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Abstract

We establish a variety of properties of the discrete time simple random walk on
a Galton-Watson tree conditioned to survive when the offspring distribution, Z say,
is in the domain of attraction of a stable law with index « € (1,2]. In particular, we
are able to prove that the spectral dimension of the random walk is almost-surely
2a/(2ac—1), which demonstrates that the famous Alexander-Orbach conjecture does
not hold when « # 2. Furthermore, we demonstrate that when « € (1,2) there are
logarithmic fluctuations in the quenched transition density of the simple random
walk, which contrasts with the log-logarithmic fluctuations seen when o« = 2. In
the course of our arguments, we obtain tail bounds for the distribution of the nth
generation size of a Galton-Watson branching process with offspring distribution
Z conditioned to survive, as well as tail bounds for the distribution of the total
number of individuals born up to the nth generation, that are uniform in n.

MSC: Primary 60K37; Secondary 60J80, 60J35.
Keywords: Random walk, branching process, stable distribution, transition den-
sity.

1 Introduction

This article contains an investigation of simple random walks on Galton-Watson trees
conditioned to survive, and we will start by introducing some relevant branching process
and random walk notation. Let Z be a critical (EZ = 1) offspring distribution in the
domain of attraction of a stable law with index « € (1, 2], by which we mean that there
exists a sequence a,, T oo such that

Zn|—n

where Z[n] is the sum of n i.i.d. copies of Z and E(e %) = e*". Note that, by [10],
Theorem 2.6.5, this is equivalent to Z satisfying

E(s?) =5+ (1—5)*L(1—5), Vse(0,1), (2)

4 X, (1)
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where L(z) is slowly varying as z — 01, and the non-triviality condition P(Z = 1) # 1
holding. Denote by (Z,),>0 the corresponding Galton-Watson process, started from
Zp = 1. It has been established ([19], Lemma 2) that if p,, := P(Z,, > 0), then

1

a—lL ) ~

(3)
as n — 0o, where L is the function appearing in (2). It is also well known that the
branching process (Z,),>0 can be obtained as the generation size process of a Galton-
Watson tree, T say, with offspring distribution Z. In particular, to construct the random
rooted graph tree T, start with an single ancestor (or root), and then suppose that
individuals in a given generation have offspring independently of the past and each other
according to the distribution of Z, see [15], Section 3, for details. The vertex set of T is
the entire collection of individuals, edges are the parent-offspring bonds, and Z,, is the
number of individuals in the nth generation of T. By (3), it is clear that T will be a
finite graph P-a.s. However, in [12], Kesten showed that it is possible to make sense of
conditioning 7" to survive or “grow to infinity”. More specifically, there exists a unique
(in law) random infinite rooted locally-finite graph tree T* that satisfies, for any n € Z,,

E (6(T"],)) = lim B ($(T],)|Zysn > 0). (4)

where ¢ is a bounded function on finite rooted graph trees of n generations, and T'|,,
T*|, are the first n generations of T, T* respectively. By [12], Lemma 2.2, the tree T
has a unique infinite line of descent, or backbone, which we will denote throughout by
B. Furthermore, from the above characterisation of 7%, it is clear that the generation
size process (Z)),>0 of T* is precisely the Q-process associated with (Z,),>0 (see [2],
Section 1.14), which is commonly referred to as the Galton-Watson process conditioned
to survive.

Given a particular realisation of T, let X = ((X,n)m>0, PL ,x € T*) be the discrete
time simple random walk on T*. Define a measure pu? on T* by setting pu? (A) =
> seadegp. (), where degy. () is the graph degree of the vertex x in T*. The measure
u" is invariant for X, and the transition density of X with respect to u?  is given by

T+ Pg*(Xm:y)

D (T,Y) 1= ", Ve, y e T, m € Z,.
)= = :

Throughout this article, we use the notation
T = min{m : dp+(Xo, X,,,) = R},

to represent the first time that X has traveled a distance R € N from its starting point.
The behaviour of X, started from the root p of T*, and (7g)g>1 was first considered
in [12], where Kesten showed that, under the annealed law

P:=PoP],

if the offspring distribution has finite variance, then the rescaled height-process defined
by (n=Y3dp+(p, X n)))e=0 converges weakly as n — oo to a non-trivial continuous process
(the full proof of this result appeared in [11]). In [12], it was also noted that

lim inf P (A*lR% < g < )\R25:11) ~1, (5)

A—oo R>1
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whenever the offspring distribution is in the domain of normal attraction of a stable law
with index « € (1, 2], by which we mean that there exists a constant ¢ € (0, 00) such that
(1) occurs with a,, = cne (the full proof was given in the case a = 2 only). More recently,
in the special case when Z is a binomial random variable, a detailed investigation of X
was undertaken in [5], where a variety of bounds describing the quenched (almost-sure)
and expected behaviour of the transition density and displacement, dr«(p, X,,), were
established. Many of these results have since been extended to the general finite variance
offspring distribution case, see [9].

