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Abstract

The asymptotic behavior of the integrated density of states for a randomly perturbed
lattice at the infimum of the spectrum is investigated. The leading term is determined when
the decay of the single site potential is slow. The leading term depends only on the classical
effect from the scalar potential. Contrarily the quantum effect appears when the decay of
the single site potential is fast. The corresponding leading term is estimated and the leading
order is determined. In the multidimensional cases, the leading order varies in different ways
from the known results in the Poisson case. The same problem is considered for the negative
potential. These estimates are applied to investigate the long time asymptotics of Wiener
integrals associated with the random potentials.
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1 Introduction

In this paper, we are concerned with the self-adjoint operator in the form of

He=—~hA+ ) u(-—q—&) (1)

qE€Z4

defined on the L2?-space on R?\ J gezd(q+ &+ K) with the Dirichlet boundary condition, where
h is a positive constant and K is a compact set in R%. Our assumptions on the potential term
are the following: (i) § = (§;)4ez¢ 18 a collection of independently and identically distributed
R¢-valued random variables with

Po(&, € dz) = exp(—|a|’)dz/Z(d, 0) (2)

for some 6 > 0 and the normalizing constant Z(d,6); (ii) u is a nonnegative function belonging
to the Kato class K, (cf. [3] p-53) and satisfying

u(z) = Colz|™*(1 + o(1)) (3)

as |x| — oo for some a > d and Cy > 0.
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We will consider the integrated density of states N(A) (A € R) of He, defined by the ther-

modynamic limit
1

|AR|

In (4) we denote by Ag a box (—R/2,R/2)? and by Ng¢ p,(A) the number of eigenvalues not

exceeding A of the self-adjoint operator Hg[,)R on the L%-space on AR\quzd (¢g+¢&,+ K) with the

Dirichlet boundary condition. It is well known that the above limit exists for almost every £ and

define a deterministic increasing function N () (cf. [3], [10]). We here note that the potential

term in (1) belongs to the local Kato class Kq . (cf. [3] p-53) as we will show in Section 9 below.
In this paper we prove the following:

Ne ag(A) — N(N) as R — oo. (4)

Theorem 1. Ifd < a < d+ 2 and ess inf|, < gu(w) is positive for any R > 1, then we have
log N(\) < —A~(@+0)/(a=d) (5)

where f(X) =< g(X) means 0 < lim, 4 f(A)/g(A) < Timyjo f(A)/g(N) < oo. Moreover if a < d+2,
then we have

k+1
' _K:N A C() 4]
lim X log N(A) = — dg inf "
/\1?01 og ( ) (I{+1)H+1{/Rd leéle<\q+y\a +|y| )} ) ( )
where k = (d+0)/(a — d).

Theorem 2. Ifd =1 and a > 3, then we have

15?8 A2 160 N(N) = —W. (7)
Ifd =2 and o« > 4, then we have
1\ 072
log N(A) =< —A~170/2 <log A) : (8)
Ifd >3 and a > d + 2, then we have
log N(\) = —A—(@+n0)/2, (9)

where pp = 2(a — 2)/(d(a — d)).

These results are generalizations of Corollary 3.1 in [5] to the case that supp(u) is not
compact (cf. Theorem 11 below). The results in Theorem 1 are independent of the constant
h. This means that only the classical effect from the scalar potential affects the leading term
for « < d + 2 and the leading order for « < d + 2. Contrarily the quantum effect appears in
Theorem 2. In fact the right hand side of (7) depends on h and the right hand sides of (8) and
(9) are strictly less than that of (5). We here note that the right hand side of (5) gives an upper
bound not only for e < d + 2 but also for a > d + 2 (see Proposition 4 below). For the critical
case a = d+ 2, the quantum effect appears at least in some cases. We shall elaborate this aspect
in Section 4 below.

In our model, the single site potentials are randomly displaced from the lattice. As is
mentioned in [5], such a model describes the Frenkel disorder in solid state physics and is called
a random displacement model in the theory of random Schrédinger operator. Though it is



quite natural model in physics, there are only a few mathematical studies and in particular the
displacements have been assumed to be bounded in almost all works. For that case, Kirsch and
Martinelli [11] discussed the existence of band gaps and Klopp [12] proved spectral localization
in a semi-classical limit. More recently, Baker, Loss and Stolz [1], [2] studied which configuration
minimizes the spectrum of (1). On the other hand, the displacements are unbounded in our
model.

In a slightly broader class of models where the potentials are randomly located, the most
studied model is the Poisson model, where the random points (g + &;),cz¢ are replaced by
the sample points of the Poisson random measure (cf. [3], [16]). The Poisson model is usu-
ally regarded as a model of completely disordered materials, whereas the unperturbed lattice is
regarded as completely ordered crystals. As is mentioned in [5], our model describes an inter-
mediate situation between these two extremal situations (see also Remark 1 (i) below). This is
the character of our model. In the case of the unperturbed lattice, the infimum of the spectrum
becomes positive. Thus it is natural that the decay rates of N(\) explode in the limit § — oo.
On the other hand, in the limit of 8§ — 0, the above results coincide with the corresponding
results for the Poisson model obtained by Pastur [17], Lifshitz [13], Donsker and Varadhan [4],
Nakao [14], and Okura [15]. As in the Poisson model, the critical value is always a = d + 2 and,
in the one-dimensional case, the leading order increases continuously as « increases to d 4+ 2 and
does not vary for o > d + 2. However contrarily to the Poisson case, the leading order jumps at
a = d+2 for d = 2, and that varies also on o > d+2 for d > 3. These phenomena are due to the
fact that the supports of the states with low energies for the multidimensional case have many
holes and some of the potentials are located there, as observed in [5]. This is a characteristic
difference with the Poisson case.

For the proof of Theorem 2, we use a method based on a functional analytic approach (cf.
[3], [10]). This is different from the method in [5], where a coarse graining method following
Sznitman [20] is applied. The method employed here can also be used to give a simpler proof
of the results in the compact case in [5]. For this aspect, we will discuss in Section 3 below.
On the other hand, the method used in [5] gives finer results in some special cases. This aspect
will be discussed in Section 7 (see Theorem 19 for the results). Our proof of Theorem 1 is an
extension of that of the corresponding result for the Poisson case (cf. [17], [16]).

Remarks 1. (i) In the definition of our model, only the tail of the distribution
Py(& € =+ [0,1]) < exp(~[z|)

and the leading term Cp|x|™® of the decay of the potential u(z) as |x| — oo are essential for our
theory. In particular, we may replace |z|® by (1+ |z|)? in (2). Then our model tends to that of
a completely ordered lattice as 6 — oc.

(ii) In the definition of the operator (1), the presence of “hard obstacles” K has no meanings for
the above results. We introduce the hard obstacle for applications in the case that the potential
u has a local singularity (see our proof of Theorem 18 in Section 6).

We also consider the operator

Hy =—hA =) u(-—q—&) (10)

qE€Z

obtained by replacing the potential v in Hg by —u. For this operator, we assume K = () since
we are interested only in the effect of the negative potential. The spectrum of this operator
extends to —oo. For the asymptotic distribution, we show the following;:



Theorem 3. If K = (), supu = u(0) < oo and, for any € > 0, there exists R. > 0 such that
u(z) > u(0) — € for x| < R, then the integrated density of states N~ (X) of H, satisfies

. logN=(A) -Gy
i (CA)H0/d ~ (0)i+dfo’ (11)

where Cy = d*0/4/{(d+0)|S 1Y%} and |S941| is the volume of the (d—1)-dimensional surface
Gd=1,

For the Poisson model, Pastur [17] showed that the corresponding integrated density of states
Np,; () satisfies
- log Ny, (M) _ 1 .
Al—co (=A)log(—=A)  u(0)
The power of A in (11) tends to that of Poisson model. However, the logarithmic term is not
recovered and thus the approximation in rather implicit. Both for the Poisson and our cases,
only the classical effect from the scalar potential determines the leading term.

We prove Theorems 1, 2, and 3 in Sections 2, 3, and 5, respectively. In Section 3 we also
give a simple proof of the corresponding results for the case that supp(u) is compact. In Section
4, we discuss the critical case @ = d + 2. We next recall that the main motivation in [5] was to
study the survival probability of the Brownian motion in a random environment, which are of
interest in their own rights. In Section 6 we recall the connection and extend the theory to the
present settings. Finally, we discuss the extension of the method in [5] to our case in Section 7
and asymptotics of higher moments in Section 8.

2 Proof of Theorem 1
2.1 Upper estimate
Let N(t) be the Laplace-Stieltjes transform of the integrated density of states N (\):

N(t) = / T AN ().

0

To prove the upper estimate, we have only to show the following:

Proposition 4. If K = () and ess inf‘ZERu(x) 18 positive for any R > 1, then we have

— log N(t) . Co .
o\
gf)no (@+0)/(at0) = /Rd dqylél]gd <\q+y\a + [yl ) (12)

for any o > d.
Proof. We use the bound

N(t) < Ny (t)(4mth) =42, (13)
where
Ny(t) = /A1 dzEy [exp ( - tq%iu(w —q-— fq))] .

This is a simple modification of the bound in Theorem (9.6) in [16] for the Z%-stationary random
field. By replacing the summation by the integration, we have

log N1 (t) < /Rd dqlogEy [exp ( - txiélzi u(ex —q— §0))]



We restrict the integration to |¢| < £ for some finite £. For any 1 > 0, there exists R; such
that u(z) > Co(1 — e1)|xz|~* for any |z|oc > Ri, where |z|oc = maxj<;<q4|z;]. Thus the right
hand side is dominated by

dy .. Co(1—e1) 0 .
dqlog / exp(—t inf ———=— — |y )—i—exp(—t inf u) .
/qléﬁ { lgtyloo>Rr+1 Z(d,0) vz | —q — y|* vl Aory 4

By changing the variables, this equals

dn /q|§L dqlog {]\72(757(1) + exp ( —t inf u) }’

A2Ry+a

where

N dy on Co(1 —¢1) o 10
Ng(t,q)—td"/ exp(—t?7 inf —————=— —t""y| ),
lgtyloo>(Re+ 1)t Z(d,0) 2€hyy—y [T —q —y|®

n=1/(a+0)and L = Lt~". We take L as an arbitrary constant independent of t. Then, taking
€9,e3 > 0 sufficiently small and using the positivity assumption, we can dominate Na(t,q) by

exp(—tanﬁg),(q))f-:;d/‘9 for large enough ¢, where

~ ) Co(l—¢
N3(q) = inf {0(711 + A=)yl :xeA.,,yc Rd}.
[z —q—y|
Therefore we obtain _
— log N (t) ~
lim ———> < — N3(q)dgq.
t%lég t(d+0)77 = al<L 3(q) q
Since €1, e2,e3 and L are arbitrary, we can complete the proof. ]

2.2 Lower estimate

To prove the lower estimate, we have only to show the following:

Proposition 5. If a < d+ 2, then we have

. logN(t) , Co 0
%W = _/Rd dqylen]Rfd (‘q—i—y‘a 1l ) (14)

Moreover, this bound remains valid for o = d+ 2 with a smaller constant in the right hand side.

