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ABSTRACT. Let F,, be a free group of rank n with basis z1,zs,...,z,. We denote
the subgroup of the automorphism group of a free group consisting of automorphisms
which fix each of xa,...,z, by S,. In this paper, we call S,, the McCool subgroup.
Let IS,, be a subgroup of S,, consisting of automorphisms which induce the identity
on the abelianization of the free group. The main purpose of the paper is to show
the Johnson filtration of the automorphism group of a free group restricted to IS,
coincides with its lower central series. Then, we study the second integral homology
group of IS,, through the second and third Johnson homomorphisms of S,,.

1. INTRODUCTION

For n > 2, let F,, be a free group of rank n with basis z1, xs, ..., x,, and F,, = [',(1),
[(2), ... its lower central series. We denote by Aut [}, the group of automorphisms
of F,. For each k > 0, let A, (k) be the group of automorphisms of F,, which induce
the identity on the quotient group F,/I',(k + 1). The group A, (1) is called the IA-
automorpshim group and also denoted by IA,,. Then we have a descending filtration

Auwt F, = A,(0) D A,(1) D A(2) D -

of Aut F},, called the Johnson filtration of Aut F;,. The Johnson filtration of Aut F),
was originally introduced in 1963 with a remarkable pioneer work by Andreadakis [1]
who showed that A, (1), A,(2), ... is a descending central series of A, (1), and that
for each k > 1 the graded quotient gr*(A,) = A,(k)/A.(k + 1) is a free abelian
group of finite rank. In general, to determine the structure of gr*(A,) plays important
roles on the study of the algebraic structure of Aut F,,. For 1 < k < 3, the rank of
gr¥(A,) is determined. Andreadakis [1] computed the rank of gr'(A,). Moreover, by
an independent works of Cohen-Pakianathan [5, 6], Farb [7] and Kawazumi [13], it is
known that gr'(A4,) is isomorphic to the abelianization of IA,. For k = 2 and 3, the
rank of gr*(A,) is determined by Pettet [24] and Satoh [26] respectively. For k > 4,
however, it seems that there are few results for the structure of gr®(A,,).

In this paper, we consider certain subgroups of Aut F, and restrict the Johnson
filtration to them. Let S, be the subgroup of Aut F,, consisting of automorphisms
which fix each of x,,...,x,. We call S,, the McCool stabilizer subgroup of Aut F;,. Let
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IS,, a subgroup of S,, consisting of automorphisms which which induce the identity on
the abelianization of F,. The groups S, and IS, were first studied by McCool. He
[16] gave a finite presentation of S,,, and showed that IS, is not finitely presentable.
Furthermore, he [16] also gave an infinite presentation of IS,. Set S, (k) := A, (k) NS,
for each & > 0. Then S,(0) = S, and S,(1) = IS,,. We call a descending central
filtration

Sn=38,00)D8,(1)D8,(2) D

the Johnson filtration of S,. Set gr*(S,) := S, (k)/Sn(k + 1). The first purpose of the
paper is to determine the structure of gr®(S,).

In order to study gr*(S,), we consider the Johnson homomorphisms of S,. Let
H be the abelianization of F,, and H* = Homgz(H,Z) the dual group of H. Let
L, = P,~,L.(k) be the free graded Lie algebra generated by H and r,(k) the rank of
L, (k) as a free abelian group. Then for each k > 1, a GL(n, Z)-equivariant injective
homomorphim

Tt gr¥(A,) — H*®g Lo(k+1)

is defined. (For definition, see Subsection 2.4.) This is called the k-th Johnson ho-
momorphism of Aut F},. Historically, the study of the Johnson homomorphisms was
begun in 1980 by D. Johnson [11]. He studied the Johnson homomorphism of a map-
ping class group of a closed oriented surface, and determined the abelianization of the
Torelli group. (See [12].) There is a broad range of remarkable results for the Johnson
homomorphisms of a mapping class group. (For example, see [8] and [19].) We denote
by 74 the restriction of the Johnson homomorphism 73, to gr*(S,) C gr*(A,), and call
it the Johnson homomorphism of S,,. Then we completely determine the image of 7.

Theorem 1. (= Theorem 3.1 and Corllary 5.2.) For each k > 1, the image of 7 is
isomorphic to L, 1(k+ 1)@ L,_1(k), and hence

ranky (gr(S,)) = rn_1(k + 1) + 1,1 (k).

In the study of the Johnson filtration of Aut F,,, it would be also interesting to
determine whether A,(1), A,(2), ... coincides with the lower central series A (1),
Al (2), ... of A,(1) or not. Andreadakis [1] showed that As(k) = AL(k) and A3(3) =
A%(3). From the results due to Cohen-Pakianathan [5, 6], Farb [7] and Kawazumi [13],
we have A,,(2) = A/ (2) for n > 3. Furthermore, Pettet [24] obtained that A/ (3) has
finite index in 4,,(3). Now it is conjectured by Andreadakis that A, (k) = Al (k) for
any n > 3 and k > 3. In this paper, we show that the Johnson filtration S, (1), S,.(2),
... coincides with the lower central series of S/ (1), S!(2), ... of IS,,. Namely,

Theorem 2. (= Theorem 3.2.) For each k > 1, we have S, (k) = S/ (k).

By a work of McCool [16], it is known that there is a surjective homomorpshim from
IS,, to a free group W of rank n —1. (See Subsection 2.5.) This homomorphism induces
surjective homomorphisms between the k-th terms of the lower central series of them
for each £ > 1. For k > 2, since the k-th term of the lower central series of a free group
of rank > 2 is a free group of infinite rank, we see that H,(S,(k),Z) contains a free
abelian group of infinite rank. In particular, we obtain



Theorem 3. (= Theorem 3.5.) For each k > 2, Hi(S,(k), Q) is infinitly generated as
a Q-vector space.

Next, we consider the integral second homology and cohomology groups of IS,. In
general, since no presentation of IA,, is obtained, it is difficult to study the second
homology of IA,,. Bestvina-Bux-Margalit [3] showed that Hy(IAs3,Z) is not finitely
generated. By a recent work of Pettet [24], the image of the cup product of the first
cohomology groups of TA,, in the second cohomology is determined. However, it is
not known whether Hy(IA,,,Z) is finitely generated or not for n > 4. On the other
hand, McCool [16] showed that IS, is finitely generated by automorphisms K;; for
2 <i < nand Ky for 2 < j < i < n, (For details, see Subsection 2.2.), but is not
finitely presentable. Hence, it seems that the structure of the second homology group
of IS,, are not so simple. In this paper, we study non-trivial second homology classes
of IS,, which can be detected using the second and third Johnson homomorphisms. In
particular, we show

Theorem 4. (= Theorem 4.1.) Hy(1S,,Z) contains a free abelian group of rank

1 2
ﬁ”(” —1)(n —2)(n° + 6n — 15).