In this article, we continue the above work by proving distributional, annealed and
quenched bounds for the exit times, transition density and displacement of the random
walk on T for general offspring distributions satisfying (1). Similarly to the arguments
of [5] and [9], to deduce properties of the random walk, it will be important to estimate
geometric properties of the graph 7™ such as the volume growth and resistance across
annuli (when 7™ is considered as an electrical network with a unit resistor placed on each
edge). In particular, once we have established suitable volume growth and resistance
bounds, we can apply the results proved for general random graphs in [13] to obtain
many of our random walk conclusions. It should be noted that the techniques applied in
[13] are simple extensions of those developed in [4], which apply in our case when a = 2.

In terms of the branching process, we are required to derive suitably sharp estimates
on the tails of the distributions of Z and Y _ Z* which we do in Section 2. In [9],
bounds for these quantities were obtained in the finite variance offspring distribution case
using moment estimates which fail in the more general case that we consider here. We
are able to overcome this problem using a more technical argument, which involves an
analysis of the generating functions of the relevant random variables. The statement of
our results depends on the non-extinction probabilities of the branching process (py)n>0
via a “volume growth function” (see Section 3 for a justification of this title), v : Ry —
R, which is defined to satisfy v(0) = 0,

v(R) == Rpj', VR € N, (6)

and is linear in-between integers. Our first result yields the tightness of the distributions of

(TR)R>1, (EZ*TR)Rzl, (pL" (p, p))m>1 and (dr«(p, Xon))m>1 with respect to the appropriate
measures; along with all the subsequent theorems of this section, it is proved in Section
3.

Theorem 1.1. The random walk on T™ satisfies

lim inf P (A\"'h(R) < 7p < AR(R)) =1, (7)

A—oo REN

lim inf P (A\"'h(R) < E] 1 < M(R)) =1,

A—oo REN

lim inf P (A7 < o(Z((m))pa,(p.p) < A) =1,

A—o00 meN -

lim inf P (A'Z(m) < 14 dr(p, X;n)) =1, lim inf P (dr-(p, X;n) < AZ(m)) =1, (8)

A—o0o0 meN A—o00 meN

where h(R) := Rv(R) and Z(m) := h™Y(m).



We remark that, from (3), we have that v(R) = Ra-1((R) for some function ¢ which
is slowly varying as R — oo (see Lemma 2.4 below). Thus the functions bounding the
exit time, transition density and displacement in the above result are of the form:

2a—1

h(R) = Re-1{,(R), v(Z(m))= mﬁﬁg(m), Z(m)= m?aTillfg(m),

where (1, {5 and /3 are slowly varying at infinity. In particular, when Z is in the domain
of normal attraction of a stable law with index «, then we have that p, ~ en~ a1 for
some constant ¢, and hence (7) verifies the result of Kesten’s stated at (5). We highlight
the fact that the o of Kesten’s article corresponds to our o — 1.

The annealed bounds that we are able to obtain include the following. Further off-
diagonal estimates for the transition density, which extend the estimate at (10) are pre-
sented in Section 4.

Theorem 1.2. For every 3 € (0, — 1), v € (0,1 —a™') and § € (0,a™?), there exist
constants c1, . .., cg € (0,00) such that

ah(R)? < E ((E,’{*TR)ﬁ) < eh(R)®,  VREN, 9)
cxv(Z(m) < B (p(p. o)) < cao(@m)) 7, ¥meN, (10)

e;Z(m)° < E (dr+(p, X)) <E ( max dp-(p, Xk)5) <cI(m)®, VYmeN. (11)

0<k<m

In the finite variance case, it is known that (9) and (10) hold with 5,y =1 (see [9],
Theorem 1.1). Furthermore, in [5], it was established that when the offspring distribution
is binomial, then (11) holds with ¢ = 1. The proofs of (9) and the corresponding results
in [5] and [9] all rely on the bound ET 75 < 2(R+1) S Zx . However, the right-hand
side of this expression has infinite expectation under P when a € (1,2), and so we can
not use the same technique to deduce the result for 5 =1 in general. A similar problem
occurs in the proof of (10), where, to establish the result for v = 1, we need an estimate
on the negative moments of Zi:o Z. of orders larger than we can prove. We cannot
prove if (9) and (10) actually fail to hold or not in general when 8 = v = 1. We also
do not know whether, when § = 1, the expectations in (11) can be bounded above by a
multiple of Z(m) uniformly in m in general.

