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ABSTRACT. In this paper we consider the Johnson homomorphism of the automor-
phism group of a free group with respect to the lower central series of the IA-
automorphism group of a free group. In particular, we determine the ratoinal cokernel
of the fourth Johnson homomorphism, and show that there appears a new obsturus-
tion for the surjectivity of the Johnson homomorphism. Furthermore we characterize
this obstruction using trace maps.

1. INTRODUCTION

Let F), be a free group of rank n > 2, and Aut F,, the automorphism group of F},. Let
denote p : Aut F,, — Aut H the natural homomorphism induced from the abelianization
H of F,,. The kernel of p is called the [A-automorphism group of F,,, denoted by IA,,.
The TA-automorphism group IA,, reflects many richness and complexity of the structure
of Aut F},, and plays important roles on various studies of Aut F,.

Although the study of the IA-automorphism group has a long history since its finitely
many generators were obtained by Magnus [12] in 1935, the combinatorial group struc-
ture of TA, is still quite complicated. For instance, any presentation for IA,, is not
known in general. Nielsen [18] showed that IA, coincides with the inner automorphsim
group, hence, is a free group of rank 2. For n > 3, however, TA,, is much larger than
the inner automorphism group Inn F,,. Krsti¢ and McCool [11] showed that TAj3 is not
finitely presentable. For n > 4, it is not known whether IA,, is finitely presentable or
not.

The purpose of our research is to clarlify the group structure of IA,,. In particular, we
are interested in to determine the graded quotients of the Johnson filtration of Aut F,.
The Johnson filtration is a dcending central series

1A, = A, (1) D A(2) D -+

consisting of normal subgroups of Aut F},, which first term is IA,. Then the Johnson
homomorphisms

Tt @™ (Ay) — H* @z Lo(k+1)
are defined on each graded quotient of the Johnson filtration. In particular, they are
GL(n, Z)-equivariant injective homomorphisms. (For detail, see Subsection 2.4.) The
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study of the Johnson homomorphisms was originally begun in 1980 by D. Johnson [8]
who determined the abelianization of the Torelli subgroup of a mapping class group of
a surface in [9]. Now, the theory of the Johnson homomorphisms has been developed
by many authors, and there is a broad range of results for it. (For example, see [7], [10]
and [16].)

Through the images of the Johnson homomorphisms, we can study I[A,, using infin-
itely many pieces of a free abelian group of finite rank. They are regarded as one by
one approximations of IA,,, and to clarify the structure of them plays an important
role in the study of IA,. In this paper, in particular, we are interested in the irre-
ducible decomposition of the cokernel of 7, q = 7 ® idq as a GL(n,Z)-module. Now,
for 1 < k < 3, the cokernel of 7 q is completely determined. (See [1], [21] and [23] for
k =1, 2 and 3 respectively.) In general, however it is quite hard problem to solve. One
reason for it is that we can not obtain an explicit generating system of each gr®(A,,)
easily.

To avoid this difficulty, we consider the lower central series A/ (1) = IA,,, A/(2), ... of
TA,,. Since the Johnson filtration is central, A/ (k) C A, (k) for k > 1. Tt is conjectured
that A/ (k) = A, (k) for each £ > 1 by Andreadakis who showed A} (k) = Az (k) for
each £ > 1 and A}(3) = A3(3) in [1]. Now, we have A/ (2) = A,(2) due to Cohen-
Pakianathan [2, 3], Farb [4] and Kawazumi [10]. (See (1) below.) Furthermore A/ (3)
has at most finite index in A, (3) due to Pettet [21].

For each k > 1, set gr*(A!) := A/ (k)/ Al (k + 1). Since IA,, is finitely generated as
above, each grf(A’) is also fintely generated as an abelian group. Then we can also
define the Johnson homomorphisms

T grk(.A;) — H " ®z L,(k+1)

by an argument similar to that in the definition of 7. Since gr¥(A’)) is fintely generated,
it is easier to study the cokernel of 7/ than that of 7. Furthermore, It is also important
to determine Coker(7) from the view point of the study of the difference between the
Johnson filtration and the lower central series of TA,,. In this paper, as a consective
result of our research [23], we determine the rational cokernel of the fourth Johnson
homomorphism 73 o 1= 74 ® idq.

Theorem 1. (= Theorem 4.1.) For any n > 6,
Coker(r} q) = S*Hq ® HY' @ HE?.

In the right hand side of the equation above, the first term S* Hq is called the Morita
obstruction for the surjectivity of the Johnson homomorphism, which can be detected
by the Morita trace Try. (See Section 4.) The second term is an obstruction which can
be detected by the trace map Trp 12 constructed in our previous paper [23]. The finial
term is an obstruction of new type. In this paper, we construct a GL(n, Z)-equivariant
homomorphism Trz o) which detect Hg’Q], and call it a trace map for Hg,z}' This part
is the main purpose of the paper. From Theorem 1, we obtain a lower bound on the
rank of the fourth graded quotient of the Johnson filtration of Aut F,.

Corollary 1. (= Corollary 4.1.) Forn > 6,

rankyz (gr'(A,)) > %nz(n4 —-1)— in(n +1)(n* —n+2).



Here we brief our strategy to show Theorem 1. First, we give an upper bound of
the cokernel of 7; . Using an explicit generating system of Coker(7} o), and reducing
some elements of it, we see that Coker(7] o) is generated by r := n(n+1)(n* —n+2) /4

elements. Here r is the dimension of S*Hgq & Hg’lz] &) Hg,z] as a Q-vector space. Then,

we show that there does exist S*Hq, Hg,ﬂ] and Hg’ﬂ in Coker(7 q) by detecting them

with the trace maps.

This paper consists of five sections. In Section 2, we recall the definition and some
properties of the IA-automorphism group and the Johnson homomorphisms of the au-
tomorphism group of a free group. In Section 3, we discuss generators of Coker(7; q).
In Section 4, we define the trace maps, and study some properties of them. Then we
show Theorem 1.
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2. PRELIMINARIES

In this section, after fixing notation and conventions, we recall the the IA-automorphism
group and the Johnson homomorphisms the automorphism group of a free group.