To show this, we study the structure of the second homology group of IS, using
combinatorical group theory. Let F' be a free group generated by K;; and K ;. The
rank of F'is m :=n(n —1)/2. Let ¢ : ' — IS,, a natural surjection and R the kernel
of ¢. Then considering the homological five-term exact sequence of a group extension

l1-R—F3IS, — 1,

we see Hy (R, Z)1s, = Hy(1S,,,Z). (For example, see theorem 8.1 in [10] for the five-term
exact sequence of a group extension.) For the lower central series I'r(1) D I'r(k) D - -
of F, set Ry := RNT'r(k) and Ry := R/Ry. Then we have a surjective homorphism

Ui+ Hi(R, Z)1s, — Hi(Riy1,Z)1s,,-

Our strategy is to detect non-trivial second homology classes of IS,, through v by
studying the structure of the target of . In particular, we determine the structure of
Hi(Ry41,Z)1s, for k=2 and 3. (See Subsection 4.2.)

On the other hand, by a cohomological argument similar to above, we also have
HY(R,Z)"®~ =~ H?*(IS,,, Z) and an injective homomorphism

Y% HY(Ryy1,2)™ — H' (R, Z)"".

Hence we can consider H'(Ry41,Z)"" as a subgroup of H*(IS,,Z). In Subsection 4.3,
we show HY(Rs3,Z)"" = H*(R3,Z) and
Theorem 5. (= Lemma 4.1 and Proposition 4.2.) Forn > 3,

(1) Hl(ﬁg, Z) o~ ZEB(n—l)(n—2)(n—3)(3n+4)/24'

(2) HY(R3,Z) is the image of the cup product

U:A*HY(IS,,Z) — H*(IS,,Z).



In Section 2, we recall the definition and some properties of the IA-automorphism
group, the Johnson homomorphisms and the McCool stabilizer subgroup of the auto-
morphism group of a free group. In Section 3, we determine the image of the Johnson
homomorphism of IS,, and show that the Johnson filtration of IS,, is its lower central
series. In Section 4, we study the second homology and cohomology of IS,,.
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2. PRELIMINARIES

In this section, we recall the definition and some properties of the [A-automorphism
group, the Johnson homomorphisms and the McCool stabilizer subgroup of the auto-
morphism group of a free group.

2.1. Notation.

Throughout the paper, we use the following notation and conventions. Let G be a
group and N a normal subgroup of G.

e The abelianization of G is denoted by G&°.

e The group automorphism group Aut G of GG acts on G from the right. For any
o € Aut G and x € G, the action of ¢ on z is denoted by z7.

e For an element g € G, we also denote the coset class of g by g € G/N without
no confusion.

e For elements = and y of G, the commutator bracket [x,y] of  and y is defined

to be [z,y] := zyx~ty L.

2.2. TA-automorphism group.

For n > 2, let F,, be a free group of rank n with basis x1,...,z,. We denote the
abelianization of F,, by H, and its dual group by H* := Homgz(H,Z). Let p : Aut F,, —
Aut H be the natural homomorphism induced from the abelianization of F),. In this
paper we identifies Aut H with the general linear group GL(n,Z) by fixing the basis of
H as a free abelian group induced from the basis z1,...,x, of F,. The kernel IA,, of



p is called the TA-automorphism group of F,,. It is well known due to Nielsen [21] that
[A; coincides with the inner automorphsim group Inn F5 of F;. Namely, [A; is a free
group of rank 2. However, IA,, for n > 3 is much larger than the inner automorphism
group Inn F},. Indeed, Magnus [15] showed that for any n > 3, TA,, is finitely generated
by automorphisms

Ty Ty, (t #1)
for distinct 4, j € {1,2,...,n} and

-1
Ki~ : {ZEZ — Xy "T;%y,

-1,. —1

K . €Ty = LiljTpl; Tk
ijk - .
Ty = Ty, (t 7& Z)

for distinct 4, j, k € {1,2,...,n} such that j > k.

For any n > 3, although a generating set of IA,, is well known as above, any pre-
sentation of IA,, is still not known. For n = 3, Krsti¢ and McCool [14] showed that
[Aj3 is not finitely presentable. For n > 4, it is also not known whether [A,, is finitely
presentable or not. Recently, Cohen-Pakianathan [5, 6], Farb [7] and Kawazumi [13]
independently showed

(1) IA®? =~ [* @7 A°H
as a GL(n, Z)-module.
2.3. Free Lie algebra.

In this subsection we recall the definition and some properties of the free Lie algebra,
which are required to define and study the Johnson homomorphisms of Aut F,,. Let
[(1) DT,(2) D -+ be the lower central series of a free group F,, defined by the rule

L,(1):=F,, T.k)=[Tu(k-1),F)] k>2.
We denote by L, (k) :=T',(k)/T'(k+ 1) the graded quotient of the lower central series
of F,, and by L, := @,-,Ln(k) the associated graded sum. Since the group Aut F,
naturally acts on £, (k) for each k > 1, and since IA, acts on it trivially, the action
of GL(n,Z) on each L, (k) is well-defined. Furthermore, the graded sum £, naturally
has a graded Lie algebra structure induced from the commutator bracket on F,,, and
called the free Lie algebra generated by H. (See [25] for basic material concerning

free Lie algebra.) It is classically well known due to Witt [27] that each £,(k) is a
GL(n, Z)-equivariant free abelian group of rank

) (k) = 13 pld)n
dlk

where p is the Mobius function. For example, the GL(n, Z)-module structure of £, (k)
for 1 < k < 3 is given by

L,(1)=H, L,(2)=A\H,
L,(3)=(H@z N’H)/(z@yAz+y@zAc+z0x Ay |z,y,2z€ H).

It is well known that Hall [9] gave a basis of the free abelian group £, (k) with basic
commutators. The basic commutators have both weight and ordering. They are defined



inductively as follows: First, the basic commutators of weight 1 are x1,...,x, and the
ordering is 7 < ... < x,. Now assume we have defined the basic commutators together
with their ordering for all weights less than k. Then the basic commutators of weight
k are the elements of the form ¢ = [c;, ca] where ¢y, ¢y are the basic commutators of
weight ki, ko such that

[ ] k - k?l + kQ’
® C1 > (o,
o If ¢; = [e3,¢4], then ¢y < co.

Furthermore, we define the ordering satisfying:

e Any basic commutators of weight £ is greater than those of lower weight,
e Two basic commutators of weight k are ordered lexicographically.

For example, [z;,x;] for i > j, and [[z;, x;], x| for i > j < k are basic commutators
of weight 2 and 3 respectively. Hall [9] showed that the set of basic commutators of
weight k forms a basis of £, (k) as a free abelian group. In this paper, we fix this basis
of £, (k), and call it the Hall’s basis.

Next, we consider an embeddings of the free Lie algebra into the tensor algebra.
Let T'(H) be the tensor algebra of H over Z. Then T'(H) is the universal envelopping
algebra of the free Lie algebra £,,, and the natural map ¢ : £,, — T(H) defined by

X,Y]—» XQY -Y®X

for X, Y € L, is an injective graded Lie algebra homomorphism. We denote by ¢
be the homomorphism of degree k part of ¢, and consider £, (k) as a submodule H®*
through ¢.

