Bishop-Gromov Type Inequality on Ricci Limit Spaces
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Abstract

In this paper, we study limit spaces of a sequence of complete n-dimensional
Riemannian manifolds whose Ricci curvatures have definite lower bound. we will

give several measure theoretical properties of such limit spaces.

1 Introduction

In this paper, we study a pointed metric space (Y, y) that is pointed Gromov-Hausdorff
limit of a sequence of complete, pointed, connected n-dimensional Riemannian manifolds,
{(M;,m;)}i, with Ricy, > —(n—1). (We call a such metric space (Y, y) Ricci limit space
in this paper. See [13].) In the papers [4], [5], [6], J. Cheeger and T. H. Colding studied
such limit spaces, showed many important results. There exists a Borel measure on a
Ricci limit space (Y,y), v that is called by limit measure. (See Definition 2.3.) They
developed the structure theory by using the limit measure v and results in [2], [3], [7].
Most of this paper, we will study measure theoretical properties on Ricci limit spaces. In
another paper [12], we will discuss several application of the results in this paper to low
dimensional Ricci limit spaces.

First, we study a cut locus on Ricci limit spaces in section 3. We prove that the
measure of cut locus is equal to zero. (See Theorem 3.2.) We will study cut locus as
geometric approach in [12]. We also give a relationship between “the limit space of cut
locuses” and “cut locus of the limit space”. See Theorem 3.5.

J. Cheeger and T. H. Colding defined the measure of codimension one of v, v_; in [5].
(See Definition 4.1 for the definition of v_;.) We will give several properties of v_;. For

example, we will show the Bishop-Gromov type inequality for v_q;
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THEOREM 1.1. Let (Y,y) be a Ricci limit space. Then, there exists a positive constant
C(n) > 0 depending only on n, such that for every positive numbers 0 < s <t < oo, every
point x € Y and for every Borel set A C 0By(x),

v_1(A)
voldBy(p)

0By(x) N Cy(A))
voldB,(p)

< o(my 2=

holds.

Here, p is a point in standard n-dimensional hyperbolic space H"(—1) and C,(4) =
{#z € Y| There exists w € A such that T,z + Z,w = T,w holds.}. (7;Z is the distance

between z and z on Y.) This is like Laplacian comparison theorem on Riemannian
manifolds. See Theorem 1.2 in [12] for a geometric application of Theorem 1.1 to low
dimensional Ricci limit spaces.

We will also show some finiteness result (Theorem 4.2) and non-zero property for v_;
(Corollary 4.7). It means that the measure v_; is a good measure on the set 0B, (z) \ C,.
Here, C', is the cut locus of € Y. These properties are similar to that on Riemannian
manifolds.

We will give a relationship between the limit measure v and the measure v_; in section
5. Theorem 5.2 is like co-area formula for Lipshictz maps on Euclidean spaces. (See 3.2.12.
Theorem in [8].)

Finally, we also consider the subset of Ricci limit space (Y, y), Ay («) consists of points
x €Y satisfying v(B,(z)) ~ r* as r — 0. (See Definition 6.1.) We can regard the limit
measure v on Ay («) as a-dimensional Hausdorff measure H® in some sense. We will give
an upper bound of Hausdorff dimension of the set. As a corollary, we will give an easy
proof of Corollary 6.4.

Acknowledgement: The author is grateful to Professor Kenji Fukaya for his numer-

ous suggestions and advices.

2 Notation

In this section, we recall some fundamental notion on metric spaces and the notion of

Ricci limit spaces. (See [4].)

DEFINITION 2.1. We say that a metric space X is proper if every bounded closed set is
compact. A metric space X is said to be geodesic space if for every points x1, x5 € X, there
exists an isometric embedding 7 : [0, 71, T3] — X such that v(0) = 1, Y(ZT1,72) = 2.
Here 77, 73 is the distance between z; and x5 on X. (We say that v is minimal geodesic

from x; to x5.)



For proper geodesic space X, a point x € X, a set A C X, and for positive numbers
0 < r < R, we use the following notations; B,(r) = {z € X7,z < r}, B,(z) = {z €
X7,z < r}, A.r(z) = Br(z)\ B.(x), 0B.(v) = {z € X|T,2 = r},C.(A) = {2z € X|
There exists w € A such that T,;Z + Z,w = T, w holds.}. Throughout the paper, we fix a

positive integer n > 0.

DEFINITION 2.2. Let (Y,y) be a pointed proper geodesic space (y € V), K € R a
real number. We say that (Y,y) is (n, K)-Ricci limit space if there exists a sequence
of real numbers K; € R and a sequence of pointed, complete, connected n-dimensional
Riemannian manifolds {(M;, m;)}; with Ricy, > K;(n — 1), such that K; converges to K
and that (M;, m;) converges to (Y,y) as i — oo in the sense of pointed Gromov-Hausdorff

topology.

Here, for a sequence of pointed proper geodesic space {(X;, z;)};, we say that (X;, x;)
converges to a pointed proper geodesic space (Xo,Too) in the sense of Gromov-Hausdorff
topology if there exist sequences of positive numbers ¢;, R; > 0 and exists a sequence
of maps ¢; : (Bg,(z;),2;) — (Bg,(Tx), o) such that € converges to 0, R; converges
to 0o, |Z,w; — ¢i(%), ¢i(w;)| < € holds for every points z,w; € Bpg,(z;), and that
B, (Image(¢;)) D Bgr,(Xs) holds. (We say that ¢; is €;-Gromov-Hausdorff approzima-
tion.) Then for a sequence of points z; € X; such that the set {77, z;|i € N} is bounded
set in R, we say that z; converges to a point z., € X in the sense of Gromov-Hausdorff
topology if m < €. (We denote it by either z; — 2z Or Z;, Zoo < €;.)

