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Abstract

We extend Cordero-Erausquin, McCann and Schmuckenschldger’s Riemannian
Borell-Brascamp-Lieb inequality to Finsler manifolds. Among applications, we es-
tablish the equivalence between Sturm, Lott and Villani’s curvature-dimension con-
dition and a certain lower Ricci curvature bound. We also prove a new volume
comparison theorem for Finsler manifolds which is of independent interest.

1 Introduction

Optimal transport theory is making rapid and breathtaking progress in recent years as it
finds a large number of connections with various fields. Villani’s massive lecture notes [Vi2]
provide the global picture, and a great deal of new insight as well. One of the milestones
of the theory is a Riemannian Borell-Brascamp-Lieb inequality due to Cordero-Erausquin,
McCann and Schmuckenschliger [CMS1] that we will extend to Finsler manifolds. Their
work offers deep inspiration as well as a technical breakthrough in the investigation of
optimal transport in curved spaces. Furthermore, the Riemannian Borell-Brascamp-Lieb
inequality has many meaningful applications from its ancestors (the Prékopa-Leindler
inequality and the Brunn-Minkowski inequality) to the attractive curvature-dimension
condition. We will also extend them to Finsler manifolds.

Our generalization is twofold. We consider a Finsler manifold where one naturally
encounters a nonsymmetric distance function, and we equip it with an arbitrary measure.
Then the main difficulty arises from the lack of a good notion of the Hessian, and we always
have to take care on the nonsymmetric distance. Nevertheless, surprisingly enough, the
conclusion is completely the same as the Riemannian case (see Corollary 8.3 for a variant
derived from Theorem 1.2).

Theorem 1.1 (A Finsler Borell-Brascamp-Lieb inequality) Let (M, F') be a connected,
forward geodesically complete, n-dimensional C*-Finsler manifold, c(x,y) = d(x,y)*/2
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and let m be an arbitrary positive C*°-measure on M. Take three nonnegative measurable
functions f,g,h : M — [0,00) and measurable sets A, B C M with [, fdm = [, gdm =
1. If there is t € (0,1) such that

holds for all x € A, y € B and z € Zy(x,y), then we have [, hdm > 1.

Here Z;(A,B) of A,B C M denotes the set consisting of points y(¢) such that v :
[0,1] — M is a minimal geodesic with v(0) € A and (1) € B. In addition, vy and vy
are the volume distortion coefficients defined by

0= (2,y) = lim m(Z(x, B (y,r))) o7 (z,y) = lim m(Z,(B~ (z,7),y))

M B () Mo o) Y

(< and > represent shapes of cones we have in mind), where B*(z,r) and B~ (z,r) are
forward and backward open balls with center z and radius r (see (2.4)).

In order to obtain more concrete statements, we need to control the volume distortion
coefficients by means of geometric quantities of (M, F,m). Shen’s volume comparison
theorem ([Sh1], Theorem 7.1, see also [Sh2] for applications) is usable, whereas we also
give a new, sharper comparison theorem (Theorem 7.3) inspired by the theory of weighted
Riemannian manifolds. This theorem would be even more significant than Theorem 1.1
from the geometric viewpoint and there are a lot of analytic and geometric applications,
though we do not pursue that direction in this article.

One of the most sophisticated applications of the technique developed in the proof
of Theorems 1.1 and 7.3 is Theorem 1.2 below in which we successfully generalize the
curvature-dimension condition (also called the N-Ricci curvature bound) recently remark-
bly developed by Sturm [St2], [St3] and Lott and Villani [LV1], [LV2]. Again it is surprising
that the statement is completely similar to the weighted Riemannian situation.

Theorem 1.2 (The curvature-dimension condition) Let (M, F,m) be as in Theorem 1.1
with n > 2 and take K € R.

(i) For N € (n,00), (M, F,m) has N-Ricci curvature bounded below by K if and only
if we have

. 2 1 2
R T+ - > K ,
ic(v) + 0V N n(@UV) > (1.3)

for every unit vector v € TM.

(ii) (M, F,m) has n-Ricci curvature bounded below by K if and only if Ric(v) > K and
0,V = 0 hold for every unit vector v € TM.

(iii) (M, F,m) has co-Ricci curvature bounded below by K if and only if Ric(v)+0*V > K
holds for every unit vector v € T M.



Here we set, given a unit vector v € T, M,

vol,, (B ,,(0,1
V(v) :=log ( ma:((Bj—tzj\/[(((); 1)3)), (1.4)

where vol,, and m, stand for Lebesgue measures on T, M induced from g, and m, re-
spectively (see (2.2) for the definition of g,). We can rewrite this as m, (B, ;,(0,1)) =
e voly, (B7. 1,(0,1)). Then we define

d2

d . 0, &
t:OV(n(t)), oV = o

8UV = E

), (1.5)
where 1 : (—¢,6) — M is the geodesic with 7(0) = v. We remark that constant
multiplication C'm does not affect 9,V nor 92V, it just turns V into V — log C'. Theorem
1.2 guarantees that our curvature bound (with weight) is not artificial, for the curvature-
dimension condition involves only the distance and the measure (see Definition 8.1).

It is known that Banach spaces have nonnegative Ricci curvature in terms of the
curvature-dimension condition (see [Vi2]). This means that the curvature-dimension
condition does not characterize Riemannian spaces. From a different viewpoint, the
curvature-dimension condition can be a powerful tool also in the investigation of Finsler
spaces. This is what we have done in this article. In fact, some of standard applica-
tions of our theorems, such as the Lichnerowicz inequality (Corollary 8.5) and normal
concentration of measures (Proposition 9.6), seem new for general Finsler manifolds.

We explain an outline of the proof of Theorem 1.1. We first establish a Finsler analogue
of the Brenier-McCann solution to the Monge-Kantorovich problem (Theorem 4.10). That
is to say, a unique optimal way of transporting one probability measure to another is doing
along the gradient vector field of some c-concave function ¢. Although we will give a self-
contained proof along the same lines as McCann’s [Mc], this part follows also from Villani’s
[Vi2]. He treats quite general Lagrangian cost functions on Riemannian manifolds, while
the underlying Riemannian structure plays only a subsidiary role.

We next analyze the c-concave function ¢ to prove Theorem 1.1. The point is to give
up trying to formulate a Finsler Hessian and use the second order differential d(d¢) :
TM — T(T*M). Even more important from the technical viewpoint is to take out
vertical terms of d(d¢) (see Lemma 3.2, Proposition 5.1). Our argument makes it clear
what the Hessian is implicitly doing in [CMS1]. Once we realize this method, it turns
out that we can closely follow the proof in [CMS1]|. Moreover, by virtue of our arbitrarily
fixed underlying measure m, Theorem 1.1 includes a weighted version studied in [CMS2].

The article is organized as follows. We start with a review of Finsler geometry in
Section 2, and show technical lemmas in Section 3. Then we study the Brenier-McCann
solution to the Monge-Kantorovich problem in Section 4. Sections 5 and 6 are devoted
to a proof of Theorem 1.1. A volume comparison theorem is established in Section 7.
We discuss the curvature-dimension condition in Section 8. We finally present selected
applications in Section 9.

Throughout the article, unless otherwise indicated, (M, F') is a connected, forward
geodesically complete, n-dimensional C*-Finsler manifold, c(z,y) := d(x,y)?/2 is the
quadratic cost function and m is an arbitrary positive C*°-measure on M. We emphasis



that F' is merely positively homogeneous, therefore ¢ is generally nonsymmetric. Every
geodesic will have a constant speed.
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2 Preliminaries for Finsler geometry

In this section, we review the fundamentals of Finsler geometry. Basic references are
[BCS] and [Sh2].

2.1 Finsler structures and the Legendre transform

Let M be a connected, n-dimensional C'"*°-manifold. For x € M, denote by T, M the
tangent space at x, put TM = (J,.p,ToM and let 7 : TM — M be the natural
projection. Given a local coordinate system (z°)_; : U — R" on an open set U C M,

we will always denote by (z*,v%)™; the local coordinate system on 7= *(U) C TM given
by, for v € 77 H(U),

0
oxt

n
v = E v
i=1

Definition 2.1 (Finsler structures) A C*°-Finsler structure of a C*°-manifold M is a
function F': TM — [0, 00) satisfying the following conditions:

w(v)

(1) (Regularity) The function F'is C* on T'M \ 0, where 0 stands for the zero section.

(2) (Positive homogeneity of degree 1) For any v € T'M and positive number A > 0, we
have F(Av) = AF(v).

(3) (Strong convexity) Given a local coordinate system (z')?_, on U C M, the n X n

matrix
(956 = (35t )

is positive-definite at every v € 7= 1(U) \ 0.

In other words, each tangent space (T,,M, F') is a Minkowski space and F varies C* in
the horizontal direction. The above definition has collected as few conditions as possible,
other expected properties follow from them (e.g., ' > 0 on T'M \ 0, strict convexity
of F' etc.). We emphasis that, however, F' is not necessarily absolutely homogeneous,
namely F'(v) # F(—v) may happen. It is sometimes helpful to consider the reverse of F,
F(v) := F(—v), which turns everything around (e.g., distance and geodesics).

The Legendre transform £ : T*M — T M associates each co-vector a € Ty M with a
unique vector v = £,(a) € T, M such that F(v) = F*(a) and a(v) = F*(a)?, where F*
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denotes the dual Minkowski norm of F' on T M. (This £ is the inverse of that in [BCS,
§14.8].) The transform £ is a C*-diffeomorphism from 7*M \ 0 to TM \ 0, and C° on
T*M as well. For a C'-function f : M — R, we define the gradient vector of f at v € M
as the Legendre transform of its differential, i.e., V f(z) := £,(df,) € T, M.

Let f: M — R be a C*-function. We do not have a good notion of a Finsler Hessian
(it is usually just the second order differentiation along geodesics), so that we will use the
differentiation of df : M — T*M instead, namely d(df), : T,M — Ty, (T*M). In a
local coordinate system, it is written as

d(df). = E , (5Zj ox'
i 1

/L?.j:

2f 0
P wer G

dz’|,. 2.1
dfﬁ) o) 2.1)

We remark that the vertical part

" 0%f (2) 0
] oxi0xi 7 Ovt laf

j|x

is coordinate-free only when df,, = 0. Note also that the coodinate transform on Ty, (7% M)
between (z°,v%) and (y/,w?) is

J y 0 of 0%z 0 oxt 0
oxt JZ {8$Z OyJ Z Oxk Ox Oyl OwI |’ Z Ayl Owi”

Therefore the vertical part behaves well and can be identified with Ty, (7 M), whereas the
horizontal part is cumbersome. These observations underlie Lemma 3.2 and Proposition
5.1.

2.2 The Chern connection and covariant derivatives

Given v € T, M \ 0, the n X n matrix (g;;(v)) in Definition 2.1 defines a useful Riemannian
structure of T, M and we denote it by g,, that is,

gv(zwi% . Z anj ) Z gzy w1w2 (22)
i=1 j=1

Note that g,(v,v) = F(v)? follows from Euler’s theorem. Moreover, g, is linked to the
Legendre transform through the formula £;'(v)(w) = g,(v,w) for w € T,M. We call
gi;(v) the fundamental tensor and further define the Cartan tensor by, for v e TM \ 0,

F(v)dgi;, . F(v) 03(F?)
2 90 )T T guiawiaer )

If F'is coming from a Riemannian structure, then g, coincides with the original Rieman-
nian structure for all v € TM \ 0, and hence the Cartan tensors vanish everywhere. In
fact, the converse is also true, therefore F' is Riemannian if and only if the Cartan tensors
vanish everywhere on T'M \ 0.

Aijk(v) =



We define the formal Christoffel symbol by

= 53 B - B+ 2}

=1

for v € TM \ 0, and also define

n

> A (o),

k,l,m=1

M) 1= S0~
k=1

where (g”) stands for the inverse matrix of (g;;) and A% := >, g" Ay
Given a connection V on the pulled-back tangent bundle 7*T'M, we denote its con-
nection one-forms by w;’, that is,

= = ) i i j
Vo 90 izle (v) E V., dz jzle (v) da’.

Different from the Riemannian situation, there are several connections (due to Cartan,
Chern, Berwald and so on) each of which is canonical in its own way. We use only one of
them in this article.

Definition 2.2 (The Chern connection) Let (M, F) be a C*°-Finsler manifold. Then
there exists a unique connection V on the pulled-back tangent bundle 7*T'M, called the
Chern connection, whose connection one-forms w;* satisfy the following conditions:

Fix a local coordinate system (z*)"_; on U C M.

(1) (Torsion-freeness) For any i = 1,2, ... ,n, we have
Z dr? Aw;' = 0.
j=1

(2) (Almost g-compatibility) For any i,j = 1,2,... ,n, we have

n

9 M
dgij - § (gkjwik + gikwjk) = F E Az‘jk 52}k,
k=1

k=1
where we set dvF := do* + Y, N¥ da'.

