10] described the face maps
ePi) N1 — N(pi), (@) Npn—1 — N(gj), elhis) Nij X Npp—in—j — N(hi ;).
On the other hand, Hemmi and Kawamoto [12] described the degeneracy maps

. /.
52’ . Nm,n - m—1,m» 5j . Nm,n - mmn—1-

Now a Cy(n)-space is defined by a coherent sequence of maps @Q,s: N, s X X' — X for a
topological monoid X, r+s < n and s < k (See [12] for precise definition). The main result of
[12] is:
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Theorem 7.1 ([12, Theorem A]). A connected topological monoid is a Cy(n)-space if and only

if its classifying space is an Hg(n)-space.

As noted above, definition of an Hy(n)-space is a collection of that of H(k,[)-spaces for
k + 1 < n and, actually, the proof of Theorem 7.1 is done by collecting constructions on
H(k,l)-spaces.Then, by defining C(k,[)-spaces as follows which is a modification of that of

Cr(n)-spaces, we obtain Theorem 1.4.

Definition 7.1. A topological monoid X is a C'(k,[)-space if there exists a sequence of maps

Qrs: Npos x X' — X for 0 <r <k and 0 <s <[ satisfying:

Qr,O(*yxla--'azr) =Ty Ty, QO,S(*ayla"'ays) =Y1° " Ys

(2, cQr_15(0, 2, ..., Ys) 1=0
Q,,«,S(e(pi)(a),xl, e T Yty Ys) = 8 Qrors(oy i, ys) 0<i<r
\Q’V‘—l,s(o-ﬂxh'"7177‘—17y17"'7y8) L=

(

yl'QT,S—I(UJxlw"?xTayQV"7y8) ]:0
QT,S(E(qj)(O->ax17 sy ey Y1y e ’ys) = QT,S—I(Uth oYY, - ’yS) 0 <] <s
\Qr,s—l(ga xla"-ays—l) ]: S

Qr,s(e(hi’j)(ala 0-2)) Liyeo s Ty Y1y -0 ays>

= Qi,j(abmla ey T Y1, e 7yj) : Qr—i,s—j(o_ani—Ha cee axy>yj+17 ree 7?/8)
Qr,s(a7 Llyewey Lij_1, *’xi+1, e 7ys> = QT*l,S(éi(O—)wrh ey L1, i1y - - - ,ys)

QT,S<0-7 L1y Yj—1, %, Yj415 - - - ays> = Qr,s—l((;;'(o-)wrlv e Y1, Y51, - 7%)
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