We remark that for every K # 0 and every (n, K)-Ricci limit space (Y, y), there exists
a sequence of complete, connected n-dimensional Riemannian manifolds {(M;, m;)}; with
Ricy,, > K(n — 1), such that (M;, m;) converges to (Y, y) by rescaling. Throughout the
paper, (Y,y) is always (n, —1)-Ricci limit space and is not a single point. More simply,
we say that (Y, y) is Ricci limit space.

We shall give the definition of limit measure. The measure is useful tool for studying

Ricci limit spaces.

DEFINITION 2.3. Let v be a Borel measure on Y. We say that v is limit measure
if there exists a sequence of complete, pointed, connected n-dimensional Riemannian
manifolds {(M;, m;)}; with Ricy, > —(n — 1), such that (M;, m;) converges to (Y,y) and
that for every positive number r > 0 and every points x € Y, m; € M; satisfying m; — x
in the sense of pointed Gromov-Hausdorff topology,

vol(B,(m;))

VOlBl(mj) - U(BT(J:))

holds. We say that (M, m;, vol/volBy(m;)) converges to (Y,y,v) in the sense of measured
Gromov-Hausdorff topology.



There exists a limit measure on Y. (See Theorem 1.6, Theorem 1.10 in [4] and see
[9].) It is not an unique in generally. (See Example 1.24 in [4].) Throughout the paper,

v is always fixed limit measure on Y.

3 Cut Locus

In this section, we study a cut locus on Ricci limit spaces.

3.1 Measure of cut locus

First, we give the definition of cut locus.

DEFINITION 3.1. For proper geodesic space X and every w € X, we put C,, = {x € X|

For every point z € Y \ x, W, T + T,z — W,z > 0 holds.}. (If X is a single point, then
C, =0.) We say that C,, is cut locus of w.

The following theorem is main result in this subsection.
THEOREM 3.2. We have v(Cy) = 0 for every point w € Y.

Proor. We shall give a proof of the case w = y only. There exists a sequence
of complete pointed, connected n-dimensional Riemannian manifolds, {(M;,m;)}; such
that (M;, m;,vol/volBy(m;)) converges to (Y,y,v) in the sense of measured Gromov-
Hausdorff topology. For every positive number r > 0 and every positive integer N € N,
we put Cy(r) = {z € Y| For every z € Y \ B,(x), 4,2 + 7,2 — 4,z > 0 holds.} and
Cy(r,N) ={x € Y| For every z € Y \ B.(x), ,T + T,z — J,zZ > N~! holds.}. By the
definition, Cy(r, N) is compact.

Cramm 3.3. We have Cy(r) = Jyen Cy(r, N).

It suffices to see that Cy(r) C Jyen Cy(r, V). This proof is by contradiction. We
assume that there exists z € Cy(r) \ Uyen Cy(r, V). Then, for every positive integer IV,

there exists a point yy € Y\ B.(z) such that 7, T+, yx — ¥, yn < N ! holds. Clearly, for

every positive integer N, there exists a point zy € 0B, (z) such that T, Zy +Zn, Un = T, Un

holds. Then, by triangle inequality, we have 7,7 + T, 2y — ¥, 2y < N 1. Since 0B, (z) is

compact, there exists a subsequence {zyn}n and a point z, € 0B, (x) such that zy

converges to 2z, in Y. Therefore, we have 7,7 4+ 7, 2o = ¥, 2. Lhis contradicts the

assumption. Thus we have the Claim 3.3.

By the definition, we have Cy = (,.,Cy(r). We fix a positive number r > 0 and a
positive integer N € N. Let [ € N be a positive integer, 6 > 0 a sufficiently small positive
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number satisfying 0 < § << 270 r, N71. Let {z;}}¥_, be a maximal 1005-separated set
on the set Cy(r, N) N Ay-12(y). For every positive integers i,5 > 0 (1 < i < k), we
take z;(j) € M; such that z;(j) converges to z; as j — oo in the sense of pointed
Gromov-Hausdorff topology. In general, for a complete pointed, connected n-dimensional
Riemannian manifold, (M, m), we put S,,M = {u € T,,M||u| = 1} and t(u) = sup{t €
R.o|exp,,su € M \ C,, holds for every positive number 0 < s < t} for every u €
SmM. For every positive numbers 0 < r; < ro and n > 0, we also put X(m,r,79,1) =
{exp,, tu € M|u € S, M, t(u) —n <t < t(u),exp,,tu € A., ,(m)}.

CramM 3.4. We have Ule Bios(%5(j)) \ Cm, C X(my,27171,21100r) for every suf-
ficiently large j.

We take o € Bios(2(j)) \ Cm,. For every point 2z € M; \ By, (x), we take w € Y such
that Z,w < ¢; in the sense of pointed Gromov-Hausdorff topology. (¢; — 0) Then, we

have

m;, T+ T, 2 —my, 2 > my,x;(j) + xi(j), 2 — my, 2 — 1006

>, T + T, w —y,w — 1006 — 10¢; ()

and W, T; > z,2;(j) —€; > Z, T — x,2,(j) — ¢; > 40r — 500 — €; > 30r. By the definition
of x;, we have
(*) > N~!' — 1008 — 10¢; > (2N) ' > 0.