In the remainder of this section, V always stands for the Chern connection on 7*T' M.
The torsion-freeness says that the connection one-form w;’ does not have any dv*-term,
so that we can write w;* = Y, ', do*. Together with the almost g-compatibility, we
find the explicit formula

. , 1 e .
e =" — Ia Z gll(Alijmk — Ajim N™ 1 + A N™;).

I,m=1



If (M, F') is Riemannian, then the almost g-compatibility reduces to the g-compatibility
dgij = > (grjwi® + gixw;*), therefore the Chern connection is nothing but the Levi-Civita
connection. We say that a Finsler manifold (M, F) is Berwald type if T j;(v) depends only
on z = m(v) (ie., '} is fiber-wise constant). For instance, Riemannian manifolds and
Minkowski spaces are Berwald type. Roughly speaking, a Finsler manifold of Berwald
type is modeled on a single Minkowski space. Finsler manifolds of Berwald type have
already provided a rich family of non-Riemannian spaces.

For a C'*-vector field X on M and two nonzero vectors v, w € T, M \ 0, we define the
covariant deriwative Dy X with reference vector w as

(DY X)(x) :—Z{ aai(; +ZF’ w)v! XF( >}aiu

ij=1

Y

where X (z) = >, X'(x)(9/0x")|,. We usually choose w = v or X (x).

2.3 Flag and Ricci curvatures

The Chern connection V derives the corresponding curvature two-form

jS = dw] ij A w!,

where we put WA T :=w ® T — 7 Q@ w. It can be rewritten as

MZIRM v) da /\dat—l—wklzlpjkl v) da* A 5o,

where we impose R;'y = —R;"1.
Given two linearly independent vectors v,w € T, M \ 0, we define the flag curvature
by
gu(RY (w,v)v,w)
gv('U, U)gv(w> U)) - gv(v> U))2 7

where we set, for v = >, v(9/0x")|, and w = >, w'(9/0x")|,,

K(v,w) :=

n
o 9
— k|
R (w,v)v = | g VR, (v)w v 5.
szzkzl::l

See [Sh2, §6] for a nice geometric interpretation of K. For later convenience, we recall
from [BCS, (3.4.7), Exercise 3.4.4(c)| that, given v € T, M \ 0 and w,w’ € T, M,

Jv (R”(w,v)v,w’) = gy (R“(w’,v)v,w), R’(v,v) = 0. (2.3)

Unlike the Riemannian case, the flag curvature K(v,w) depends not only on the flag
{M + pw| A pn € R}, but also on the flag pole { |\ > 0}. One merit of the flag
curvature is its independence of the choice of connections.
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For v € T, M \ 0, the Ricci curvature of v is defined by

n—1

Ric(v) := Z K(v,e;),

i=1

where ey, s, ... ,€,_1,v/F(v) form an orthonormal basis of T,,M with respect to g,.

2.4 Geodesics, the exponential map and cut loci

For a C'-curve n : [0,7] — M, we define its arclength in a natural way by

L) = [ PGo)d i) =50,

Then the corresponding distance function d : M x M — [0,00) is given by d(z,y) :=
inf,, L(n), where the infimum is taken over all C'-curves 7 from z to y. We emphasis that
d is not necessarily symmetric (i.e., d(x,y) # d(y,x) may happen) because F' is merely
positively homogeneous. Nonetheless, d is positive outside the diagonal set and satisfies
the triangle inequality d(z,z) < d(z,y) + d(y,z). We define the forward and backward
open balls of center x € M and radius r > 0 by

Bt (z,r):={ye M|d(z,y) <r}, B (z,r):={ye M|d(y,z) <r}. (2.4)
We also define open balls in T, M by
BEM(O,T) ={veT,M|F(v) <r}, B;wM(O,T) ={veT,M|F(—v)<r}.

A C%-curve ) : [0,7] — M is called a geodesic (of constant speed) if it satisfies
Din = 0 on (0,7). We remark that the reverse curve 7(t) = n(r —t) may not be a
geodesic (7] is a geodesic with respect to the reverse Finsler structure F'(v) = F(—v)). For
C*>-vector fields V, W along a nonconstant geodesic 7 : [0,r7] — M, it holds that

d . .
7 930y (V,W)] = gy (DV, W) + gy (V, DIW). (2.5)

We define the exponential map by expv = exp,, v = n(1) for v € T'M if there is
a geodesic i : [0,1] — M with 7(0) = v. The exponential map is only C"! at the zero
section, and is C? at the zero section if and only if (M, F) is Berwald type. Moreover,
the squared distance function d(z,-)? from a point z € M is C? at x for all x € M if
and only if (M, F') is Riemannian ([Sh1, Proposition 2.2]). The lack of C*-smoothness is
troublesome and we need some extra discussions in later sections which are unnecessary
in the Riemannian case.

A Finsler manifold (M, F) is said to be forward geodesically complete if the exponential
map is defined on the entire 7'M, in other words, if there is a geodesic n : [0, 00) — M
with 77(0) = v for any given v € TM. Then any two points in M can be connected by
a minimal geodesic, i.e., a geodesic whose arclength coincides with the distance from the
initial point to the terminal point.



Fix x € M. For a unit vector v € T, M, let r(v) € (0, 00| be the supremum of r > 0
such that the geodesic t — exp, tv is minimal on [0, 7]. If r(v) < oo, then exp, (r(v)v) is
called a cut point of z, and the cut locus Cut(z) of = is defined as the set of all cut points
of . The exponential map exp, is a C*-diffecomorphism from {tv|v € T, M, F(v) =
1,t € (0,r(v))} to M\ (Cut(x) U{z}). We remark that y is a cut point of x with respect
to F if and only if z is a cut point of y with respect to the reverse Finsler structure F of
F.

2.5 Jacobi fields and variational formulas for arclength
A C>-vector field J along a geodesic 7 : [0,r] — M is called a Jacobi field if it satisfies
DyDyJ + R'(J, 1)1 =0

on (0,7). Any Jacobi field is represented as the variational vector field of a geodesic
variation and vice versa. For C'*°-vector fields V, W along a nonconstant geodesic 7 :
[0,7] — M, we define the index form by

I(V,W) = ﬁ /0 ' {90 (DIV, DIW) = gy (RT(V, )i, W) } dt.

Note that I(V, W) = I(W, V) holds by (2.3). We deduce from (2.5) that, if V is a Jacobi
field,

IV, W) = F(i)™ [gi0(DJV, W)y (2:6)
We consider a C*™-variation o : [0,7] X (—¢&,&) — M and set

T(t,s) = 0o(t,s) = Z_j(t’ s), U(t,s) == 0s0(t,s) = %(t, s).

Then the first variation of arclength is written as

aL@(zs) _ [9;(@((5;?))]’“ - /Or o (U, DT [%D dt, (2.7)

t=

where we put o4(t) := o(t,s). For a C*-variation o : [0,7] X (—¢,&) — M such that oy
is a geodesic, its second variation of arclength is written by using the index form as

@ZL(O-S) ar(t (DEU, T) " r 1 3F(3ta) 2
052 ls—o =1(U,U) + {(})?(TT] » - /0 FT) { s (t)} dt. (2.8)

We omitted s = 0 in the right-hand side for brevity.

2.6 A word for the underlying measure m

Different from Riemannian manifolds, there is a variety of canonical measures on Finsler
manifolds, such as the Busemann-Hausdorff measure, the Holmes-Thompson measure and
so forth (see [AT]). On the other hand, as we have weighted measures in our sights, we

9



shall eventually treat all measures. Therefore it is natural to consider an arbitrarily chosen
positive C*°-measure on M in the first place, and we will denote it by m. (To be precise,
in any local coordinate system (z*)"_;, we can write m = pdz' - - - dz™ using some positive
C*°-function ¢.) See Section 7 for a further convincing discussion.

An advantage of this presentation is that, as we mentioned above, it is a priori covering
the weighted version. Take a C*-function V : M — R and consider m = e Vm. For
f, g and h as in Theorem 1.1, we set f = fe¥, § = ge¥ and h = heV. Note that
I fdm=[ 5 gdm = 1. Then the corresponding volume distortion coefficients of m are

05 (z,y) = "W V&S (2 y), 07 (z,y) = OV (2,y)

if Zy(x,y) consists of a single point z (this situation will turn out essential). Thus the
hypothesis (1.1) is rewritten as

and the conclusion is [}, hdm = Jy hdm > 1.

3 'Technical ingredients

Before beginning to study optimal transport, we prove two rather technical lemmas in
Finsler geometry for later use.

3.1 A characterization of cut loci

We will use the following lemma in the proof of Proposition 5.1.
Lemma 3.1 Ify is a cut point of x, then the function f(2) := d(z,y)?/2 satisfies
f(&(1) + f(&(=1)) — 2f(2)

it _
vo0E T M F(v)? >

where &, : [—1,1] — M s the geodesic with &,(0) = v.

Proof. First of all, y is a cut point of x if either there are two minimal geodesics from z
to y, or y is the first conjugate point of x along a unique minimal geodesic n from x to
y, namely there is a Jacobi field J along 1 vanishing only at = and y (cf. [BCS, Corollary
8.2.2]).

We first assume that there are two distinct minimal geodesics 1, ¢ : [0,d(x,y)] — M
from z to y. Put v = {(0), w = n(0) and y. = n(d(z,y) — ¢) for fixed small ¢ > 0, and
note that y. ¢ Cut(z). Then the first variation formula (2.7) shows that, for ¢ > 0,

F(&(=1) = f(z) < {d(&(=1),5:) + 5}2/2 —{d(z,y.) + 5}2/2
— H{d(,5.) + )0 (02 1(0) + O(F)
= d(z,y)guw(tv,w) + O(t?).
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Here the error term O(t?) is ensured by the smoothness of the geodesic &,. However, we
find

f(&(t) = fx) = {d(z,y) — t}*/2 — d(z,y)*/2 = —td(z,y) + t*/2.
Therefore we have

F&®) + f(&(=1) = 2f(z) _ 1 - gu(v,w)

12 = ; d(z,y) +1720(t*) — —oo

as t tends to zero, for g,(v,w) = £ (w)(v) < 1.

We next treat the case where y is the first conjugate point along a unique minimal
geodesic n : [0,1] — M from z to y. Take a Jacobi field J along n vanishing only at
0 and 1. Put v = DZJ(O) € T, M \ 0 and let V; be the parallel vector field along n
(ie., Dng = 0) with V4(0) = v. We further define V (¢) := (1 — ¢t)Vi(¢) for t € [0,1]
and J. := J + eV for small € > 0. Note that J.(0) = ev and J.(1) = 0. In addition,
d[gn@ (J, V1)]/dtli=o = gn0)(v,v) > 0 ensures that J. # 0 on [0,1) for sufficiently small
e>0.

Consider the variation o : [0,1] x [=1,1] — M given by o(t,s) = o4(t) := {1 (s).
We remark that o is C* on (0,1) x (—1,1) since J. # 0 on [0,1). Then the second
variation formula (2.8) shows that

9*L(o,) Gioy (D'} T2, ) 1 ' [OF (90) ’
e NS (CAPARS i) Ay /{ P <t>} dt.

We put
Tio)(v) = gaoy(Div — Dv, 1)) = e 2gyo) (D J. — D' Jo,n) = — 2 ga0) (D) J2, 1)

(this quantity is called the tangent curvature). The last equality follows from the con-
struction that o(0,-) = &;.(0) is a geodesic. These together yield, using (2.6),
02L(05)
0s?

< I(JJ)+2el(L V) + 21V, V) + Ty (v) /d(z, y)

= {[94(D}}J, J) } +2e[gy (D1, V)LZO + Ty (v) }/d(z, y) + 2 1(V,V)
= {—2¢9;0) (v, v)+627 )}/ d(z,y) + 1V, V).

Therefore we obtain

f(&u(es)) + f(&u(—es)) — 2f ()

lim inf 55
s—0 e“Ss
2 2 2 2
s—>0 e252 2e2  0s?2  ls=0

< =gy (0, 0)/d(x, y) + Tyo)(0)/2d(z,y) + IV, V)2

Letting € go to zero completes the proof. a
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3.2 Volume distortion coefficients

The next lemma plays a key role in the proof of Proposition 5.3. Recall (1.2) for the
definition of volume distortion coefficients vy~ and v;". For a linear operator @ : T,M —
T, M, we define D[Q] := m,(Q(A))/m;(A), where m, and m, stand for Lebesgue measures
on T, M and T, M induced from m, and A C T, M is an arbitrary nonempty open set.

Lemma 3.2 Fiz distinct points x,y € M with y ¢ Cut(x) and let ) : [0,1] — M be the
unique minimal geodesic from xz to y. For t € (0,1], we define fiy(z) := —d(z,n(t))*/2.
Then we have, for any t € (0, 1),

07 (2, y) = D[d(exp, )y ) © [d(exp,)vrm) '],

vy (z,y) = (1—-1)""D [d(expx oLe)aiiy. © [d(d(tfr)), — d(dﬁ)m]]-
In the first equation, we identify Tgy, ) (ToM) and Tgg, )(TeM). In the second, the
vertical part of Ty s,y (T M) is identified with Ty gy (T3 M).