2.1. Notation and Conventions.

Throughout the paper, we use the following notation and conventions. Let G be a
group and N a normal subgroup of G.

e The abelianization of G is denoted by G&P.

e The automorphism group Aut G of G acts on G from the right. For any o €
Aut G and = € G, the action of o on x is denoted by z°.

e For an element g € G, we also denote the coset class of g by g € G/N if there
is no confusion.

e For any Z-module M, we denote M ®z Q by the symbol obtained by attaching a
subscript Q to M, like Mq or M Q. Similarly, for any Z-linear map f : A — B,
the induced Q-linear map Aq — Bgq is denoted by fq or fQ.

e For elements = and y of GG, the commutator bracket [x,y] of  and y is defined
to be [z,y] := zyx~ty~ L.



2.2. TA-automorphism group.

For n > 2, let F),, be a free group of rank n with basis z1,...,z,. We denote the
abelianization of F,, by H, and its dual group by H* := Homgz(H,Z). Let p : Aut F,, —
Aut H be the natural homomorphism induced from the abelianization of F,. It is
easily seen that p is surjective. In this paper we identifies Aut H with the general
linear group GL(n, Z) by fixing the basis of H as a free abelian group induced from the
basis x1,...,x, of F,. The kernel TA,, of p is called the TA-automorphism group of Fj,.
Magnus [12] showed that for any n > 3, IA,, is finitely generated by automorphisms

-1
Ki : ZT; — J,’j I’Z‘.I'j7 .
Tt — T, (t # 2)

for distinct 4, j € {1,2,...,n} and

x, ZEiZL‘j{L‘k{L‘jflfbkfl,
Kijk : .
T = Ty, (t ?é Z)
for distinct 4, j, k € {1,2,...,n} such that j > k.

Recently, Cohen-Pakianathan [2, 3], Farb [4] and Kawazumi [10] independently showed
that the the abelianization of TA,, is a free abelian group, and the Magnus generators
above induce a basis of it. More precisely, they showed

(1) IA® = H* @7 A°H

as a GL(n,Z)-module. Krsti¢ and McCool [11] showed that TAj is not finitely pre-
sentable. For n > 4, however, it is still not known whether IA,, is finitely presentable
or not.

2.3. Associated Lie algebra of a group.

In this subsection we recall the associated Lie algebra of a group G. In particular,
we use the case where G = F}, and IA,,.

Let G be a group, and I'¢(k) the k-th term of the lower central series of G' defined
by
FG(l) = G7 FG(k) = [FG(k - 1)7 G]a k> 2.
For each k > 1, set Lg(k) :=T'¢(k)/T¢(k + 1) and
La =D Lalk).
k>1

Then L has a graded Lie algebra structure induced from the commutator bracket on
G. We call L the associated Lie algebra of a group G.

For any ¢1,...,9x € GG, a commutator of weight £ among the components g1, ..., gk
of the type
H o [[gla92]7g3]a T ]7919]
with all of its brackets to the left of all the elements occuring is called a simple k-fold
commutator, denoted by [g1, g2, - , gx]. Then we have



Lemma 2.1. If a group G is generated by gi,...,gn, then for each k > 1, Lg(k) is
generated by (the coset classes of ) the simple k-fold commutators

[gilagiga"-agik], ZjG{l,,?”l}
For a proof, see [14] for example.

If G is a free group F,, of rank n, for simplicity, we write I, (k), £, (k) and L,, for
I'c(k), Lao(k) and Lg respectively. The Lie algebra £, is called the free Lie algebra
generated by H. Since the group Aut F,, naturally acts on £, (k) for each k > 1, and
since IA,, acts on it trivially, the action of GL(n,Z) on each £, (k) is well-defined.

Let T'(H) be the tensor algebra of H over Z. Then the algebra T'(H) is the universal
envelopping algebra of the free Lie algebra £,,, and the natural map £,, — T(H) defined
by

X,Y]— XY -Y®X
for X, Y € L, is an injective homomorphism between the graded Lie algebras. Hence
we also regard £,,(k) as a submodule of H®* for each k > 1. (See [22] for basic material
concerning free Lie algebra.)

2.4. Johnson homomorphisms.

In this subsection, we recall the Johnson homomorphisms. To begin with, we consider
a descending filtration of Aut F}, called the Johnosn filtration. For k£ > 0, the action of
Aut F,, on each nilpotent quotient F,,/I",(k + 1) of F,, induces a homomorphism

p"  Aut F,, — Aut(F, /T, (k +1)).

We denote the kernel of p* by A, (k). Then the groups A, (k) define a descending
central filtration

Aut £, = A,(0) D A,(1) D A,(2) D ---

of Aut F,,, with A, (1) = IA,,. It is called the Johnson filtration of Aut F,,. For each
k > 1, the group Aut F,, acts on A,,(k) by conjugation, and it naturally induces an action
of GL(n,Z) on gr*(A,) := A,(k)/A.(k+1). The graded sum gr(A4,) := P, er*(A,)
has a graded Lie algebra structure induced from the commutator bracket on IA,,.

The graded quotients gr¥(.A,,) are considered as one by one approximations of 1A,
and they have many important information of IA,. In order to study the GL(n,Z)-
module structure of grf(A,), we define the Johnson homomorphisms of Aut F,, as fol-
lows. For each k& > 1, define a homomorphism 7 : A, (k) — Homgz(H, L,(k + 1))
by

o+ (a7 '2%), x€H.

Then the kernel of 7 is just A, (k + 1). Hence it induces an injective homomorphism
7 gr¥(A,) — Homg(H, L, (k +1)) = H* @z L, (k +1).

The homomorphsim 74, is called the k-th Johnson homomorphism of Aut F},. It is easily
seen that each 7 is GL(n, Z)-equivariant homomorphism. For the Magnus generators
of TA,,, their images by 7, are given by

(2) 1 (Kyj) = o7 @ [24,25], T1(Kiji) = 27 @ [2, 241].