In addition to the above annealed bounds, we will also establish quenched bounds for
the random walk on T* as follows. Note that part (b) implies that for P-a.e. realisation
of T*, the random walk on 7™ is recurrent.

Theorem 1.3. There exist constants ay, ..., a4 € (0,00) such that for P-a.e. realisation
of T™* the following properties are satisfied.
(a) If z € T*, then Pl -a.s.,

h(R)(log R)™™ < 7 < h(R)(log R)*,  for large R.

Moreover,
h(R)(log R)™* < EX 1 < h(R)(log R)**,  for large R.
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(b) If x € T*, then
o(Z(m))(logm) ™ < g (x, ) < v(T(m))" (logm)®™,  for large m.
(c) If x € T*, then PT -a.s.,

Z(m)(logm)~* < max dp«(x, X)) < Z(m)(logm)*™,  for large m.

T 0<k<m

From the preceding theorem we are easily able to calculate the exponents of the leading
order polynomial terms governing the exit time, transition density decay and maximum
displacement. We are also able to determine the exponent according to which the size of
the range of the simple random walk grows.

Theorem 1.4. For P-a.e. realisation of T , we have that

logTh Y log EX"(Tr)  2a—1

T* «
L log R R logR  a—1’ P, -a.s. for everyx € T™, (12)
- —2logpy.(pp) _ 2a
ds(T*) == 1 o = ) 13
(") e logm 200 — 1 (13)
1 m dr= (1, X -1 .
i 08 MaXosksm dr+ (2, Xik) _ @ P a5, for everyz € T, (14)

m—00 logm C2a—1'

and if the range W = (W, )m>o of the simple random walk is defined by setting W, =
{Xo,..., X}, then

_log " (W)
lim ———~ ,
m—oo log m m—oo log m 200 — 1

log#W,,  «

= lim = P _a.s. for every x € T*.

We remark that the quantity dy(7*) introduced in the above result is often taken
as a definition of the spectral dimension of (the random walk on) 7*. Famously, in
[1], Alexander and Orbach conjectured that, for a particular class of graphs, there is a
relationship between the volume growth on the graph and the behaviour of the associated
simple random walk. For the Alexander-Orbach conjecture to hold in our setting, we
would require that dy(7*) = 4/3. As noted in [12], this is the case if and only if o = 2.

Finally, in Section 5, we investigate the fluctuations in the volume growth and the
quenched transition density of the simple random walk on 7%. In particular, when o €
(1,2) we show that the volume of a ball of radius R, centered at p, has logarithmic
fluctuations about the function v(R), P-a.s., and when o = 2 there are log-logarithmic
fluctuations, P-a.s. It follows from estimates in Section 2 and [5] that these results are
sharp up to exponents. We also note that these asymptotic results are analogous to the
results proved for the related stable trees in [7], where it is shown that the Hausdorff
measure of a stable tree with index a € (1,2) has logarithmic corrections, in contrast to
the log-logarithmic corrections seen when o = 2. Furthermore, by standard arguments,
it follows that, with positive probability, the quenched transition density of the simple
random walk on 7™ has logarithmic fluctuations when a € (1,2), and log-logarithmic
fluctuations when o = 2. In general, these results are also sharp up to exponents in the
fluctuation terms.



2 Branching process properties

That (p,Z;)n>0 converges in distribution to a non-zero random variable was proved as
[17], Theorem 4. Furthermore, if we define (Y,*),,>o by setting

.

then it is possible to deduce that (n'p,Y,"),>o converges in distribution to a non-zero
random variable by applying Theorem 1.5 of [6], (in fact, [6], Theorem 1.5 also provides
an alternative description of the limit random variable of (p,Z}),>0). However, although
these results are enough to demonstrate that Theorem 1.1 is true, to deduce the remaining
results for the simple random walk on T that are stated in the introduction, we need to
establish tail estimates for Z and Y," that are uniform in n, and that is the aim of this
section. We start by stating a moment estimate for the unconditioned Galton-Watson
process (Zp)n>0-

Lemma 2.1 ([8], Lemma 11). For § € (0,a — 1), there ezists a finite constant ¢ such
that
E(Z)*°) <cp,”, VneN

A polynomial upper bound for the tail of the distribution of Z near infinity is an
easy consequence of this result. When « € (1,2), we are also able to deduce a polynomial
lower bound.