Finally, we consider a Lie subalgebra of £, generated by xs,...,z,. Let F’ be a
subgroup of F,, generated by s, x3,...,x,. The group F’ is a free group of rank
n — 1. We denote the lower central series of F” by I'(1),I"(2),---, and denote its

graded quotient by L£'(l) := I'"(1)/T"(l + 1) for each [ > 1. Then £'(I) = L,,1(l) as an
abelian group. The restriction of a natural inclusion map F’ — F,, to I''(k) induces a
homomorphism ay, : L'(k) — L, (k). Since the set of all basic commutators of weight &
among the components xs, T3, . .., T,, which is a basis of £L'(k), is embedded into the set
of the basic commutators of weight & in £,,(k) by ay, the homomorphism «y is injective.
In this paper, we identify £'(k) with ax(L'(k)). In particular, £'(k) is considered as a
direct summand of £,,(k) as an abelian group.

Here we remark I',, (k) N F' = I"(k) for each k > 1. To prove this, it suffices to show
(k)N F" C I'"(k). Suppose z € I',,(k) N F” and x ¢ (k). Then there exists some
l€{1,2,...,k — 1} such that x € I"(l) and = ¢ I"(l + 1). On the other hand, since
x el (k),x=0in L'(I) C L,(I). Hence z € I"(I + 1). This is a contradiction.

2.4. Johnson homomorphisms.

In this subsection, we recall the definition and some properties of the Johnson ho-
momorphisms. To begin with, we consider a descending filtration of Aut F;, called
the Johnosn filtration. For k& > 0, the action of Aut F,, on each nilpotent quotient
F,/Tn(k 4+ 1) induces a homomorphism

" Aut B, — Aut(F, /T, (k +1)).



The map p° is trivial, and p! = p. We denote the kernel of p* by A,(k). Then the
groups A, (k) define a descending central filtration

Aut F, = A,(0) D A, (1) D A.(2) D ---

of Aut F),, with A, (1) = TA,. We call it the Johnson filtration of Aut F;,. For each
k > 1, the group Aut F,, acts on A,,(k) by conjugation, and it naturally induces an action
of GL(n,Z) on gr*(A,) := A,(k)/A,(k+1). The graded sum gr(A4,) := @, gr*(A,)
has a graded Lie algebra structure induced from the commutator bracket on IA,,.

To study the GL(n, Z)-module structure of each graded quotient gr*(A,), we define
the Johnson homomorphisms of Aut F,,. For each k£ > 1, define a homomorphism
Ay (k) — Homz(H, L,(k + 1)) by

o (x—a2'2%), z¢cH.

Then the kernel of this homomorphism is just A, (k + 1). Hence it induces an injective
homomorphism

71, gr¥(A,) — Homg(H, L, (k +1)).

The homomorphsim 7 is called the k-th Johnson homomorphism of Aut G. It is easily
seen that each 75 is GL(n, Z)-equivariant homomorphism. Since each Johnson homo-
morphism 7, is injective, to determine the cokernel of 75 is an important problem on
the study of the structure of gr*(A4,) as a GL(n, Z)-module.

Andreadakis [1] showed that the first Johnson homomorphism 7, is surjective by
computing the image of the generators of IA,, above. It is well known that 7y is nothing
but the abelianization of IA, by Cohen-Pakianathan [5, 6], Farb [7] and Kawazumi
[13]. Recently, Pettet [24] determined the cokernel of 75 g, and in our previous paper
26], we determined those of 7 and 73q. For k > 4, however, the GL(n, Z)-module
structure of the cokernel of 73, is not determined.

2.5. McCool stabilizer subgroup.

Here we consider the McCool stabilizer subgroup. Let S,, be the subgroup of Aut F;,
consisting of automorphisms which fix each of xs,...,z,. We call S, the McCool
stabilizer subgroup. We denote the intersection of S, with TA,, by IS,. McCool [16]
showed that IS,, is finitely generated but not finitely presentable. He [16] also gave an
inifinite presentation of IS,,.

For any ¢ € {2,...,n}, let v; be the automorphism of F,, which send z; to z;x; and
fix the other generators x;. The subgroup V of Aut F,, generated by all v; is a free
group of rank n — 1. The subgroup W of TA,, generated by all Kj; is also a free group
of rank n — 1. Then McCool [16] showed that IS, is a semidirect product of [V, V] by
W. Namely, we have a split group extension

(3) 1= [V,V]=1IS, - W — 1.

Furthermore, he [16] showed that [V, V] is the normal closure of { Ky;; | > j} in IS,,, and
IS, is generated by K7y; and Kjy;;. Thus, considering a homomorphism IS,, — IA, —
IA® = H* @4 A’H, we see that H,(IS,,Z) is a free abelian group of rank n(n — 1)/2
with basis {K1;, K1ji |2 < 4,7,k <n, j > k}. In the following, we fix this basis and its
dual basis {K7;, K7} of H'(IS,,, Z).



In this paper, we mainly consider the Johnson filtration of Aut F,, restricted to S,.
Namely, set S, (k) := A,(k) NS, for each k& > 0. Then S,(0) = S,, and S, (1) = IS,,.
We call a descending central filtration

S =8,(0)D8,(1) DS,(2) D ---

the Johnson filtration of S,,. Set gr¥(S,) := S.(k)/S,.(k +1). We denote by 7 the
restriction of the Johnson homomorphism 73 to gr*(S,) C gr*(A,), and call it Johnson
homomorphism of S,,.

Let S’ (1) D 8 (2) D - -+ be the lower central series of IS,, = S, (1), and set gr®(S/) :=
S!(k)/S.(k + 1). Then we obtain a homomorphism v; : gr*(S.) — gr*(S,) induced
from the inclusion S}, (k) — S, (k) for each k > 1.

3. THE JOHNSON FILTRATION OF IS,

In the following, we always assume n > 3. In this section, we determine the image

of the Johnson homomorphism 73, and show that the Johnson filtaration S, (1) D
S,(2) D -+ coincides with the lower central series of IS,,. Let Ty be a Z-submudule of

H* ®z L,,(k + 1) consisting of all elements type of ] ® A where A € L'(k + 1). Let
E}, be a Z-submodule of H* ®z L,,(k + 1) consisting of all elements type of 2] ® [B, z1]
where B € L/(k).

Lemma 3.1. For any k > 1, as an abelian groups, we have isomorphisms
(1) Ty = L'(k+ 1),
(2) Ep = L/(k).

Furthermore, the sum Ty + Ey in H* @z L,(k + 1) is a direct sum.

Proof. The part (1) is trivial. For the part (2), let fr : £'(k) — E) be a homo-
morphism defined by fy(B) = 27 ® [B,x] for any B € L'(k). We construct the
inverse of f; as follows. First, using a contraction map, we define a homomorphisms
ik H* @y HERHD) — gk by

T QT @ Ty, =~ (Ty) Ty @ @ Ty,
and
OF =y o (idy- @ FYY  H* @z L, (kK + 1) — HEF.
We denote the restriction of ®* to Ej by gi. Then identifying £'(k) with its image of
an injective homomorphism £'(k) 2% £, (k) % H®* we obtain a homomorphism

(4) g By — L'(k).
It is easily seen that gy is the inverse homomorphism of f;. This shows the part of (2).