For the case of @ = d 4 2, we discuss in more detail in Section 4 below.

Proof of Proposition 5. We use the bound

N(t) > R exp(—th||Vyr|3)Ni(t), (15)

for any R € N and i € C§°(Ag) such that ||[¢g|l2 = 1, where || - ||2 is the L?-norm, and

Ni(t) = Ey

exp(—tz/dx¢3(x)2u(a:—q—§q)>: U(q—i—fq—l-K)ﬁAR:@ .

qezd q€eZ4



This is proven by the same method as for the corresponding bound in Theorem (9.6) in [16] for
the R%stationary random field. By replacing the summation by the integration, we have

log 1) = [ Ra(t,a)da
R
where

Na(t,q) = 10gEa[eXp<—t/dx¢R(w)2 sup u(x—q—z—§o)) g+ &+ K)NAR=10).
z€NA1

For any &1 > 0, there exists R; such that K C B(R;) and u(xz) < Co(1 + €1)|z|™ for any

|| > R; by the assumption (3). To use this bound in the above right hand side, we need

inf{lt —¢q—2—y|l:x € Ag,z € A1} > R;. However we shall deal with a simpler sufficient

condition |y| < |¢|/2 and |q| > 2(R; + V/dR) instead. Now let > 0 be fixed and take t large

enough so that ¢’ > 2(Ry + v/dR). Then we obtain

N tCo(1 + £1)2¢
/|q|2tﬂ No(t,q)dg > /lqzt@ dq( - m + log Py (|&o| < |q‘/2)> (16)

By a simple estimate using log(l — X) > —2X for 0 < X < 1/2, we can dominate the right
hand side from below by —¢it'=#(@=4) — ¢y exp(—c3t??). The other part is dominated as

/ Na(t, q)dg
lq| <t

> / dqlog / _dy exp ( - fColl + 1) - |y\9).

Z(d,0) inf{lx —qg—2z—y|*:x € Ap,z € A1}
lg|<t8 lg+y|>R1+VdR
(17)
By changing the variables, this equals
dytd" on <
¢ dql —t?1N.
/ qlog / 2(d.0) exp( 3(v,9)),
lg|<tA—m lg+y|>(R1+VdR)t—n
where n =1/(av + 0) and
~ Co(l + ¢
Ralyoa) = Lta) £l (18)

inf{lz —q—2z—y|*: 2 € Ags-—n,2 € Ay—n}

Taking v > 0, we restrict the integration with respect to y to the ball B(yg,t™7) with the center
1o and the radius t~7. Then we can dominate the integrand with respect to g from below by

|B(0, 1)t~

Zag e 1

log

where

Ny(q,t) = inf{ sup  Na(y,q) : yo € R% d(B(yo,t™), —q) > (R + x/ﬁR)t’”}- (20)
yEB(yo,t~7)



We now specify R as the integer part of e5t”, where €9 is an arbitrarily fixed positive number.
We take g as a normalized ground state of the Dirichlet Laplacian on the cube Ar and take
between n and n(1 + 6/d). Then, for o < d + 2, we obtain

log N (t) _— -
— 72 > _lim dqNy(q,t), 21
tToo (d+0n = prom lgl<t— q 4((] ) ( )

since th||Vig|l2 < tR~2 and (16) is negligible compared with t{*7. When |¢| < t%~", we can
dominate 1/t by a power of q. Thus, for large |q|, by taking yo as 0, we can dominate ]\~f4(q, t) by
lq|= 4 |q|~"/(=")_ This is integrable if we take  large enough so that v8/(8 — 1) > d. Thus,
by the Lebesgue convergence theorem, we have

Co(l+¢€1)
I P—
o lz—q—y

€2

lim dqNa(g,t) = /

dginf {
tTOO |q|§tﬁ—n Rd

+yl? sy € RY, d(y, q) > 52\/8}.

Since €1 and &9 are arbitrary, we can complete the proof of the former part of Proposition 5.
For the case a = d + 2, we take €5 = 1. Then we have th|| Vg2 < t{@07 and the latter part
of Proposition 5 follows from the same argument as above. O

3 Proof of Theorem 2 and the compact case

In this section, we use some additional notations to simplify the presentation. For any self-
adjoint operator A, let A\j(A) be the infimum of its spectrum and, for any locally integrable
function V and R > 0, let (—hA+V)E and (—hA+ V)X be the self-adjoint operators —hA +V
on the L?-space on the cube Ar with the Dirichlet and the Neumann boundary conditions,
respectively.

3.1 Proof of Theorem 2 (I): One-dimensional case

To obtain the upper estimate, we have only to show the following:

Proposition 6. Ifd =1, K =0, supp(u) is compact,

z 0
limlionf/ u(y)dy/xz > 0, and liml%nf/ u(y)dy/z > 0, (22)
X O x —r
then we have B )
—— log N(t) 3+ 6 ha?\ (1+0)/(3+6)
toe tAF0)/B+0) = 116 (T) : (23)

Proof. We assume h = 1 for simplicity. In the well known expression
N) = [ Eofexp(~tHo) o, )da,
Ay

we apply the Feynman-Kac formula and an estimate on the exit time of the Brownian motion
(cf. [8]) to obtain

N(t) < / Eg[exp(—tHgt)(:z:,x)]d:L‘ + cre” 2t
A



where exp(—tH¢)(z,y) and exp(—tHgt)(x,y), t >0, z,y € R, are the integral kernels of the
heat semigroups generated by H¢ and H, gl?t’ respectively. By the eigenfunction expansion of the
integral kernel, we have B B

N(t) < cstNy(t) + cqe
where Ni(t) = Eg[exp(—t)\l(Hgt))]. Thus we have only to prove (23) with N(¢) replaced by
Ni(t). Now we use Theorem 3.1 in the page 123 in [20], which states

M(Hg) = 7r2/(51]1€p [ Ik] + ¢o)?

for large enough t under the assumption (22), where {Ij}; are the random open intervals such
that >, Iy = Ay — {g+ & : ¢ € Z}, and |I] is the length of Ij. If supy || > s for some
0 < s < t, then there exists p € Z N A such that {¢+ &, : ¢ € Z}N[p,p+s—2] = 0. The
probability of this event is estimated as

Py(sup 1| > s) < Z H P@(Q+§q¢[pap+3_2])
k PEZNAL gEZN[p,p+5—2]

<t JI ep(-(1—-e)dq[p,p+s—2°)°)/"
qEZN[p,p+s—2]

s—3 of s 1
<texp(—(1=2) [ d(g,[0,5—3")"dg + 7 log )
0

crom (Y )

if s > 3, where 0 < & < 1 is arbitrary. Therefore we have

2 N (1—¢)
R+cg)2 2000 +1)

R 1
o 0+1 o - —cot
(R—-3) 7 log e>> + cge

Ni(t) < ent? (—‘f(t
1= e =ik {1

for large t. Now it is easy to see that the infimum in the right hand side is attained by R ~
2(w2t/4)1/(3+9) and we obtain (23). O

Remark 1. We put the additional assumption (22) only to use Theorem 3.1 in the page 123
in [20]. These assumptions are not restrictive at all since we can always find a z € R such that
u( - + z) satisfies them by the fundamental theorem of calculus and such a finite translation of
u does not affect the above argument.

Proposition 7. Ifd =1 and a > 3, then we have

log N (t) - 3+0<h7r2)(1+9)/(3+9)
1 .

l% (A0 /B3+0) = 1+ 9 (24)
Proof. This is proven by modifying our proof of Proposition 5. We take ¢r as the normalized
ground state of (—A)R. In (17), we restrict the integral with respect to y to |¢+y| > Ri + (R+
1)/2. In (19), we take n = 1/(3 + #) and R as the integer part of Rt" for a positive number

R > 0. Then since t||Vyg|3 ~ t1+)7(7/R)? is not negligible, (21) is modified as

. log N(t) T™\2 ~
hm7>—h<—) — lim dqNy(q,t),
tTOO t(1+9)77 - tToo |q|§tﬁ_n q 4(q )



where N4(q,t) is defined by replacing Z\~73(y, q) and Ry ++/d by

Co(l + 51)

+ 1yl
te=3minf{lz —q—2—y|*: 2 € Agp—n,2 € Ap-n}

and Ry + (R + 1)/2, respectively, in (20). Since

lim Ny(q,t) <  inf 0 — d(q,A%)?,

i Na(g,t) < inf fyl" = dlg, AR)
we obtain _ pot

log N (t T\ 2 RIT

im0 ()
by the Lebesgue convergence theorem. By taking the supremum over R > 0, we obtain the
result. O

3.2 Proof of Theorem 2 (II) : Upper estimate for the multidimensional case

In the two-dimensional case, we only use Corollary 3.1 in [5]:
N(X) < crexp(—eA ™ 72 (log(1/A)) /), (25)

for 0 < A < ¢3, where ¢y, ¢o and c3 are finite constants depending on h and Cy. We give another
proof in subsection 3.4 below.
In the rest of this subsection we assume d > 3. Then our goal is the following:

Proposition 8. Let « > d+ 2 and K = (). There exist finite positive function ki(h) and ka(h)
of h and a finite constant ¢ such that

N(A) < ki (h) exp(—c((h A D@20 ) (@02 (26)
for 0 < X < ka(h).
We first see that Proposition 8 follows from the following:

Proposition 9. For small enough 1,69 > 0, there exist a finite constant ¢ independent of
(h,R), and finite constants ¢ and ¢" independent of (co, h, R) such that #{q € Z* N AR : |&,| >
e1R*} < eaR®, R > 'h/cy and RM=2=D) > "¢y /h imply

ol B(g+¢,,R0)e (T)\ N —d)/(a—
M(( =hA ki > c(h A hlo—d/(@=2)) /2 2
((—has 3 7)) Z e )R, (27)

qGZdﬂAR

where cg and Ry are arbitrarily fived positive constants, and 1p is the characteristic function of
D for any subset D in RY.