Thus there exist u € Sy, M; and positive number ¢ > 0 such that ¢(u) — 50r <t < t(u)
and z = exp,, tuhold. Since z, z;(j) < 100 holds, we have z € Ay-i-1 yi+1(my;). Therefore,

we have x € X (mj;, 2771, 271 100r). Hence, we have Claim 3.4.
Since {Bios(x;(j))}: are pairwise disjoint for every sufficiently large j, we have
zk:v_ole(;(xi(j)) < volX (my, 2771 2 [ 1007).
i=1
Here, vol = vol/volB;(m;). By the proof of Lemma 2.16 in [4], there exists a positive

constant C' = C(l,n) > 0 depending only on [, n, such that volX (m;,27'=1 21 100r) <
C(l,n)r holds. Thus, we have

v(Cy(r, N) N Ay 21(y)) < Z v(Biooos(7i))

Therefore, by letting § — 0, N — oo, r — 0, and [ — oo, we have v(C}) = 0. O
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We remark that WEy(w) C Cy, holds for every w € Y. (See Definition 2.10 in [4] for
the definition of WEy(w).) Therefore, Theorem 3.2 differs Proposition 2.13 in [4].

3.2 Convergence of cut locuses

In this subsection, we give a relationship between “the limit space of cut locuses” and
“the cut locus of the limit space”. Roughly speaking, we will show “the limit space of
cut locuses” contains “the cut locus of the limit space”. Let {(M;, m;)}; be a sequence of
complete pointed, connected n-dimensional Riemannian manifolds with Ricy, > —(n —
1). For every positive number R > 0, the sequence (Bagr(m;) N (Cy, Um;),m;)en 18
precompact in the sense of pointed Gromov-Hausdorff topology. We assume that there
exist a pointed proper geodesic space (Y, y) and a pointed compact metric space (Xg, zg)
such that (Baog(m;) N (Cyn, Um;),m;) conveges to (Xg,xr) and that (M;, m;) converges
to (Y, y).

THEOREM 3.5. Under the notation above, there exists an isometric embedding P :
(FR(y> N (Cy U y)a y) - (XR?xR)'

ProOF. First, we shall prove that for every finite points z1,xs, - 25 € C), NBr(y),
there exists an isometric embedding ¢y : ({x1, 22, -+ ,zn,y},y) — (Xgr,zg). We fix a

finite points z, zy, - ,on € C, N Br(y). For every sufficiently large k € N, there exists

a positive number 7 > 0 such that 7, 7; + ;2 — y,© > 7 holds for every 1 < i < N
and every point x € Bior(y) \ Br-1(x;). We take ¢;-Gromov-Hausdorff approximations
(i — 0), ¢ : (Bar(mi),m;) — (Bar(y),y), ng . (Bar(y),y) — (Bagr(mi),ms), ¢; :
(Bar(m;) N (Crn, Umy),m;) — (Xg,xg) and &Z (Xg,2R) — (Bag(mg) N (Cy, Umy), my;)
such that ¢; ogﬁi,id < €, le o¢;,id < €, W ozﬂi,id < ¢; hold and that 1/;1 oy, id < ¢

holds. Here, the inequality ¢; o g%i, id < ¢; means that ¢; o g%z(x),x < ¢; holds for every

& € Bayr(y). We have my, ¢;(x;) + ¢s(x;), 2 — Ty, 2 > 7/100 for every sufficiently large
i, every 1 < j < N and every point z; € Bag(m;) \ BlOOkfl(QEi(l’j)). Thus, there exists a
point z;(i, k) € Cy, N Bag(my;) such that ¢;(x;), z;(i, k) < 100k~ holds. Without loss of
generality, we can assume that the sequence {t;(x;(i,k))}; is a Cauchy sequence in Xp
for every 1 < j < N. We put z(j, k) = lim; . ¢;(x;(i, k)). Similarly, without loss of
generality, we can assume that the sequence {x(7, k)}, is a Cauchy sequence for every j.
We put z(j, 00) = lim; o z(j, k) and put ¢n(z;) = 2(j,00). Then we have an isometric
embedding ¢y : ({1,292, -+ 2N, y},y) — (Xg, TR).

By using ¢y and diagonal argument, it is not difficult to construct the map . O]

Clearly, in general, the cut locus of the limit space is not isometric to the limit space
of cut locuses. For example, consider the situation that the flat torus S'(r) x S! converges
to S' as r — 0. Here, S!(r) = {z € R?||z| =r}.
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4 The measure of codimension one

In this section, we recall the definition of the measure v_; on Ricci limit spaces, and give

several properties of v_;.

4.1 Definition and finiteness

First, we recall the definition of v_;. (See (2.1) and (2.2) in [5].)

DEFINITION 4.1. For positive numbers 3,6 > 0 and a subset A C Y, we put

(v_p)s(A) = inf{zieIT;ﬁU<B($i))‘ f <Ry, AC UBm(%)y r; <0},
i€l

v_s(A) = lim(v_y)s(A).

6—0

By Caratheodory criterion, v_g is a Borel measure on Y. We remark that v_y(z) > 0
holds if and only if liminf, o v(B,.(z))/r > 0 holds. The following theorem is main result
in this subsection. (We will give a result where sharpens the conclusion in the following

theorem later. See Corollary 5.5.) This theorem is used in the proof of Theorem 1.1.

THEOREM 4.2. There exists a positive constant C(n) > 0 depending only on n such

that for every positive number t > 0 and every point v € Y,

(n vol(0B,(p))
v(By(z)) ~ vol B, (]_9)

holds. Here, p is a point in standard n-dimensional hyperbolic space H"(—1). Especially,
we have v_1(0B(x)) < o0.