Proposition 2.2. For ) € (0, — 1), there exists a finite constant ¢, such that
P(Z;>Mp,") <ax™™,  VneNA>O0. (15)

Moreover, for a € (1,2), B2 > (o —1)/(2 — @), there exists a strictly positive constant co
and integer ng such that

P(Z:>Mp,") > A Vn>mngA>1. (16)

Proof. Fix f; € (0,a — 1). The transition probabilities of the Markov process (Z).>0
can be expressed in terms of the transition probabilities of the unconditioned process
(Zn)n>0, see [2], Section 14, for example. In particular, it is possible to deduce that

P(Zi= ") = Y mP(Zy=m) =B (Zilyy o) A PDIE(Z)).
m>Apy

Combining this bound and Lemma 2.1 yields the upper bound at (15).
To prove (16), we start by demonstrating that for each € > 0 there exists a constant
c; and integer ng such that

E (e—Aan;) <1—c A W >ne, A€ [0,1]. (17)
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Let f(s) = E(s?) and denote by f, the n-fold composition of f, then the following holds
(see [16])

B (s%) = s [] 7/(m(s)) (18)

The generating function of the stationary measure of the branching process Z is given by
(see [19], Lemmas 3 and 4)

— lim fn(8>_fn(0>
Vi) = 5 0~ f(0)

Let g be the inverse of U(1 — -), and define

Vs € [0,1). (19)

ot) == — /t log f'(1 —g(s))ds, Vt>1.
0
Then, by (18) and arguments of [17], we have that
E (s7) = sA,(s)exp{O(U(s)) —O(n+ U(s))}, Vse[0,1),

where A, (s) < 1. Furthermore, as computed in [17], O(t) = a(a—1)"'logt+r(t), where
the remainder term satisfies 7/(t) = o(t™!) as t — oo. In particular, it follows that

E (s%) < (1 i %) s exp {r(U(s)) —r(n+U(s))}, Vsel0,1). (20)

By definition, U is an increasing function and therefore if A € [0, 1], then U(e™*P") >
U(e Pr) > U(1 — p,) = n, where the final equality is easily checked by applying (19) and
the fact that p, = 1 — f,(0). Consequently, given n € (0, 1), since r'(t) = o(t™!), there
exists an integer ng such that

r(U(e™)) —r(n+ U(e ")) < na,(A),  Vn>ng,A€0,1],

where we define a,(\) := n/U(e *P"). Letting cy be a constant such that e® < 1+ cyz
for z € [0,1], then the above inequality and the bound at (20) imply that

1+ cana,(N)

E (¢ 7
(14 an(A))o-t

, Vn > ng, A € [0, 1].

Since ¢, is independent of the choice of 7, if we are given &’ € (0, -%7), then for small
enough 7, we have that 1+ conz < (14 z)¢ for every z € [0, 1], and therefore

E (6—Aan;‘l) <(1+ an(/\))*(ﬁfs’) <1—csa,(N), Vn>mngAel0,1],

for some constant c3. Thus, to complete the proof of (17), it remains to obtain a suitable
lower bound for a, (). It is known ([19]) that U(s)™! = (a—1)(1—s)*"'M(1 —s), where
M (x) is slowly varying as x — 0%. By the monotonicity of U, it follows that

_  M(eygApy) N
_ a—1 a—14-¢
(e—)\Pn) = 05)\ _— > Cﬁ)\

U(1 — cshpn) M(p,) ’

Vn > ng, A € [0, 1],



for suitably chosen constants cg, c5, cg, where to deduce the final inequality we use the
representation theorem for slowly varying functions (see [18], Theorem 1.2, for example).
This completes the proof of (17).

For any non-negative random variable £ we have that

1-E(e%) = / P(¢ > z)e *dx, V6 >0,
0

from which it easily follows that
1-E(e®) <a+P(E>2/0), V0,z>0.

For 3 € (0,1), taking & = p,Z*, § = A"Y0=5) and x = M\ in the above inequality, we
obtain from (17) that

P (Z: > \p,t) > A7 1Ha/020) _\=B/A=0) 1y > g A > 1.

Now, assume that o € (1,2) and > > (a — 1)/(2 — a). By setting f = a — 1 + 2¢ for
chosen suitably small, the result follows. O

To prove a similar polynomial upper bound for the tail of the distribution of Y," near
infinity, we require that (py,)n>0 is slowly varying in the additive sense as n — oo, which
is the conclusion of the following lemma.

Lemma 2.3. For any integer n, we have

lim pernp;zl =1
m—00

Proof. In the proof of [19], Theorem 1, it is observed that

Pmsipyl > 1—em™,  VmeN, (21)
for some finite constant ¢, which implies the result for n = 1. The general result is an
elementary consequence of this. O

To ascertain a polynomial lower bound for the tail of the distribution of Y,* near
infinity, we will use the fact that (p,),>0 is regularly varying (in the usual multiplicative
sense) as n — oo, which follows from (3).

Lemma 2.4. We can write p,, = nfﬁﬂ(n), where £(n) is a slowly varying function as
n — 0o. Moreover, if € > 0, then there exist constants c1,cs € (0,00) such that

W(2) = ()

whenever 1 < m < n.