Let Der (£,) be the graded Lie algebra of derivations of £,. The degree k part of
Der (L£,,) is considered as H*®zL,(k + 1), and we identify them in this paper. Then
the sum of the Johnson homomorphisms

T = @Tk : gr(A,) — Der (L)

k>1

is a graded Lie algebra homomorphism. In fact, if we denote by 0§ the element of
Der (L,,) corresponding to an element £ € H*®zL,, and write the action of 9 on
X € £, as X% then we have

reat(,]) = m0)) — (!,
for any 0 € A, (k) and o’ € A,(]).

In addition to the Johnson filtration, we consider the lower central series A/ (1) = IA,,,
Al (2), ... of TA,. Since the Johnson filtration is central, A/ (k) C A, (k) for each k > 1.
It is conjectured that A/ (k) = A, (k) for each & > 1 by Andreadakis as mentioned
above. Now, we have A/ (2) = A,(2) due to Cohen-Pakianathan [2, 3], Farb [4] and
Kawazumi [10], and A (3) has at most finite index in A,(3) due to Pettet [21]. For
each k > 1, set gr*(A) :== A, (k)/ A (k+ 1). Similarly to gr*(A,), GL(n, Z) naturally
acts on gr*(A’). Moreover, since TA,, is finitely generated by the Magnus generators
K;; and Kj;;, each gr®(A!) is also fintely generated by the simple k-fold commutators
among the components K;; and K;; by Lemma 2.1.

A restriction of 7 to A/ (k) induces a GL(n, Z)-equivariant homomorphism
7 gt (A) — H* @z L,(k + 1),

and the sum
7= @T,Q : gr(A)) — Der (L)
k>1

is also a graded Lie algebra homomorphism. Furthermore, we have
Teallo,0') = 7(0)” = 7/(0")%.

for any 0 € A/ (k) and ¢’ € A/ (). Using this formula recursively, we can easily
compute 7x(o) for any o € A/ (k) from (2). We should remark that in general, it is
not known whether 7], is injective or not. In this paper, we study the rational Johnson
homomorphisms 7; o = 7;, ® idq, and give an irreducible decomposition of Coker (74 q)
as a GL(n, Z)-module.

3. GENERATORS OF Coker(7} q)

In this section, we give a generating system of Coker(7;q) consists of r := n(n +

1)(n* — n + 2)/4 elements. Here r is the dimension of S*Hgq ¢ Hng] B Hgm as a
Q-vector space. First, we consider a generating system of Coker(7;) for general k& > 2
and n > k+2. Then, in Proposition 3.1, we consider Coker(7; o) = Coker(7;) ®z Q for
n>6and k = 4.

To begin with, using Lemma 2.1, we see that

(3) €= {ZE:@[l‘il,l‘iQ,...,l’ik+l]|1Si, Zlén}



generates H* @z L,,(k+ 1), and hence € also generates Coker(7y). In the following, we
reduce the elements of & keeping it beeing a generating system of Coker(7). To do
this, we prepare some lemmas.

Lemma 3.1. Forn>3 and k> 1, ifi;#1 for 1 <l <k+1,
7 Q@ [Tiy, Tiy, - - -5 Ty, ] = 0 € Coker(7y).

Proof. We show the lemma by induction on k. For k = 1, we have 7{(Kj;,;,) =
xf & [x;,,x;,). Assume k > 2. By the inductive hypothesis, there exists a certain
o€ Al (k—1) such that

Tllc l( ) 33' ®[$117$227"'7xik]'
On the other hand, we have 71 (Kj;, ) = 2} ® [z, %;,,,]. Then
Tlé([Kiik+170-]) = xi ® [xiuxiw v 7xik+1]-

This completes the proof of Lemma 3.1. [J

Let § be a subset of & consisting of elements =7 ® [z;,, 2,, ..., ¥;,,,]| such that there
exists a certain m € {1,2,...,k + 1} such that i,, = 7 and i; # i for [ # m.

Lemma 3.2. Forn > k+ 1, Coker(7]) is generated by §.

Proof. Take any 7 ® [2;,, T4y, - . ., T4, ,,] € € such that 4;, =4, = i for Iy, I, such that
[y # ly. Since n > k + 1, there exists a certain j € {1,2,...,n} such that j # i, for
1<1<k+1. Set

o szzk+17 i % ik—l—ly
. K 1 /l - ik+1.
Then
T{(O-) =; ® [‘rj7xik+1]'
On the other hand, from Lemma 3.1, there exists a certain o’ € A/ (k — 1) such that
T’i)71<0-/) = ‘T; ® [«ri17$i27 S 7xik]'
Then, using the Jacobi identity, we obtain

TIQ([(L 0/]) = x;k ® [xilvxiw s xikJrl]
_Z(Sm T5 @ [Tiy, oo oy Tip s [, Tir s Tiys - T
=$f®[$z’17$i27.~,$ik+1]
—Z(Siil<$;®[xila--->$il,1>$j7$ik+1>$il+1a---;xk]
1=1

-z ® [Ty ooy @iy Ty Ty Ty - - - ,xk]>
This completes the proof of Lemma 3.2. [J
Lemma 3.3. Forn >3 and k> 2, if iy # 1 for 1 <1<k,

T @ [Ty, Tig,y - - -, Xy, ;) = 0 € Coker(7y).