PROOF. We can assume that 0B;(z) # (. There exists a sequence of complete
pointed connected n-dimensional Riemannian manifolds {(M;, m;)}; with Ricy;, > —(n—
1) such that (M, m;,vol/volBy(m;)) converges to (Y,y,v) in the sense of measured
Gromov-Hausdorff topology. We fix a sufficiently small positive number 0 < § <<
t. Let {x;}XY, be a maximal 100d-separated set on OB;(x). For every positive in-
tegers 7,7 > 0 (1 < i < N), we take z(j),z;(j) € M; such that z;(j) converges
to r; as j — oo and that x(j) converges to x as j — oo. We put S; = {u €
Sa(jyMj|There exists 0 < s < t(u) such that exp,; su € Bs(x;(j)) holds}. We also
put Ii(u) = {s € (0,t(u))|exp,; su € Bs(x:(j))} for u € S}, k(t) = sinh(t) and put
O(t,u) = t”_l(det(gij\expzmtu))%. Here, g;; = g(0/0x;,0/0x;) where (z1,22,..,%,) is a



normal coordinate around z(j). Then, we have

vol Bs(x;(j / / (s,u)dsdu
7 I'L
kn—l
g/ / 0(t — 20, u)n__lidsdu
+ J1i(u) E"(t - 20)
< 2/ / 0(t — 26, u)dsdu
i)

< 4(5/_ O(t — 26, u)du

< 46v0l(OBy_5((j)) N Cagy(Bs(z:(5)))).-

Since the set {0B;_25(x(7)) N Cr(Bs(x;(4)))}i are pairwise disjoint for every sufficiently

large 7, we have

S 8 ol Bs(:(4) < 4vol(OB-a1(a(7)) \ Cuty)

By Bishop-Gromov volume comparison theorem, we have
VOlBt 25( ( )) VOl(@Bt,Q(;(mj) \ C$(J)>
volBy (m;) volB;_as(x (7))
volB,_y5(2(j)) vOlOB;_25(p)
VOlBl (m]) VOlBt,Q(;(E) ’

vol(0B;-25(x(5)) \ Cay)) =

Thus, we have

~ , 1B;_o5(x(5)) voldB;_a5(p)
5 'vol Bs(z; < 5VO 1220 =,
; volBs(z:(j)) < volBi(m;)  volB;_ss(p)

By letting j — oo, we have

N
(U 1)10005 aBt Z 10005 B10005($z))

<C(n) Z 0~ v(Bs(x))

volOB;_a5(p)
< Cn)u(Byx)) ———7=.
< Cl (B g
Therefore, by letting § — 0, we have

vold By (p)

~1(0B(z)) < C(”)U(Bt(ff))voTt(p)-



We shall state the following proposition. See (4.3) in [6].

PROPOSITION 4.3. We assume that 0B1(y) # 0. Then for every positive number
R > 0 and every point x € Bgr(y), we have

v(Bs(x)) < C(R,n)s

for every positive number 0 < s < 1. Here, C(R,n) > 0 is a positive constant depending

only on R and n.
PROOF. By an argument simular to the proof of Proposition 5.2 in [12]. [
As a corollary of Theorem 4.2 and Proposition 4.3, we have an upper bound for v_y;

COROLLARY 4.4. We assume that OB1(y) # 0. Then for every positive number R > 0
and every point x € Br(y), we have

v_1(0Bs(x)) < C(R,n).

for every positive number 0 < s < 1.

4.2 Bishop-Gromov type inequality
In this subsection, we shall give a proof of Theorem 1.1.

PrROOF OF THEOREM 1.1. First, we assume that A is compact. There exists a se-
quence of complete pointed connected n-dimensional Riemannian manifolds {(M;,m;)};
with Ricy, > —(n — 1) such that (Mj, m;, vol/volBi(m;)) converges to (Y,y,v) in the
sense of measured Gromov-Hausdorff topology. We fix a sufficiently small positive number
§ > 0 and put C,(A,s,0) = {2 € 0B,(x)| There exists p € dB;_1005(x) N Bigoos(A) such
that 7,2 +Z,p — 7,p < 6 holds.}. Clearly, C,(A,s, ) is compact and [\;.0 Cr(A, s,0) =
O0Bg(z) N C(A) holds. Let ¢ > 0 be a positive number satisfying ¢ << s,t — s,4.
There exists a set {B, (7;)}Y, such that |v_1(C,(A,s,68)) — SN r (B, (7)) < e,
C.(A,s,0) C Uz]\il B,.(z;), 0 < r; < min{r,7,t — s,0}/1000 hold for every ¢, and that
Ci(A,s,0) N By (z;) # 0 holds for every i. We put 7 = min;<;<n{r;}/1000. For every
positive integer j € N, let x(j), x;(j) be points in M; satistying x;(4), 7; < ¢, (j),x < ¢;
in the sense of pointed Gromov-Hausdorff topology (e; — 0). For every positive integer
i,j >0 (1 <i<N), weput & = {u € Sz(jyM;| There exists 0 < t < t(u) such
that exp,; tu € Ba,(z:(j)) holds.} and SI = {u e |t(u) > t —1006}. We also put
I} (u) = {t € (0,t(u))| exp,j tu € Buy,(2:(j))} and I](u) = By, (I} (w)) (< (0,t(u))) for



UNS S‘f Then, we have

vol By, (z(j / / r,u)drdu
§9 )1

— 100,
/ / £ T 000.4) 1 gy
S] IJ k?’b 1005)

n—1
> 1(3 1009) [ 6t — 1006, u)du
k?n (t — 10006) g7
k" !(s —1005)
= (= 1000) rivol(8Bi—100(%(5)) N Sujy(Bar; (2:(5))) \ Ca)-

Here, Su(j)(Bar, (2:(5))) = {o € M;\ Cy(j)| There exists 3 € Bay, (x;(j)) such that z(j), 3+
B, a = x(j), o holds or z(j), o + o, 3 = x(j), 3 holds.}. Therefore, we have

k" (s — 1000)

ZT 'volBugy, (2i(5)) = E"L(t — 1000)

ZV_ (0Bi-1005(m) N Se() (Bar, (7:(5))) \ Cas)-

Let {#;}Y, be a maximal 100008-separated set on A and #;(j) € M; a point satisfying
zi(7), T < €.