Proof. For small r > 0, we define 7;~ := exp, o(texp, ') : BT (y,r) — M. Then we have

< xX = lim m<Tt<(B+(y7T)))
v, (z,y) = lim m(B+(y, tr))

= t7"D[d(,),] = D[d(exp,)v @) © [d(exp,)v @] ]

We similarly define 777 := expf o((1 — t)(expf)_l) : B~(x,r) — M, where exp”
denotes the exponential map with respect to the reverse Finsler structure F' of F. We
can rewrite this as 777 (z) = exp, oL, (¢t - d(f1).), and hence

. m(r7 (B (z,1)))
v, =1
) = I (B (- )
= (1 —t)"D[d(exp o)y f,). © d(d(tfl))m}.
In order to synchronize with the assertion of the lemma, we remark that exp, o£.(d(f;).) =

n(t) for all z € B~ (x,r), so that d(expoL)yf,, © d(dfy), = 0. Since d(f;), = d(tf1)a, we
obtain

= (1—=1)""Dld(7;)a]

o7 (2. y) = (1 = 1) "D d(exp oLluz, o [d(d(t))), - d(df.).]]
Furthermore, as the image of d(d(tf1)), — d(df.)s : TeM — Tys,), (T*M) is contained in

the vertical part (see (2.1)), we can replace d(exp o£) s, with d(exp, oL;)qf,), - O
We remark that the function h(z) 1= tfi(2)— fi(2) = d(z,n(t))?/2—td(z, y)?/2 satisfies
9?h
> .
(axiaxa‘ (x>> 20 (3:1)

in any local coordinate system around x. In fact, we have

2h(2) > d(z,n(t))" — t{d(z,n(1)) +d(n(t),y)}’

= (1= )d(zn(0)? — td(n(t), y)* — 2/T— 1 t\/lt__td(z, () d(n(t), y)
> — <1t_t + t>d(77(t),y)2 = —(1 —t)td(z,y)* = 2h(x).
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4 Optimal transport via c-concave functions

In this section, as the first step toward Theorem 1.1, we study how optimal transport
between two measures is described using a c-concave function. Our discussion closely fol-
lows McCann’s [Mc| concerning Riemannian manifolds. See [Br] for the case of Euclidean
spaces and [Be] for Alexandrov spaces. We also refer to [AGS], [RR], [Vil] and [Vi2] for
background information and further developments. In this and the following sections, ¢
always stands for the quadratic cost function c(x,y) := d(x,y)?/2 on a Finsler manifold
(M, F).

4.1 c-concave functions

Let X,Y C M be two compact sets. Given an arbitrary function ¢ : X — R U {—o0},
we define its c-transform ¢¢: Y — R U {—oc} relative to (X,Y’) by

6 () = inf {c(w,) - O(o)}.

Similarly, we define the c-transform of a function ¢ : Y — R U {—o0} relative to (X,Y)
by ¥¢(z) := inf ey {c(x,y) — ¢ (y)} for € X. (Be careful of the order of z and y in c.)

Definition 4.1 (c-concave functions) Let X,Y C M be two compact sets. Then a func-
tion ¢ : X — RU{—o0} is said to be c-concave relative to (X,Y) if it is not identically
—oo and if there is a function ¢ : ¥ — R U {—o0} whose c-transform v relative to
(X,Y) coincides with ¢.

We also say that ¢ : ¥ — R U {—o00} is c-concave relative to (X,Y’) if it is not
identically —oo and if there is a function ¢ : X — R U {—o0} for which ¢¢ = ¢ holds.
(We hope that this convention is more reasonable than introducing é(y, z) := ¢(x,y) and
saying that 1 is ¢-concave relative to (Y, X).) We will always fix the order (X,Y") for
avoiding confusion. We summarize basic facts of the c-transform and c-concave functions
in the next lemma.

Lemma 4.2 Take two compact sets X, Y C M and a function ¢ : X — R U {—o0}.
Then the following properties hold:

(i) We have ¢ < ¢°° and ¢° = ¢°“.
(ii) Assume that ¢ is not identically —oo. Then ¢ is c-concave if and only if ¢ = ¢.

(iii) If ¢ is c-concave, then it is Lipschitz continuous and its Lipschitz constant is bounded
above by a constant depending only on X and Y .

In particular, given a c-concave function ¢ : X — R and x € X, we can choose a
point y € Y which attains inf ey {c(x,y) — ¢°(v)} (= ¢“(x) = ¢(z)).

Definition 4.3 (c-superdifferentials) Let X,Y C M be compact sets and ¢ : X — R
be a c-concave function relative to (X,Y). Then the c-superdifferential of ¢ at a point
x € X is the nonempty set

Io(x) ={y € Y|¢(x) = c(z,y) — ¢°(y)}

13



For a c-concave function ¢ : Y — R relative to (X,Y) and y € Y, we similarly define

IY(y) = {z € X [¢(y) = c(z,y) —¢“(2)}.
We record two straightforward properties for later convenience.

Lemma 4.4 Toke two compact sets X, Y C M and a c-concave function ¢ : X — R
relative to (X,Y). Then the following properties hold:

(i) It holds that y € 0°¢(x) if and only if x € 0°¢°(y).
(ii) We have y € 0°p(0°¢°(y)).

Proof. (i) Note that both y € 0°¢(x) and © € 0°°(y) are equivalent to ¢(x) + ¢°(y) =
c(x,y). (ii) Take x € 0°¢°(y) and observe that (i) implies y € 0°¢p(x) C 0°¢(0°¢°(y)). O

Since a c-concave function ¢ is Lipschitz continuous, it is differentiable almost every-
where. At a differentiable point, we find a nice description of 9°¢(z).

Lemma 4.5 Take two compact sets X, Y C M and a c-concave function ¢ : X — R rel-
ative to (X,Y). If ¢ is differentiable at v € X, then we have 0°¢(x) = {exp,(V(—¢)(x))}.
Moreover, the curve n(t) = exp,(tV(—¢)(z)), t € [0,1], is a unique minimal geodesic
from x to exp,(V(—¢)(x)).

Proof. Fix arbitrary y € 0°¢(x) and define f(z) := c(z,y) = d(z,y)?/2. For any v €
T, M, the definition of 0°¢(z) yields that

flexp, v) = ¢°(y) + dlexp, v) = f(z) — ¢(x) + ¢(exp, v) = f(z) + ddx(v) + o(F(v)).

(Thus do, € O.f(x) in the sense of Definition 4.6 below.) Take a minimal geodesic

. [0,d(z,y)] — M from z to y. Given € > 0, put y. = n(d(x,y) — €) and note that
77| 0,d(z,y)—] does not cross the cut locus of . Then we observe from the first varition
formula (2 7) that, as in the proof of Lemma 3.1,

flexp,v) — f(z) < {d(exp, v,y:) +e}?*/2 — {d(z, y.) + €}°/2
= —{d(z,y:) + £} g0 ( 7’7(0)) +o(F(v))
= —d(z,y)L ( ) (F(v))

This implies d¢,(v) < —d(z,y)L;1(17(0))(v) for all v € T, M, and hence V(—¢)(z) =
d(x,y) - n(0). Therefore we obtain y = n(d(x,y)) = epr<V(—¢)(l‘)) and 7 is the unique
minimal geodesic from x to y. O

The above lemma will be sharpend up in Proposition 5.1 using the almost everywhere
second order differentiability of c-concave functions. Such differentiability was established
in [Oh4] along with a generalized Alexandrov-Bangert theorem. To state it, we recall some
terminologies in non-smooth analysis.
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Definition 4.6 (Subdifferentials) Take a function f : M — R and a point x € M.
Then a co-vector a € Ty M is called a subgradient of f at z if we have

flexp,v) = f(2) + a(v) + o(F(v))

for v € T, M. The set of all subgradients at x is called the subdifferential of f at x and
denoted by 0. f(x) C T; M.

Any c-concave function admits a (not necessarily unique) subgradient everywhere. In
Euclidean spaces and Riemannian manifolds, the dual of « in Definition 4.6 is usually
called the subgradient, and the corresponding subdifferential 0f(z) is a subset of T, M.
Also in Finsler manifolds, it is possible to define a subgradient as an element of T, M
through the Legendre transform. It actually coincides with the gradient vector of f if f
is differentiable at z, for we have 0. f(z) = {df.} and 0f(z) = {V f(z)}.

Definition 4.7 (Second order differentials) Take a function f : M — R and let ® :
U — R" be a local coordinate system on an open set U C M with ®(z) = 0. Then f is
said to be second order differentiable at x if f is differentiable at x and if there is a linear
map H : R” — R" such that

sup
o(2)€0xf(2)

(@] (a(2)) = [d(@")o] " (df) — Hu| = oflul)

for u = ®(z) € R", where we identify T\R", TfR™ and R" in the left-hand side.

At the level of the local coordinate system ® = (z°)"_,, we can write

"= (afjéfxa‘ (“’))‘

Hence we are able to define d(df), : T,M — Ty, (T*M) as in (2.1).

Theorem 4.8 ([Oh4]) Take a compact setY C M and an open set U C M whose closure
X :=U is compact. Then any c-concave function ¢ : X — R relative to (X,Y") is second
order differentiable m-a.e. on U.

In particular, d¢ : U — T* M 1is continuous on the domain consisting of second order
differentiable points of ¢.

4.2 The Brenier-McCann solution to the Monge-Kantorovich
problem

We define P(M) as the set of Borel probability meaures on M and P.(M) C P(M) as

the subset consisting of compactly supported measures. Given p, v € P.(M), the Monge

problem is to find (and characterize) a map F : M — M which attains the infimum

of [, c(x, F(z))du(z) among all maps pushing p forward to v (we write it Fyp = v).

Kantorovich reformulated the problem using the set

My, v) = {m € P(M x M) [ (pr)gm = p, (p2)ym = v},
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where p; and py are projections to the first and second entries. Each m € II(u,v) is
called a coupling of (u,v) and the Monge-Kantorovich problem is to find an optimal
coupling attaining infrer,,) [ sy €dm. This infimum is not larger than that in the
Monge problem, for (Idy xF)gxp € II(p,v). We will see that two infimums coincide in
our setting.

Brenier [Br| showed that a unique solution to the Monge-Kantorovich problem (and
simultaneously to the Monge problem) in a Euclidean space is reprensented as the gradient
of a convex function, and McCann [Mc| successfully extended it to Riemannian manifolds
using c-concave functions. McCann’s technique is applicable to Finsler manifolds, and it
is more or less equivalent to proving the Kantorovich duality:

inf / c(x,y)dr(z,y) = sup {/ ¢d,u+/ wdz/}. (4.1)
mell(pv) J s v (¢,4)€Lip®(X,Y) M M

Here X D supppu, Y D suppr and Lip“(X,Y) stands for the set of pairs of Lipschitz
continuous functions (¢,v) € Lip(X) x Lip(Y) satistying ¢(z) + ¢ (y) < ¢(z,y) for all
(z,y) € X x Y. Thus the inequality > is clear in (4.1). The duality itself is known to
hold true in much more general situations (see [AGS], [Vi2]).

We first observe that a c-concave function naturally appears as a maximizer of the
right-hand side of (4.1).

Lemma 4.9 Let p,v € P.(M) and take compact sets X D suppp and Y D suppv.
Then there exists a c-concave function ¢ : X — R relative to (X,Y") such that (¢, ¢°) €
Lip“(X,Y) and it attains the supremum in the right-hand side of (4.1). Moreover, if j is
absolutely continuous, then (¢, ¢°) is a unique mazimizer up to an additive constant.

Proof. Note that, given (¢,1) € Lip®(X,Y’), it holds that ¢°(y) > ¥(y). Thus we have
¥ < ¢° while (¢,¢°) € Lip°(X,Y). We similarly obtain (¢, ¢°) € Lip°(X,Y’) and
6 < ¢

Take a maximizing sequence {(¢;, ¥;) }ien C Lip®(X,Y’) and a point xy € X. Then the
sequence { (s, 1)} := {(6% — ¢(x0), ¢ + ¢(0))} C Lip®(X,Y) is also maximizing and
: is c-concave. Since qgi(xo) = 0 and ¢; is Lipschitz continuous with a uniformly bounded
Lipschitz constant (Lemma 4.2(iii)), the Ascoli-Arzela theorem provides a subsequence of
{g&} which converges uniformly to a Lipschitz function ¢ : X — R. We also find that
the corresponding subsequence of {1@} converges to ¢¢ and ¢« = limi_,oo(ggi)cc = ¢. Thus
¢ is c-concave and (¢, ¢°) attains the supremum in (4.1) by construction.