Finally, we show that the sum Ty + Ej in H* ®z L,(k + 1) is a direct sum. Let
v € T, N Ey. Since v € Ty, ®*(y) = 0. Hence gi(y) = 0. Since gy is injective, we have
~v = 0. This completes the proof of Lemma 3.1. [J

For any a € F’, let v, be an automorphism of F,, which maps z; to zia and fix
the other generators x;. Then a map vy : F' — V defined by ¥y (a) := v, is an
isomorphism. Similarly, For any b € F’, let w;, be an automorphism of F,, which maps
21 to b~lx1b and fix the other generators z;. Then a map vy : F/ — W defined by
w (b) := wy is also an isomorphism.



Lemma 3.2. For each k > 1, we have:
(1) For any b € T"(k), w, € S, (k).
(2) Foranya € T"(k+1), v, € S, (k).

Proof. The part (1) is immediately follows from the restriction of ¥y to I'(k). For
the part (2), it suffices to show the lemma in the case where a is a simple (k + 1)-fold
commutator

[al, c. ,ak+1] = [[ c [[al, ag], ag], .. .], an] S F/(l{? + 1)
for any a; € F’ since such commutators generate I''(k + 1) and 1y is a homomorphism.
We use the induction on & > 1. Suppose k = 1. For any a € ["(2), considering the
isomorphism 1y, we obtain v, € [V, V] C IS,, = §/(1). Assume k > 2. By the inductive
hypothesis, there exists some v, € S!(k — 1) for @’ := [ay,...,a;]. From the part (1),
we see W, , € S)(1). Then we obtain v, = [w;}il,v;l] € S/ (k). This completes the
proof of Lemma 3.2. [

Theorem 3.1. For each k > 1, the image of 7 is Ty ® Ey, in H* @z L, (k +1).

Proof. Let denote the image of 7 by Im(7{). First, we show Im(7) C T}, @ Ej. For
any o € S,(k), by the split extension (3), there are v € [V, V] and w € W such that
o =vw. Set 2¥ := x17 and ¥ := y 'y where z,y € F’. Then 2, '2f = |27,y Yx €
I',(k+ 1). Here we show y € I''(k). If y ¢ I"(k), there is some [ € {1,...,k — 1} such
that y € I'(l) and y ¢ T'(I + 1). Then o € S,(I) since [z;',y7!] and [z;', ¥y~ are in
[, (I +1). Thus, in H* ®z L, (I + 1),

0= TZS(U) =1 ® xflx‘f =1 ® ([xl_l, y_l]x) = 2] @ [r1,y] + 2] @ .

Since 21 ®[x1,y] € E; and z{®@x € T}, we have 25 ® [z, y] = 27 ®@x = 0in H*®z L, (1+1)
by Lemma 3.1. In particular, considering the isomorphism g, : E; — £/(1) defined in
(4), we obtain y = 0 € L'(l). Hence y € I"(l + 1). This is a contradiction. Therefore
we conclude y € I'(k) and = € T"(k + 1), and hence Im(7) C T} & Ej.

Next we show Im(77) D T}, @ Ej. For any element 25 @ A € Ty, let a € I"(k + 1)
represent A. Then v, € S, (k) by Lemma 3.2, and 7 (v,) = 27 ® A. Similarly, for any
element =7 ® [B,x;] € Ey, let b € I''(k) represent B. Then w, € S (k) by Lemma 3.2,
and 7 (w, ') = % ® [B, z1]. This completes the proof of Theorem 3.1. [

As a corollary, since L'(k) = L£,,_1(k) as an abelian group, we have

Corollary 3.1. For each k > 1, rankz(Im(7)) = 7, _1(k + 1) + 7,1 (k).

Furthermore, observing the latter part of the proof of Theorem 3.1 we see that 77 oy, :

grf(8!) — T}, ® Ey, is surjective. Since 75 is injective, we have

Corollary 3.2. For each k > 1, the natural homomorphism vy : gr®(S!) — gr*(8S,) is
surjective.

Next we show that each vy is injective. Then we obtain S, (k) = S/, (k) for each k > 1
by an inductive argument. Here we introduce generators of S, (k).

Lemma 3.3. For each k > 1, S, (k) is generated by automorphisms
(G1) v, € [V, V] foraeI"(k+1),



(G2) wy, € W for b e I'(k).

Proof. We prove the lemma by the induction on £ > 1. For k = 1, it is clear from
(3). Suppose that k£ > 2. Then S/ (k) is generated by elements [0, 7] for any generators
o€ S, (l)and 7 € S),(m) such that [ +m = k. By the inductive hypothesis, we may
assume that o and 7 are automorphisms of type (G1) or type (G2). If (0,7) = (v4, Var)
then [0, 7] = vy -1 ,-1). Similarly, if (o,7) = (ve, ws) or (wp,va) then [0, 7] = vjp-1 41
or V-1 -1y respectively. Finally, if (o,7) = (wp, wy) then [o,7] = wy-1,-1). This
completes the proof of Lemma 3.3. [J

Proposition 3.1. For each k > 1, gr*(S!) is a free group of rank r,_1(k+1)+r,_1(k).

Proof. Tt suffices to show that gr*(S!) is generated by r,,_;(k+1) +7,_1(k) elements
since there is a surjective homomorphism v, from grf(S’) to a free abelian group of
rank r,_1(k+ 1) +r,—1 (k).

Let ¢1,...,¢, € I'(k + 1) be the basic commutators of weight k& 4+ 1 among the

component T, ..., T, such that ¢; < --- < ¢;. Choose an automorphism v., € S, (k)
for each 7, and fix it. Similarly, let dy,...,d, be the basic commutators of weight &k
among the component zy, ..., z, such that d; < --- < d,. Choose an automorphisms

wy; € S) (k) for each j, and fix. We show v,,, 1 <i < p and wg;, 1 < j < g generate
gr®(8!). By Lemma 3.3, we have the generators v, and w, of S/, (k). For any v,, we can
write
a=c--ord
for some e; € Z and o' € I'"(k + 2) since {c1,...,¢,} is a basis of L'(k + 1). Using
Lemma 3.2, we see
VU, v, P = vy € Sp(k+1).

acl

This shows that v, = v¢! - - - v, € gr*(S)). Similarly, for any ws, we can write
b=dl.. -d{;‘lb’
for some f; € Z and t/ € I'"(k + 1). Using Lemma 3.2, we see
wbw;lfl - ~w;1fq =wy € S, (k+1).
This shows that w;, = wgi . -wﬁg € grk(Sq’@). Therefore we conclude that v.,, 1 <i <p
and wg;, 1 < j < q generate gr®(8’). This completes the proof of Proposition 3.1. [

From this proposition, we see that each v} is injective, and hence is an isomorphism.
Then we obtain:

Theorem 3.2. For each k > 1, we have S,,(k) = S, (k).

Proof. We prove the theorem by induction on k. By definition, we have S,,(1) = S;,(1).
Suppose k > 2. By the inductive hypothesis, we have S,,(k—1) = S/ (k—1), and hence
gr*=1(S,) = S\ (k — 1)/S,(k). Then, since vy : gr*1(S!) — S/ (k —1)/S.(k) is an
isomorphism, we obtain S,,(k) = S/, (k). This completes the proof of Theorem 3.2. [J

In general, for each k& > 2, to determine whether H;(A,(k),Z) is finitely generated
or not is difficult problem. On the other hand, we see Hy(S,(k),Z) is not finitely
generated. Moreover we obtain:
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Theorem 3.3. For each k > 2, H,(S,(k), Q) is infinitly generated as a Q-vector space.