Proof of Proposition 8. It is well known that

C1 N
N < mﬁbﬁ(kl(ff}z) <X\

(cf. (10.10) in [16]). We can take ¢p and Ry so that

u(z) > colp(ry)e ()]~



Thus by Proposition 9, there exists a constant co such that

N(ca(h A RO~ D/=2)) R?) < (RAleWP@(#{q €Z N AR : [§| > 1R} > e5RY).

We here should take cq sufficiently small so that the conditions of Proposition 9 are satisfied if
a = d+ 2. When the event in the right hand side occurs, we have

Yo 1&gl = e R,

qudﬁAR
Thus it is easy to show
N(ca(h A RO D/@=2)/R2y <« B () RIFH0).
(ca( )/ )*(R/\\/E)d p(—ca )
and (26) follows immediately. O

We next proceed to the proof of Proposition 9. To this end, we prepare the following:
Lemma 1. inf{\((=A + 1p41))R) : b€ Ag} > cR™.

This lemma follows immediately from the Proposition 2.3 of Taylor [21] using the scaling
with the factor R~!. That proposition is stated in terms of the scattering length. We here give
an elementary proof following a lemma in the page 378 in Rauch [18] for the reader’s convenience.

Proof. We rewrite as )\1((—A+1B(b’1))g) = Al((—A—l—lB(l))g’b), where, for any locally integrable
function V and R > 0, (—A + V)gb is the self-adjoint operator —A + V on the L? space on the
cube Ai(b) = b+ Ag with the the Neumann boundary condition, and B(1) = B(0,1). For any
smooth function ¢ on the closure of Ar(b), we have

/ P (a)de
AR(b)

R(b) r 2
:/ drrd=1 / dS(gp(g(r),H)—i—/ 8s<p(s,9)ds) —i—/ 902(m)dx,
1 ) B()AAR(D)

0eSd—1:(r,0)eAr(b)

where (r,60) is the polar coordinate, R(b) = sup{|z| : x € Ar(b)}, dS is the volume element of
the (d — 1)-dimensional surface S~ and g(r) = {(r — 1)/(R(b) — 1) + 1}/2. By the Schwarz
inequality and a simple estimate, we can show

R(b) r 2
/ drrd=! / dS(/ 8sg0(5,c9)ds) < cR(b)d/ \Vo|?(z)d,
1 g(r) AR(b)
0eSi=1:(r0)eAr(b)
where c is a constant depending only on d. By changing the variable, we can also show
R(b)
[amtt [ dseten.0f < R [ P (x)d,
1 B(1)NAR(b)
0cSd—1:(r0)cARr(b)

where ¢ is also a constant depending only on d. Since supye Ag R(b) < VdR, we can complete
the proof. O

10



Lemma 2. There exist finite constants ¢, ¢ and ¢’ such that

mf{ (( hA + Z ol E(”i’?‘a )):) by, by € AR} > c(con)@-D/(@=D pla=d/(@=2) /i

forn>chjcy and R > ¢ (con/h)/(@=2),

Proof. Since A\1(A+ B) > A (A) + A1 (B) for any self-adjoint operators A and B, the left hand
side is bounded from below by

inf {1 ((—hA + conlpp, py)e (z)|x — b~ )N):b € AR}
By changing the variable, this equals
k=2 inf {1 (= A + conk® *h™ g, ry iye (@) |2 = b)) = b € Apyit
for any k£ > 0. We can dominate this from below by

k™2 inf {1 ((—A + conk® *h ™' 371 gy 1y (2))7/) = V' € Apyi}

for k > Ry and R > 4v/dk, and we can use Lemma 1 to complete the proof by taking k as
(con3=h~1)V/(@=2) In fact, for each b € Agyy, we set b’ :=b— (1 + Ro/k)b/|b| if b is not the
zero vector. If b is the zero vector, we set b’ as an arbitrarily chosen vector with the norm
1+ Ro/k. Since Ry/k < |x —b| <2+ Ry/k on B(V, 1), we have

1B, Ro/k)e ()T = b[7* = (2 + Ro/k) " *1p 1) (2).

We dominate this from below by 3“1y 1y(x) by assuming k > Ry. Moreover we claim o' €
Agyy for all b € Ag/,. A sufficient condition for this is R > 2V/d(Rg + k), since b’ for b with
|b| > 1+ Ro/k is a contraction of b and sup{|V|es : |b| < 1+ Ro/k} = Vd(1 + Ro/k). O

Lemma 3. Let V be any locally integrable nonnegative function on R%. Then any eigenfunction
¢ of (—hA + V)X satisfies
[lloe < c(1/R+/A/B)*?||¢|2,

where ¢ is a finite constant depending only on d, X\ is the corresponding eigenvalue, and || - ||oo
and || - || are L and L? norms, respectively.

The proof of this lemma is same with that of (3.1.55) in [20]. Now we prove Proposition 9:

Proof of Proposition 9. We use the following classification:

F={ac ARNR'Z:: #(Apu(a) N{qg+ &, : ¢ € ZTNAR}) < R*/2}
and

N ={a€ ARNR'Z: #(Aru(a) N {qg+ & : ¢ € Z' N AR}) > R*/2}.

By Lemma 2, A1((—hA + X, ol g igy o (#)r — g — &I )Y ,) = ch@=0/@=2 /B2 for any
a € N. Then the normalized ground state ¢ of the operator (— hA + >4 C01B(gte,,Ro)e (T) |7 —
q — &)Y satisfies

A=

aeN  Aru(a

11



If we assume Ai((—hA + >, colpgie, Ro)e(T)] — g — §q|*a)gﬂ7a) < Mh/R?, then Lemma 3
implies that the right hand side is bounded from below by

cR2plo=d/(e=2) ) _ / ppd2 Rin=Nd gy 7). (28)

Since #(Ane(@) N {g+& + ¢ € Z9N AR}) = #{0 € Aoy (@) N7 ¢ [] < 21}, we
have #{q € A_2c,)ru(a) N Z% )&l < e1R*} < RFAJ2 and #{q € Ai—2e)re(a) N 7% |g,| >
e1RM} > {(1—2¢e1)¢ —1/2} R* for a € F. Thus, by the assumption of this proposition, we have
e9RY > (#F){(1 — 2e1)* — 1/2} R*? and #F < R ~Mey/{(1 — 2¢1)? — 1/2}. By substituting
this to (28), we can complete the proof. O

3.3 Proof of Theorem 2 (III) : Lower estimate for the multidimensional case

In this subsection, we prove the lower estimate. We shall work with h = Cy = 1 for simplicity.

Proposition 10. Suppose d =2 and o > 4 ord > 3 and a > d+ 2. There exist finite constants
c1, co and c3 such that

c1 exp<—02)51*9/2 (log %)_0/2> (d=2),
N\ > (29)
c1 exp(—co A (@H10)/2) (d>3),
for 0 < X\ <cs.
Proof. We consider the event
{For any p € RiZ*N Asp and ¢ € Z9N Agr, (p) N Asr,q+ & € Ai(p). (30)

For any q € Z%\ Aar, |&,| < |q|/4}

where Ry = R¥ for d > 3 and Ry = R/+/log R for d = 2. Then we have

N(\) > R_dI%(HVQ)RH% + (QDR, Z u(ex —q— ﬁq)q)R) < X and the event (30) holds), (31)
qEeZ4

where ®p, is an element of the domain of the Dirichlet Laplacian on the cube A R\UpE R1Z4Asp (p+
K) such that |[®r||2 = 1 (cf. Theorem (5.25) in [16]). We take ®r as ¢rvYr/||¢rYR||2, Where
1R is the normalized ground state of the Dirichlet Laplacian on Ar and

(240 (. X pemeznng Are () B) A1 (d>3),
(logdoo(x,AR N - élogR)jL/(logﬁ _ glogR) (d=2).

In (32), doo (-, ) is the distance function with respect to the maximal norm, v = 2/(a — d), and
(-) is the positive part. Then it is not difficult to see |[V®g||3 < c4R~2. On the event (30), we
have

Pr(T) = (32)

05}%?

ZpeRlldﬁAQR A1(p))

4 R Y (33)

Z U(‘T—q_gq) < d(x,

qez4

in Ar. Then we have

<<I>R, Z u(x —q— £q)¢R> < cR2

qE€Z4

12



On the other hand, the probability of the event (30) can be estimated as

log Py( the event in (30) occurs )

—#(RZNAsg) Y. logPy(so € Milg)+ Y log(1—Po(|éol > [ql/4)
q€ZINAR, qEZN\ AR

v

> — s RRY
by using log(1 — X) > —2X for 0 < X < 1/2 in the last line. Therefore, we have
N(cgR™2) > R4 exp(—cdeR?)
and the proof is finished. O

Remark 2. For the manner of taking the function ¢ in (32) and the event in (30), we refer
the reader to the notion of the “constant capacity regime” (cf. Section 3.2.B of [20]). The same
technique is used in Appendix B of [5].