Proof. We show the lemma by induction on k. For k = 2, we have
Té([KiiviiiQD = x;k ® ['rbq;iz?xil] - x;k ® ['rbq;il?xiz] = l’f ® [xiuxiz?wi]'

Assume k > 3. By the inductive hypothesis, there exists a certain o € A/ (k — 1) such
that

Tho1(0) = 27 @ [Ty, Tig -+ Ty 7).
On the other hand, we have 7{(Kj;, ) = f ® [i,ix]. Then
T ([Kiip, 0)) = @ @ @iy, iy oo, Tiy |, iy Ty ] — T @ [Xi), iy -+, iy [T, 1]
= 2] @ [Tiy, Tigy - s Tiy, Ty
This completes the proof of Lemma 3.3. [J

In general for any =} ® [z;,, iy, . . ., T4, , T4y, |, We may assume i; # 5. Then from the
lemmas above, we see that for n > k 4+ 1,

8/ = {l‘;k ® [Ih)xizv ... 7xik7xik+1] S S | i27ik+1 ;é Z}

generates Coker(7y).
Lemma 3.4. Forn > k+2, if i #is,... 1,41, then for any j € {1,2,...,n} such that
j 7é il; i;

T @ [T, iy, -+, Wiy ] = X @ [T, X4y Tigy -5 Ty € Coker (7).

Proof. From Lemma 3.1, there exists a certain o’ € A/ (k — 1) such that
7']2_1(0'/) = "L‘; ® [xh Loy oo 7xik]-
Then, we obtain,
T]::([Kijik+17 OJ]) = {L‘: ® [xia Ligy - ’l‘ik-}—l] - w;k ® [xja Tigoy1rLigy e -+ axik]'

This completes the proof of Lemma 3.4. [J
Lemma 3.5. Forn>k+1, ift #is,...,i541, then

T Q [Ty Tigy o, Ty ] = TF @ [Ty Ty - -, Ty, Tiy) € Coker(7y,).

Proof. Since n > k + 1, there exists a certain j € {1,2,...,n} such that j # 4,4 for
3 <1< k+1. From Lemma 3.4, there exists a certain o € A/, (k — 1) such that

T (0) = 2 @[5, iy, ., Ty ] — T @ (T4, iy, T,y -5 T ).
Then we have
Tu([0, Kiiy]) = @ @ (4, Tiy - -+ Tiy ] — TF @ [T, Ty -, Ty, Ti]
— 04y 7 ® [T, Ty, Ty - -, Ty, T,
=T @ [T, Tig, - - Ty ] — T ® [T, Tigy - -+, Ty s Ty

in Coker(7;). This completes the proof of Lemma 3.5. [J
Lemma 3.6. For n > k + 2, if i # iy,49,04,...,0k11, then for any j € {1,2,...,n}
such that j # 1, 1,

T[Ty, Tigy Tiy Tigy - -, Ty,

* * /
=25 @ [T, iy ooy Vi s Tigs Tiy | — T @ [T, Ty o oo, Tiy 5 Tiy, Tiy) € Coker (7).



Proof. From Lemma 3.1, there exist certain 0,0’ € A} (k — 1) such that

Tl;—2<0—) = x;k ® [xjvxim cee axik_,_l]a
T5(0") = 25 @[3, iy, 7).

Then, using the Jacobi identity, we have

T,é([O', OJ]) = er ® [xilvxizvxivxiw s 7:Eik+1] - x;k ® [[miwxizL [13]',551'47 s 7xik+1]]7
= T} ® [Ti), Tig, Tiy Ty, - - -, Tiyy, ]
B l’; ® [xj“ri“ T ’xikJrl’xi?"ril] —l—l’;- ® [ijrizu B ink+17$i17$i2]'

This completes the proof of Lemma 3.6. [J

Lemma 3.7. Forn > k+2, if i # 41,09, ...,0k_1,1k+1, then for any j € {1,2,...,n}
such that j # 1, 1,

*
L ® [$i17$i27 cey Ly gy Ty $ik+1]

=25 @ [Ty, Tigy ooy Tiy_y5 Tj, Tiyy] € Coker(77,).

Proof. From Lemma 3.1, there exists a certain o’ € A/ (k — 1) such that

/ N\ ok . . ) )
T 1(0") = 25 @ [w4), Ty, -, iy, ).
Then, we obtain
! ! * *

Tk([Kijik+17 o ]) =Z; ® [Iilu Ligy ooy Lip_q 5 Ly, xik+1] - x] ® [xiuxigy s Ty [Z‘J, xik+1]:|’

*
=Ty ® [winajim cey LTip gy Ty xik+1]
* *

- ZL'j & [xipxigv s 7xik_17xj7xik+1] + .ZTJJ ® [xil,xiQ, . 7xik—17xik+17xj]'

From Lemma 3.3, we obtain Lemma 3.7. [
Next, we consider the case where £k = 3 and 4.
Lemma 3.8. Forn > 3, if i # 1,192,144, then
T @ [Ty, Tiy, T4y Tiy) = TF Q (T4, Ty, iy, Tiy | — X @ @4, T4y, T4y, T4y € Coker(7s).
Proof. From Lemma 3.3, there exists a certain o € A/ (2) such that
To(0) =z} @ [wiy, iy, ).
Then, we obtain
73([Kiiy, 0)) = 2F @ [m4), iy, Tiy iy ) — ) @ [y, Tiys [0, T4, ]
=2 @ [Ty, Ty, Tiy Ty | + T @ [m4, 204, [T, T ]],
=2 @ [Ti), Tiy, Tiy Tiy| — TF @ [X4, Tiyy Tiy, Tiy | + X7 @ (T4, Ty, Tiy s Ty |-
This completes the proof of Lemma 3.8. [J

Lemma 3.9. Forn > 4, if i # iy, 192,14, then

(1) 27

(2) z

® [Iiuxiwxi?mu] - l’: & ['riwximxi?‘ril] =0¢ COkel"(Té),
® [Xiy, Tig, Ty Tiy| + 7 @ (X4, Tiy, T4, Tiy] = 0 € Coker(73).



Proof. For the part (1), from Lemma 3.8, we have
* * *
x@' ® [xi17xi27xiaxi4] - xi ® [‘/Eiaxi47xi27xi1] - xi ® [.Ti,xi4,l'i1,xi2],
* * *
Z; ® [wiza Ty, Ty, xh] =T ® [xi’ Liyy Liy, 1'1'2] - ® ['731" Liyy Lig, xi4]

in Coker(74). From Lemma 3.5, we obtain the part (1). Similarly, we obtain the part
(2). O

Lemma 3.10. ]f’fl > 6, i3 7é i5 and i 7é i17i27i3,i5,
*
z; ®[$i17xi2a Ligy Ly, mis]
* * /
= 2! @ [Ty, Tig, Tiy Tiyy Tiy| — T) @ [Tig, Tis, Tiy Ty, T4y | € Coker(7y).