Proof. Let IS,, — W be the surjective homomorphism defined in (3). By restricting
it to S),(k), we obtain a surjective homomorphism S/, (k) — W (k) where W (k) means
the k-th subgroup of the lower central series of the free group W. Since W (k) is a free
group of infinite rank for k > 2, its abelianization is a free abelian group of infinite
rank. This shows that H,(S,(k),Z) contains a free abelian group of infinite rank. This
completes the proof of Therem 3.3. [J

4. SECOND (CO)HOMOLOGY OF IS,

In [16], McCool showed that IS, is not finitely presentable. Hence, the structure of
the integral second homology group of IS,, is not so simple. In this section, we study
non-trivial second homology and cohomology classes of IS,, which can be detected using
the second and third Johnson homomorphisms. To begin with, we consider a free group
generated by Ki; and K, and study its subgroup consisting of relators among the
generators Ky; and K ;. In Subsection 4.3, we consider the second cohomology group.

4.1. Minimal presentation of IS,,.

Let F be a free group on {Ky;, K1, |1 <i,j,k <n—1, k < j}. The rank of F' is
m:=n(n—1)/2. Let ¢ : F' — IS,, be a natural surjection and R the kernel of ¢. Then
we have a minimal presentation of IS,

(5) 1-R—F5IS, — 1.

The word “minimal”means that the number of generators is minimal among any pre-
sentation of IS,. Since the abelianization of IS, is a free abelian group with basis
{Ky, Kiji |1 <i,j,k <n—1, k <j}, the induced homomorphism

. Hi(F,Z) — H,(IS,,, Z)
is an isomorphism. Hence considering the homological five-term exact sequence
0= Hy(F,Z) — H5(1S,,Z) — Hi(R,Z)s, — H.(F,Z) — Hy,(IS,,Z) — 0.
of (5), we obtain an isomorphism
Hy(1S,,Z) = Hi(R,Z) g -

(For example, see theorem 8.1 in [10] for the five-term exact sequence of a group ex-
tension.) In order to detect non-trivial elements of H; (R, Z)ISTL, we consider the graded
quotients of a descending filtration of R induced from the lower central series of F'. Let
F=Tpg(1) DTr(k) D --- bethe lower central series of F'. Set Lp(k) = 'p(k)/Tr(k+1)
for each k > 1. Then Lg(k) is a free abelian group of rank r,,(k). We define a linear
ordering among the generators of F' such that

o {1 > Kz'j if > 7,

° Klz‘j > Ky if (Z,j) > (k,l),

° Klz’j > Ky, for any 1, j and k?,
and fix this ordering. Here (i,5) > (k,[) denotes the lexicographic ordering defined by

(i,§) > (k,l) <= i>k, or i=Fk and j > [.
We use this ordering to define the Hall’s basis of Lg(k) later.
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Let Ry D Ry D -+ be a descending filtration of R defined by Ry := RN ['g(k) for
each k > 1. Then R, = R for 1 < k < 2. For each k > 1, let

ot Lp(k) — gr*(S))

be a homomorphism induced from the natural projection ¢ : F — IS,. Observing
Ri/Rii1 = (R Tp(k+1))/Tr(k + 1), we have an exact sequence

(6) 0 — Ry/Rip1 = Lp(k) 25 gr*(S)) — 0.

Since the Johnson homomorphism 7 is injective, the module Ry /Ry is also charac-
terized as the kernel of the composite map 7, o ¢,. In this sequence, all three groups
are free abelian groups. For 1 < k < 3, their ranks are given as follows:

k rm (k) rankz (gr*(S!))

1 n(n—1)/2 n(n —1)/2

2 n(n*—1)(n—2)/8 (n—1)(n—2)(2n+ 3)/6
3inmn?—1(n—-2)(n*-—n+2)/24|n(n—1)(n—-2)3n+1)/12

k rankz (Ry/Ri11)

1 0

2| (n—1)(n—=2)(n—3)(3n+4)/24
3] n?’(n—1)(n—2)(n*>—5)/24

Set Ry := R/Ry. Consider the right action of ' on R, defined by

r-z:=a're, reR, v€F

Then the natural projection R — Ry induces a surjective homomorphism
Vi : Hi(R, Z)1s, — Hi(Rit1, L)1,

Our strategy is to detect non-trivial second homology classes of IS, by studying the
structure of each Hy(Rjy1,Z)1s,. In the paper, we especially consider the case where
k =2 and 3.

4.2. The structure of (R3)s, and (Ry)s, -

Let us consider the case where k = 2. With the notation above, we see H; (Eg, Z)s, =
H\(R3,Z) = R since IS, acts on Rj trivially. First, we give a basis of R3. In the
following, we often identify Rz with RTr(3)/Tr(3) C Lr(2) by the second isomorphism
theorem in group theory. Let B be a subset of Lz(2) consisting of

Riji = [Kuij, Kag| + [Kujk, K] — [Kqig, K]

for i > j >k, and
Sijkt = [K1ij, Kigl]
for (i,7) > (k,1). Then we have:

Lemma 4.1. The set B is a basis of R3 as a free abelian group.
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Proof. Tt is easily seen that 75 o po(Ryjr) = 0 and 735 0 p2(Sijx) = 0. Since 75 :
gr’(S)) — H* ®z L,(3) is injective, we see Rk, Sij;i € R/R3 = ker(yz). Let M
be a Z-submodule of Lr(2) generated by B. We show the quotient module Lp(2)/M
is a free abelian group of rank (n — 1)(n — 2)(2n + 3)/6. Since there is a surjective
homomorphism Lz(2)/M — Lp(2)/Rg = Z&M=D0=2)2n+3)/6 e can write Lr(2)/M =
Z%" @ (torsion part) for some r > (n — 1)(n — 2)(2n + 3) /6.

Recall that the Hall’s basis of Lr(2) is given by

) [KliaKij] if 7> j,

) [Klz’jaKlkl] if (’L,j) > (k),l),

o [Ky;;, Kyi] for any 4, j and k such that i > j.
These elements also generate Lr(2)/M. On the other hand, in £L7(2)/M, we can reduce
the generators [K7y;;, Kij| by Sijm. Furthermore, we can also reduce the generators
[K1ij, Kqy) for @ > j > k by R;;, remaining the generators [Ky;;, Ky for i > j < k.
Consequently, L£z(2)/M is generated by [K7;, Ki;] for i > j, and [K7y;;, K] for i > j <
k. The number of such elements is just (n—1)(n—2)(2n+3)/6. Hence we see Lz (2)/M
is a free abelian group of rank (n — 1)(n — 2)(2n + 3)/6. Therefore we obtain M = Rs.
Finally, it is easily seen that the order of the set B is just (n—1)(n—2)(n—3)(3n+4)/24.
Hence B is a basis of Rs. This completes the proof of Lemma 4.1. O

Next, we consider the case where k& = 3, namely, the structure of H; (Ry,Z)1s,. We
show that Hi(Ry,Z)s, is a direct sum of R3 and R3/([F, R]R4), and give a set of
generators of Rs/([F, R]R4). Considering the long exact sequence of an exact sequence

O—>R3/R4—>E4—>E3—>O
of IS,,-modules, we obtain
(7) Hi(1S,, Rs) > (Rs/Ra)is, — (Ra)is, — (Rs)is, — 0.