3.4 Compact case

In this subsection, we modify the methods in the preceding sections to give a simple proof of
the following results in [5]:

Theorem 11. We assume A, C supp(u) UK C A, for some 0 <11 <1y < o0 instead of (3).
Then we have
2\ (140)/2 B
~ - (%) (110)27 (d - 1)7

= —)\_1_9/2(log %)70/2 (d=2),

= A~ (@/240]d) (d>3)

as A | 0, where f(A) ~ g(A) means limyjo f(A)/g(A) = 1 and f(A) =< g(A) means 0 <
lim,  F(A)/g(A) < Tmago £(A)/g(}) < oo,
Remark 3. The assumption on u in this theorem is only for giving a simple proof in the

multidimensional case. If d = 1, then the assumption in Proposition 6 is enough. If d > 3, then
this theorem is extended to the case that the scattering length of u is positive.

log N (\)

Y

The proof for d = 1 is given in Subsection 3.1. The lower estimate for d = 2 is given in
Subsection 3.3. To prove the lower estimate for d > 3, we replace R” by 2rs 4+ 1 in the proof of
Proposition 10. Then the rest of the proof is simpler than that of the proposition since

(‘I)R, D ulz—q- fq)q)R) =0
qeZ4

under the event in (30) with R; = R%/¢. To prove the upper estimate for d > 3, we have only
to apply the following instead of Proposition 9 in the proof of Proposition 8:

Proposition 12. For small enough 1,9 > 0, there exists a finite constant ¢ such that #{q €
ZN Ag : &g > 51R2/d} < e9R® implies

A (( At Y 1B(q+gq,m)>z> > ¢/R?, (34)

qGZdﬁAR

where cg and ro are arbitrarily fixed positive constants.
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Proof. In the proof of Proposition 9, we use the classification

Fo={a€ ARNRYZ%: Apoja(a) N {qg+ & : g€ ZTN AR} = 0}
and

No={a € ARNRYZ%: Apoja(a) N {qg+&,: g € 24N AR} # 0},

instead of F and A/. Then we can complete the proof by Lemmas 1 and 3 without using Lemma
2. O

To prove the upper estimate for d = 2, we have only to apply the following instead of
Proposition 9 in the proof of Proposition 8:

Proposition 13. For small enough e1,e2 > 0, there exists a finite constant ¢ such that #{q €
7PN AR : & > e1R/VIog R} < eaR? implies
N 2
M((—a+w Y lngiem), ) = /R (35)

q€Z2ﬁAR

To prove this, we replace R%? by R/+/log R in the proof of Proposition 12 and we further
need to extend Lemma 1 to the 2-dimensional case. By a simple modification of the proof of
Lemma 1, we have the following, which is enough for our purpose:

Lemma 4. If d =2, then we have inf{A\;((—A + colppr))N) : b € Ar} > ¢/(R?log R).

4 Critical case

In this section we discuss the case of & = d 4+ 2. By modifying our proof of Proposition 5, we
can prove the following:

Proposition 14. If o« = d + 2, then we have

log N(t
lim o8 (>

too L(AF0)/(d+2+0) = N

Ko(h, Co), (36)
where
KO(h7 CO)

. . dzCot)(x)? 0 1 md
= inf{h|V 2+/d inf /+ h € Wi (R?), =1
vl + [ da ot (] S s ) v € WHRY, ol =1
(37)

and W} (RY) = {¢p € L2(RY) : Vop € L2(R%)}.

Proof. In (15), we replace ¢ by an arbitrary function ¢ € HE(Ag) with [¢[l2 = 1, where
HE(AR) is the completion of C§°(Ag) in Wi (R?). Then (17) is modified as

/ Na(t, q)dg
lq|<t?

dy dzo(z)?tCo(1 + £1) 0
> 7 _ _
- / dqlog / Z(d,0) exp< /inf{|av—q—z—y|d‘*‘2 tz e A} v )’

lq|<t? y€[supp(p):R1+Vd/2]c—q
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where [A : 7] = {x € R? : d(x, A) < r} for any A C R? and » > 0. We take n as 1/(d + 2 +6).
Then, by changing the variables, this equals

datdn ~
¢dn dqlog Vo exp(—t""Na(y, g; ©n))s
Z(d,0)

|q|<tF=n y€[supp(pn):(R1+Vd/2)/t")°—q
where
drpy(2)?Co(1 + €1)

0
inf{lz —q—z—yl4t2:2€ Ayn} +1y]

Ns(y, 4 y) = /

and @, (z) = t™/2p(t"z). We take R as the integer part of Rt" for a positive number R, and
take ¢ so that ¢, = 1 is a t-independent element of H}(Ag). Since t||Vel||3 = td+0m|| 74 |3 is
not negligible, (21) is modified as

log N (t)

foe 1@ o) IVl A . 4(q,1)
where
~ : - Ry +Vd/2 17
Nau(q,t) = mf{ sup  N3(y,q;%) s yo € [supp(@b) : 12577/ + tq} - q}-
yEB(yo,t=7)
Since de( )20 ( )
— = . zp(x)“Co(l + €1 0
lim Ny(g,t) < inf / +lyl” ),
tToo 1@ t) y€(supp(¥))©—q ( |z — q — y|4+? g )
we obtain

. log N (t) 2 / ;
lim ——== > —h||V - d inf
oo td+0)n — H ¢||2 Rd Y yE(supp(¥))°—q

(/ dJ}'lb(:L’)QCo(l +€1) + |y|6>

|z — g — y|*+2
by the Lebesgue convergence theorem. By taking the supremum with respect to €1, ¢ and R,
we obtain the result. ]

If we apply Donsker and Varadhan’s large deviation theory without caring the topological
problems, then the formal upper estimate

—  log N(t
g{g m < _K(h> CO) (38)
is expected, where K (h, Cp) is the quantity obtained by removing the restriction y ¢ supp(¢)) —
q in the definition (37) of K¢(h,Cp). For the corresponding Poisson case, this is rigorously
established in Okura [15]. In that case, the space R? can be replaced by a d-dimensional torus
and the Feynman-Kac functional becomes a lower semicontinuous functional, so that Donsker
and Varadhan’s theory applies. However, both verification of the replacement of the space and
the continuity of the functional seem to be difficult in our case.
From the conjecture (38), we expect that the quantum effect appears in the leading term.
By Proposition 8 in Section 3, we can justify this if d > 3 and h is large:

Proposition 15. If d > 3 and o = d + 2, then we have

im Tim A(49/210g N()) = —cc. (39)

h—o00 A—0
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In the one-dimensional case we can show the same statement with a more explicit bound

S 1+460,(1+6)/2
Tim \N1+0/2 100 N(\) < -2
Jim A g N < —— g

by Theorem 2, since the leading order does not vary for o > 3. In the two-dimensional case we
have no such result.

5 Proof of Theorem 3

5.1 Upper estimate
Let N~ (t) be the Laplace-Stieltjes transform of the integrated density of states N~ (\):

N~ (t) = /_ h e AANT(N).

To prove the upper estimate, we have only to show the following:

Proposition 16. Under the condition that u > 0,supu = u(0) < co and sup |z|u(x) < oo for
some a > d, we have

— log N~ (t) 1+d/6 0
o 2 < o) /| da(1 - |g]"). (40)

Proof. We use the bound

as in (13), where

Nf(t) = /A1 deglexp (t Z u(m—q—ﬁq))].

qez4

Here we have used the path integral expression of N~ (t) in Theorem VI.1.1 of [3]. The as-
sumption required in that theorem will be checked in Lemma 11 in Section 9. By replacing the
summation by the integration, we have

log N7 (1) < [ dalog N (t.0),
]Rd

where

Ny (t.q) = Eq [eXp (tﬁgfz u(z —q— fo))}-

Now we fix an arbitrary small number ¢ > 0 and let C' = sup |z|*u(x). When |¢| > (1 +
£)(u(0)t)/?, we estimate as

Ny (t,q) < exp(tsup{u(z —y) : x € Ay, |y = 6|q[}) + exp(tu(0))Py(|¢0] = (1 —0)lql),  (41)

where § > 0 is taken to satisfy (1 —6)?+2(1 +¢)? = 1. For the first term in the right hand side,
we use an obvious bound

sup{u(z —y) : z € Ay, |y| > dlq|} < C(8lq| — V).

16



For the second term, it is easy to see
Po(|&ql = (1= 0)lal) < M(8,8) exp(—(1 - 8)""[q|?)
for some large M (8,0) > 0. Moreover, we have

(1= 0" ql” = (1= 0)"*2|gl” +8(1 — 6)" g’
> u(0)t + (1 —6)"*q|’

thanks to |¢| > (1 + ¢)(u(0)t)"/? and our choice §. Combining above three estimates, we get
Ny (t,q) < exp(tC(8lal — Vd)™*)(1+ M(6,6) exp(~5(1 — 6)"*|q|")) (42)

and thus B
log Ny (t,q) < tC(3|g| — Vd)™ + M(5,0) exp(—3(1 — §)"[q|?), (43)

using log(1 4+ X) < X. Since the integral of the right hand side over {|q| > (1 + &)(u(0)t)'/?} is
easily seen to be o(t'T%?), we can neglect this region.
For ¢ with |q| < (1 +¢)(u(0)t)"/?, we estimate as

Ny (t,q) < exp(tsup{u(z —y) : x € As, |y| > L}) + exp(tu(0))P(lg + o] < L), (44)
where L = 2¢(u(0)t)"/?. We use obvious bounds
sup{u(z — y) : ¢ € Ay, |y| > L} < C(L - Vd);°
for the first term and
Po(|q + &0l < L) < exp(—(lal = L)})|B(0, L)|/Z(d, 0)
for the second term. Note also that we have
te(L — Vd);* < tu(0) — (la| — L)',

for large t, from |g| < (1 4 )(u(0)t)"/? and our choice of L. Using these estimates, we obtain

/ dqlog Ny (t,q)
lg|<(14€)(u(0)t)1/0

B0, L)| 0
< dgq log | ———+1) +tu(0) — (l¢| — L .
/|q<(1+5)(u(0)t)1/9 { ( Z(d, 9) ) ( ) (| ’ )+}

By changing the variable and taking the limit, it follows

. logﬁ(t) 1+d
lim < u(0 /9/ dg{l — —2e)0 1,
tT t1+d/9 — ( ) |q‘<1 . q{ (’q| )-‘,—}

This completes the proof of Proposition 16 since € > 0 is arbitrary. ]
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5.2 Lower estimate

To prove the lower estimate, we have only to show the following:
Proposition 17. If u > 0,supu = u(0) < 0o and, for any € > 0, there exists R. > 0 such that
u(z) > u(0) — e for |x| < R., then we have
_log N (1) 14d/6 0
o A\ _ .
lim A+djo = u(0) /|q|<1 dq(1 = [ql”) (45)

tToo

Proof. We use the bound B B
N7 (t) = exp(—th|[Vee|l2) Ny (2),

for any 1. € C§°(A.) such that the L2-norm of 9. is 1, where

exp (t Z :cig/i u(x —q— §q)>] . (46)

q€Z4

Ny (t) = Eq

This is proven by the same estimate used in (15). We take 1. as a normalized ground state of
the Dirichlet Laplacian on the cube A.. Since a sufficient condition for sup,cs_ |z —q—§| < R
is |q + &| < R. — eV/d/2, we restrict as

log N7 ()= Y log | (Cflye) exp(t(u(0) — £) — lyl").