Proof. Since n > 6, there exists a certain j such that j # ¢;,7. From Lemma 3.9,
there exists some o € A/ (3) such that

75(0) = &} @ [x), Tiy, iy Ti| — XF @ @iy, Tis, T4, 4]
Then,
TA/‘([(L KjiliQ]) = SL‘: ® [371'17371'27371'3, Liy xi5] - x;k ® [mimxifﬂ Liy [x’h?xiQ]]?
- x;k ® [xh y Ligy Ligy L,y xig‘]
+ x;k ® [xi:;? Tigy Tiy Tiy, J:il] - x;k & [xis, Lig, Tiy Ty l’iz].
This completes the proof of Lemma 3.10. [J

Using the Lemmas above, we show the main proposition of this section.
Proposition 3.1. Forn > 6, Coker(7; q) is generated by r elements.

Proof. To begin with, we recall that §’ generates Coker(7;q). First, from Lemma
3.5, if 4 ;é ’iQ, . ,i5, then

* _x
Z; & [-rhxiga Ligy Liy, xis] =Z; ® [xiaxigaximxis)wig]
* *
- .TZ' ® [xia 'ri4a l‘i57 Iiza Iig] - xi ® [Ii7 xis) $i27 $’i37 xi4]'

Furtheremore, from Lemma 3.4, these elements do not depend on the choice of ¢ such
that 7 # 7;. Hence we can set

s(i2, 3,14, 15) := ] @ [T4, Tiy, Tiy, Tiy, Ti5] € Coker(7) q).
Similarly, from Lemma 3.7, if i # i1, 12, 73, 75, We can set
t(in, i2, 13, 15) = ; @ [Tiy, Tiy, Ty, T4, T45] € Coker(7) q),
and from Lemma 3.6, if @ # i1, 19, 14, 75, We can set
(i, io,14,15) 1= T; @ [Ti), Tiy, Tiy Ty, Tig ),

= S(’i4,’i5,i2,7;1> - S(i4,i5,’i1,i2) S Coker(TLQ).

Then we have

(4) t(ila 7:27 7:37 15) - _t(i27 7:17 7:37 i5)7
(5) t(i17i27i3ai5) :t(i37i57i1ai2)7
(6) t(iy, 2,13, 15) — t(i1, 3,12, 15) + (i1, 15, 2, 43) = 0.
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The equation (4) is trivial. Since from Lemma 3.10,
t(i1, 49,13, 15) = u(is, is, i1, i2) — u(is, i5, 9, 11)
= $(i1, 19, 15,13) — S(i1, 12,13, 15) — S(i2, 91,5, 3) + S(la, 1, 13, 5),
t(is, 15,11, 92) = u(iy, i, 13, i5) — u(iy, o, i5,13),
= (i3, i5,19,11) — S(i3, 15,11, 92) — S(i5, i3, 92,71) + S(i5, 3, i1, i2),
we obtain (5), and similarly (6). In particular, from (4) and (5),
(7) t(i1,d9,13,15) = —t(iq, i2, 15, 13)
and t(iy, iy, 13,13) = 0 € Coker(7y o). Using these relatons we see that any ¢(iy, iz, i3, 5)
is contained in the subvector space V' of Coker(7; q) generated by
{t(i1, 19, 13,15) | 11 < 1o <5, i1 < i3 <is}

which consists of n?(n? — 1)/12 elements. In fact, for any ¢(iy, 7o, i3, %5), using (4) and
(5), we may assume iy < ig,143,75. If i3 =1 or i5 = 7, using (5) if necessary, we obtain
t(i1,49,13,15) € V. If i3, i5 # 4, using (6) if necessary, we see that t(iy, iz, i3, i5) is written
as a linear combination of £(j1, j2, j3, j5) for j1 < j2 < j3, j5. Then using (7), we obtain
t(i1, s, i3,15) € V.

Next we consider the quotient vector space V := Coker(7}q)/V. We write = for
the equality in V to distinguish from that in Coker(7; q). The quotient space Vis
generated by s(iy, i3, iy, i5)s and wu(iy, 39,44, 75)s. In V, we have

(8) U(ila 7:2) 7:47 25) = _U(iQa 7:17 i47 Z.5)7
(9) u(i17i27i47i5) == u(i17i277;57i4>7
(10) u<i17 Z'27 i47 7/5) + u(ih i47 Z'57 7’2) + U(il, 7;57 Z.QJ 24) = O

The equation (8) is trivial, and (9) follows from Lemma 3.10. Similar to (6), we obtain
(10). From (9) and (10), if we set iy = i4,

(11) 2u(iy, ig, 19, 15) = —u(iy, 15, 2, i2),

and if we set iy = 14 = i5,

(12) u(iy, iz, d2,12) =0

respectively. Using these relatons we see that any w(iy, s, 14,15) is contained in the
subvector space W of V' generated by

{uliv, ia, 4, 15) |41 > i9 > 14 <'i5}
which consists of n(n + 1)(n — 1)(n — 2)/8 elements. In fact, for any wu(iy, is,i4,15) we
may assume i; > iy by using (8). If iy > iy or iy > i5, then u(iy,ia,14,15) € W by (9).
Assume iy, 5 > 9. If iy = iy or i5 = i, using (11), (12) and (8) if necessary, we see
u(iy, o, 14,105) € W. If iy, 5 # ia, using (10), (8) and (9), we also see u(iy, iz, 14,15) € W.
Finally, we consider the quotient vector space W := V/W. We write = for the

equality in W to distinguish from that in V. The quotient space W is generated by
s(ig,13,14,15)s. In W, we have

S<2.27 Z.37 7;47 Z5) = 8(i27 7;37 Z‘57 24)



from Lemma 3.6. This shows that for any element v of the symmetric group &, of
degree 4,

$(E9(1)s Ty(2), y(3)s Eya)) = 501, 12,3, 0a).
Hence W is generated by
{s(i1, 2,13, 14) |11 < iy <idig < iyf
which consists of n(n + 1)(n + 2)(n + 3)/24 elements.