(For example, see proposition 6.1 in [4] for the long exact sequence.) Since (R3/R4)1s, =
R3/ R4, and since (R3)1s, = R3 is a free abelian group, we have

(Ry)1s, = R3 @ Coker(0)
as an abelian group. Then,
Lemma 4.2. Coker(d) = R3/([F, R|Ry).
Proof. First, we characterize the image of § using a bilinear map
[ 1 Lr(2) @ Lp(1) = LE(3), 2@y [2,y]
induced from the commutator bracket in F'. Restricting [, | to R3 ® Lp(1), we obtain
[, ]r: R3® Lp(1) — Rs/Ry.

By the definition of the connecting homomorphism 6, we have Im(§) = Im([, |g). This
completes of the proof of the Lemma 4.2. [J

Now, we study the structure of the abelian group Rs/([F, R|R4). To begin with, we
consider a basis of R3/Ry. Let C be a subset of Lr(3) consisting of
(1) [[Klia Klj]a KlZ]] fOI' 2 > j,
(ii) [[K1i, Kyl Kapt] + [Kug, Kul, K] for (i, 5) > (k, 1),
(111) [RijkaKll] for ¢ > j >k < l,
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(IV) [[Klij> Klk]a Kllm] fOI’ any i,j, kf,l and m,
(V) [[KlijaKlkl]u Klmp] for (Zuj) > (k7l) < (mup)
where all indeces are elements of {2,3,...,n}.

Lemma 4.3. The set C is a basis of R/ Ry as a free abelian group.

Proof. 1t is easily seen that C C R3/R4. Let N be a Z-submodule of Lz(3) generated
by C. We show the quotient module Lz(3)/N is a free abelian group of rank n(n—1)(n—
2)(3n+1)/12. Since there is a surjective homomorphism Lz(3)/N — Lp(3)/(Rs/R4) =
ZEnn=D=2)Bn+D/12 " e can write Lr(3)/N = Z® & (torsion part) for some r >
n(n—1)(n—2)(3n+1)/12.

Recall that the Hall’s basis of Lp(3) is given by

(1), [[Klia Klj]a Klk] fOI' 2 > ] S k,

(11)7 [[Kliu Klj]7 Klkl] for 7 > j,

(lll)7 [[KlijaKlk]u Kll] fOI' k S l,

(iv)" [[K445, Kigl, Kum) for any 4, j, k, 1 and m,

(V>7 [[Kliijlkl]vKlmp] for (Zuj) > (kal) < (mup)

These elements also generate Lr(3)/N. We reduce these generators of Lz(3)/N using
C. First, from (iv) and (v), we can reduce the generators (iv)” and (v)’ . Next we
consider (iii)’. If j > k, using (iii), we have
([Kvij, Kl Kul = —[[Kuk, Kuil, Kul + [[Kk, K], Kul € Lp(3)/N.

Furthermore, if i > [, using the Jacobi’s identity, we have

[[Kljk7 Kli]u Kll] - [[K1i7 Kll]7 Kljk] - [[Kljk7 Kll]7 KIZ]
Similarly, if 7 > [,

[K1in, K], Kul = [[Kyy, Kul, K] — [Kue, Kul, K1)
This shows that each generator (iii)’ is written as a sum of the generators (iii)’" for
i>j <k <land (ii)’. Finally, from (i) and (ii), we can reduce the generators (ii)’ for
(i,7) < (k,1) by remaining (ii)’ for (¢,j) > (k,[). Therefore, Lr(3)/N is generated by
[Kyi, Kujl, Kag] for i > j <k, [[Ku, K], K for (i,7) > (k,1) and [[Kyij, K], Ky
for i > 7 < k < [. The number of such elements is just n(n — 1)(n —2)(3n + 1)/12.
Hence we see Lr(3)/N is a free abelian group of rank n(n — 1)(n — 2)(3n + 1)/12.
Therefore we have N = R3/R,. It is easily seen that the order of the set C is just

n%(n —1)(n — 2)(n® — 5)/24. Hence C is a basis of R3/R4 This completes the proof of
Lemma 4.3. [J

Next we consider Rs/([F, R|R4). Let Cy be a subset of R3/R, consisting of
[[K1i7 Klj]7 Kh]]
for ¢ > 7,
(K14, Ko, K + [ Kk, K, Kl
for (4, j) > (k,1),
[[Kltpa Klr]; Klsq]; [[Klt;m Kls]; Kqu]a [[Kltq> Kls]; Klrp];
[[Klsp7 Klt]7 Kl?“q]7 [[Kls(p Klt]7 KlTp]
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for2<p<g<r<s<t<n,

[ ] Il ] Il ] ]
[[Klsq’KlrLKlSp]’ [[KlsmKlT]’Klqp]’ [[Klsq’KlrLKlTp]’
[Kisp, Kip], Kingls [Kisps Kur]s Kigpl, [[Kirg, Kus, K,
[Kisqs Ks]s Kirpls [[Kisp, Kus]s Kl [Krp, Kis], Kigy)

for2<p<g<r<s<n,

[[KlrmKlp]aKlqp]v [[Klrp,Klq]vKlqp]a [[Klrvalq]aKlrp]a

([K1rgs Kigls Kigp), [[Kirg, Kug]s Kirpls [[K1gp, K1), Kigy),

([Krp, Ku]s Kagply [Kirg, K1n], Kigp], [[K1rgs Kirl, K
for2<p<g<r<nand

[[Klqvalp]aKlqp]v [[Klqulq]aKlqp]

for 2 < p < g < n. Let Cy be a subset of R3/R, consisting of

([Kep, Kss K] = [Ktg, Kus], Kinp] + [Kaer, K], Kagy)
for2<p<g<r<s<t<n. Then we show:
Proposition 4.1. Ry/([F, R|Ry) = ZOt- D=2 +3n?-10n+12)/24 @3 (7, /97)8("3") | py

theremore, Ci is a basis of the free part, and Cy is a basis of the torsion part as a
Z/2Z-vector space.

Proof. From Lemma 4.1, ([F, R|R4)/R4s C R3/ R, is generated by
(8) (Riji, Kul, [Riji, Kumls [Sijits Kim) and [Sijxr, Kimp)-

Hence Rs/([F, R]R,) has a presentation as an abelian group with generators (i), ...
, (v) of C subject to relators (8). We reduce the generators and the relators of this
presentation using Tietze transformations.