e JlatylsRe-evij2 2

Since a sufficient condition for inf{u(0) —¢) — |y|’ < R. : |¢ +y| < R —eVd/2} > 0 is
lq) < {t(u(0) — )}? — R. + eV/d/2, we restrict as

log N{ () > /|<h(t){c, log(|B(0, Re — eVd/2)|/Z(d, 6)) + t(u(0) — ) — (l¢| + R — ¢))’}

= h(t)? / |<1{C’ log(|B(0, Re — eVd/2)|/2(d, ) + t(u(0) — €) — (h(t)lg + Re + )’}

for large t and small e, where h(t) = {t(u(0) —&)}/? — R. — ¢ and ¢ and ¢ are positive constants.
Then we obtain

. log N*(t) 1td
lim ———2 > (y(0) — &) +4/? dg(1 = |q|%).
i = a7 (u(0) —¢) et (L—1q")
Since ¢ is arbitrary, we can complete the proof of Proposition 17. O

6 Asymptotics for associated Wiener integrals

In the previous work [5], the asymptotic behaviors of the integrated density of states were
derived from those of certain Wiener integrals. In this section, we recall the connection and
derive estimates of the asymptotic behaviors of the associated Wiener integrals in our settings.
Let h = 1/2 for simplicity and E, denote the expectation with respect to the standard Brownian
motion (Bgs)o<s<oo starting at x. Then the Laplace-Stieltjes transform of the integrated density
of states can be expressed as follows:

N(t) = (2rt)~4? /A1 dzEy @ E, [exp{— /Ot > wBs—q- §q)ds}

d
9z (47)

:Bs¢ U(q+§q+K) fOrOSsgt'Bt:$:|_
q€eZ°
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This expression is also valid for N— (t) by changing the sign of u and setting K = () in the right
hand side. In view of (47), N(t) is essentially same with the Wiener integral

t
St,x =Eg ® E, [eXp{—/ Z u(Bs — q — fq)dS}
B qE€Z4

:B. ¢ | J(¢+&+K) forogsgt],
qezd

(48)

which was the main object in [5]. This quantity is of interest itself since not only it gives the
average of the solution of a heat equation with random sinks but also can be interpreted as the
annealed survival probability of the Brownian motion among killing potentials. Similarly, N~ ()
is essentially the same with the average of the solution of a heat equation with random sources

Si»=Ey®E, [exp{/ot > u(Bs—q-— fq)ds}] : (49)

qeZd

which can also be interpreted as the average number of the branching Brownian motions in
random media. We refer the readers to [7, 6, 20] about the interpretations of S , and Si z- The

connection between the asymptotics of N (t) and S, are discussed in many reference for the
case that {q + &,}, is replaced by an R-stationary random field (see e.g. [14], [19]). However
our case is only Zd-stationary.

We first prepare a lemma which gives upper bounds on log S; , and logS; , in terms of

log N (t) and log N ~(t), respectively. We shall state the results only for x € A; since they
automatically extend to the whole space by the Z%-stationarity.

Lemma 5. For any x € Ay and € > 0, we have
log Sy, < log N(t —£)(1 + o(1)) (50)

and
log Sy, < log N~ (t — t~2%%)(1 + o(1)) (51)
ast — oo.

Proof. We give the proof of (51) first. Let Vg(x) denotes the potential > 74 u(z — ¢ — &) for
simplicity. We divide the expectation as

t
St o =Eg @ Ey [GXP{/ Vg(Bs)ds} : sup |Bs|eo < [t1+d/9]}
0 0<s<t

¢ (52)
+ Z Ey® E, [exp{/ Vg(Bs)ds} :n—1< sup |Bs|eo <n].
0

n>[t1+4/9] Ossst

The summands in the second term can be bounded above by

Eo [exp{t sup Vg(y)HPm (n—l < sup leoo>

yElon 0<s<t
d 2 (53)
<c1n®Eg [expqt sup Ve(y) ¢ | exp{—con”/t}
yeEMA

<ern®exp{est' 0 — cyn?/t},
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where we have used a standard Brownian estimate (cf. [8] Section 1.7) and the Z?-stationarity
in the second line, and Lemma 11 below in the third line. Then, it is easy to see that the second
term in (52) is bounded above by a constant and hence it is negligible compared with N~ (¢).

Now let us turn to the estimate on the first term in (52). Note first that we can derive an
upper large deviation bound

Pe( sup Vg<y>20>s[tl*d/"]dm<supvg<y>zv)gexp<—c4v1+0/d> (54)
yeA[tl+d/9] yEAl

which is valid for all sufficiently large ¢t and v > t, from the exponential moment estimate in
Lemma 11 below. Using this estimate, we get

¢
Ey ® E, {exp{/ Vg(Bs)ds} : sup |Bsleo < [tHd/e],
0 0<s<t

sup  Ve(y) > 2% 9]
yeAQ[t1+(i/9]

sEe[exp{t sup Vs(@/)}f sup Vg(y)ztwe} (55)

YEN1+d/0, YEN 1+d/0

< Y exp{tn}Pg<n—1§ sup Vg(y)<n>

n>2d/9 YEA 1+d/6)
< Z exp {tn—a;(n— 1)1+9/d}.
nZth/G

Since the last expression converges to 0 as ¢t — oo, we can restrict ourselves on the event
{sup Ve(x) < t2%/9}. Hereafter, we let T = [t'+/9] since its exact form will be irrelevant in the
sequel. Then, the Markov property at time ¢ = ¢—2d/0 yields

t
Ey ® E, [exp{/ Vg(Bs)ds} 0 sup |Bsleo < T, sup Ve(y) < th/e}
0

0<s<t yENAor

d T — 2 t—e
<e/A2 (ycmexp(—|26y‘>]E9®Ey [exp{/o Vg(Bs)ds} i sup | Bsleo < T] (56)

. (2me) 0<s<t—e

€ -, D
<— dy/ dzEglexp(—(t —e)H, »7)(y, 2)],
(2me)?/2 /AQT Aor s
where exp(—tHg’ng,,))(:1:,y)7 t > 0, x,y € Aoy, is the integral kernels of the heat semigroup
generated by the self-adjoint operator H, ¢ on the L?-space on the cube Ayp with the Dirichlet
boundary condition.
Finally, we use the estimate

exp(—tHE ) (y, 2) < {exp(—tHE 1) (y, y) exp(—tHP y7) (2, 2)} /7

for the kernel of self-adjoint semigroup and the Schwarz inequality to dominate the right hand
side in (56) by TN~ (t — £) multiplied by some constant.

Combining all the estimates above, we finish the proof of (51). We can also prove (50) in
the same way as (56). However it is much simpler since we do not have to care about sup V¢(-)
and thus we omit the details. O
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The next lemma gives the converse relation between log Sy , and log N (t), while the lower
estimate on log S, , will be derived directly. (See the proof of Theorem 18.)

Lemma 6. For any x € Ay and € > 0, we have

log N (t) < log ™5 (14 0(1)) (57)

t—e,x

as t — oo, where Sg’f/ is the expectation defined by replacing K and u by K' = {z € K :
d(z, K¢ > Vd} and v(y) = inf{u(y — 2 + 2) : 2 € A1}, respectively, in the definitions (48),
respectively. If u is a function satisfying the conditions in Theorem 1 or 2, then v is also a
function satisfying the same conditions.

Proof. Let € > 0 be an arbitrarily small number. By the Chapman-Kolmogorov identity, we
have

N(t) < (2me)~4? /m dzEg @ E, [exp{— /0” > wBs—q- gq)ds}

q€eZ

B, ¢ | J(q+&+K) forogsgt—e].
q€Z4

The right hand side is dominated by (27e)~% 262K and the proof of (57) is completed. O]

t—e,x
We now state our results on the asymptotics of Sy , and Sy ,:

Theorem 18. (i) We assume d = 1 and essinfgpyu > 0 for any R > 1 if a < 3. Then we
have

C
N _t(1+0)/(a+6)/ dq inf ( : (N |y\9) (1<a<3),

R yeR \|g+y|*
log St,:): = —t(1+0)/(3+0) (a = 3)’ (58)
340,72 (146)/(3+6
~ —$(1+6)/(3+9) e (g)( )/ (3+0) (> 3)

as t — oo, where f(t) ~ g(t) means limy_o f(t)/g(t) = 1 and f(t) =< g(t) means 0 <

lim, . f(t)/g(t) <Tim—co f(t)/g(t) < 0.
(ii) We assume d =2 and ess infgpyu > 0 for any R > 1 if o < 4. Then we have

~ —t(2+9)/(a+9)/ dq inf < Co + \y!e) (2 < a<4d),
Rz  yeR? \|g+y[*
log St,o § = _4(240)/(4+0) (a = 4), (59)

- _t(2+0)/(4+9)(10g t)ﬂ9/(4+0) (o > 4)

ast — oo.
(iii) We assume d > 3 and ess infpryu > 0 for any R > 1 if a < d+ 2. Then we have

C
~ _t(d+0)/(a+0)/ dq inf 0 4 yl? d<a<d+2),
Rd qyeRd<\Q+y\" i ) ( )

— _t(d+9u)/(d+2+9u) (Oé > d+ 2)

log S, » (60)

as t — oo, where p = 2(a — 2)/(d(ov — d)) as in Theorem 2.
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(iv) We assume supu = u(0) < oo and the existence of R. > 0 for any € > 0 such that
ess infp(pyu > u(0) —e. Then we have

log ;- ~ t1+4/04(0) L4/ / dg(1— [gl°) (61)

lgl<1
ast — 0o.