CLAIM 4.5. For every sufficiently large j > 0, every point z; € Bsj10(2;(j)) and every

minimal geodesic from x(j) to z;, v : [0, z(5), 2 ), 2] = M;, we have
N
Tmage(7) N (| Bar, (2:(4))) # 0.
i=1

Let m;(s+7) € Image(y) be a point satisfying W = s+ 7. We take points
mj(s+ 7), Z; € Y such that m;(s+7),m;(s+7) < ¢; holds and that Z;,2z; < ¢; holds.
Then, we have z,m;(s+7) + m;(s+7),Z; — ,Z; < 10¢;. There exists w € Y such
that 7,w + w,m;j(s +7) = z,m;(s+7), w,m;(s+7) < 27 hold and that w € 0B,(x)
holds. Since ¢; << 7, we have x,m;(s+7) + m;(s +7),%; — z,2; < J. Hence, we have
w € Cy(A,s,0). Therefore, there exists 1 < i < N such that w € B, (z;) holds. Therefore
we have m;(s + 7) € By, (z;) and mj(s + 7) € By, (x;(j)). Thus, we have Claim 4.5.

For every ball Bs(i;(j)), we put § = {u e SzjyM;| There exists 0 < ¢ < t(u) such
that exp,, tu € Bs(2;(j)) holds.} and ) = {t € (0,t(u u))| exp,j tu € Bs(2:(j))} for
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UNS Sf Then, we have

vol Bs(%;(j / / r,u)drdu
SJ IJ

//k” 1 t — 1006, u) drdu
o Jo k; (t 1000)

n—1
2k 1(t+1005)5/ 6(t — 1000, u)du
(t — 1000)
k" '(t +1000)
an 1(t_1005)5vol(33t 1005(X (5)) N Cagy (Bs(@:(4))))-
Therefore, we have
. k"t + 1000 o
Zé 'vol (2 <2Z o el OB (7)) 0 oy (Bo(7)

vol (9B, -1005 (% (7)) N Coiy (|| Bs(@:(4))))-

i=1

k"t +10006)
k"1 (t — 1000)

By Claim 4.5, we have

N
OBy—1005(mj) N Coy |_|B5 ) € 0Bs—1005(2(5)) N Sy (| Bar, (:(4)))-
i=1

Thus, we have

(t — 1009) Z rivol By, (2:(7)).

25 vol Bs(2:(5)) < 3E
K (s — 1008) &

Therefore, by letting j — oo, we have

(v_1)1085(A) < Z (10°6) "0 (Bigss(4))

n) Z 6~ u(Bs(44))

E" 1 (t — 1006) 1

< O = " 0m) 217“ V(B 2]
E"(t — 1000)

S C( )En 1( . 1005) (U—l(Cx(A7 S, 5)) + 6)

By letting ¢ — 0 and 6 — 0, we have Theorem 1.1 for every compact set A. By standard

argument in measure theory, it is easy to prove Theorem 1.1 for every Borel set A. Il

There exist several applications to one dimensional Ricci limit spaces as a corollary of
Theorem 1.1. See [12].
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4.3 Non-zero

In this subsection, we give a non-zero property for v_;. First, we shall prove the following

theorem;

THEOREM 4.6. There exists a positive constant C(n) > 0 depending only on n such

that for every positive numbers 0 < s < r < t, every point x € Y and every Borel set

A C Ar,t($)}

o(A) v 1(OBy(x) N Cu(4)
volBy(p) — volB,.(p) < Cn) voldBy(p)

holds. Especially, if v(A) > 0 holds, then v_1(0Bs(x) N Cy(A)) > 0 holds.

Proor. Without loss of generality, we can assume that s < r holds and A is compact.
We fix a sufficiently small positive number § and put C,(A4,s,d) = {z € dBs(z)|There
exists @ € Y such that o, A < 6 and T,z + Z,a — T,a < § hold.}. We remark that
C»(A,5,60) is a compact set and that (\;o,Cr(A,5,0) = 0Bs(x) N Cy(A) holds. Let
¢ > 0 be a positive number. There exists {B,,(x;)}~, such that |v_;(C.(A,s,d)) —
SN (B, ()| < €, Cu(A,5,6) € U, Br,(z), 0 < r; < min{r,7,t — 5,6}/1000 hold
for every i, and that C,(A4, s,0)NB,,(z;) #  holds. By taking a maximal 100 - separated

set on A and by an argument simular to the proof of Theorem 1.1, we have

VOlBt+100§ (B) - VOlBr71005 (B)

v(A) < C(n) 0B ) (v_1(CL(A, s,0)) + €).

Therefore, by letting € — 0, 6 — 0, we have Theorem 4.6. n
Next corollary is a non-zero property for v_q;

COROLLARY 4.7. Let x be a point in' Y and R > 0 a positive number. We assume
that OBg(x) \ Cp # 0. Then for every z € 0Bg(x) \ C, and every positive number e > 0,
(O 1( ( )ﬂ@BR( )\C’x)>0holds

PROOF. There exist a sufficiently small positive number 0 < 7 < €/1000 and a
point w € Y such that 7,z + zZ,w = T,w and Z,w = 7 hold. Then, since dBg(x) N
Cx(B7/1000(w)) C Be(2) N0BR(x) \ Cp, we have Corollary 4.7 by Theorem 4.6. O

Finally, we shall give the following theorem.