In order to prove the uniqueness, we take two maximizing pairs (¢q, 1), (2, 12) €
Lip°(X,Y). Then we deduce that ¢; is c-concave and 1; = ¢$ by the discussion in the
first paragraph in the proof. Put ¢ = (¢1 + ¢2)/2 and note that, for any y € Y,

5(6) = E{ele) — 6@} 2 1S it {elov) — o)} = L5000 + S
y_zeX Y _2i—1m€X Y i =3 1\Y 223/-
As (¢, ¢°) € Lip®(X,Y), this implies that ¢¢ = (¢ + ¢5)/2 and ¢ is c-concave. Moreover,
if y € 0°¢(x), then we find

c(z,y) = o(x) + ¢°(y Z{@ +¢i(y)} < c(x,y).
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Thus y € 0°1(z) N 0°pa(x) and it follows from Lemma 4.5 together with the absolute
continuity of p that V(—¢1)(x) = V(—¢2)(z) = V(—¢)(z) for p-a.e. v € X. Therefore
d(¢1 — ¢2) = 0 pra.e. on X, so that ¢1 = ¢ + C for some constant C' € R. O

Now we give a precise description of a unique solution to the Monge and the Monge-
Kantorovich problems.

Theorem 4.10 Given u,v € P.(M) such that p is absolutely continuous with respect to
m, take a compact set Y O suppv and an open set U O supp u whose closure X = U
is compact. Then there exists a c-concave function ¢ : X — R relative to (X,Y") such
that m = (Idp XF)gp is a unique optimal coupling of (p,v), where we define F(z) =
exp,(V(—=9¢)(x)). Moreover, such ¢ is unique up to an additive constant.

Proof. By Lemma 4.9, there exists a unique (up to an additive constant) c-concave
function ¢ : X — R for which (¢, ¢¢) attains the supremum in (4.1). We define F(x) :=
exp,(V(—¢)(x)) for x € X at where ¢ is differentiable, and remark that the domain has
p-full measure since p is absolutely continuous. Recall also that F is continuous on an
m-full measure subset of U (Theorem 4.8), so that F is measurable on X.

We shall show that Fuu = v. Take a continuous function h € C(M) and put ¢. =
¢° + eh for € € R close to 0. Given z € X, we find a point y. € Y such that ¢(z,y.) —
Ve(y:) = (¥:)°(x). It follows from Lemma 4.5 that, if ¢ is differentiable at z, then .
tends to yp = F(x) as € goes to zero. Combining this with

¢(x) = eh(ye) < @, ye) — ¢°(ye) — ehlye) = (¥e) ()
oz, F(x)) = e (F(@) = 6(x) — eh(F(2)),

we deduce that (¢.)%(x) = ¢(x) — eh(F(z)) + o(le|) as well as |o(|e])| < 2¢||h]y |- We
put J(e) = [ a(We) dp + i) 1 Y= dv and then the maximality of (¢, ¢°) implies that

0 > lim —J(g) —J(0) = lim —(ws)c —¢ du +/ hdv
M

el0 g €l0 M g

:_/Mh(}“(q:))du(x)Jr/Mhdy:—/Mhd[f#,u]Jr/Mhdu.

We similarly obtain

<
<

Oglimwz—/ hd[]:#,u]—i-/ hdv,
€10 € M M

and hence Fyup = v.

Define 7y := (Idps XxF)gp € II(p,v) and observe that c(x,y) = ¢(z) + ¢°(y) holds
my-a.e. by Lemma 4.5. Thus foM cdry = fM odu+ fM ¢°dv, so that m, is an optimal
coupling. (Now we finish the proof of the Kantorovich duality (4.1).) Conversely, thanks
to (4.1), any optimal coupling 7w € II(u,v) must satisfy c(z,y) = ¢(x) + ¢°(y) m-a.e. It
means that 7(|J,c (%, F(x)) = 1, therefore we conclude that 7 = (Idy; XF)up = mg. O

The above proof has several implicit corollaries. We extract one for later convenience.
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Corollary 4.11 Take a compact set Y C M and an open set U C M whose closure
X := U is compact. Then, for any c-concave function ¢ : X — R relative to (X,Y)
and any absolutely continuous measure p € P.(M) with supppu C U, the map F(z) =
exp,(V(—¢)(x)) is the unique optimal transport map from p to Fyp.

Proof. Put v = F,p and take the unique optimal coupling 7 € II(y, v) given by Theorem
4.10. Then, as in the proof of Theorem 4.10, we deduce from Lemma 4.5 that

/ cd7r2/ qbd,u—i—/ gzﬁcdy:/ cd[(Idy x]—")#,u]Z/ cdr.
MxM M M MxM MxM

Thus we have ¢(z,y) = ¢(z) + ¢°(y) m-a.e., and hence 7 = (Idpyr X F)zp. O

4.3 Wasserstein spaces

We briefly explain a geometric conception behind Theorem 4.10. For p,v € P.(M), the
Lo-Wasserstein distance is defined by

1/2

dy (p,v) = inf (/ d(x,y)QdW(a:,y)) . (4.2)
well(p,v) MxM

Note that dy (u,v)?/2 is the left-hand side of (4.1). If p is absolutely continuous, then

Theorem 4.10 provides the unique optimal coupling (Idys X F)xu. Moreover, the curve

pe = (Fp)gp with Fi(z) = exp,(V(—td)(x)), t € [0,1], turns out a unique minimal

geodesic in (P.(M),dy) from u to v. Indeed, it is clear by construction that

/M o g d(F x Fpl(a.) = (6 o) /M A, F(2)) dua) = (¢ — 5)2dY (. v)?

for any 0 < s <t < 1, so that (p)sejo,1) is minimal. Uniqueness can be seen as follows.
Denote by I'(M) C Lip([0, 1], M) the space of minimal geodesics 7 : [0, 1] — M equipped
with the uniform topology, and define e; : I'(M) — M by e,(y) := ~(t) for t € [0,1].
Given a minimal geodesic « : [0,1] — P.(M) from u to v, there is a Borel probability
measure = on I'(M) such that (e;)x2= = a(t) for all ¢ € [0,1] and that (ey X e1)x= is an
optimal coulping of (u, v) (see [LV1]). Hence we have (egxe1) 4= = (Idpys X F)4p. This to-
gether with Lemma 4.5 shows that = = [V(—¢)]zu, where we abbreviated [V (—¢)](z) :=
(Fi(x))eco,1) € I'(M). Therefore we obtain a(t) = p.

5 The Jacobian equation

As the second step toward Theorem 1.1, we analyze the optimal transport map F in The-
orem 4.10. The present and the next sections are based on and generalize a Riemannian
discussion in [CMS1].
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5.1 Differentiating optimal transport maps

By virtue of Theorem 4.8, a c-concave function is almost everywhere second order differ-
entiable. At such a nice point z, we can differentiate the map F and its differential is
represented using the second order differentials of ¢ and the distance function from F(x).

Proposition 5.1 Take a compact set Y C M and an open set U C M whose closure
X = U is compact, and let ¢ : X — R be a c-concave function relative to (X,Y).
Define F(z) = exp,(V(—9¢)(2)) and fir x € U at where ¢ is second order differentiable
and do, # 0. Then we have the following:

(i) The point y := F(x) is not a cut point of x.
(ii) The function h(z) := c(z,y) — ¢(2) satisfies dh, =0 and

9%h
(61:@951 (93)) =0

in any local coordinate system (x)*_, around x.

(iii) Define f(z) := —c(z,y) and
dF, = d(exp, 0L2)a—g), © [d(d(=9)), — d(df)s] : TeM — T, M.

Then we have, forv e T, M,
sup { F(u — dF,(v)) | exp, u € 8°¢(exp, v), F(u) = d(y,exp, u)} = o(F(v)).

Proof. (i) First of all, it follows from Lemma 4.5 that 0°¢(z) = {y}. Hence we have, for
any unit vector v € T, M and small ¢t > 0,

c(z,y) — d(x) = ¢°(y) < c(&u(EL),y) — d(&(£L)), (5.1)

where &, : (—e,&) — M is the geodesic with &,(0) = v. Thus we put f(z) = ¢(z,y) and
observe

O(&(t) + O(&(=1) = 20(x) _ f(&(®)) + f(&(=1) — 2f(2)
t2 - t2

As ¢ is second order differentiable at x, this implies

82(2; 5@) (0) < hItILI[}lf f(gv(t)) + f(gz;(_t)) — Qf(ZL‘)

The left-hand side admits a uniform lower bound in v, and hence y is not a cut point of
x by Lemma 3.1.

(ii) This is clear because f = —c(-,y) is C* at x (recall y # z), Vf(r) = V(—¢)(x)
and because (5.1) shows that h takes a minimum at .

(iii) We first remark that dh, = 0 in (ii) ensures that d(—¢), = df,, and hence the
difference d(d(—¢)), — d(df), makes sense. Fix a unit vector v € T, M, put z;, = exp, tv
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for small ¢ > 0 and take u; € T, M such that y, := exp, u; € 0°¢(z;) as well as d(y, y;) =
F(u;). We define f(z) := (z y;) and see that d(f;)z, € Ox(—@)(xy), for y, € 0°¢(zy)
implies that, as in (5.1),

—¢(eprt w) > —p(xy) — ft(%) + f_t(eXth w) = —d(y) + d(ﬁ)a)t(w) + o(F(w))

for w € T,, M. Hence differentiating y, = exp o£(d(f,),,) at t = 0 gives (recall Definition
4.7)

Dy
a_i = d(exp oL)4(—g), © d(d(—ﬁb))x@)-

Moreover, it follows from exp o£(df,,) = y that d(exp oL),7, o [d(df).](v) = 0. Therefore
we have

oy
Ot lt=o0

In the last equality, as in Lemma 3.2, the image of d(d(—¢)), — d(df), contains only
vertical terms (see (5.2) below), thus we could regard it as living in Ty_g), (72 M) and
replace d(expof)y—g), with d(exp, 0L;)a—g),. We consequently obtain exp,u; = y; =
exp,, (dF,(tv) + o(t)) and the error term o(t) is uniform in v because of the second order
differentiability of ¢ at x. This completes the proof. a

— d(exp of)a_g), o [d(d(—0)). — d(d]).] (v) = dF.(v).

We excluded the case of d¢, = 0 from the above proposition for the fact that the
function ¢(-, ) is only C! at x unless F' is Riemannian. At the level of a local coordinate
system (see (2.1)), we can write

"L 0%h 0

d’
]:1 31‘28%( )a?ﬂ ¢)x ZL' |1‘ (52>

d(d(=9)), — d(df). =

We can check that (5.2) is indeed independent of the choice of a local coordinate system
taking dh, = 0 into account.

5.2 The Jacobian equation and concavity

We are next concerned with quantitative behavior of dF. We shall see that the Jacobian
equation holds, that is to say, the ratio of density functions of ;1 and Fpu coincides with
D[dF] (defined as in the paragraph preceding Lemma 3.2).

Theorem 5.2 Given two absolutely continuous measures pp = fm,v = gm € P.(M),
take open sets U D supp pu, W D suppv whose closures X = U,Y := W are compact.
Denote by ¢ : X — R a c-concave function as in Theorem 4.10 and define F(z) =
exp,(V(—=¢)(x)). Then F is injective on a pi-full measure set and we have the following

for p-a.e. x € U\ (dp)~*(0).
(i) The function h(z) = c(z, F(z)) — ¢(2) satisfies

9h
(axiaxj (x)> >0

20




in any local coordinate system (z*)"_, around x. In other words, D[dF,] > 0 holds
for dF, : T,M — T M defined as in Proposition 5.1.

(il) We have lim,_om(9°¢(B*(z,7)))/m(B*(z,r)) = D[dF,].
(iii) It holds that f(x) = g(F(z))D[dF,].

Proof. Define Qx C U as the set of points x € X such that ¢ is second order differentiable
at x as well as x is a Lebesgue point of f. Similarly, we define 2y C W as the set of
Lebesgue points y € Y of g at where ¢° is second order differentiable. We find p(2x) =
v(Qy) = 1 by Theorem 4.8 together with the absolute continuity of p and v. Thus we
define  := Qx N F~H(Qy) and observe p(2) = 1. It follows from Theorem 4.10 that
F*(y) = exp) (VF(=¢°)(y)) is the unique optimal transport map pushing v forward to

p in the sense that (F* x Idys)4v is the unique optimal coupling of (u, ). Here exp” is
the exponential map with respect to the reverse F' of F. Moreover, F* o F = Idy holds
on Q because {F* o F(x)} = 0°%°(F(z)) > = (see Lemmas 4.4(i), 4.5). In particular, F
is injective on ().

We will show (i)-(iii) for x € Q with d¢, # 0. We observe from F* o F = Idx that
d¢, # 0 is equivalent to do% ,y # 0. We put y = F(z) in the following for simplicity.

(i) This follows from dF; o dF, = Idr,) combined with Proposition 5.1(ii) (see also
(5.2)). Given a unit vector v € T, M and small ¢t > 0, we choose v, € T,M so as to
satisfy exp, u; € 0°¢(exp, tv) and d(y,exp, u;) = F'(u;). Note that this implies exp, tv €
0°¢°(exp, uy) by Lemma 4.4(i). Then applying Proposition 5.1(iii) twice shows that

tv = dF, (us) + o(t) = dF,; o dF,(tv) + o(t).