Proof. We first consider the corresponding results for N (¢) and N~ (t): the estimates (58)—(61)
with S , and Sy, replaced by N (t) and N- (t), respectively. Those are already proven in earlier
sections except for the case of @« > d + 2 and d > 2. The results for the remaining case follow
from Propositions 8 and 10 using the exponential Abelian theorem due to Kasahara [9]. Then
by Lemma 5, we obtain the upper estimates for S; , and Sf: .- For the lower estimate of S; ,,
we set u?(y) = sup{u(y + =+ 2) : 2z € A (R, (y) + 1p(r,)(y) with Ry > 0. If u satisfies
the conditions in Theorems 1 and 2, and R; is sufficiently large, then u# satisfies also the same
conditions. Therefore we obtain the corresponding lower estimate of N (t) where K is replaced
by B(Rp) with any Ry > R; and wu is replaced by u#. Then by Lemma 6, we obtain the
corresponding lower estimates of Ssz(Rﬁ\/a), where v (y) = inf{u®(y —x +2) : z € A1}
Since K C B(Ry + V/d) and v# > u on B(R3)¢ for some Ry > Ry, we obtain the corresponding
lower estimates of S ;. For the lower estimate of .S; ,, we restrict the expectation to the event
B; € A, for any s € [1,t] to obtain

Sia > / dye®?(z,y) / dzelt VAL 2(y NT (1) > cre” Ny (t - 1),

€ A€

where N7 (t) is the function defined in (46), and exp(tA/2)(x,y), (¢, z,y) € (0,00) x RY x RY
and exp(tAP /2)(x,y), (t,x,y) € (0,00) x Az x A, are the integral kernels of the heat semigroups
generated by the Laplacian and the Dirichlet Laplacian on A, respectively, multiplied by —1/2.
Therefore the lower estimate of S, is given by our proof of Proposition 17. 0

7 Leading term for the light tail cases

In Theorem 2.9 of [5], the leading term for log S; , was investigated in the case of discrete trap
configuration using Sznitman’s “method of enlargement of obstacles”. We shall apply the same
method to improve our previous estimate for v > d +2 when the distribution of ¢, is discretized

as
1

Py(§q € dx) = Zane(d. 0)

> exp(—Ipl*)3,(dx). (62)

p€eZ

7.1 Multidimensional cases

In this subsection, we consider the cases d > 2 and a > d + 2. We shall set h = 1/2 and the
hard trap K = () for simplicity and take z € A; as in the previous section. We call a domain R
a lattice animal if it is represented as

0

R= U Al(Q) )

qeS(R)
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where S(R) C Z% consists of adjacent sites. This means that R is a combination of unit cubes

connected via faces. We introduce a scaling with the factor r = t2/(@+2+10) for the cases d > 3

and (d,a) = (2,4). For the case d = 2 with o > 4, we take 7 = t'/(4+0)(1og t)?/(8+20)  We set
S ={(Rr.¢= (C)ge(r[ry:m)nza) * Ry 1s a lattice animal included in A,

63
IR, | < 1%, g+ (g € [A : VD127 for all ¢ € (r[R, : 1]) N 27}, (63)

where x is an arbitrarily fixed number in ((u —2/d)0, uf), [ is a positive number specified later,
and [A: 1] = {z € R?: d(x, A) < I} for any A C R%. For any union U of lattice animals and
§=(§)qez € (RHZ? we denote by At (U) the bottom of the spectrum of

1 T 1 2
_§A—|—V£ :—§A+ Z ru(re —q — &)
q€Z4
in U with the Dirichlet boundary condition. Similarly, for any (R,,() € S,, we write
Vi (x) = Z riu(re —q — ()
q€(r[Rr:1))NZ4

with a slight abuse of the notation and define A¢ (R,) accordingly. In this section we show the
following:

Theorem 19. Under the above setting, we have the following:
(i) For any € > 0 and | > 0, there exists t.,; > 0 such that

-1..2 : r 0 —d C(I o
1% log Sip < —(1 —¢) (R:rcl)fesr{)‘g(Rr) +an)? > ’7’ } (64)
q€(r[Rr:1))NZ4
for any t > 1. ;, where
(44 6)logr (d=2 and a > 4),
Vr)=9 |_ (65)
prTH (d>3or(d,a)=(2,4)).
(i) If oo > d + 2, then for any € >0 and | > 0, there exists t. | > 0 such that
~1,2 . r 6 —d|Gq?
t7'r?log Sy > —(1+¢) (er?)fesr{Af(Rr) +(r) >, oo ‘7‘ } (66)
q€(r[Ry:1))NZ2
for any t > t. ;.
(iii) If « = d + 2, then for any € > 0, there exist t- > 0 and l. > 0 such that
~1,2 . r 0 —a|Sq |’
% log Sy = —(1+¢) (Rr%%)fGST{AC(RT) SR KD S e b } (67)
q€(r[Rr:1))NZ4
foranyt>t. andl > I..
Remark 4. The above proposition shows
~1.2 . r 0 —d Cq 0
TR m:%fe&{wﬂ RPN } )
q€(r[Ry:1))NZ2
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for the case of & > d + 2. For the case of a = d + 2, we have to take [ large to make upper and
lower bounds close. By the variational formula for the bottom of the spectrum, we can rewrite
the infimum in the right hand side as

1
inf inf / Vol?(z)dz
(RerO)ES: 6€C5° (Ry), lolla= 1{2 Rr‘ o

N )
4t ure - - GQe@ds a0y S Y] }

" qe(r[Ry: l] Nz qE(r[Rr: 1))NZE

If we formally replace u(x) by Cy|z|~® and scaled sums by integrals and also interchange the
infimum over ¢ and that over ¢, we obtain the expression

1
inf inf /
Ry ¢€C°(Rr), ||9ll2= 1{ v (b‘ (@) de

2
+/ dq inf (rd+2a/ _Cog™(z) dr + 'y(r)ay|9> ’
[Rr:1] yG[At/T:tl/(N9>/r] R, |x —q— y|a

which is quite similar to Ky appearing in Proposition 14. However there still exists difference
between them and also we have no idea about how to justify the above formal argument.

(70)

The rest of this section is devoted to the proof of Theorem 19. To prove the upper bound
(i), we recall the elements of the methods developed in [5]. We take n € (0, 1) so small that

2 20

and i_9 o
n
=—+4+ — <1
TSt
We further introduce a notation concerning a diadic decomposition of R?. For each k € Z., let
Ty, be the collection of indices # = (ig, i1, ... ,4x) with ig € Z¢ and iy, .. ., i € {0, l}d. For each

@ € Iy, we associate the box
Ci = g +270,1]%,

where
=i+ 2 Y 44278

For 2 € Ty and @' € Ty (k' < k), @ < %' means that the first ¥’ coordinates coincide. Finally, we
introduce
log r]

log 2

ng = {ﬁ

for B> 0 so that 271 < =8 < 27 ms,
We can now define the density set, which we can discard from the consideration.

Definition 1. We call a unit cube Cy with q € 74 a density box if all ¢ < 4 € T,
following: for at least half of u < @' € I,

satisfy the

ny

(qr + 2770, 0N N {(g + &) /r: q € 27} # 0. (71)

The union of all density bozes is denoted by D, (§).

24



We can replace D,.(§) by a hard trap by the following theorem.

Spectral control. There exists p > 0 such that for all M > 0 and sufficiently large r,

sup (AL (Rr(§)) AM = A (Ayy) NM) <77°, (72)
ge(R)2?

where Ry (§) = Ayyr \ Dr(§).

By Proposition 2.7 in [5], the proof of this theorem is reduced to the extension of Theorem
4.2.3 in [20] from the compactly supported single site potentials to the Kato class single site
potentials, which is straightforward.

For R, (§), we can gives the following quantitative estimate on its volume:

Lemma 7. There exists a positive constant c independent of r such that
Po([Rr(€)] = 1) < exp { —ermm)+imbext (73)

In particular, Po(|R(§)| > 1X) = 0(St, z)-

Proof. The first inequality is Proposition 2.8 in [5]. The second claim follows from Theorem 18
and our choice of y. O

We now see that the relevant configurations of (R,(£),€) are only the pairs in S,. In fact
removing the points {q + &, : ¢ € Z%\ (r[R, : 1])}, which should be cared in proving the lower
bound, is permitted as we will show in Lemma 9 below. We also have

X (R, () = A (Ry)
for some lattice animal R, included in R,(§) and
Py(q+ & & [Ay : "/ #9] for some g € (r[R, : 1)) N Z7)
decays exponentially in ¢. The latter easily follows by observing that
d(r[Ry : 1], [Ay : £/ (1)) > ¢1/0

which is due to Ir + t1/¢ < t1/(0) for large t.
The key point in our coarse graining method is that the number of relevant configurations
is estimated as
#8, < frx (t + 2t1/(,u9))drd+xc(1+l) _ O(S—l) (74)

t,x

by an elementary counting argument, where ¢ is a finite constant depending only on d. The
second relation comes from our choice of x.

We now prove the upper bound in (i). By a standard Brownian estimate and scaling, we
have

t
t
Stz <Eg® E, [exp{—/ Vg(Bs)ds} : sup |Bsloo < =
0

0<s<t 2

tr—2
t
exp{—/ V'J(Bs)ds}: wp[Buloe < o
0 0<s<tr—2 r

} +e ¢

< EG ® Eac/r
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For any € € (0, 1), there exists a finite constant ¢. depending only on d and e such that the first
term of the right hand side is less than

ccEg [exp {—(1 — E)Ag(At/r)trﬂ}]
by (3.1.9) of [20]. By the spectral control (72), Lemma 7, and (74), this quantity is less than

O(Sgi) sup Py(§y =, for all g € (r[R, : I]) N Zd)
(Rr,¢)ES,

x exp {—(1 —&)(A\{(R,) N M — rP)tr 2 + o( S, a).

Thus, we have

—-1,.2 : r
t 7 log St » < — (1 — 2¢) (R:r(l)fGSr{/\C(Rr) ANM

(76)
+t_17’2 Z (|Cq‘9 —i—log Zdisc(d7 9))}

q€(r[Rr:1))NZ2

for sufficiently large t. We can drop M and r~” from the right hand side since Theorem 18 tells
us that the left hand side is bounded from below. Moreover, we can also neglect log Zgis(d, 0)
since

#((r[R: : 1)) N 2%) < erd™X = o(tr—2). (77)

We next proceed to the lower bound. We pick a pair (R}, (*) which attains the infimum
in the right hand side of (66). Then we have the following estimate for the L2-normalized
nonnegative eigenfunction ¢* corresponding to .. (R}).