Therefore we conclude that Coker(7) q) is generated by r elements. This completes
the proof of Proposition 3.1. [J

This proposition shows that 7 is an upper bound of the dimension of Coker(7) q) as
a Q-vector space. In the next section, we show that it is just r.

4. TRACE MAPS

In this section we consider to detect the irreducible GL(n, Z)-module S*Hq, Hg’ﬂ

and Hg’2] in Coker(7)q). To do this we construct GL(n,Z)-homomorphisms called
trace maps. Here we use some basic facts of the representation theory of GL(n,Z).
The reader is referred to, for example, Fulton-Harris [6] and Fulton [5].

To begin with, for k > 1and 1 <1 < k+ 1, let ¢f : H*®@zH®*+Y) — HF be the
contraction defined by

Ty QT Q- @z, T (1) Ty, @@, @y, @ QX
For the natural embedding (1 : £,,(k+1) — H®*+1 e obtain a GL(n, Z)-equivariant
homomorphism
OF = oF o (idg- @ M) H*®@gL,(k +1) — HE
We also call the map ®F contraction. We often write ®; for ®F for simplicity.

Next, we consdier the trace maps. For each £ > 1, and any partition A of k, we denote
by H* the Schur-Weyl module of H corresponding to the partition X of k. For example,
the modules H¥ and HI*) are the symmetric product S*H and the exterior product
A*H respectively. Let fy : H®* — H> be a natural projection. Using the contractions
®F and the projections fy, we obtain a GL(n, Z)-equivariant homomorphism from the
target of the Johnson homomorphisms to the Schur-Weyl module H?*.

The most important homomorphism is
Tr[k] = f[k] o Cblf : H*®Z£n(k‘ + 1) — SkH,
called the Morita trace, where f) : H ®k _ S*H is a natural projection defiend by
The Morita trace was introduced with remarkable pioneer works by Shigeyuki Morita
who showed that Try is surjective and vanishes on the image of the Johnson homo-
morphism 75, for n > 3 and k > 2. This shows that S*Hgq appears in the irreducible
decomposition of Coker(7;,q) and Coker(7;, o) as a GL(n, Z)-module.

Second, we consider

Trpp,1e—2) 1= (i © fre-y) 0 OF H*®zL,(k+1) — HozA"H,
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called the trace map for Hgvlkﬂ]

defiend by

, where fix : H® — A*H is a natural projection

fam (@, @ - @xy,) =2y A Ay,
Let I be the GL(n, Z)-submodule of H®zA*1H defined by
I={xR@2 N ANzZg a2 ANYy+yQ@21 AN ANzg oAz | x,y,2, € H).

In our previous paper [23], we showed that Im (Tr[2 . 1]) Iq and Trpy 1x-2] vanishes on
7, for any even k > 4 and n > k+ 1. Now, using Pieri’s formula (See [6], for example.),
k—
we have Hq®zA* 'Hq = Hg’l ] @ A*Hgq. For even k, since Iq is contained in the
kernel of a natural map Hq®zA*" 'Hq — A*Hgq defined by
TRQYLNANYp—1 = TANYL N ANYp—1,

we obtain [q = Hg’lk_Q]. This shows that Hg’lk_z] appears in the irreducible decompo-
sition of Coker(7;, o) as a GL(n, Z)-module for any even k > 4 and n > k + 1.

[2,2]

Next we consider to detect Hg™ in Coker(7{ o). To begin with, we remark that H*2

is a free abelian group of rank n?(n? — 1)/12. In this paper we identify H?>? with a
quotient of A2H ® A?H by the submodule generated by

e (VAW)®(zAy) = (zAy) @ (vAw),

e (0AW)® (T AY) — (T Aw) B (v AY) — (vAZ)® (wAY)
for any v,w,x,y € H. (For details, see [5].) In H? we write (a A b) - (c A d) for the
coset class of (a Ab) ® (c A d) for simplicity. Then a basis of H>? is given by

{(’ll A 22) . (23 A 25) | 11 <19 < i5, 11 <ig < 25}
Fori=1,2, let f; : H®* — H>2l be a projection defined by

_J(anc)-(bAd), i=1,
fz‘(a®b®c®d)_{(a/\d)-(b/\c), i =2.

Then set
TI'[QQ} = fl o CI)le — 2(f2 o q)il) - H* Rz H®5 N H[272}.
We call it the trace map for H>?.

Proposition 4.1. Forn > 3, Trgm 1S surjective.
Proof. For any 1,11, 12,13, 15, we have
TI'[2 2]( X [il, 7:2, ig, ’i, 15]) = —6(21 VAN 22) . (23 VAN 25)

In general, this element is non-trivial in Hg’2]. Since H8’2] is a irreducible GL(n, Z)-
module, we see Im(TrgQ]) = Hg’Q]. O

To show that Tr[2 2]
Im(T47Q). First, we consider generators of Im(Té7Q). Let € be a subset of H* ®z L,,(4)
consisting of

(Cl): m: ® [$i17xi27 Ligs QS@J,
(Cz) ‘CE? ® [‘xil?xizv Lig, xi]?

vanishes on the image of 7 o, we need to prepare generators of
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(C3): o] @ [y, Tiy, Tiy, Tiy| — X @ [, Tiy, Ty, Ty,

(04): '73? ® [3717 Ligs Lig, xl4] 33? ® [SE Ligy Liy; xlz]?