Thus v = dF; o dF,(v).
(ii) We deduce from Proposition 5.1(iii) for v € B} ;,(0,7) along with the invertibility
of dF, that

°¢(B*(x,1)) C exp, [dF, (B 1,(0,7)) + B, 1, (0,0(r))]
C exp, [d}"x (B;fo(O, r+ 0(7“)))].
Moreover, the same discussion for v € dF,(B7. ,,(0,7)) and ¢ yields that
86¢C<expy [dF, (B7. (0, 7“))}) C exp, [Bf. ,(0,7) + Bf. 1,(0,0(r))]
C B*(z,r +o(r)).

Combining this with Lemma 4.4(ii) shows

¢ (B+ (z,r+ 0(7’))) C exp, [dF(Bi. (0,7))] € 8% <B+ (z,r+ 0(7‘))). (5.3)
Therefore we conclude that

i MO°OB (1)) _ . my(dFe(Br, 5r(0,7)))
r—0  m(B*(x,r)) r—0 mx(B;zM(O,T))

— D[dF,).
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(i) As z is a Lebesgue point of f, we find f(z) = lim,_opu(BT(x,r))/m(B*(x,r)).
Moreover, (5.3), Lemma 4.5 and the injectivity of F imply
o) — i POOE @) B ) B ()
r=0m(0°¢p(B*(x,r))) r—0m(0°¢(BF(x,r))) r=0m(0°¢(B*(z,1)))
We consequently obtain
[ (Br)  m@e(B,)
10 = B w5 )

}:meway
O

We next prove the concavity of D[dF]'/™ along the optimal transport from p to v.

This is a key estimate in the proof of Theorem 1.1. Although it was not emphasized in
[CMS1], the use of the classical (linear) Brunn-Minkowski inequality in the proof seems
interesting. Compare this with generalized (nonlinear) Brunn-Minkowski inequalities in
Corollaries 9.3, 9.4(iii) and 9.5(ii).

Proposition 5.3 Tuke a compact set Y C M and an open set U C M whose closure
X :=U is compact, and let ¢ : X — R be a c-concave function relative to (X,Y). Fix
x € U at where ¢ is second order differentiable with d¢, # 0 and, for t € (0,1], define

Y = exp,(V(=t9)) (1), fi(z) = —c(z,y:) and Jy(z) := D[d(F,),], where

d(Fy)e = d(exp, 0Ls)a(—tg), © [d(d(—t®)) —d(df;)e] : TeM — T, M.
Then we have, for any t € (0,1),

(@)™ > (1= t)o7 (, y) " + tog (2, y1) /"3 () ™.
Proof. We start with
d(d(=t¢)), — d(dfi). = {d(d(—t¢)), — d(d(tfr)),} + {d(d(tfr)), — d(dfi).}.

Note that d(f,), = d(—t¢), = d(tf,),. We introduce the operator 7, : T*M — T*M as
7s(a) = sa for s > 0, and observe

d(exp, 0L4)a(~te), © [d(d(—t)) —d(d(tf1)),]

= d(exp, 0Lz )d(-10), © ATe)a(~g), © [d(d(=9)), — d(df1)a]

= d(exp, 0L:)a(-t¢), © A(Tt)a(-), © [A(exP, 0La)a(-4).] " 0 A(F1)a

= d(exp,)v(-t9)(x) © d(Lx 0 T © £ )v(—g)(@) © [d(exD2)v(—g)@)] "

=t d(exp,)v(—p)@) © [d(exp,)v(—g))] " © d(F1)a-

In the last line, we identified Ty (_ig) (@) (T2 M) with Ty (_g)@) (T2 M). Therefore the classical
Brunn-Minkowski inequality in 7, M and Lemma 3.2 show that

Ju()"/" = DId(F,),]""
2(1—®Dﬂ1—ﬂ_wwmawhhewzoW@Uﬁnx—dWﬁhﬂun

_ 1/n
+ D [d(exp,)v(~té) ) © [d(expy)v(—o)@)] " © d(F1).] /
= (1= 1)o7 (z, y)"™ + to (, 1) " T ().

o d(F1)z
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6 A Finsler Borell-Brascamp-Lieb inequality

This section contains a proof of Theorem 1.1.

6.1 Absolute continuity of intermediate measures

We first discuss two qualitative properties of optimal transport maps. See [Vi2] for more
comprehensive treatment.

Lemma 6.1 Take a compact set Y C M and an open set U C M whose closure X := U
is compact, and let ¢ : X — R be a c-concave function relative to (X,Y). Define
Fi(z) := exp,(V(—top)(x)) for t € [0,1] and fixr t € (0,1). Then F; is injective on an
m-full measure subset of U.

Proof. Let Q C U be the set of second order differentiable points of ¢. Then Theorem
4.8 ensures that m(Q2) = m(U) and F; is continuous on 2 for every s € [0,1]. We will
prove that F; is injective on €. Assume that there are two distinct points x, 2’ €  such
that Fi(x) = F(2'), and put z = Fi(z) = Fi(2), y = Fi(x) and ¢ = Fi(z’). Then we

have

d(z,y')* +d(z',y)* < {d(z,2) + d(z,y)} +{d(@, 2) + d(z,9) }?
= {d(z,2) +d(2,y)}* + {d(2', 2) + d(2,9)}?
+ 2{d(x, 2)d(z,y") + d(2, 2)d(z,y) — d(z, 2)d(z,y) — d(z', 2)d(z,y') }
= d(z,y)* +d(2',y)* = 2(1 = t)t{d(z,y) — d(z',y) }?
< d(z,y)* +d(,y)".

If strict inequality
d(z,y')* +d(2',y)* < d(z,y)* +d(2',y)* (6.1)

holds, then the continuity of F; shows that JF; is not an optimal transport map from
pi=m(B(z,r)UBT (2, 7)) m| g+ (2 rup+@ ) t0 v = (F1)gp for sufficiently small r > 0.
In fact, (6.1) implies y # 3/, and it is more efficient to transport i+ to V|z (B+@mr)
as well as (| g+ ) t0 V|7 (B+(2r)) because of (6.1). This contradicts Corollary 4.11 and
hence we have

d(z,y')? +d(z',y)* = d(z,y)* + d(«',y)*.

Therefore equality holds in the above inequality, thus we see that d(z,y) = d(2’,y’) and
all points z, 2’, z, y, ¥ lie on one minimal geodesic. As z is the common ¢ : (1 — t)-fraction
point, we also deduce that x = 2’ and y = 3’ which contradict our choice x # . O

Lemma 6.2 Given two absolutely continuous measures pp = fm,v = gm € P.(M), take
open sets U D supp u, W D suppv whose closures X := U,Y = W are compact. De-
note by ¢ : X — R a c-concave function as in Theorem 4.10 and define Fi(x) :=
exp,(V(—to)(z)) for t € [0,1]. Then, for any t € (0,1), the measure p; = (Fp)pp is
absolutely continuous with respect to m.
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Proof. We first recall that F; is injective on a p-full measure set by Lemma 6.1 along with
the absolute continuity of p. Denote by U’ C U the set of points x with d¢, = 0. Note
that o = (Fi)x(plor) = plor is clearly absolutely continuous. Combining Theorems
4.8 and 5.2(i), we find Q C U \ U’ such that u(Q2) = p(U \ U’), D[d(F}).] > 0 for z € Q
and that F; is continuous on 2. Here d(F;), : T,M — Tr,)M is defined by, as in
Proposition 5.3,

(1) = d(exp, 0La)a(—1e), © [d(d(—t0)), — d(df:)a],
where f,(2) := —c(z, Fs(z)) for s € (0,1]. Given z € €, note that

A(d(~19)), — d(df). = {d(d(~16)), — d(d(tF),} + {d(d(tF), ~ d(df.).

Thus we have D[d(F;),] > 0 by D[d(F1),] > 0 and (3.1).

For each = € €, the invertibility of d(F;), and the Taylor expansion in Proposi-
tion 5.1(iil) imply that d(Fi(z),Fi(z)) > a.d(z,z) holds for some a,,r, > 0 and all
z € Bt (x,r,) N Q. Since F; is continuous, a, and r, can be taken continuously in .
Therefore, for each z € ), there exist a’,r’. > 0 such that (F;)~! is (a,)~!-Lipschitz
continuous on F (BT (x,7.,) N Q). Combining this with the absolute continuity of u shows
that |7 B+ @) = (Fi)# (1| B+ @m)ne) s absolutely continuous. Thus we obtain the

absolute continuity of ju|z,) and complete the proof. O

Now we are ready to finish proving Theorem 1.1.

6.2 Proof of Theorem 1.1

We first discuss the case where both A and B are bounded. We put p = f|am, v = g|pm
and take open sets U D A, W O B whose closures X := U, Y := W are compact.
By virtue of Theorem 4.10, we find a c-concave function ¢ : X — R such that the
map F(z) := exp,(V(—s¢)(x)), s € [0,1], gives the unique optimal transport from pu
to v. Lemma 6.2 ensures that (F;)xp is absolutely continuous, so that we can write
(Fi)pp = pem. Define U’ C U as the set of points = at where d¢, is defined and d¢, = 0.
We further choose €,y C U\ U’ such that u(2;) = u(21) = u(U \ U’), f is positive on
2, and that all conclusions in Theorem 5.2 hold true for F = F;, Fi, respectively. We
finally set Q = Q,NQ N ANF;*(B). Recall that both F, and F; are injective by Lemma
6.1 and Theorem 5.2.
We deduce from Theorem 5.2(iii) that

f(@) = pe(Fe(2))D[d(Fe)a] = g(F1(2))D[d(F1)s] > 0

for x € €. Thus it follows from Proposition 5.3 that

B _ (v Fax) e o7 (x, Fi(x)) 1/n
o FEapyn = t)( = ) +t( g(ﬂ(x))) |

Combining this with the hypothesis on h, we obtain h(F;(z)) > pi(Fi(x)) for z € Q.

Therefore we have
/ hdmZ/ ptdm:/d,u:,u(Q).
Fi(92) Fe(92) Q
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For x € Q' := U' N AN B, we observe Fi(z) = z and flom = (F1)x(floom) = g|om.
Hence we find, for a Lebesgue point « € ' of both f|o and gl such that f(z) > 0,

1 1—-1 t 1

< = .
W) = F@ gl f@
We used the fact that vy (z,2) = vy (z,2) = 1. This shows [, hdm > [, du = (). As
m(F:(©2) N Q') =0 by Lemma 6.1, we conclude that

/hdmz/ hdm+/hdm2u(QUQ’)—1.
M Fe () !

If either A or B is unbounded, then we choose bounded subsets A, C A and B, C B
such that fAe fdm = fBagdm = 1—¢ for e > 0. Applying the above discussion to

f/(1—¢)and g/(1—¢) yields [,,h/(1—e)dm > 1. As ¢ > 0 was arbitrary, we eventually
obtain [,, hdm > 1 and complete the proof. O

7 Volume comparison theorems

We proceed to the second main part, volume comparison theorems under Ricci curvature
bounds. We first define two families of functions used to describe the theorems. For

KeR, Ne(l,0)and r € (0,00) (r € (0,7/(N —1)/K) if K > 0), we define
V(N —=1)/Ksin(r/K/(N —-1)) if K >0,
SK7N(T> = T lfK:O,

v/ —(N —1)/K sinh(r\/—K/(N — 1)) if K <0.

In addition, for t € (0,1), we define

¢ SK,N(”) v ¢ K(1—t2)r2/6
Bl w(r) = (—) o Ble(r) = KOS (7.1)

tSK’N(T‘)

Here the infinite dimensional case (N = o) is derived as the limit and will be necessary
in the next section. By computation, we also observe (see [VRS, §2])
1—t ( \1—t | gt t K 2
log [k () Bien ()] 2 5-(1 =ty (7.2)
for all N € (1, 00] (equality holds if N = o0).

Recall (1.2) for the definition of volume distortion coefficients vy and vy, and (1.4)
and (1.5) for the definition of V, 8,V and 9?V. In this context, Shen’s volume comparison
theorem is stated as follows. It generalizes the Bishop and the Bishop-Gromov comparison
theorems in Riemannian geometry.

Theorem 7.1 ([Shl, Theorem 1.1}, [Sh2, Theorem 16.1.1]) Assume that n > 2 and there
are constants K € R and H > 0 such that

Ric(v) > K, o,y > —H
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holds for all unit vectors v € TM. Then we have, for any x € M, y € M \ Cut(z) and
te(0,1),

etHd(:c,y) e(l_t)Hd(x7y) ¢

¢ 1
Uf(.ﬁb,y) > MBK,n(d<x7y))a Uf(m,y) > W K,n(d('xvy))
In particular, for any 0 <r < R (< 7my/(n—1)/K if K > 0), it holds that

- { m(B*(z, R)) m(B‘(x,R))} - [ etHs e, (t)" " dt
m(B*(z,r))" m(B~(x,7)) ) = [ etHsg,(t)"dt

We remark that, by virtue of a generalized Bonnet-Myers theorem due to Auslander
[Au], we know that Ric(v) > K > 0 implies diam M < mwy/(n —1)/K (see also [BCS,
Theorem 7.7.1]).