First, we consider [S;jx, Kimp). If (k,1) > (m,p), by the Jacobi identity, we have
[Sijits Kimp] = —[Skimp, K1) + [Sijmp, K1ki)-

Hence we can remove [S;jki, Kimp| for (k,1) > (m,p) from the set of relators, and may
assume that (i,7) > (k,l) < (m,p). Then using this relator, we can reduce the generator

(v)-
Next we consider [R;ji, Ky]. Suppose [ < k. By the Jacobi identity,
[Riji, Ku] = — [[K1k, Kul, K1) + [K1j, Kul, K1
— (K, Kul, K] + [[K vk, Kul, K
+ ([K4j, Kul, K] — [ Kqik, Kul, Kl
and
= [Rju, Ku1i] + [Riji, K1) — [Rikt, K]
— ([K1i, Kujl, Ki] + [Kw, Kul, Kug) — ([Kw, Kul, Kkl + [[Ky, K, Kal)
+ ([Ki, K], Kigi] + [Ky, Kul, Kuad).-
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Hence we remove the relator [R;;x, Ky;] for I < k. Then using [R;;x, Ky for k < [, we
reduce the generator (iii).

Finally, we consider the generators [[K1;;, Kik], K1im]. To begin with, using the relator
[Rijks K1im], we reduce the generator [[Ky,j, K, Kum) for 7 > k. From the Jacobi
identity, the relation [S;;k, K1m] = 0 is equivalent to

([K1ij, K], Kum] = [[Kum, K], Kuggl,
and to
(R1) If k > j and k > m,
[K1ij, K], Kuim] = [[Kuim, Kie], Kuigl,
(R2) If j <k <m,
[[K1ij, Ki], Kum] = = [[Kimk, Kul, Kugg] + [Kuk, Kimls Kl
(R3) I m < k < j,
— K K], Kum] + [, K], Kum] = [Kums K], K],
(R4) If k < j and k < m,
—([K 1k, K]y K] + [ Krik, K15], K
= — (K, K, Kl + [Kuk, Kim], Kugj)-

By (R1), we reduce the generator [[Ky;;, K|, Kum| for £ > j, k and (i,7) < (I,m).
Since the relation (R3) is obtained from (R2) by exchanging the role of j and m, we
remove the relation (R3). From (R2), we reduce the generator [[Ky;;, Kix|, K1) for
k < m. Then (R4) is rewritten as follows:

(R) If k<m <1< j <1,
— [ K ks Kuil o Kvim| + [ K ik K1) Kvim)
= [[Kv, Kuils Kimr) — [Kva, Kl Kime) — [Kvjm, Kl Kl
+ [Kvim, Kj, Kug)-
(R6) f k<m<j<Ii<iork<m<j<i<l,
— K1, K1il K] + [Kvik, K1), K]
= —[[Kuij, Kul, Kipr) = [Kuk, Kils Kijm) + [Kvims K]y Kug).-
R Ifk<j<m<li<iork<j<m<i<l,
( J J
— [ Kvim, K, Kujie] = [Kviws Kl Kimg| + [ EKviks Kim)s Kl
= —[[Kij, Kul, Kimr) + [K1i5, Kim], Kugl-
R Ifk<j<i<m<l,
[ K, Kul, Kk — [ Ky Kl Kijk) = [Kimg, Kuls K]
+ [[K1ij, Kiml, Kri] = —[[ Kk, Kul, Kiij] + [Kugs Kim], Kl
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Since (R7) and (R8) are obtained from (R6) and (R5) respectively by exchanging the
role of indeces, we remove these relations.

Using (R5) and (R6), we reduce the generators [[Ky;;, Kig|, K] for ¢ > j < k,
I>m<kand (i,7) > (I,m). Set I := {i,j, k,l,m}. We denote the order of the set I
by #1.

e Case I. I = 5.

For p,q,r,s,t € {2,3,...,n} such that p < ¢ < r < s < t, let {i,7,k,[,m} =
{p,q,r,s,t}. Then there are eight types of generators [[K1;;, K1x], Kim]:

[[KltpaKlr]7Klsq]7 [[Kltanlr]>Klsp]a
[[KltpaKls]aKqu]> [[Kltanls]aKlrp]a [[Kltr>Kls]>Klqp]>
[[Klsp7Klt]7K1Tq]7 [[Klsq7Klt]7K1Tp]7 [[KlsruKlt]aKlqp]‘

On the other hand, if we rewrite (R5) and (R6) using p, q,r, s, t, we obtain the following
relations. For (R5), we have (i, j, k,l,m) = (t,s,p,r,q) and

() —([Kisp. K1ty King] + [ Kitp, Kas)s Kirg) = [ Kisr, Kit], Kigp)
- [[Kltra Kls]a Klqp] - [[K15q7 Klt]a Klrp] + [[Kltq> Kls]a Klrp]-
For (R6), we have (4,4, k,l,m) = (t,r,p,s,q) or (s,7,p,t,q), and

_[[Klsanlt]a Klrp] + [[Kltp7 KIT]7 Klsq] - _[[KltT7 Kls]u Klqp]

(10) — [ Ksps Kt)s King) + [ Ktgs Kir]s Kisp)

or

_[[Kltanls]> Klrp] + [[Kltcp Klr]a Klsp] = _[[Klsra Klt]a Klqp]

(11) - [[Kltp,Kls]uKqu] + [[KltP’Klr]’Klsq]

respectively. Then considering (9) + (10), we obtain

(12) [Krsp K1t)s Kirg) — [[Kisgs Kuely Kinp) + [Kisr, Kit), Kigp]
= _[[Kltpa Kls]a Kqu] + [[Kltq> KlS]? Klrp] - [[Kltr> KlS]? Klqp]'
Similarly, considering (9) + (10) 4 (11), we obtain

(13) 2([[K1tp7 K18]7 Kqu] - [[Klt(p Kls]u Klrp] + [[KltT7 Kls]7 Klqp]) - 0

Using Tietze transformation, we replace the relations (9), (10) and (11) by (10), (12)
and (13). Furthermore, by (10) and (12), we reduce the generator [[Kitg, Kir], Kisp)
and [[Kis, K11, K1gp). Finally, we replace the generator [[Ki, K15, Kigp] by

[[Kltpu Ky, Kqu] — [[Klt(pKls]a Klrp] + [[Ku?«,Kls],Klqp].

e Case II. 1 = 4.
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For p,q,r,s € {2,3,...,n} such that p < g < r < s, let {¢,5,k,l,m} = {p,q,r,s}.
Then there are fifteen types of generators [[K1,j, K1x], K1im:

([Kisps Kigls Kurpl, [Ksp, Kigl, Kirgl, [[Kisgs Kig]s Kirp),
([Kisg, Kirl, Kispls [[Kusgs Kir], Kigpl, [Kisqs Kuv]s K,
[Kisps Kurls Kurgls [Ksp, Kir], Kigpl, [[Kusrs Kir]s Kigp),
[ Kirg, K1), Kippls [Kisqs Kis), Kirpl, [ Kisps K1, Kirg)
[ Kirps Kusls Kugpls [Kirg, Kis), Kigp), [[Ksrs Kis]s Kigp)
)

We rewrite (R5) and (R6) using p, q,r, s. For (R5), we have (¢, 7, k,l,m) = (s,r,p,7,q)
and

(14) [[Klsra Klr]a Klqp] = _[[Klsp> Klr]a Kqu] + [[Klsqa Klr]7 Klrp]-

For (R6), we consider the case where k <m < j <[l <iand k <m < j<i<I. Since
#I = 4, only one equlity in each of inequlites holds. For & < m = j <[ < i, we have