(05): w;k ® [mzlwxm?xia xl4] a:;k ® [:Eja Liyy Lig, xh] ;k @ [xjaajimxzung]
(C6): x} ® [m4y, Tiy, Ty, Ti] — TF @ [T, T4, Tiy, iy | + T @ [T, T4, 4y, T4y
(CT): xf & [wi, miy, T4y T4y | — Qx; ® [, Tiy, Tiy, Ti] + 75 @ [25, T4y, T4, Ty ]
(C8): af @ [, Tiy, iy, ] — T ® [T, Ti, Tiy, T

(C9): =} ® [x;, x4y, iy ;] — 21: ® [, Tiy Tiy, Ti] + TF @ [, T4, Tiy Ty

where ¢ # 4; and j # 4,7, in each of elements above.
Lemma 4.1. Forn > 5, Im(73 o) 4s generated by €.

Proof. First we show (C1), ..., (C9) belong to Im(73q). From Lemmas 3.1, 3.3,
3.4 and 3.5, we obtain (C1), (C2), (C3), (C4) € Im(73 q) respectively. Furthermore,
using an argument similar to that in Lemma 3.6, we obtain (C5), (C6), (C7), (C8),
(C9) € Im(73 q). The details are left to the reader as exercises.

Next we consider the quotient space D of Hgy ®z L2(4) by a subspace generated
by (C1), ..., (C9). From (C1), (C2), (C5), ..., (C9), D is generated by {z; ®
(@i, @iy, @4y, T ] |4 # i}, Using (C4), if @ # 9, i3, 14, then

* % %
Z; ® [xia Ligs Lig, 1'1'4] =T ® [xi7xi3737i47$i2] = ® [xhxiwxiz? xis]'

Furtheremore, from (C3), these elements do not depend on the choice of ¢ such that
1 # 1;. Hence we can set

S(ig,ig,’i;;) = l’: & [xi,xiQ,xig,xi4] € D.
Then it is easily seen that D is generated by

{501, J2. 73) | 1 < J2, g3} U {s(J1, g1, J2) | 71 < Ja}

which consists of n(n? +2)/3 elements. On the other hand, by our previous result, the
dimension of Coker(75 o) as a Q-vector space is just n(n*42)/3. (See [23].) This shows
that D = Tm(4,g). O

Since 7q = D> Tr.q is a graded Lie algebra homomorphism, from Lemma 4.1 and
(2), we see that Im(7; o) is generated by

D = {[f, 2, ® [zp, )], [fi2, @[, 2.]]| f€C p#q#r#p}

where the bracket of the outeside in the elements above means the Lie bracket of the
derivation algebra Der(L,,).

Proposition 4.2. Forn > 6, TI“[% o vanishes on Im(7) q).

Proof. It suffices to show that Tr[2 2 vanishes on ©. We show this by direct com-

putation. Since there are too much computation, we give a few examples of them
here.

Step 1.
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First we show Trgg]([f, 5 @ [2, 24]]) = 0 and Trgz]([f, oh ® [, 2,]]) = 0 for f = (C1),
, (C5). Then using these results, we show the other cases. To begin with, observe

[(Cl)’ :C; ® [xqa xr“ :6pi1i* ® [ajq’ Lry Ligy Ligs xi4] + 5102'21; ® [xiu [xqa x?‘]a Lig s xi4]
+ 5101’3'1";'k ® [$i17$i27 [:L‘q, ZL’T], xu] + 5191'4‘%‘: ® [xil’ Ligs Ligs [I‘q, xr]]

* *
- 5qixp ® [‘ril y Ligy Tigy Tiyy .CCT] + 57‘ixp ® [xilu Ligy Tigy Tiy, xQ]'
Then we have

[22 ([(Cl) T, @ |24, 2,]])
= (5p“5qi((xr Axiy) - (Tig AN xiy) — (0 Ayy) - (Tig A Tiy))
Opir Ori (— (g A 3y) « (@i A iy) + (g A i) - (23, A y)
+ (5p12(5 i(—(zp ANy)) - (T A xiy) + (20 A ayy) - (T, A yy))
+ OpinOri (g A i) - (Tig AN yy) — (Tg A 4y) - (T3 A Tiy))
+ Opig0qi (3(iy A i) - (T A Tiy)) F OpigOri(—3 (@i, A xiy) - (Tg A 2iy))
+ 0pig0gi (—6(xiy A i) - (Tig A xy)) + Opiy 0ri(6(iy A Xiy) - (Tig A 4))
+ 0qiOpiy (—(Tiy N i) - (Tiy, AN y) + (Tig A y) - (g A T4y))
+ 04i0piy (T3, N i) - (g ANyp) — (i) Ay) - (@i A Tiy))
+ 04i0pis (3(Tiy A Tiy) - (i, A xy)) F 04i0piy (6(2iy, A Tiy) - (Tig A )

+ Opilpi, ((Tig A @iy) - (Tiy A rg) — (i, AN g) - (2iy A i,))

+ 5”5;01'2(_(932'1 N xi3) ’ (‘IM N Iq) + (l‘h N xq) ) (ZEB N xi4))

+ 0ri0pia (—3(@iy A @ig) - (Tiy N xq)) + 0ribpiy (—6(wiy A 3iy) - (235 A )
=0.

On the other hand, we have

[(C3),x), @ [xp, 14]] =0pii" @ [24, g, Tiy, Tiy, Tiy] + Opin @} @ [T4, [Ty, T, Ty, T4,
+ 0pig @] @ (T4, Ty, [Tig, T, Tiy] 4 Opiy @) @ (X4, Tiys Tiy, [Ty, T4
— 0pjJ" ® [Ijﬁ Iq,ximxiwxh] Opis T ;i ® [xm [Lqu] Tiys Tiy)
— Opiy Ty @ [T, Ty, [Ty, T, i) — Opiy @) @ [, Ty, Ty, [Ty, 7))
— Opit; @ [Ty Tiy, Tiy, Tiy, Tg] + 0Ty @ [T4, Ty, Ty, Tiy, Tp]

* *
+ Opi T} @ [T, Ty, Ty, Tiy, Tg] — Ogj Ty @ [T, Ty Ty, Tiy, Tp]
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and

Q
Tr[Q’2

[([(C3), 2, @ [, 2]])