Now we present a different volume comparison theorem inspired by the theory of
weighted Riemannian manifolds. See [BE], [Qi] and [Lo] for related analytic, geometric
and topological work on weighted Riemannian manifolds. Our discussion is based on
a strategy used in [LV1] for proving N-Ricci curvature bounds of weighted Riemannian
manifolds (see also [Qi]).

Lemma 7.2 Fiz a unit speed geodesic n : [0,1) — M which does not cross the cut
locus Cut(n(0)). Take an orthonormal basis {e;}7_, of T, M with respect to g;) such that
en = 1(0), and define E;(r) := d(exp,q))ri)(rei) € TywyM for r € [0,1). Then we have,
for any r € (0,1),

W'(r) _ _Ric(n(r))
h(r) — n—1

, where h(r) = {det [(gﬁ(r)(Ei7 EJ))?;I] }1/2(n—1).

Proof. We first remark that every E; is a Jacobi field by construction. Throughout the
proof, we denote DZEZ(T) by Ei(r) and put g, = gy, for brevity. Define an (n—1)x (n—1)-
matrix A(r) = (a;(r)) by a;;j(r) = g,(E;, E;). Thanks to the Finsler version of the
Gauss lemma (cf. [BCS, Lemma 6.6.1]), we have g.(F;,n) = 0 which with (2.5) implies
g-(El,m) =0forall i =1,2,... ,n—1. Since n(r) ¢ Cut(n(0)), for each r € (0,1), we
find an (n—1) x (n —1)-matrix B(r) = (b;;(r)) such that El(r) = Z;‘:—ll bi;(r)E;(r). Note
that A" = BA + AB".
It follows from (2.3) that

d : N : N
a 9+ (B}, Ey) — 90 (B, E})| = =g (R"(Ei, )1, E;) + 9-(Ei, R"(Ej,m)10) = 0,

so that g,(Fj, Ej) = g-(E;, E}). Thus we see that BA = AB' as well as A’ = 2BA. Note
also that

a;,j(T) = —9r (Rﬁ(Eiv 77)777 Ej) — 9gr (Ei7 Rﬁ<Ej7 77)77) + QQT(EQ, E;)v
and hence A” = —2Ric;,) +2BAB" = —2Ric,(,) +2B*A, where we set
(Ricy(r)ij == g (R"(Ei, 1)1, E;).
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We observe h(r) = {det A(r)}*/2=1) and
1 h
(n—1)n = E(det A)'(det A)V/2—1=1 — B trace(A’ A7),

(n — 1)h" = h' trace B + gtrace (A"A™" — (A'A71)?)

__h . (trace B)? — htrace(Ric;,y A™") — htrace(B?).

n —
Take another (n — 1) x (n — 1)-matrix C(r) = (c;(r)) for which {3777, ey (r)E(r) ot
{n(r)} forms an orthonormal basis of T, M with respect to g,. Then we find CAC* =
I,—1 and hence trace(Ric;) A7) = trace(C Ricy) C*) = Ric(ﬁ(r)). Moreover, plugging
Al = C'C into BA = AB? shows that CBC™! (CBC D)t This implies that
(trace B)? = {trace(CBC~")}* < (n — 1) trace ((CBC™")?) = (n — 1) trace(B?).
Therefore we obtain (n — 1)h"(r) < —h(r) Ric(n(r)) as required. O

Theorem 7.3 (A volume comparison theorem) Assume that n > 2 and there are con-
stants K € R and N € (n,00) such that

Ric(v) + 02 — n(ﬁvV)Q > K

holds for all unit vectors v € TM. Then we have, for any x € M, y € M \ Cut(z) and

€ (0,1) (provided that d(z,y) < /(N —1)/K if K > 0),
o (z,y) = " "B (dlwy), o7 (m,y) = (1= 1) "By (d(x, ).

In particular, we have diam M < w/(N —1)/K if K > 0 and, for any 0 < r < R

(<7 (N —1)/K if K > 0), it holds that

max{m(BJr(x’R)) m(B($7R))} < foRSK,N(t)]L1 dt
m(B*(z,r))" m(B~(z,7)) J 7 [y sen(ONtdt

Proof. As proof is common, we will treat only v and B*. Fix a unit vector v € T, M

and let n : [0,{) — M be the geodesic with 7(0) = v which does not cross Cut(z).

Define f(r) := r"D[d(exp, )] for r € [0,1) by identifying T, (T, M) with T, M. Then the

first assertion of the theorem is equivalent to that the function r — f(r)/rsgn(r)¥ =1

is nonincreasing. For simplicity, we set V(1) = V(1(r)) and g, = g, in the following.
We first remark that

. Dld(exp,).]
T =8 lalexpa)n

where D, is taken with respect to go and g,. Take an orthonormal basis {e;}, of
T, M with respect to g, such that e, = v. We extend these to vector fields E; ( ) =
d(exp,)rv(re;) along n. Note that E,(r) = ri(r). We put

1/(N-1) o
h(r) := (rig/cg)) = e—V(T)/(N—l){ det [(gT(E“E ))Zj 1} }1 2(N—1 |
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We used the Gauss lemma in the second equality as in the proof of Lemma 7.2. We divide
h into two parts, that is,

hy(r) == e YOIy () 1= {det [(gr(Ei, B }}1/2(”_”.

1,j=1

Note that h = th_n)/(N_l)hgn_l)/(N_l). We calculate, using Lemma 7.2,

N — -1
(N = DR = (N = ) B+ (n— h By ]\?)_(Ti |
1

N—_n(aﬁ(r)w2 — Ric (77(7"))-

(hi'h} — hy'hy)?
2
< —87-7(”)/ +

Thus the hypothesis implies h='h" < —K/(N — 1). Comparing this with s;(}Ns’[’(’N =
—K/(N — 1) shows that h(r)/sg.n(r) = {f(r)/re¥Osg n(r)N 11/ V=1 is nonincreasing.

The second assertion follows from the first because any minimal geodesic of length
7w/ (N — 1)/ K must contain a conjugate point. The third assertion follows by integration
in a standard manner (see, e.g., [Ch, Lemma I11.4.1}). O

On a Riemannian manifold (M, g), a weighted measure usually has the form e~V volg,

where V' is a function on M and the reference measure vol, is the Riemannian volume
element. In contrast, our reference measure in the above proof is the measure induced
from gy, and it depends on v. If (M, F) is Berwald type, then the Busemann-Hausdorff
measure mpy satisfies 9,V = 0 ([Shl, Propositions 2.6, 2.7]), and hence mpy can be
thought of as a reference measure. However, it seems impossible to find such a measure in
general. In this sense, every measure is weighted, and it is natural to consider an arbitrary
measure m in the first place.

Theorem 7.3 is regarded as the measure contraction property in the sense of [Ohl],
[Oh2] and [St3], and it is a corollary to the curvature-dimension condition (Theorem
1.2(i)), though we have presented above a simpler, direct proof.

8 The curvature-dimension condition

Inspired by [CMS1] and [OV] as well, von Renesse and Sturm [vRS] showed that the
K-convexity of the relative entropy is equivalent to Ric > K for Riemannian mani-
folds. Sturm [St1], [St2], [St3] and Lott and Villani [LV1], [LV2] independently developed
this theory introducing the curvature-dimension condition and the N-Ricci curvature
bound, respectively. They proved that these (essentially equivalent) conditions char-
acterize Ricci curvature bounds of Riemannian manifolds, as we will extend to Finsler
manifolds. Furthermore, general (symmetric) metric measure spaces satisfying these con-
ditions are known to behave like spaces with lower Ricci curvature bounds (see Corollaries
8.4, 8.5 for instance). We refer to [Oh1], [Oh2], [vR] for related work based on the measure
contraction property, [O11], [O12] for another approach using the contraction of Markov
chains, and to [Vi2] for further developments.
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8.1 Definition

In order to define the N-Ricci curvature bound, we introduce important classes of func-
tions (see [LV1], [LV2] for details). For N € [1,00), denote by DCy the set of con-
tinuous convex functions U : [0,00) — R such that U(0) = 0 and that the function
o(s) := sNU(s™V) is convex on (0,00). We remark that the convexity of U and U(0) = 0
imply that, for 0 < s < t,

sTN — N N

o) < LS00+ U = )

Thus ¢ is nonincreasing. We similarly define DC, as the set of continuous convex func-
tions U : [0,00) — R such that U(0) = 0 and that ¢(s) := e*U(e™®) is convex on R.
This ¢ is also nonincreasing. For an absolutely continuous measure = pm € P(M), we
define Uy (1) := [;, U(p) dm. We remark that DCn C DCy if N < N'.

The most important element of DCy is U(r) = Nr(1—r~") which derives the Rényi
entropy Un(pm) = N—N [,, p'7'/NV dm. Letting N go to infinity provides U(r) = rlogr €
DC., as well as the relative entropy Enty,(pm) := Un(pm) = [,, plog pdm.

By Theorem 4.10, for any two absolutely continuous measures jig, jt1 € P.(M), there is
a unique minimal geodesic (fi¢):ejo,1) from po to 1 in the Wasserstein space (Po(M), dy)
(see (4.2)). Moreover, each p; is absolutely continuous (Lemma 6.2). Recall (7.1) for the
definition of the function B .

Definition 8.1 (N-Ricci curvature bounds, [LV1], [LV2]) For K € R and N € (1, o], we
say that (M, F,m) has N-Ricci curvature bounded below by K if, for any two absolutely
continuous probability measures pg = pom,pu; = pim € P.(M), U € DCx and for any
t € (0,1), it holds that

Unl < (1) [ BRACEEy( %(’]tv(d(w»)dw(x,y)

5%,N(d($7 Y)) r1(y)
+t/M><M p1(y) U(ﬂk]v(d(w,y)odﬂ(x’y)’

where (fi¢)se(0,1) is the unique minimal geodesic from jiy to py and 7 is the unique optimal
coupling of (uo, f11)-

We usually require only the existence of a minimal geodesic (pu)icpo,1) satisfying the
above inequality in order to ensure the stability under the convergence of spaces. Thus
we implicitly took advantage of the unique existence of minimal geodesics in the above
definition. In addition, it is more consistent to include singular measures, whereas it is
konwn by [LV1] that the above definition is sufficient to imply the corresponding general-
ized condition concerning possibly singular measures. Furthermore, as ﬁﬁﬂ ~(7) is defined

only for r < my/(N —1)/K if K > 0, we apparently need to restrict ourselves to py and
w1 such that diam(supp po Usupp 1) < w4/ (N — 1)/ K. Nonetheless, this local version is

enough to imply a generalized Bonnet-Myers theorem diam M < 7/(N — 1)/K, so that
the restriction on supp pp U supp p; turns out unnecessary.
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Sturm’s curvature-dimension condition CD(K, N) uses the same inequality as Defini-
tion 8.1, but only for the Rényi and the relative entropies. These cases are indeed essential
in the sense that an n-dimensional Riemannian manifold (M, g, vol,) equipped with the
Riemannian volume element satisfies CD(K, N) if and only if Ric > K and n < N. The
K-convexity of the relative entropy considered in [vRS] is nothing but CD(K, 00). Indeed,
applying Definition 8.1 with N = oo to the relative entropy yields

Entm(pe) < (1 — 1) Entm (o) +  Entm (p1) — %(1 — t)tdy’ (o, p11)*. (8.1)

Now we give a proof of Theorem 1.2. This extends Sturm’s and Lott and Villani’s
results concerning weighted Riemannian manifolds ([St1], [St2], [St3], [LV1], [LV2]).

8.2 Proof of Theorem 1.2

Take two absolutely continuous measures oy = pom,p; = pim € P.(M). Let ¢ be a
c-concave function such that Fi(z) := exp,(V(—t¢)(x)), t € [0,1], provides the unique
optimal transport map from i to gy (Theorem 4.10). Then p; := (Fi)ppo, t € [0,1], is
the unique minimal geodesic from pg to 1, and 7 := (Idayr X F1) 4o is the unique optimal
coupling of (po, p1). Fixt € (0,1). As p is absolutely continuous, we can write j; = p;m.
We deduce from Theorem 5.2(iii) that

po(x) = Jy(x)py (Fi(x)) = Ji(2)pr (Fi()) (8.2)

holds for pg-a.e. z with d¢, # 0, where we put J;(z) := D[d(F}).] as in Proposition 5.3.

(i) Assume that (1.3) holds. We follow the proof of [St3, Theorem 1.7] using somewhat
similar calculations to Lemma 7.2 and Theorem 7.3. Fix # € M at where po(z) > 0,
do, # 0 and (8.2) holds. Put v = V(—¢)(x) and let n : [0,1] — M be the geodesic
with 7(0) = v. Take an orthonormal basis {e;} , of T, M with respect to g, such that
e, = v/F(v). We extend them to E;(t) := d(F;).(e;) for t € [0,1] and remark that
every Fj; is a Jacobi field, for F; is a transport map along geodesics. We set g; = g,
V(t) =V(n(t)/F(v)) and El(t) = DZEl(t) for brevity.