Lemma 8. There exist p* € (rR:) NZ% and cy > 0 such that SUDzen, ), (p*/r) Ven (z) < coritx+?

and
1

¢ (x)dx > - rdx, 78
/Al/T(p*/r) (@) 21¢* [loo (78)

Proof. We fix 1 < rg < oo so that Cp/2|z|”* < u(z) < 2Cp|z|~ for all |z| > ro and take k € N
satisfying 27573 < ro/r < 27%=2, We divide R into subboxes of sidelength 2% as

R} = U C; for some % C 7.
wEL*

We take a covering C of the centers of the obstacles defined by the union of all boxes Cj in R
whose enlarged boxes ¢; + 27%[—1,2]¢ intersect with {r~*(q+ ;) : ¢ € (r[R} : I]) N Z%}. Then
it is easy to see that if C; C C, there exists a € C; and ¢; > 0 for which VC’; > 617“213(a,1/r)-
Thus, by using Lemma 1 and the scaling with the factor r, we have

. 1
inf {2
seC=(Cy) | |03

for all C; C C and consequently

/Ch (%|V¢(w)|2 + Ve (33)¢(x)2>d$} > cor?

cor? /C ¢*(z)2dz < /C (%Wqﬁ*\?(x)+vg;(x)¢*(x)2)dx.
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Since the right hand side is bounded from above by AL.(R;), it follows that [, ¢*(x)?dx < c3r2.
This implies fR*\C ¢*(x)dx > 1/2 for large r and we can find a Ay, (p*/r) in R} \ C such that

Al/'r(p*/r)

* -~ * d * 2d - —d—x'
ol [, F@aez [ Pz g

Finally, we show the bound sup,cp,, (e /r) V& (2) < cord*Xx*+2. Note first that we have
SUDzen,, (p* /1) rPu(re —q — ¢}) < car? for each g since Ry \ C keeps the distance larger than
(ro +1)/r from {r=(q + ¢}) : ¢ € (r[R} : 1]) N Z%}. Multiplying the total number of points
#{r g+ - qe (r[Ry - 1)) N2} < (204 1)%rPHX, we obtain the result. O

We bound S; , as follows:

Sta 2Py (€ = Gy for g € ([RY )N 20— ")

x Py sup Z u(x —q— &) < ey (rl)~oHe
(P RE=p)UAL gega\ ((r[Ry: )NZd—p*)

t
X By [exp —/ u(Bs — q — Cpeyg)ds ¢ (79)
O ge(rRz:)nZd—p*

BseAyfor0<s<1,Bi€A;,Bs;€rR; —p“for1<s<t

con(- i)

The first factor is greater than or equal to

exp | — Z \que — erdtx

q€(r[Rr:1))NZ4

by the same argument using (77) for the upper bound. The last factor is greater than exp(—¢etr—2)
for sufficiently large r if & > d + 2, and for sufficiently large r and [ if « = d + 2. To bound the
second factor we use the following:

Lemma 9. Let {R, : v > 1} be a family of lattice animals satisfying R, C Ay and |R,| < rX.
Let k,1 > 0. Then there exists c1,ca,cs > 0 independent of {R,} such that

Py | sup Yo ue—g—&) <al) | >q )
wG[TRr:k] qGZd\(T[er l])
for any r > c3.

Proof. We consider the event

d(q,[rR, : k]) for all ¢ € Z¢\ (r[R, : 1]). (81)

| =

d(q+ &g [rRy : k]) =

27



On this event, we have

Z [z —q—§&| ™" < Z <m>a

q€Z\(r[Ry: 1)) q€ZN(r[R,:1))

<cy > d(q,[rR, : K])™ < es(rl) 0+
q€Z%: d(q,rRy)>7l

for any x € [rR, : k| and large r. This estimate implies the event in the result since u(z) =
Colz| (1 + o(1)). Since the event (81) occurs if

&, < d(q, [rR, : K])/2 for all ¢ € Z4\ (7[R, : 1]),

the probability of the event (81) is greater than or equal to

11 1—2&561@0) 3 exp(—[yl”) | - (s2)

q€Z\(r[Ry:1]) yeZ4:|y|>d(q, [rRr:k])/2
It is easy to see that
1 0 e
Za(d0) Z exp(—|y|”) < exp(—ced(q, [rR, : k])?)
yeZ:|y|>d(q, [rRr:k])/2

and
#{q € 7% :n < d(q,[rR, : k]) <n+1} < crrXTdpd=1,

By using also an elementary inequality (1 — x)? > 1 — pz for any p > 1 and 0 < = < 1, the
quantity in (82) is greater than or equal to

H <1 — exp(—cﬁn9)> > H (1 — cgrXtd exp(—69n9)> :

rl—k<neN rl—k<neN

077‘X+dnd* 1

~—

Since the right hand side is a convergent infinite product, we conclude that the event in (81
has a uniformly positive probability.

AN O

It remains to bound the third factor in (79). We use the bound SUDgen,,, (o /r) Ve- (z)
cor®™X*+2 in Lemma 8 for 0 < s < 1 and the positivity of

inf AP /2
my;réAleXp( 2 /2)(x,y),

where exp(tAY /2)(x,y), (t,x,y) € (0,00) x Ay x Ag) is the integral kernel of the heat semigroup
generated by the Dirichlet Laplacian on Ag multiplied by —1/2. Then, we can show that the
third factor is greater than

rd exp(—cordJrX)/ dy/ dzexp(—(t — 1)7“72H*)(y,z) (83)
Al/r :71)*/,"

for large r by using a scaling, where exp(—tH*)(z,y), (t,z,y) € (0,00)x (Ri—p*/r)x (R:—p*/r))
is the integral kernel of the heat semigroup generated by the Schrodinger operator

H" =-A/2+ Z r2u(7"x—q—(;*+q)
q€(r[Ry:1))NZ —p*
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in R — p*/r with the Dirichlet boundary condition. By (78), the integral in (83) is greater than
or equal to

PSS C S )
/A1/Tdy/$—p*/rdzexp( (t 1) " )(y’ ) ||¢*||oo
> exp(—(t — 1)r 2 \L (RD) /(216 2r+).

Finally ||¢*||o is bounded since
&*(y) = exp(\L. (RY)) / exp(—HO)(y, 2)6* (=) dz,

| exp(—H®)(y,-)|l2 < 1, and A¢«(Ry) is bounded by Theorem 18 and the upper bound in (i),
where exp(—tH)(z,v), (t,z,y) € (0,00) x R} x R%, is the integral kernel of the heat semigroup
generated by the Schrédinger operator H? = —A/2 + V¢ in RY with the Dirichlet boundary
condition. By all these the lower bounds (ii) and (iii) are proven.

7.2 One-dimensional critical case

For the one-dimensional case, we only consider o« = 3 since we have already known the leading
term in other cases. We first fix a constant M > 0 such that

Py ({q + &g e ZYyN (0, Mt/ CH)) = @) < exp {—cMHGt(HQ)/(BH)}
= O(St,l")7

3+6)

which is possible in view of Theorem 18. We define r = t1/( and the set of relevant configu-

rations as

Sp = {((m, n),C = (Cq)qe(mflr,nJrlr)ﬂZ) im,n € Z,—t <m <n <t
n—m < Mr, || §t1/9,{q+Cq:q€ (m—1Ilr,n+1Ir)NZ} N (m,n) = 0}.

Then, we have the following:

Theorem 20. Let (d,a) = (1,3) and assume (22). Then for any € > 0, there exist t. > 0 and
[ > 0 such that

> _(1+e) i {Az((m/r,n/r))—i- S r‘l\i"")g},

((m,n),)€Sr q€(m—Ilrn+ir)NZ
Ca 9}

,
Proof. We only prove the upper bound. After having it, the lower bound follows exactly in the
same way as in the previous subsection.

Let € > 0 be an arbitrary constant. We use a simple version of the method of enlargement
of obstacles where v = 1 and any 2~™-box containing a point of {r~1(¢+¢&,) : ¢ € Z} is a
density box. Such a box indeed satisfies the quantitative Wiener criterion (2.12) in page 152
of [20] since even a point has positive capacity when d = 1 (cf. page 153 of [20]). Then, the
spectral control (72) implies that we can impose the Dirichlet boundary condition on each point

t—(1+9)/(3+9) IOg St -

IN

—(1—¢) inf {AZ((m/r,n/r))—i— Z Pl

((m,n),0)€Sr q€(m—Irn+ir)NZ

forallt > t. and | > ..
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in {r~!(q+¢&;)}4ez. Combining this observation with a standard Brownian estimate and (3.1.9)
in [20], we find

Si.o < Ey [c (1 + (A~ t))t)l/Q) exp {—Ag((—t,t))t}] et
< c.Eg [sipexp{ (1—¢)X¢ ( llk) tr- 2}] +e

where {I};, are the random open intervals such that >, Iy = Ay \ {¢+& : ¢ € Z}. By
considering all possibilities of I, we can bound the Eg-expectation in the right hand side by

Z Ey [exp{ 1—5))\5 ((m/r,n/r)) 2} {g+¢&;:q€Z}n (m, n)—@]
mneZ:—t<m<n<t

Note that we can discard (m,n) whose interval n —m > M7 thanks to our choice of M. Hence,
we can restrict our consideration on S, and we can also show #S, = exp{o(t(1T9/B3+0)1 by an
elementary counting argument. Now, we have

Stz < Z exp{ (1 =e)A¢ ((m/r,n/r)) }IP’@ (&g = ¢4 for all q) + o(St, z)
((m,n),0)eSr

§exp{—(1—25)t(1+9)/(3+0) inf {Ag((m/r,n/r))+ > r—l(f?(g}},

((m,n).C)€Sr ge(m—lr;n+ir)NZ

which is the desired estimate. O

8 Asymptotics of higher moments

In [5], a result on the asymptotics for higher moments of the survival probability is shown as an
application of the precise form of the leading term. We shall extend the result to our cases in
this section. Our objects are the p-th moments defined by

St(f’)._u«:@[ /\ﬁ{exp{ /Z (V2hBs — q — &)ds }

q€Z4

. V2hB, ¢ U (g+& +K) for()gsgt—p]

qeZd -

and

s = oo [ 5 BB, -0 e} |

q€Z

We consider their asymptotics in Subsection 8.1. In Subsection 8.2, we discuss a related quan-
titative estimate on intermittency for the parabolic Anderson problem.
8.1 Asymptotics for each case

Proposition 21. Under the settings in Section 7, there exist c1,ca € (0,00) depending on d, 6
and u such that for any p > 1,

_clp(d+u9)/(d+2+u6) < 1,2 log St(ﬂ < _c2p(d+u9)/(d+2+u9)

holds for sufficiently large t, uniformly in x € A1, where we take p =1 in the case d = 1.
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Proof. We first assume d > 3 and a > d + 2. The same argument as in Section 7, using the
scaling with factor s = (pt)V/(4+2+19) instead of r = ¢'/(4+2+10) in (75) and (83), yields

®) (o (dHu0)/([d+24+p0) s (1—1)8 —d|Gq|?
log S*) ~ —(pt) (R;g)fess{xgms) +s > s (84)
g€ (s[Ry: [])NZ4

as t — oo for any [. Since we know

(%

0<lim inf QAR +sT700 ) s*d)@
s—oo (Rs,C)ESs S

q€(s[Rs:1])Nz4

< lim  inf {)‘Z(RS) + s(1-mo Z s_d)gq)e} < 00

700 (B, )ESs q€(s[Rs: 1))NZ4 5

(85)

from Theorems 18 and 19, the proof is completed. The other cases can be treated exactly in the
same way. ]

Remark 5. If —lim; o t~'7?1log S; . exists under the setting of the last proposition, denoting
it by L, we have
t 12 log S{7) ~ —Lpld+H0)/(d+2+00), (86)

In fact, when d > 2 and a > d + 2, the existence of the above limit implies
lim inf  SA(R,) +A(r)f Y r—d‘ﬁr s
t=o0 (Ry.0)es, | r
q€(r[Ry:1))NZ4

by Theorem 19. Then (86) is obvious from the proof of the last proposition. When o = d + 2,
we know only that the superior limit and the inferior limit in (85) tend to L as | — oo. This is
still enough to show (86).