= 0pi (g N iy) - (Tig AN iy) — (g A yy) - (T4, A i)
Opi (3(wiy A q) - (i A i)
OpiaOqi (T N i) - (Tig AN wiy) — (@i, A i) - (T3 A @5,))

= Opig (3(wiy N g) - (wiy N T3,))

= OpigOqi (Tiy A j) - (@iy A Tiy) — (@i A wig) - (25 A wyy))
= Opia (=3(@iy A @ig) - (iy AN xq)) = OpiyOqi( =35 A i) - (iy A @3,)
— Opip (3(ig A iy) - (Tiy A g)) — 0pin0gi(6(25 A xiy) - (Xiy A T4y))

— Opi((@iy N iy) - (Tiy Ng) — (Tiy N Tg) - (Xig A\ T4y))

+ 04iOpin (— (T AN i) - (Tiy N Tiy) + (2 A xiy) - (w3 A yy))

+ 04i0pis (—3(xs A Xiy) - (g A Tiy)) + 0gi0pis (—6(x; A 4y) - (245 A 24,))

+ 6Pj(<xis A xi4) : (xiQ A xQ> - (xis A l'q> ’ ($i4 A 513'22))

— 0gj0pis (— (2 N wgy) - (Tiy N i) + (25 A Tiy) - (T3, A T3))

- 5QJ'6pi4<_3<xj A xis) ’ (xiz A xi4)) - 5f1j6m'2(_6(xj A xiS) ’ ($i4 A xiz))7
=0.

By an argument similar to the above, we can show Tr[%z]([ frxh @ [2p, 24]]) = 0 and

Trgz]([f, x5 @ [vg,7,]]) = 0 for f = (C1), ..., (C5). The calcilations are left to the
reader as exercises.

Step II.
Next, we consider (C6)

'r;k ® [xiuxizuxhxi] - x; ® [I‘j,xi,.rh,fl)il] + Jf; ® [Ij7xi)xi17‘ri2]7

and [(C6), z; ® [xp, 74]]. To begin with, observe

[xf@[xil,xZ-Q, Xi, xi], l‘; ® [xp, xq]]
= (5102'1'27;< ® [[xp7 xq]7 Liys Li, xl] + é‘Pi2x2< ® [xil’ [.ﬁlﬁp, l'q], Lis .TZ]
+ (5PZ(‘T;‘< & [xi17xi2’ [xp’ xlIL ZEz] + l’: ® [xil » Ligs Li [l’p, xQ]])

- 5}71‘7:; ® Hxila Tiyy Ty, -Ti], xQ] - 6111‘1; ® [.1';,,, [winmiw i, xl]])
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Since n > 6, there exist j such that j # i, i1, is, p, ¢. Then
Oy ([7] @ [w4,, T4y, 15, ], T, @ [2, 74]])
= Opir (P1.(2] @ ([, 2], iz g, i]) |, + @1} @ ([, 2], iz i, 25]) |
— 01 (7] @ [[ﬂfp7$i]>$z‘z>$j7$j])|j )
+ 0pin (P1(@] @ [y, [2p, ], g, i) |, + Pu(af @ iy, [, 2] 24, 25])
— 0qi®1 (2] @ [24y, [xp»fﬁi]>$j»$j])|j )
+ 0y (P1(F @ [wiy, Ty [, 2], 25)) |y + Pu(af @ [0y, iy, [25, 2], 2],
+ Oy (2] @ [m4y, T4y, 5, 4, :Bq]])}J _i T 007 ® [0y, iy, i, [, l'q]])‘j:i)
5p1( (2] @ [[wiy, Tig, Ty 4], xq])| + &y (2f ® [[:Eil,xiQ,xj,xi],mq])b:i)
— 8qi(D1(2, ® [2p, (201, iy, i 25])) |, + P, © [y, [y, @iy, 25, 2i])) |
— Opiy D1 (2 ® [, iy, T, 75, 25]]) |,
= Opia 1 (2 ® [2, [y, T, 75, 25]])] ;)

where v|;—; means an element obtained from v by rewritting z; as x; whenever z;
appears. It is easily seen that the element above is equal to

j=i

j=i

j =1

j=i

@1([1‘* ® [‘riu Ligy Ly, xi]a (L’; ® [x}??an)‘

Jj=t
+CI) ([ ® [ZL’“,ZEZQ,ZEZ,JIJ] ZE ® ZEp,Iq |]:
+6pzq)1([xz ® [xiuxiwxjwrz] [ ]])‘
+6pzq)1([x* ® [xiuxiwxhxj] [ ]])‘ =i

— 0gi0pi, P1([2] ® [xil,xw,xj,xj], zi ® [z ]])’J:z
— 04i0piy @1 ([7] @ [, 24y, 75, 75, 27, @ 25 ]])’J:Z
Hence, using the results obtained in Step I, we see
Tey (2] ® @iy, Ty, 24, 2], 75 @ [, 7))
:Trg,z]([l‘; ® [, Tiy Tiy, Tiy |, Ty @ [Tp, Ty])
- Tr[%g]([x; ® [, 5, T4y, Tiy|, T @ [T, T4]]).-
This shows

Trg 5 ([(C6), 2} @ [y, 2] = 0.

By an argument similar to that in the above, we can show the other cases. The calcu-
lations are left to the reader as exercises. [

From Propositions 3.1 and 4.2, we obtain
Theorem 4.1. For any n > 6,
Coker(ry ) = S*Hq ® HY' & HE?.

Finally, we give a lower bound on the rank of the fourth graded quotient of the
Johnson filtration of Aut F,.
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Corollary 4.1. Forn > 6,

rankyz (gr*(A,)) > %nQ(rﬁ —-1)— in(n +1)(n* —n+2).

Proof. In general, since A}, (k) C A, (k) for any k > 1, it follows from
rankz (gr*(A,)) = rankz(Im(74)) > rankgz(Im(7}))
= dimQ(Im(Té,Q))
= dimq(H¢ ®z L3(5)) — dimg(Coker (74 o).

This completes the proof of Corollary 4.1. [J
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