As in Lemma 7.2, we define n x n-matrices A(t) and B(t) by a;;(t) = g:(E;, Ej)
and Ej(t) = 77 bij(t)E;(t). We remark that {E;(t)}7, is a basis of T, M because
(det A(t))/? = e¥@=VOJ,(z) > 0. We also define P; as the parallel vector field along
n (e, DyP = 0) with P(0) = e;, and take the n x n-matrix C(t) with Pi(t) =
> i1 cii(t)Ej(t). Note that Py(t) = 0(t)/F(v). Put D = CBC~" and recall that this is
symmetric. Then C' = —CB and calculations in Lemma 7.2 yield that

B'=-Ric; A™' B, D'=CBC™=-CRic; A} — D2

In particular, it follows from (2.3) that

=1
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Now we consider functions
h(t) == (G—V(O)Jt(x))l/N _ e—v(t)/N(det A<t))1/2N7 I () = eVO/(N=n),
ha(t) = (det A1), f(t) = log [(det A(t))""*] = nlog ha(t).

Again we calculate as in Lemma 7.2 and observe f’ = trace D and f” = — Ric(n) —
trace(D?). We further define 3(t) := 1 + [} dnnds and a := f — 3. Then we see

= 7§ =~ Rie) — trace(D?) i, =~ Ric(i) ~ 3 + Zd

i,j=1

N2
< — Ric(n ZdQS Ric(n n—l(zdn) = — Ric(n) — éa_)l'

4,7=1

Hence we have [e®/("=D]"e=/("=1) < _ Ric()/(n — 1). We put hg = bV /N ea/(N-1)
and obtain, as in Theorem 7.3,

F(v)? 2 ©rV)? . Fu)’K
— ——— —Ric(F,) ¢y < — :
_N—l{ iy e e

This implies that {h3(t) — s x(tr)h3(0)}/sk n(tr) is nonincreasing in ¢, where we set
r = F(v) =d(x,Fi(x)). Therefore we find

SKN((l—t)T) SKN(tT)

————h3(0) + — hs(1). 8.4
SK,N(T) 3( ) SK,N<T) 3( ) ( )
On the other hand, (8.3) yields that (e”)” < 0, so that e5® > (1 — #)ef© 4 ¢f0),

Combining this with (8.4) and the Holder inequality shows that

h(t) = hl(t)(N_”)/Nhg(t)”/N — hl(t)(N—n)/N(ef(t))l/N — hg(t)(N—l)/N(eﬂ(t))l/N

hyhy*

hs(t) >

18O oy pesmyn [ SEN (L= 1)) sk (17) o
> (1 )0 ¢ ey [ Dy )y Sy )

S . (N-1)/N (st (N-1)/N
> (1 - oy (Ui g Ly ey )|

= (1= )85 5 (1) "V h(0) + t55 v (r) /Y R(1).
We consequently obtain
3@ = (08 (e Fw)) "+ B (A A @) H@Y. (85)

For any U € DCy, as ¢ is nonincreasing and convex, we deduce from (8.2) and (8.5)
that

Um(ut)I/MU(pt)dmZﬂw(ptl/N)ptdmz/]ww(;;Z) dpto
S/Mgo((l—t) ﬂ(d(af,ﬂ(af)))wHﬁﬁ(,N(d(%ﬂ( )))“N) dyio()

po(x) /N p1(F1(z)) N
KN(d(x Fi(x))N ﬁ}(,N(d(x,fl(x)))l/N
< (1 —t)/MQO( ,00( )1/]\/ )d,uo(x) +t/MSO( p1(f1($))1/N )d,uo(l’).

31



Plugging ¢(s) = sMU(s™) and 7 = (Idys xF1)xpo into this shows the desired N-Ricci
curvature bound. More precisely, we need to separately treat x with d¢, = 0, whereas
then we find po(x) = pi(z) = p1(z) by Lemma 6.1 and Theorem 5.2, and hence

(o)) = (1= t)po(2) N + tpr () ~HY)
< (1= t)p(po(x) ™M) + to(pr () ).

To see the converse, assume that (M, F,m) has N-Ricci curvature bounded below
by K. We shall modify a discussion in [St3, Theorem 1.7] taking [LV1] into accout.
Fix a unit vector v € T, M and put a = (9,V)/(N — n). Take the short geodesic 7 :
(—0,0) — M with 7(0) = v and extend v to the C*®-vector field V' := V[d(n(—0), )]
on U := B*(n(—9),26) \ {n(—95)}. We introduce the Riemannian structure g := gy of U,
and remark that 7 is also a geodesic with respect to g ([Sh2, Lemma 6.2.1]). Moreover,
Ric(v) with respect to F' coincides with the Ricci curvature of v with respect to g ([Sh2,

Proposition 6.2.2]).
Given 0 < ¢ € r < 9, we consider two open balls with respect to g

Ay = B(n(r),e(1 —ar)), A_ = BI(n(—r),e(1+ar)).
Note that
m(A;) = e Y0 e"(1 — ar)* + O(e™), m(A_) = e Ve (1 + ar)™ + O(e"HY),
where ¢,, denotes the volume of the standard unit ball in R". Applying (1.3) with U(r) =

Nr(1=r=YN)to g = m(A_)"'m|4_, s = m(A;)'ml|4, and ¢ = 1/2 shows the following
Brunn-Minkowski inequality ([St3, Proposition 2.1], Corollary 9.4(iii))

1
m(Zy (A, ALY > 5&}{3(% +0(2)) M {m(A)N 4+ m(AL) VY,
We also observe

N-1
/2 (9. 28w (1) 1 K , 4
K,N( r) (—SK,N(QT) + 5 4+ O(r?).

In addition, we deduce from a = (9,V)/(N — n) that

(e~ VDN (1 — gpyn/N]

r=0
n 2n

_fnfn |\, 2 1 o Loyl ven
{5 (5 1)+ Fmoav+ w2 - gavle

_ {M _ %85]1}6_1}(”)/1\[.
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Thus it follows that
m(Zl/Z(A—a Ay))

CrE™

> 2%V (1+§r +O(r )) {26 V(”)/N+( (( L2k a;v) YOUNRZ L O(r )}N

(e () Lo

:e—ww{H%(K o2V + g\a[vlz) )r} o(r").

On the other hand, if we choose an orthonormal basis {e;}! , of T, M with respect to
g with e, = v, and denote by k; the sectional curvature (with respect to g) of the plane
spanned by e; and e, then

(A AY)) v >ﬁ <1 ey og )) =YW (1 + Ric—(”)r?) +0(r*).

Cp&™ 2 2
=1

Therefore we conclude that Ric(v) + 92V — (9,V)?/(N —n) > K.

(ii) Assume Ric(v) > K and 0,V = 0. In this case, (8.5) with N = n directly follows
from Proposition 5.3 and Theorem 7.1 with H = 0, and then we discuss as in (i).

If (M, F,m) has n-Ricci curvature bounded below by K, then it also has N-Ricci
curvature bounded below by K for any N € (n,oc0). Hence (i) yields Ric(v) + 92V —
(0,V)?/(N —n) > K. Letting N tend to n shows that 9,V = 0 and then Ric(v) > K.

(iii) It costs no generality to assume that (M, F)) is compact. If Ric(v) + 9%V > K,
then we have

(0,V)? 1
VTS K —
N K

Ric(v) + 02V — sup  (9,V)?

- n N —n vETM,F(v)=1

for any N € (n,00). Thus (i) shows that (M, F, m) has oco-Ricci curvature bounded below
by K —sup,erar p)=1(0V)?/(N —n), and letting N diverge to infinity yields the desired
curvature bound K.

The direction from co-Ricci curvature bounded below by K to Ric(v) + 92V > K is
the special case (a = 0) of the latter half of the proof of (i) (see [vR, Theorem 1.1]).
Indeed, (8.1) applied to o = m(A_)"'m|a_, n = m(A;) 'm|a, and ¢ = 1/2 yields (see
Corollary 9.5(ii))

1 K
logm(Z1ja(A-, Ay)) > S logm(A-) + 3 logm(A4) + gdgv(ﬂoa p)°.

N | —

Hence we have

m(Z12(A-, Ay)) > o~ VEEDHVEY 2K 2 4 o)

CnE™
2 K K — 2
_ e_y(y) (1 . @JTVT2> (1 + ?r2> + 0(7’4) _ e—V(v){l + Q&)VTQ} + O(T4).
Therefore we obtain Ric(v) + 92V > K. O
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8.3 Remarks and corollaries

We close this section with selected remarks and corollaries.

Remark 8.2 (a) Let us briefly comment on the reason why the same characterization
as Theorem 1.2(i) does not work for the measure contraction property (i.e., the converse
of Theorem 7.3 fails, compare with [Ohl], [St3]). In the proof of Theorem 1.2(i), we
considered a part of a cone bounded by A, and A_. If one could find the origin of this
cone (in B (z,m/(N —1)/K) or B~ (z,7y/(N —1)/K) if K > 0), then the measure
contraction property is applied. The origin is, however, n(a™!) by construction, so that
we need the infinite extendability of minimal geodesics even if K < 0, and n(a™!) is
nonsense typically when K > 0 and 0,V = 0. We actually know that a sufficiently small
ball in R™ has positive curvature in terms of the measure contraction property with N > n
([St3, Remark 5.6]).

(b) The most restricted situation (ii) in Theorem 1.2 still admits a number of non-
Riemannian spaces. As we mentioned at the end of Section 7, if (M, F') is Berwald type,
then the Busemann-Hausdorff measure satisfies 0, = 0. In particular, Minkowski spaces
have nonnegative n-Ricci curvature.

It is possible to use (8.5) instead of Proposition 5.3 in the proof of Theorem 1.1, and
then we obtain the following variant. We remark that this corollary does not follow from
the combination of Theorems 1.1 and 7.3 (see also Remark 8.2(a) above).

Corollary 8.3 Assume that n > 2 and there are constants K € R and N € (n,00) such
that Ric(v) + 02V — (9,V)?/(N —n) > K holds for all unit vectors v € TM. Take three
nonnegative measurable functions f,g,h : M — [0,00) and measurable sets A, B C M
with [, fdm = [, gdm = 1. If there is t € (0,1) such that

1 <(1—®( k&@ﬂ%yﬁ>”N+¢(ﬂkw0ﬂmyD)”N
h(z)V/N — f(z) 9(y)
holds for all x € A, y € B and z € Zy(x,y), then we have [, hdm > 1.

As we have already mentioned, applying Theorem 1.2(iii) to the relative entropy yields
the K-convexity (8.1). Moreover, Theorem 1.2 contains the following weighted version.
Take a C*°-function V : M — R and suppose that

Ric(v) + 02V + 0*V > K

holds for every unit vector v € TM, where we put 9>V = (V on)”(0) using the geodesic
n: (—e,e) — M with 1(0) = v. Then (M, F,e~Vm) has oo-Ricci curvature bounded
below by K. In particular, the corresponding free energy

Ent,-v,(pm) = Enty,(pm) —|—/ Vpdm
M

is K-convex. The K-convexity of the relative entropy as well as the free energy plays an
essential role in the investigation of gradient flows on Wasserstein spaces. It has been
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developed in [JKO], [AGS], [Oh3] and [Sa] in the cases where underlying spaces are Eu-
clidean spaces, Hilbert spaces, Riemannian manifolds and Alexandrov spaces. Meanwhile,
in the Finsler setting, even gradient flows on Finsler manifolds are not yet studied well.

We finally recall functional inequalities following from Theorem 1.2, they are related
to concentration of measures studied in the next section.

Corollary 8.4 ([LV1], see also [CMS2]) Let (M, F,m) be a compact Finsler manifold
satisfying n > 2, m(M) =1 and Ric(v) + 0*V > K for some K € R and all unit vectors
v € TM. Then the following hold.

(i) (Talagrand inequality/Transport cost inequality) For any absolutely continuous mea-
sure pu € P(M), we have

K
Entm (1) > 7 max {dy (m, 1)?, dy’ (1, m)* .

(ii) (Logarithmic Sobolev inequality) For any Lipschitz continuous function f: M —
R with fM f2dm =1, we have

1/2 K
Ent,, < min 2 / F(Vf de> d__dQ}’
(M) d:dgV(m,u),dEV(u,m){ ( M ( ) 2

where we set p = f*m. In particular, if K > 0, then it holds that

2 2
Entm (1) < E/MF(Vﬁ dm.

(iii) (Global Poincaré inequality) If K > 0, then we have, for any Lipschitz continuous
function f: M — R with fodm =0,

/M Pdm < /M F(V ) dm.

Corollary 8.5 (A generalized Lichnerowicz inequality, [LV2, Theorem 5.34]) Suppose
that n > 2 and there are constants K > 0 and N € (n,o0) such that Ric(v) + 0%V —
(0,V)?/(N —n) > K holds for all unit vectors v € TM. Then we have, for any Lipschitz
continuous function f: M — R with fM fdm =0,

/Mf2dm§ ]\;(;Vl/MF(Vf)zdm.