COROLLARY 4.8. For every points x,z € Y such that x # z, the following conditions

are equivalent:

v(Cy({2})) > 0 holds.

2. v_1(0B(x) N C({z})) > 0 holds for every 0 <t < T, z.

12



3. v_1(0By(x) N C({z})) > 0 holds for some 0 <t <7, z.

PROOF. First, we assume that v(C,({z})) > 0 holds. We put r = Z;z > 0. There
exists a positive integer N € N such that v(Cy({z}) N Ay, (ni1)-1.(2)) > 0 holds.
Thus, by Theorem 4.6, we have v_(0B;(x) N C,({z})) > 0 for every 0 <t < (N +1)"'r.
Since 0Bs(x) N C,({z}) = 0B,_s(z) N C,({z}) holds for every 0 < s < r, by Theorem 1.1,
we have v_1(0B(z) N C,({z})) > 0 for every 0 <t < r.

Next, we assume that v(C,({z})) = 0. Then, by Corollary 5.5, there exists t € (0,7, z)
such that v_1(0By(x) N C,({z})) = 0 holds. O

5 Co-area formula for distance function

In this section, we give a relationship between the limit measure v and the measure v_;.
Let x be a point in Y and A C Y a subset. We define &4 : R>y — R>¢ by

D4 (t) = v_1(OB(z) N A).

PROPOSITION 5.1. For every Borel set A CY, the map ®4 is a Lebesgue measurable

function.

We will give a proof of Proposition 5.1 in Appendix. The following theorem is main

result in this section.

THEOREM 5.2. Let x be a point in Y. There exists the non-negative valued function
f € Loo(Y) and a positive constant C(n) > 0 depending only on n, such that fly Z 0
holds for every open set U CY, |f|r.. < C(n) holds, and

/ / gdv_ldt—/gfdv
0 JoBi(x)\Co %

holds for every g € L1(Y).

PRrROOF. There exists a sequence of complete, pointed, connected n-dimensional Rie-
mannian manifolds {(M;,m;)}; with Ricy;, > —(n—1) such that (M;, m;, vol/volB;(m;))
converges to (Y,y,v) in the sense of measured Gromov-Hausdorff topology. For every
positive number 7 > 0, we put D, = {w € Y| There exists z € Y \ B,(z) such that
T,W+W,Z =T, 2 holds. }. Clearly, D; is a closed set and | J,., D, = Y'\C,. We fix 7 > 0.
Let s,t,r, R,0 > 0 be positive numbers satisfying 0 < § << 7,s and §d <<r <t < R. We
assume that A, p(z) # (). We take a point w € A, g(z). Let {z;}¥, be a maximal 1004-
separated set on 0B, (z) N Bs(w). We take a positive number £ > 0 such that |t — | < ¢
and £ € [r, R] hold.

13



CLAIM 5.3. We have 0B;(x) N Dy N By_190s(w) C Ufil Bsoos(x;).

Let 2 be a point in dB;(x) "D, N B,_190s(w). First, we assume that £ > ¢. Then there
exists a € OBy(z) N By(w) such that T,a + @,z = 7,2z and @,z < 6 hold. Thus, there
exists a positive integer 1 < i < N such that a € Basos(x;) holds. Therefore, we have
2 € Bspos(2;).

Next, we assume that ¢ < t. Since § << 7, there exists a € dB,(z) N B,(w) such that
T,z +Z,a=7T,a and @, z < 0 hold. Thus there exists a positive integer 1 < ¢ < N such
that a € Bagos(;) holds. Hence, we have z € Bsggs(x;). Therefore, we have Claim 5.3,

For every positive integers i,7 > 0 (1 < i < N), let x;(j),z(j) € M, be points
satisfying x;(j), #; < ¢j and (), z < ¢ (¢; — 0). We put S? = {u € Sy(;)M;| There exists
0 <t < t(u) such that exp, ;) tu € Bs(z;(j)) holds.} and I;(u) = {t € (O, t( )| expy ;) tu €
Bs(xi(j))} for u € Sj. Then, we have

vol Bs(z;(7 / / (8, u)dsdu
—1
/ / (5 O =100.1) e,
i J I () k” (t — 106)

< 2/ / 0(t — 100, u)dsdu

< 55/_ 0(t — 106, u)du

< 56vol (0B;_105(x(5)) N Cgy (Bs(i(5))) N Baos(@i(5)) \ Cag))-

CLAIM 5.4. For every iy iz € {1,2,--- | N} such that iy # iy, for every sufficiently
large integer j, we have Cy(j)(Bas(:,(4))) N Couy(Bas (x4, (7)) N Bags(4,(4)) = ¢-

Assume that the assertion were false. We take z; € Cyj)(Bas(2i, (5)))NCajy(Bas(xi, (4)))N
Baos(2i,(7)). There exist yi, (j) € Bas(wi,(5)), ¥in(J) € Bas(wi,(j)) such that 95(3—)723 +

25, ¥ (7) = 2(9), ¥ (4), ©(4), 25 + 25, ¥, (J) = 2(j), Yi,(j) hold. Then, by triangle inequal-
ity, we have

iy (7) Tin (5) < iy (5)5 Yin (3) + ¥in (55 25 + 255 Yin () + i, (5) 5 74, ()
<264y, (9), 2 + 25, Yi, (J) + 20
<45+t +50 —x(j), zj + 24, Yi, (J)
<90+t = (2()), yie(3) — 255 Y2 (1)) + 25 Yia (7)
<90+t —x(j), vi, (j) + 500
<94 4+ 50 + 500 = 640.
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Thus, we have x;;, z;; < 70d. This is contradiction. Therefore, we have Claim 5.4.