The above remark actually applies for the case d =1 and o > 3:

Proposition 22. Under the conditions of Theorem 2 with d =1, we have

. 3+ 6 /phr?y (1+6)/(3+6)

1 (146)/(346) 1po §P) — _

fims xSt =g 1) &7
for any p > 1, uniformly in x € Aq.
Proof. As in the proof of the last proposition we have

0
log S¥) ~ —(pt)1+0/G+0) g {Az((m/s, n/s)) + > L[S } (88)
(Ra) C)€Ss q€(m—Ils,n+ls)NZ 5

as t — oo for any [ in the notations of Subsection 7.2, where s = (pt)l/(3+9). We here note that
this asymptotics is common for the continuous distribution (2) and the discrete distribution
(62). When « > 3, we know the limit

lim  inf {Az((m/s,n/s)) + Z Sl‘iq‘e} _3+0 (]T>(1+9)/(3+9)'

5§00 (Rs,()ESs q€(m—lsn+1s)NZ L+o
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Proposition 23. Under the conditions of Theorem 1 with o < d + 2, we have

C
lim ¢~ (@+0)/(a+0) 1 S(p) _ _(d+0)/(a+0) da inf 0 + [yl? 89
lim g5 =P y qyeRd<‘q+y‘a |y|> (89)

for any p > 1, uniformly in x € Ay.

Proof. We have only to show

C
lim ¢~(@0)/(@+6) o0 §(P) — _ / dg inf (220 + 1yl?).
#oo 8%z S NVESTE I

The upper estimate is easy since we have

t p t
St(,pi < g [Em/ T [exp{—/ Vg(\/Qth)dsH } SEyQFE, sy {exp{—p/ Vg(\/2th)dsH
0 0

by removing the Dirichlet condition and using the Holder inequality. For the lower estimate, we
take R, Ry and 3 as in the proof of Proposition 5 and restrict the integral as

t P
St(p > Ey [Em/m [exp{—/ Vg(\/Zth)ds} :V2hBs € A for 0 < s < t] : Et}
0

, T

for t% > 2(Ry + RV/d), where Z; is the event
{l&] < lal/2 for |q| > 7, and |q +&| > Ry + RVd for |q| < t7}.

The right hand side is bounded from below by
Eq [exp{—pt sup Vg(y)} : Et] exp(—chptR™?).
yEAR
This is estimated by the same method as in our proof of Proposition 5. ]

Proposition 24. Under the conditions of Theorem 3, we have

i ¢~ 10g 87 = (u(0) +* [ da(1 -l
tToo lqI<1

for any p > 1, uniformly in x € Ay.

Proof. The upper estimate is obtained similarly as in the proof of Proposition 23 and the lower
estimate is obtained similarly as in the proof of (61). O

8.2 Intermittency

)

The Brownian expectations appearing in S§7 , and St(7p J): "~ solve the initial value problems

%udt,x) = —Heug(t, x) with ug(0,2) =1

and

o _ _ . _
Hle (t,z) = —H ug (t,z) with ug (0,z) =1,
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respectively. This kind of initial value problems with random potential are usually referred as
the “parabolic Anderson problem”. For a wide class of random potentials, solutions of parabolic
Anderson problems are known to reveal so-called “intermittency” (cf. [7]):

<u£(t’x)p2>1/p2 t—oo
W — oo for p1 < pa, (90)

where (-) denotes the expectation with respect to the law of random potentials. In particular,
if we consider a slightly different moment

Eﬁp) =Ey [/ ug(t,x)pdx}
Ay

in our model, then intermittency follows from the same argument as for Theorem 3.2 of [7].
Note that this quantity naturally arises when we relate statistical average to spatial one as

1
Eg [/ ug(t,x)pdx} = lim —— ug(t, x)Pdx
A1 n—0oo |A2n+1‘ A2n+1

by ergodic theorem. (Recall that our model is not Re-stationary.)
In our model, we can derive the rates of the divergence in (90) from the results in the previous
subsections as follows:

1. Under the settings in Section 7, we have

exp {tr” (62p1—2/(d+2+u9) _ Clp2—2/(d+2+u9))}

(S(PQ) 1/p2

AT o o g 7))

, T
for sufficiently large ¢, where oo > ¢; > ¢o > 0 are the constants in Proposition 21.

2. Under the conditions of Theorem 2 with d = 1, for any & > 0, it holds that

4

2¢\ (140)/(340) , _ _
exp {3 +0 (h7r ) (pl 2/(346) »; 2/(3+60) 8) }

1+6 B

(St(pxz)) e 3+ 0 ;hr?t\ (1+6)/(3+6) —2/(3+6) —2/(3+6)
< XbhT ) - LR e —
<o {175("T) e )

for sufficiently large ¢.

3. Under the conditions of Theorem 1 with o < d + 2, for any € > 0, it holds that
exp { cqt(@+0)/(a+0) (pgd—a)/(o&@) _ péd—a)/(wr@) _ 5)}

(S(pz))l/l?z

t,x

< CRG < exp {Cgt(d+9)/(a+0) <p§d—a)/(a+e> _ pl=a)/(e+t) +€>}
St,x

for sufficiently large ¢, where c3 = [pa dg infyeRd(mfigm + |y|9).
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4. Under the conditions of Theorem 3, for any € > 0, it holds that

{0 (10 )} < G2

t,x

t,x

for sufficiently large ¢, where ¢; = u(0)*+/? f|q|<1 dq(1 — |q|9).

Note that in the first case, the left hand side goes to infinity only when py/p; is sufficiently
large. On the other hand, the left hand sides go to infinity for any pa/p; > 1 in other cases.
This is slightly better than Theorem 3.2 of [7] where ps > 2 is required. Note also that all these

estimates hold uniformly in « € A; and therefore, the same estimates hold for ?ﬁp ) and

?ﬁp)’_ =y [/ ug(t,x)pdaﬁ}
A1

as well.

9 Appendix

We here show the following lemma, which is used to define the integrated density of states N ()
and to represent it by the Feynman-Kac formula:

Lemma 10. Let u be a nonnegative function belonging to the class Kq and satisfying (3).
Let § = (§g)4eza be a collection of independently and identically distributed R?-valued random
variables satisfying (2). Then the almost all sample functions of the random field defined by
Ve(x) =3 cpau(r — q — &) belong to the class Kqoc-

Proof. For any ¢,0 > 0, by the Chebyshev inequality, we have

Po(|&q| > lal*) < Eol(1&l/1aI*)°] < e1/lal*.

For any €, there exists d such that

> Pollégl = lal) < oo

qezd

By the Borel-Cantelli lemma, for almost all , we have N¢ € N such that [&,] < |¢|® < |¢|/3 for
any q € Z — B(N¢). By the condition (3) we also have R. such that u(z) < (Co +¢)/|z|* for
any = € B(R.)¢. We now take R > 0 arbitrarily. If z € B(R) and ¢ € Z¢ — B(3(RV R.) V N¢),
then

|z —q—&l| > lql — || — |=| > [q]/3 > R:
and

Ve(a) < Z u(z — q — &) + co.

q€ZNB(3(RVR:)VNg)

Since the right hand side is a finite sum, we have 1pr)Ve € K4. Since R is arbitrary, we can
complete the proof. O

To treat the integrated density of states N~ (\) and relate it with the integral S > we further
use the following:
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Lemma 11. Let u be a bounded nonnegative function satisfying (3). Then there exist finite
constants ¢; and cy such that

Eo {exp (r :cseu/a VE@))} <ca eXp(02r1+d/9)

for any r > 0, where { and V¢ are same as in the last lemma.

Proof. We first dominate as

logEa[exp (7“ sup Vs(x))] < /Rd log I(q)dq,

where

I(q) = Eq [exp (T sup u(r —q — 50))]

For sufficiently large R > 0, we have u(z) < 2Cp|z|~* for |z] > Rp. A sufficient condition for
infuep, |2 —q—&| > Ris ¢+ &| > R+ Vd. Then, for ¢ € B(2(R + v/d))®, we dominate as

):|Q+§0’ZM}

2
1) <Ee[oxp  sup 2 2

zehs [T —q— &o|*

+ exp(T‘ sup U)PG <|q + £O| < |2q’>
_ 2
(lal/2 = V)

Since log(1 + X) < X for any X > 0, we have

<exp ( )(1 + ¢ exp(rsupu — eaq|?))

27’00 0
log I(q)dq S/ —_——— q+/ c1exp(rsupu — c2|q|”))dg
/B(2<R+¢3))C BerVA)- (lq/2 — Vd)* B(R+V))°
< Cjid + cqexp(rsupu — csR).

By a simple uniform estimate, we have

/ log I(q)dq < cgrsup uR®.
B(2(R+Vd))

We set R = (rsupu/cs)'/?. Then we have

/ log I(q)dq < cqr'*/f

for sufficiently large r > 0. O
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