(i7j7 k? l7m) - (87 q7p7,r7 q) a"nd
[[Kqua K18]7 Klqp] - [[K18p7K1q]7 Kqu] - [[Klsm Klq]a Klrp]

(15) + [[K1sq, Kir], Kigp]-

For k <m < j=1<1iand (i,5,k,1,m) = (s,r,p,1,q), we obtain a relaton equivalent
o (14). For k <m < j <l =1, we have (i,7,k,l,m) = (s,r,p, s,q) and

(16) [[Klsm Kls]7 Klqp] - _[[Klsp7 Kls]7 Kqu] + [[Klsq7 Kls]7 Klrp]'

For k<m=j <i<land (i,5,k,l,m) = (r,q,p, $,q), we obtain a relaton equivalent
o (15). Then, by (14), (15) and (16), we reduce the generators [[Kis, Kir], Kigp),
[[Kqu> KlS]? Klqp] and [[K15T7 KlS]? Klqp]-

e Case III. 41 = 3.
For p,q,r € {2,3,...,n} such that p < ¢ < r, let {7,7,k,I,m} ={p,q,r}. There are
nine types of generators [[K1;j, Kix], K1im]:
[[Klrm Klp]> Klqp]’ [[Klrm Klq] Klqp]> [[Klrp’ Klq]> Kl?“p]>
[[KlrmKlq]aKlqp]’ [[Klvalq]aKlm]a [[Klqp,Klr]vKlqp]a
[[KlrmKlr]’Kqu]a [[Kqu’ ]>Klqp]> [[KquaKlr]>Klrp]'
We rewrite (R6) using p, ¢, r. Since 1 = 3, there is no relation obtained from (R5). For

(R6), two equlities hold in the inequalities k < m < j <l <iandk<m <j<i<I.
Then, from both cases, we obtain trivial relations.

e Case IV. I = 2.

For p,q € {2,3,...,n} such that p < g, let {i,7,k,l,m} = {p,q}. There are two
types of generators [[K1,j, K1x], K1im:

[[Klqm Klp]’ Klqp]’ [[Klqm Klq]a Klqp]-

By an argument similar to that in Case III, we see that all relations obtained from (R6)
are trivial.
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From the argument above, we obtain a presentation of Rs/([F, R]R4) as an abelian
group with generating set C; and Cy subject to relations (13). Hence we have
Rg/([F, R]R4) ~ ZEB(n—l)(n—2)(n3+3n2_10n+12)/24 fan (Z/2Z)@(”gl)
This completes the proof of Proposition 4.1. [

Since there is a surjective homomorphism
Hy(1S,,, Z) = Hy(R, Z)is, 2 Hy(Ry, Z),s. = Rs @ Ry/([F, R|Ry),
observing the rank of the free part of the target, we have:

Theorem 4.1. Hy(IS,,Z) contains a free abelian group of rank

1 2
ﬁ”(” —1)(n —2)(n° + 6n — 15).

Considering (Z/QZ)@(TL?) C R3/([F, R]Ry4), we can also detect other non-trivial el-
ments in Hy(IS,,Z). However, it seems to be difficult problem to determine whether
these elements are torsion in Hs(IS,,, Z) or not.

4.3. H'(R3,Z) and cup products.

In this subsection, we consider the second cohomology of IS,,. By an argument similar
to above, considering the cohomological five-term exact sequence

0— H'(IS,,Z) — H'(F,Z) — H'(R,Z)®" — H*(1S,,Z) — H*(F,Z) = 0.
of (5), we obtain
H(1S,,Z) =~ H'(R,Z)™".
Furthermore, the natural projection R — Ry induces an injective homomorphism
¥ HY(Ryp1, Z)® — HY(R,Z)"™".
Hence we can consider H'(Rjy,1,Z)"" as a subgroup of H?(IS,,Z). In particular, we
obtain

H'(R4,Z)"" = Homgz((Ry)1s,, Z) = Homz((R3), Z) ® Homgz(Rs/([F, R|R4), Z),
C H*(1S,,Z).
This shows

Corollary 4.1. H?(IS,,,Z) contains a free abelian group of rank

1 2
ﬂn(n —1)(n —2)(n° + 6n — 15).

Finally, we characterize H'(R3,Z) C H?(IS,,Z) using the cup product of the first
cohomology classes of IS,,. Namely, we prove:

Proposition 4.2. The image of the cup product
U:A*HYIS,,Z) — H*(IS,, Z)
18 Hl(ﬁg, Z)
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Proof. First, considering the cohomological five-term exact sequence of
(17) 1—-8(2)—1S, L 1S -1,
we have
0 — HYIS*, Z) — H'(IS,,Z) — H'(S.(2),Z)"" — H*(IS*",Z) — H*(IS,, Z).
Since H'(IS*,Z) = HY(IS,,Z), and H'(S!(2),Z)"" = H'(gr*(S!),Z), we obtain an

exact sequence

0 — H'(gr*(S)),Z) — H*(IS2", Z) — H*(IS,, Z).
Since H;(IS,,Z) is free abelian group of finite rank, we have a natural isomorphism
H*(IS**,Z) = A2H'(1S,,Z). Then the image of p* : H?(IS**,Z) — H?*(IS,,Z) is
regarded as that of the cup product U : A2H(IS,,, Z) — H?*(1S,, Z).

On the other hand, we also consider a five-term exact sequence
0 — H'(g1*(S}), Z) — H'(Lr(2),Z) — H'(Ry, Z)*"®
— H*(gr*(S,),2) — H*(Lr(2),Z)
of (6) for k = 2. Since L(2) acts on Rj trivially, we have H'(R3,Z)**® = H'(R3,Z).

Furthermore, since gri(S;L) = gr?(8S,,) is a free abelian group, the second homomorphism
HY(Lp(2),Z) — H'(R3,Z) is surjective. Then we have a commutative diagram

0 —— H'(g1*(S,),2) —5~ H(ISP,Z) —— H(1S,,Z)

H J

0 —— HY(2(S)),2) —2 HY(Lp(2),2) —2— HY(Ry,Z) —— 0
where tg is the transgression and p is a natural isomorphism. Hence we obtain Im(U) =
Im(p*) = Im(€}). This completes the proof of Proposition 4.2. [J

Let {R;;, S5y} be the dual basis of H'(Rs,Z) to B. Finally, we explicitly write

ijk>
down each of R}, and S}, as a cup product of some first cohomology classes of IS,,.

J ijk
Lemma 4.4. We have

* :K*

ijk 1¢jUka:Kf'kUKﬂ':—Kﬂ'kUKﬂ'

J
and

* _ * *
Sijkl = Klij U Kk

in H*(1S,,Z).
Proof. Consider the commutative diagram:

H2(1S*,7Z) —2 H2(IS,,Z)

g I
HY(Lp(2),Z) —2— H'(R,,2Z)
By a basic argument, we see that e; o u(K7j;; U Kiy) = € ([K1iy, Ki]*) = Rjj),. Hence
we obtain Ry, = K}, UK7, € H'(Rs,Z) C H*(IS,,Z). Similarly, the other equations
are obtained. [J.
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