Let w(j) € M; be a point satisfying w(j),w < ¢;. By Claim 5.4 and Bayps(xi(j)) C
Bgi100s(w(j)), we have

ZV_OlBé(ifi(j)) < 105V_(71(aB£—105($(j)) N Byy100s(w(j)) \ Cz(j))'

On the other hand, for every sufficiently large j, we have

N N
> o(Bs(w:) = Y volBs(ai(4))] < 6.
i=1 i=1
Therefore, for every sufficiently large j, we have

(v-1)10008(OB;(2) N Bs_1005(w) N D)

<) (10008) "0 (Biooos(2:))

=1

C(n) 25—111(35(%))

IN

< C(n)(6+ Y 6 volBs(xi(4)))

< C(n)d + C(n)vol(9B;_105(x(5)) N Bstroos(w(i)) \ Capy)- (%)

Let {t;}*, C [, R] be a subset satisfying [r, R] C U}, Bsja(t;). For every i = 1,2,--- |k,
we have that inequality (*) holds for every sufficiently large integer j and every ¢ € [r, R]
satisfying |t — ;] < 8. Hence, inequality () holds for every sufficiently large j and every
t € [r, R]. Therefore, for such sufficiently large integer j, we have

/R(’Ul)loooa (0B;(z) N Bs_r(w) N D, )di
< /R<U1)10005 (8B;(z) N Bs—_100(w) N Dr)df

T

< C(R )3+ C(m) [ x0l(0B; 105(a7)) N Berrans(wii) \ )i
< C)R=n6+0(m) [ wol(90Bu(a(3)) O Bessans(w(i)) \ Cogy)d

< C(n)(R —1)8 + C(n)vol By 1005(w(j))-

By letting j — o0, 6 — 0, R — oo, r — 0 and letting 7 — 0, we have

/000 v_1(0B;(x) N By(w) \ Cy)dt < C(n)v(Bs(w)).
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Since the map ¥ : B(Y) — R U {oo},
V(A) = / v_1(0By(z) N A\ C,)dt
0

is an additive set function on B(Y). Here B(Y) = {A € 2V|A is a Borel set of Y}. By

standard argument in measure theory, for every Borel set A € B(Y'), we have
/ v (OB(x) N AN C)dt < Cn)u(A).
0

By Radon-Nikodym theorem, we have Theorem 5.2. Il
We give next inequality where sharpens the conclusion in Theorem 4.2.

COROLLARY 5.5. For every positive numbers 0 < ry < ry < R, every point x € Y and
every Borel set A C 0Bg(x),

v-1(4)
voldBg(p)

U(Arl, ro (x) N Cx<A))
volB,,(p) — vol B, (p)

< C(n)

holds.

Proor. It follows from Theorem 1.1 and Theorem 5.2, immediately. O]

6 Ahlfors a-regular set and the Hausdorff dimension

We consider a set that on the set, limit measure v is equivalent to some Hausdorff measure.

DEFINITION 6.1. For positive numbers a > 0, C' > 1, we put
Ay (a,C) = {z € Y|C's* < v(By(z)) < Os* for every 0 < s < 1},

Ay(a) = [ Av(2, 0).

c>1
We call the set Ay («) Ahlfors a-regular set.

Note that Ay (a, C) is a compact set. Next, we shall give a notion of tangent cone.

DEFINITION 6.2. Let (W, w), (Z,z) be pointed proper geodesic spaces. We say that
(W, w) is tangent cone at o € Z if there exists a sequence of positive numbers r; > 0
such that r; converges to 0 and that rescaled pointed proper geodesic spaces (Z,r; Ydy, )
converges to (W, w) in the sence of pointed Gromov-Hausdorff topology. Here, d is the

metric (distance function) on Z.

We shall give an upper bound of Hausdorff dimension of Ahlfors a-regular set.
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THEOREM 6.3. We have dimyAy (o) < [a] for every positive number o« > 0. Here
la] = sup{k € Z|k < a}.

PrOOF. This proof is by contradiction. We assume that dims Ay () > [a holds.
Then, there exist a sufficiently small positive number 0 < 3 < 1 and a positive number
C > 1 such that H**?(Ay (o, C)) > 0 holds. By density result of Geometric measure
theory, there exist € Y, a tangent cone at z, (7,.Y,0,), and exists a sequence of positive
numbers 7; > 0 such that r; converges to 0, lim; o H (B, (x))/r%+# > 0 holds and that
(Y,r;*dy, x) converges to (T,Y,0,). (For example, see (1.39) in [5] for the definition of
(a+3)-dimensional spherical Hausdorff content, H2+#.) Without loss of generality, we can
assume that there exist a compact metric space Z, a limit measure v, on (71,.Y,0,), posi-
tive number C' > 1 and exists an isometric embedding ¢ : Z — Aq,y(«, C’)ﬂ?l(om) for v
such that H*#(Z) > 0 holds and that (B,,(x) N Ay (a, C),r; 'dy) converges to Z in the
sense of Gromov-Hausdorff topology. Especially, H*+#(B1(0,) N Ar,y (e, C)) > 0 holds.
By Proposition 2.5 in [5], we have H*™#(B1(0,) N Ar,y (a, C) \ WD,(0,)) > 0. (See Defi-
nition 2.10 in [4] for the definition of WDy(z).) We put (Y1,y1) = (1..Y,0,). Then, there
exist a point z € Ay, (a, C)\WDq(11), a sequence of positive numbers s; > 0 and a pointed
proper geodesic space (W, w) such that s; converges to 0, lim;_o HeH(B,,(2)) /5277 > 0
and (Y7, s; 'dy,, z) converges to (R x W, (0, w)).