Proof. That p, = nfﬁé(n), where £(n) is a slowly varying function as n — oo, follows
from (3) by applying 5° of [18], Section 1.5. The remaining claim can be proved using the
representation theorem for slowly varying functions (see [18], Theorem 1.2, for example).

U



We will also apply the subsequent adaptation of [5], Lemma 2.3(a), which establishes
the result in the case when the offspring distribution is binomial.

Lemma 2.5. There exist strictly positive constants c¢; and co such that

P (Yo, > cinp,') > copp, Vn €N

Proof. First observe that

14+2n =E(Y2,) = EY21liz.,—0}) + E(Vonl{z,50})
< EY,) + p.E(Y2,|Z, > 0)
n+ 1+ p,E(Yan|Z, > 0).

In particular, this implies that
np,! <E(Ya|Z, >0).

Furthermore, if 5 € (0, — 1), then

B(Y, |2, > 0) < 5, BOYR) < pp' (20 4+ )R (m Z,%iﬁ)

Since (Z,)n>0 is a martingale, we can apply Doob’s martingale norm inequality to obtain
from this that

1+5
B

for some finite constant c;, where we apply Lemmas 2.1 and 2.4 to deduce the final
inequality:.

Now, let ¢ € (0,1) and £ be a non-negative random variable, then by Hélder’s in-
equality we have that

1+
E(YL,”|Z, > 0) < ( ) P+ )E (237) < e (np,!)

(1-2)E() <E (Elieeney) <E ()P (e > B, (22)

assuming that the appropriate moments are finite. Applying this bound to Y5, with
respect to the conditioned measure P(-|Z, > 0), the above estimates yield

P(an25np;1|Zn>O) > ¢y > 0, Vn € N,
for some constant cy. Hence, we have that
P (Yon > enp,') > puP (Yan > enp,'|Z, > 0) > copn,  Vn €N,
which completes the proof. O

We can now prove our first tail bounds for Y,’. Henceforth, we will use the notation
Bin(N, p) to represent a binomial random variable with parameters N and p.
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Proposition 2.6. For 31 € (0, — 1), there exists a finite constant ¢y such that
P (Y,ff > /\npgl) <P Vn € N, A > 0. (23)

Moreover, for a € (1,2), B > (a —1)/(2 — ), there exists a strictly positive constant co
and integer ng such that

P (Y; > )\npgl) > e\ 2, Vn > ng, A > 1. (24)

Proof. Fix 1 € (0, — 1). By (4), we have that, for any fixed y > 0,

E (min{y, Y;ﬁl}) = lim E (min{y,Y,”}|Znsn > 0)
< lim B (Y, 1(z,,,50}) P
= lm EY? (1-(1—pa)®)) o,

where we apply the Markov property of (Z,,),>0 for the final equality. Since (1 — z)" >
1 — nx for every z € [0,1] and n € N, it follows that

E (Y;ﬂl) <E(Y"Z,) lim pup;l,.

Note that we have applied the monotone convergence theorem to replace min{y, Yg‘ﬂl}
by Yr’fﬂl here. By Lemma 2.3, the limit in the above expression is precisely equal to 1.
Furthermore,

E(Y/Z,)<(n+1)"E (mgx Z;jﬁl) .

Applying Doob’s martingale norm inequality and Lemma 2.1 as in the proof of the pre-
vious lemma, we consequently obtain that there exists a finite constant c¢; such that

B (V) < ealnpy ) (25)

The result at (23) is readily deduced from this bound.
Now assume that a € (1,2), B2 > (o —1)/(2 — ), and let ¢; and ¢; be the constants
of Lemma 2.5. Clearly, we have that

P (Y?; > )\npgl) > P (Y;;L > Anp 2 > 03)\]);1) P (Z;'; > c3x\p;1) , VneN, > 1,

for an arbitrary constant c¢3 > 2. To bound the first factor below, we observe that the
descendants of the individuals in the nth generation of T which are not on the backbone
have the same distribution as the unconditioned 7', independently of each other (see [12],
Lemma 2.2); hence the first factor is bounded below by P (Ya,[|csAp,'| — 1] > Anp,t),
where Y3,[m]| is the sum of m independent copies of Y5,. Thus, applying Lemma 2.5, we
obtain

P (Y?j; > /\np;1|Z:; > c3x\p;1) >P (Bin (ch),/\p;lj -1, CQpn) > 01_1)\) )

10



Taking c3 large enough, the “reverse Holder” inequality of (22) implies that the right-
hand side is bounded below by a strictly positive constant ¢4 uniformly in n € N and
A > 1. Consequently, by (16),

P (Y;;L > /\npgl) > ciP (Z:; > 03)\]);1) > s\ 72, Vn > ng, A > 1.