9 Applications

This final section is devoted to applications of the Finsler Borell-Brascamp-Lieb inequality
(Theorem 1.1) and the volume comparison theorems (Theorems 7.1, 7.3).

35



9.1 Further interpolation inequalities

We first treat interpolation inequalities closely related to the Borell-Brascamp-Lieb in-
equality. See [Ga] and [CMS1] for their correlation and historical background.
Forpe R\0,t € (0,1) and a,b € [0, 00), we define

MP(a,b) = {(1 —t)a? + tb*}/.
We set M¥(a,b) :=0if p < 0 and ab = 0. We also define, as the limits,
M(a,b) = a',  M®(a,b) ;= max{a,b}, M;>®(a,b):=min{a,b}.

By convention, we set M7 (0,00) := 0 if p € [—00, 0], MY(0,00) := o0 if p € (0, 0], and
M (00, 00) := oo for p € [—00, 0.

We will use the following type of Hélder inequality. For a,b,c,d € [0,00), p,q €
(—00,00] and 1 € [—o00, 00] with p+ ¢ > 0 as well as p~' + ¢~! = r~1 it holds that

M (ac,bd) < MP(a,b)M{(c,d). (9.1)

Here r = —x if p=—q #0,r=0ifp=0orqg=0,andr = 0 if p = q = c0. If
p,q € (0,00), then this is the usual Holder inequality. By taking the limits, we obtain
(9.1) for p,q,r € [0,00]. If 0 < —qg < p < o0 and a,b,c,d € (0,00), then r € (—00,q)
and we see that M, % (c™t,d™') < MP(a,b)M;"((ac)™, (bd)~"). This is indeed (9.1)
by taking M{(c,d) = M;%(c™,d"!)"! into account. Taking the limits shows (9.1) for
0< —qg<p<ooanda,b,c,dé€ [0,00). Finally, taking the limits again yields (9.1) for
0<—g<p<ooandré€[—o0,q.

Corollary 9.1 (p-mean inequality) Take t € (0,1), p € [—1/n, 00|, three nonnegative
measurable functions f,g,h : M — [0,00) and nonempty measurable sets A,B C M

with [, fdm = [,, fdm and [, gdm = [,, gdm. If we have
h(Z)ZM]tD( f@)  g(y) )

o7 (z,y) v (z,y)

forallz € A, y € B and z € Z(z,y), then [,,hdm > M?/(an)(fodm,fMgdm)
holds. Here p/(1 + np) = —c0 if p=—1/n and p/(1 + np) = 1/n if p = cc.

Proof. If || fll1, llglli € (0,00), then we put i = MY (|[£]1, llgll.) "k and shall see
that (f/||f|l1,9/llgll1, h) satisfies the assumption (1.1) of Theorem 1.1. Fix 2 € A and
y € B. If f(z)g(y) =0, then (1.1) is clearly satisfied. In case of f(x)g(y) > 0, we deduce
from the hypothesis on h and (9.1) that, for any z € Z;(z,y),

fz(z)zM?“”"”(Hful,ugun1Mf( /@) W) )

o7 (z,y) o5 (z,y)
o (0@l o5 @ )l
ZM’f( @ 9w ) ‘

Thus Theorem 1.1 yields ||||; > 1 as required.

36



If ||f|l1 = 0, then the conclusion is obvious (||k||; > 0) unless ||g||; > 0 and p > 0.
For p € (0, 00], the assumption on h means that h(z) > tY/?g(y) /o5 (x,y). Fix z € A and
define the map 7~ : B\ Cut(z) — M by 7,~(y) := n(t), where n : [0,1] — M is the
unique minimal geodesic from x to y. Then 7,~(y) € Z;(x,y) and we have

1/p
Ial > | pam = [ (hor)Didr)dm > [ F22909) inos (2, ) dim(y)
7= (B\Cut(z)) B B 9 (2,9)

_ o / gdm = M0, g]).

The case ||f||1 + ||g]l1 = oo is deduced by approximating f and g from below. O

The least case p = —1/n is Theorem 1.1 and we have seen that it is the strongest. As
the particular case of p = 0, we obtain the following.

Corollary 9.2 (Prékopa-Leindler inequality) Take t € (0, 1), three nonnegative measur-
able functions f,g,h : M — [0,00) and nonempty measurable sets A, B C M with

Jyfdm= [, fdm and [, gdm = [, gdm. If we have

Me) 2 <n;<§)y>)l_t(nfg<%a)y>>t

forallz e A, y € B and z € Z,(x,y), then [,, hdm > ([,, fdm)"'([,, gdm)" holds.

Corollary 9.3 (Brunn-Minkowski inequality) For any nonempty measurable sets A, B C
M andt € (0,1), we have

m(Z(A,B)"" > (1 -1) LnE ol (e ) m(A) -t inf oy (e, y) ! - m(B)Y

Proof. If m(A),m(B) € (0,00), then we get this by applying Theorem 1.1 to normalized
characteristic functions f = m(A)™'14, g = m(B) '1p and

. 1/n . 1/n] "
h=10-0f il o7 (@) mAF " o il of(ew) - mB)}] Lz,
If m(A) =0 and m(B) € (0,00), then we argue as in the proof of Corollary 9.1. The case
m(A) = m(B) = 0 is trivial and the case m(A) + m(B) = oo follows by approximating A
and B by increasing subsets. O

We can derive variants of the above inequalities using Corollary 8.3 (and Theorem
7.3) instead of Theorem 1.1.

Corollary 9.4 Suppose that n > 2 and there are constants K € R and N € (n,00) such
that Ric(v) + 82V — (9,V)*/(N —n) > K holds for all unit vectors v € TM. Then the
following hold.
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(i) Take t € (0,1), p € [-1/N, <], three nonnegative measurable functions f,g,h :
M — [0,00) and nonempty measurable sets A,B C M with [, fdm = [,, fdm
and fBgdm = fMgdm. If we have

f(=x) 9(y) )

h(z) > M?( }&@(d(x,y))’ B n(d(x,y))

forallz € A, y € B and z € Zy(x,y), then thdm > ./\/lf/(HNp)(fodm,fMgdm)
holds. Here p/(1+ Np) = —oo if p=—1/N and p/(1+ Np) =1/N if p = oc.

(ii) Take t € (0,1), three nonnegative measurable functions f,g,h : M — [0,00)
and nonempty measurable sets A, B C M with fAfdm = fM fdm and fBgdm =
fMgdm. If we have

forallz € A,y € B and z € Z(x,y), then [,, hdm > ([,, fdm)'~*([,, gdm)" holds.

(iii) For any nonempty measurable sets A, B C M and t € (0,1), we have

N

m(Z(A B)™ = (1—) inf gt (d(z,y))"" - m(A)Y

reA,yeB
+t inf B%,N(d(x,y))l/N -m(B)/V.

We further obtain the following infinite dimensional version by letting N diverge to
infinity in (ii) above, and by (8.1) along with Jensen’s inequality.

Corollary 9.5 Suppose that n > 2 and there is a constant K € R such that Ric(v) +
02V > K holds for all unit vectors v € TM. Then the following hold.

(i) Take t € (0,1), three nonnegative measurable functions f,g,h : M — [0,00)
and nonempty measurable sets A, B C M with fAfdm = fodm and fBgdm =
fMgdm. If we have

h(z) > (%) - (%)t

forallz € A,y € B and z € Zy(x,y), then [,, hdm > ([,, fdm)'~*([,, gdm)" holds.

(ii) For any bounded measurable sets A, B C M with m(A),m(B) >0 and t € (0,1), we
have

logm(Zi(A, B)) > (1 —t)logm(A) + tlogm(B) + %(1 — t)tdy (p,v)?%,
where = m(A) 'm|s and v = m(B) " 'm|p.
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9.2 Concentration of measures

We finally discuss the concentration of measure phenomenon along the lines of [Le, §1.6]
(as well as [CMS1], [CMS2]). See [Sh2, §4] for related work. In this topic, it turns out
that both Ric(v) + 92V > K and Ric(v) > K with 9,V > —H give the same rate of
concentration.

We suppose that Ric(v) > K > 0 and 9,V > —H hold for every unit vector v € T'M.
Given a function f: M — (—o0, 0] which is not identically oo, define

Q1) = inf, { 7o)+ ) = Hdlo) |

zeM

Then it follows from (7.2) and Theorem 7.1 with ¢ = 1/2 that, for any z,y € M with
f(x) < oo,

v

Hence we can apply Corollary 9.2 to (f,g,h) = (e=/,e%f,1) and t = 1/2 to obtain the
infimum-convolution inequality

/Me_f dm /Mle dm < m(M)>. (9.2)

Proposition 9.6 Ifn > 2 and there are constants K > 0 and H > 0 such that Ric(v) >
K and 0,V > —H hold for all unit vectors v € TM, then we have the following:

(i) For any measurable set A C M with m(A) > 0 and r > 0, it holds that

m({y € M|d(Ay) > r}) < M) iz et

m(M)
(ii) For any 1-Lipschitz function f: M — R and r > 0, it holds that
1 { 2 2
———m xEM‘f x) > m(M _1/ fdm—H"}) < 2H° /K o= Kr7/8,
—anm( @ zman [
(iii) If we assume Ric(v) + 0%V > K > 0 instead of Ric(v) > K and 0,V > —H, then
we can replace €2 /K e~ K218 yyith e~ K/ in both (i) and (ii).
Proof. (i) Define a function f on M by 0 on A and oo on M \ A. Then we find, if
d(Ay) =,
: K 9 K . , K . , 8H
= - - > l _ o
Q1) = int { o - Hawn) b = § int do)* + 5 int {atep? = e}

K , K(4H>2_K , 2H?

K 3 K
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Thus applying (9.2) to f after Chebyshev’s inequality yields

2
m({y € M|d(A,y) >r}) < e_KT2/8+2H2/K/ e dm < MGQHQ/Ke—KrZ/s'
M m(A)

(ii) We first remark that the assertion is obvious if » < 4H/K, so that we assume
r > 4H/K. For simplicity, we put a := m(M) in the following. Jensen’s inequality
combined with (9.2) shows

-1
/ e dm < az(/ e ! dm) < qe® Jufdm,
M M

If f is A-Lipschitz, then we have, for any y € M,

Qf(y) > f(y) + inf { — M(z,y) + gd(% y)? — Hd(z, y)}

zeM

= fly) + gggﬂg {Ol(ar,y)2 - wd(%y)}
> fly) — 54(2(;2]{) = fly) — @

Hence we have

/ ef dm S 6()\+H)2/K/ le dm S a6(>\+H)2/Kea_l fodm‘
M M

This implies, for a 1-Lipschitz function f and any A > 0,
/ M=o [y M dm g < gOHH) K
M

Therefore we obtain

m<{x e M’f(x) > al/Mfdm —i—r})

< infe™ eM=aT [y Afdm gy < g inf e AT TOHH)? /K
>0 M >0

Choosing A = (2 +v/2)(Kr — 2/2H)/4 > 0 completes the proof.
(iii) We know that Ric(v) + 02V > K > 0 ensures m(M) < oo by [St2, Theorem 4.26].
Then a similar discussion to (i) and (ii) using Corollary 9.5(i) and

zeM

Qf(y) = inf {f($)+§d(x,y)2}

enables us to replace e?/Ke=K*/8 with e=K™/4 in both (i) and (ii). O
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Note that (iii) above recovers Riemannian normal concentration in [GM] derived from
the Lévy-Gromov isoperimetric inequality (see [Le| for more information).

As an immediate corollary to Proposition 9.6, we find a new exmaple of Lévy family.
For a (symmetric or nonsymmetric) metric space (X, d) equipped with a Borel probability
measure ;. on X, we define the concentration function by

oxap(r) ==sup {1 — u(BT(A,r))|AC X, p(A) >1/2}

for r > 0, where BT(A,r) := {y € X |d(A,y) < r}. Then a family of metric measure
spaces {(Xg, dk, k) fren is called a Lévy family if we have

klim a(Xk,dkyﬂk)(diam Xi-r)=0

for all » > 0. This concept was introduced in [GM] and has rich geometric and topological
applications (see [Le] and the references therein).

Corollary 9.7 Let {(Mg, Fy., 1) }ren be a sequence of Finsler manifolds of finite total
volume equipped with normalized measures py, = my(My)~'my,. Assume that diam My > 1
and that either of the following holds.

(a) There are constants K, > 0 and Hy > 0 such that Ricyy, (v) > Ky and 0,V > —Hj,
hold for all unit vectors v € T My, while limy_., K} = 00 and limsup;_, H,f/Kk <
00.

(b) There is a constant Ky, > 0 such that Ricyy, (v)+02Vyy, > Ky, holds for all unit vectors
v € T'My, while limy_,, K = 0.

Then {(My., F, pix) bren is a Lévy family.

Proof. We assume (a) and observe that Proposition 9.6(i) combined with the assumption
diam M), > 1 says that

) 2 2
O‘(Mk,quk)(dlam My -r) < O‘(Mk,quk)(T) < 2e2Hi/ i g=Kir™/8

This completes the proof of (a), and (b) is similar. O
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