By iterating this argument, there exist an iterated tangent cone of Y, (7',t), a limit
measure Us, on (7', t), a positive constant C > 1 and a proper geodesic space X such that
HHP(B1(t) N Ar(a, C)) > 0 holds for @, and that T is isometric to RI®*! x X holds.
Therefore, there exists a point w € T such that liminf, o U (B, (w))/r® > 0 holds. This
contradicts Proposition 1.35 in [4]. O

Next Corollary follows from Theorem 5.5 in [6], immediately. We shall give an alter-

native proof.
COROLLARY 6.4. We assume that v(Ay(«)) > 0 holds. Then « is an integer.

PROOF. By the assumption, we have H*(A(«)) > 0. Hence, dimy A(a)) > . There-
fore, by Theorem 6.3, we have o = [a]. O

7 Appendix: A proof of Proposition 5.1

In this section, we shall prove Proposition 5.1. We fix positive numbers 0 < r < R. For
every t € Qg, let {x!}ien be a countable dense set of OB;(x). For every positive integer
N € N and every positive number § > 0, we put B = {B,(z})|i € N, s,t € Qso},
BY = {(B,,(:))iz12,- 5 € BY|B,,(z;) € B,r; < &} and put Bs = Uyen BY. Clearly,

these are countable sets.
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LEMMA 7.1. Let A CY be a compact set. Then the function t — (v_1)s(0B;(x) N A)
is a Borel fuction for every positive number 6 > 0. Especially, the map ®|; g is a Borel

function.

PROOF. For every F = (B,,(z;))i=12.. n € Bs, we define a map ¥ from [r, R] to
R U {oo} by Up(t) = SN 7 tu(B,, () if dB,(z) N A C U~ By, (x;) holds, ¥p(t) =

=i "1

00
if otherwise. Since 0B;(z) N A is a compact set, ¥ is a Borel function. Therefore, ¥ =
inf pep, Up is a Borel function. By the definition of (v_;)s, we have U(t) = (v_1)s(0B(z)N
A). m

Therefore, we have the following corollary.
COROLLARY 7.2. Let O C Y be a open set. Then the map (I)o|[r,R] 15 a Borel function.

Here we put 0 = {A € B(Y')| For every positive number ¢ > 0, there exist a sequence
of compact sets K; C A, a sequence of open sets A C O; and exists a Lebesgue measurable
set E C [r, R] such that H'([r, R]\ E.) < € holds and that sup,cp, v_1(0B,(z) N A\ K;)
and sup,cp v—1(0B¢(x) N O; \ A) converge to 0 as ¢ — oo. }. Note that for every sets
A€o, Dy

i~ R is a Lebesgue measurable function for every set A = UieN A;.
LEMMA 7.3. 0 is o - algebra.

ProoOF. It suffices to show UiEN A; € o for every sets A; € 0. We take a sequence
A; € 0. Let € > 0 be a positive number. For every ¢ € N, there exist a sequence of compact
sets K;(j) C A;, a sequence of open sets A; C O;(j), and exists a Lebesgue measurable
set E(i) C [r, R] such that H'([r, R]\ E(i)) < 2~¢ holds and that sup,.p, ;) v-1(0B(x)N
Oi(j)\ Ai) and sup,ep, gy v-1(0B:(x) N A; \ Ki(j)) converge to 0 as j — oo. Thus, for every
[ € N, there exists a sufficiently large integer N(I) € N such that for every 1 < i <[,
SUP;c . i) V-1 (0B (x) N Ay \ Ki(N(1))) < 17'27 holds. Since v_1(dBy(x) N (U, A))
converges to v_1 (0B (x) N (U,en Ai)) as I — oo for every t € [r, R], by Egoroff’s theorem,
there exists a Lebesgue measurable set E, C [r, R] such that H'([r, R] \ E.) < € holds and
that sup,cp, v_1(0B¢(z) N (U;en Ai \ UL_, 4;)) converges to 0 as | — co. We put E, =
Nien Ee(i)NE.. Then, we have, H'([r, R\E.) < >ien HY([r, RI\Ec(2))+H'([r, R]\ Ee) <
2¢. We also put a compact set K; = (J\_, K;(N()). Then, sup,e . U-1(0B(7) N (Ujen Ai\
Kl)) converges to 0 as [ — oo. For every integers [,7 € N, there exists a sufficiently large
j(1,i) € N such that sup,cp_;y v-1(9Bi(z) N (Oi(j(1,7)) \ A;)) < 17'27" holds. We put a
open set Op = [ J;cn Oi(j(1,7)). Then sup, .z v_1(9B(x) N (O; \ U;en Ai)) converges to 0
as | — 00. Therefore | J,. Ai € o holds. O

LEMMA 7.4. 0 = B(Y) holds.
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PROOF. For every open set O C Y, there exists a sequence of compact sets K; C O
such that | J,.n Ki = O. By Egoroff’s theorem, for every positive number ¢ > 0, there
exists a Lebesgue measurable set £, C [r, R] such that sup,cp v_1(0Bi(z) N O \ Kj;))

converges to 0 as ¢ — oo. Thus, O € g. Therefore we have Lemma 7.4 [

Proposition 5.1 follows from these lemma above, immediately.
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