From this we can deduce (24) by applying the monotonicity of (Y,),>o and Lemma
2.4. U

We now consider the tail near 0 of the distributions of the random variables Z.

Proposition 2.7. For § € (0,a — 1), there exists a finite constant ¢ such that

P(Z:<xp,')<eN,  VneNA>0.

Proof. Fix 3 € (0, — 1). We will start by showing that there exists a finite constant ¢4
such that
E (e Z, >0) <A ?,  vneNXe[Lp,']. (26)

Clearly, we have that
1-E (e‘Ap"Z”)
Pn '

E (e |2, >0) =1—

Choose an integer k = k(n,\) > 0 as in the proof of [19], Theorem 1, to satisfy py >
1 —e P > pp.y, then, by the Markov property of (Z,),>0,

E (e_’\p”Z”) <E ((1 —Pk+1)Z") =1 = prtitr-

Hence,
E (¢ 77, > 0) < 1 — Znthel
Pn
Using the bound at (21) and again applying the inequality (1 — x)™ > 1 — nz for every
x € [0,1] and n € N, it is possible to deduce the existence of a finite constant ¢y such
that
E (e " Z, > 0) < ea(k + 1)n ",

for every n € Nand A > 1. To estimate (k+1)n~!, we first choose c3 small enough so that
e < 1— c3x for x € [0, 1], which implies p; > c3Ap, for every n € N and X € [1,p,!].
This inequality allows us to apply Lemma 2.4 to demonstrate that there exists a finite
constant ¢4 such that k + 1 < ¢sA™Pn for every n € N and \ € [1,p,!], which completes
the proof of (26).

Before continuing, note that we can proceed as in the proof of [14], Theorem 5.1, to
obtain that

P(Z, < \NZnin>0)<P(Z,<\Z,>0),

11



for any m,n € N and A > 0. Thus,

P(Z:<Xp,') = lim P(Z, <p,'|Zimin > 0)
P (Z, < \py'|Z0 > 0)
E <el—A*1PnZn|Zn > 0)

Cx /\ﬁ,

INIA

IN

whenever n € N and A € [p,, 1]. Since the claim of the proposition is trivial for A < p,
and A > 1, the proof is complete. O

This result allows us to prove a tail bound near 0 for Y,* that is uniform in n.

Proposition 2.8. Fory € (0,1 —a™ '), there erists a finite constant ¢ such that

P(Y,;k g)\npgl) <c)\, Vn € N, A > 0.

Proof. Fixy € (0,1—a™1) and choose 3 € (0, «—1) large enough so that ¢/ = v/ < a™ .
Let ¢; and ¢y be the constants of Lemma 2.5. We will prove the result for A € [p,, ¢1],
from which the result for any A > 0 follows easily. We can write

P (v, < Ap,") <P (25 <3 ) + P (Ya, < dnp, 2> X))

By Proposition 2.7, there exists a finite constant c3 such that the first term here is
bounded above by c3A” for any n € N and A > 0. By applying the decomposition of 7™
described in the proof of Proposition 2.6, we have that the second term is bounded above
by P(Yan[|[ NP5t < Anp;t), where Ya,[m] is the sum of m independent copies of Ya,.
If we choose m = m(n,\) to be the smallest integer such that Anp,' < c¢ymp;!, then
m < n and, applying Lemma 2.5, we obtain that

P vy, < gt 2> N'pt) < P (cmp Bin(IV 5, capn) < Anp )

P (Bin(w’pglj,@pm) < 1)

A it

IN

- (1 - 02pm)
6*5217771 L)"Y/p:zlJ .

IN

It is an elementary exercise to apply Lemma 2.4 to deduce that our choice of m implies
that if 4" € (7/,a™'), then there exists a constant ¢, > 0 such that p,,p;' > c;A™7" for
every n € N and A € [p,, ¢;]. Consequently,

P (Y}; < )\npgl) < 3\ + emesX T < g7, Vn € Ny X € [pn, a1,
from which the result follows by applying the monotonicity of (Y,*),>¢ and Lemma 2.4. [

Finally, we prove a tail bound for the number of individuals in the nth generation of
T* that have descendants in the 2nth generation, which we denote by M?2".

12



Lemma 2.9. For every € (0, — 1), there exists a finite constant ¢ such that

P(M">X) <ex™”  vneNA>0.

Proof. Fix € (0, — 1). If we condition on the first n generations of T™*, denoted by
T*|,, and the backbone B, then [12], Lemma 2.2 implies that

P (M2 > NT*|,, B) =P (Bin(N,p,) > A — 1) |n=z: 1.
Consequently,
P (M2 > 2) <P (paZy > M2) + P (Bin([ 2], p) 2 A - 1).

Thus, Proposition 2.2 and Chebyshev’s inequality imply that there exists a finite constant
¢ such that \

(Z;an
(A —1 _'[ﬁggwpn)Q

The result follows. U

P (MM >)\) <cA’+

3 Proof of initial random walk results

In this section we complete the proofs of Theorems 1.1, 1.2, 1.3 and 1.4, though we first
introduce some further notation that we will apply. The volume of a ball of radius R
about the root of T™ is given by

where B(R) := {x € T* : dp+(p,x) < R} and p? is the invariant measure of X defined
in the introduction. Let £ be a quadratic form on R?" that satisfies

Ef9)=5 O ()~ FO)o) g,

z,yeT™
Ty
where z ~ y if and only if {z,y} is an edge of T*. The quantity E(f, f) represents the
energy dissipation when we suppose that 7™ is an electrical network with a unit resistor
placed along each edge and vertices are held at the potential f. The associated effective
resistance operator can be defined by

Ress(A,B) ™ :=inf{E(f, f) : fla=1, f|p = 0},

for disjoint subsets A, B C T™.

Recall the volume growth function v defined at (6), and let » : R, — Ry be the
identity function on R,. By applying Lemma 2.4, we can check that the conditions
required on v and r in [13] are fulfilled. Consequently, to deduce many of the results
about the random walk on 7™ stated in the introduction, it will suffice to check that the

13



relevant parts of [13], Assumption 1.2 are satisfied. More specifically, we will check that,
if we denote by

J(A) = {R € [1,00] : \'w(R) < V(R) < M(R), Regs({p}, B(R)) = A~ 'r(R)},

for A > 1, then the probability that R € J(\) is bounded below, uniformly in R, by a
function of A that increases to 1 polynomially. This result explains why v can be thought
of as a volume growth function for 7*. Note that, in [13], J(\) has the extra restriction
that Rerr(p,x) < Ar(dr«(p,x)) for every x € B(R). However, since T* is a tree, this
condition always holds, and so we omit it.

Lemma 3.1. T* satisfies Assumptions 1.2(1) and 1.2(3) of [13]. In particular, for every
v € (0,1 —a™t), there exists a finite constant ¢ such that

inf P(ReJA)>1—cA7,  VA>1.

R>1

Proof. Fix v € (0,1 — a™'). First note that, since T* is a tree, we have that (cf. [5],
(2.15))
Yp <V(R) <2Yg,, VReN (27)

Therefore it will be adequate to prove the result for R € N and V(R) replaced by Y.
That

i -1 <Y:< >1—c\77 >
}gélf\IP (/\ v(R) <Y} < /\U(R)) >1—c A7, YA > 1,

for some finite constant ¢, is an easy consequence of Propositions 2.6 and 2.8. By imitating
the proof of [5], Lemma 4.4, it is possible to prove that

Reps(p, B2R)) > N

for every R € N. Thus, applying Lemma 2.9, we have that

inf P (Repp(p, B(R)) > A 'r(R)) > 1— A7, VA>1,

R>1
for some finite constant co, and the lemma holds as claimed. O

Proof of Theorem 1.1. Apart from (7), the limits can all be obtained using [13], Propo-
sition 1.3. Since dr-(p, X,,) > R implies that 7z < m, the right-hand inequality of (7)
follows from the left-hand limit of (8). Consequently it remains to show that

lim inf P (A'R(R) < 7g) = 1.

A—oo0 REN

By [13], Proposition 3.5(a), there exist constants ¢y, cq, c3, ¢4 € (0,00) that depend only
A such that, if € < ¢; and R,eR, cee R € J(\), then

PPT* (TR S C3€ﬁh(R>) S C4€,

14



for some deterministic constant § > 0. Hence, for any A > 0,

liH(l) limsupP (g < eh(R)) = hH(l) limsup P (7 < c3e”h(R))
e—=0 R~ e~V R—oo
limlimsup{cse + 1 — P (R,eR,coe R € J(\))}
€~V R—oo
< 3supP (R¢& J(N)).

R>1

IN

Since A is arbitrary, we can make this upper bound as small as we choose by applying
Lemma 3.1, and so lim._olimsupy,_ . P(tr < €h(R)) = 0. The desired conclusion is
readily deduced from this limit. O

Proof of Theorem 1.2. The proofs of the lower bounds at (9), (10) and (11) require only
straightforward adaptations of the proofs of the lower bounds in [13], Proposition 1.4,
and are omitted. As in [5], Lemma 4.5, for example, we have that EZ*TR < (R+1)V(R).
Since V(R) < 2Yj,, (see (27)), it follows that

E ((EZ*TR)ﬁ) <2°(R+1)°E (Y;,;Hﬁ) , VREeN.

Thus the upper bound at (9) follows from the estimate of the f-moments of (Y,*),,>o that
appears at (25).

Similarly to the proof of [13], Remark 1.6.1, it is possible to deduce that there exists
a finite constant ¢; such that

T N a1 v(R)Y
E (pa(p,p)?) < WE <1 + Yo ) ,  YmeN,

where R = R(m) is chosen to satisfy %h(R) < m < h(R), and we have again applied
(27). By the tail bound of Proposition 2.8, if ~y is in the range (0,1 — a™!), then we can
bound the expectation on the right-hand side of the above expression uniformly in R by
a constant. This completes the proof of (10).

It remains to prove the upper bound at (11). First, let 75 be the first hitting time of
the vertex on the backbone at a distance R from the origin, i.e.

Tr :=min{n : X,, € B,dr(p, X,)) = R}, (28)

where B C T* is the backbone of 7™ (the unique non-intersecting infinite path in 7
which starts at the root p). By (7), it is clear that £ > 0 can be chosen small enough so
that P (7 < eh(R)) < P (7g < eh(R)) < 3 for every R € N, which implies that

P(7r < t) < VR e N,t > 0.

Now observe that if we define, for i, R € N,
o= H{n € [T-1)R, Tir) * Xn, Xpt1 equal b_1)g or are descendents of b;_1)r},

where b(;_1)r is the vertex on the backbone at a distance (i — 1)R from p, then with
respect to the annealed measure P the elements of the sequence (75);>1 are independent
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and have the same distribution as Tg (this follows from the description of T* given in
Lemma 2.2 of [12]). Thus, since 7,g > >\, Tk, we can apply Lemma 1.1 of [3] to obtain
that

ont \ /2
logP (fug < t) < 2 (WHR)) —nlog2, Vn,ReN,t>0.
In particular, by setting ¢t = conh(R) for constant ¢, chosen suitably small, it follows that
P(Tur < conh(R)) <e %", Vn,R €N, (29)

where c3 is a strictly positive constant.
For m € N, write R = |Z(m)], then, for every A € N, ¢ € [0, 1] and 1 > 0,

P (s dr-( X 2 MZ00) ) < P ran < )

S P (T)\R S m, Mf\sﬁRj = 1)
+P <ML);]§RJ > 1, 2R < Upfglmj + 1)
P (Ziomy > Wihay + 1) (30)

where, generalising the notation of the previous section, M™™ is the number of indi-
viduals in the nth generation of T* that have descendants in the (m + n)th generation.
On the event {M{§, = 1}, of the vertices in generation [eAR], only the one on the
backbone has descendants in generation AR; thus if X has reached generation AR no
later than time m, then X must have already visited the vertex on the backbone at a
distance [eAR]| from the root. Hence, if coe A > 1, then it is possible to check that

P (rar < m, Mg = 1) <P (faar < m) <P (Fear) < cpehm) < e,

for some constant ¢, > 0, where we apply the bound at (29) to deduce the final inequality.
For the second term at (30), we proceed similarly to the proof of Lemma 2.9 to obtain
that

P (M@;;RJ > 1, Zjoap) < M0y T 1) < P (Bin((ﬁpfelmﬂ’pm—wm) - 0)

1
= 1- (1 — p)\RfLa)\Rj)Mpls/\R”

< DPAR—|eAR) MPEA R ﬂ-

For 3 € (0,a — 1), we can bound the third term of (30) by c¢sn~” by Proposition 2.2.
Combining these bounds, we have that

P ( max dp«(p, Xi) > )\I(m)) < e “ + PR |ern) [UPL_EIARH +esn P,

0<k<m

whenever coe A > 1.

Finally, fix § € (0,a™!) and let §' € (§,a™!). Choose 6, € (0,1) and 8 € (0, — 1)
large enough so that 6;6(1—03)(a—1)"' € (§',a™!), and set Oy = (1 — ) H(a—1)"".
In the above argument, if we let ¢ = A\~% and n = A2, then we see that, for every m € N,

o o (A0R))
C4>\ 01 62 a—1
e + Cﬁ)\ f(AR)

IN

P ( max dT*(P, Xk) Z )\I(m)) + 65)\_62'8,

0<k<m

S 07)\76,a
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whenever co A= > 1. for some finite constant ¢;. Note that, to deduce the inequalities
above, we have applied the description of the non-extinction probabilities provided by
Lemma 2.4. Clearly, by increasing c; if necessary, we can extend this bound to hold for
any A > 0. The upper bound at (11) is an easy consequence of this result. O

Remark 1. We note that the upper bound for P (maxo<g<m dr+(p, Xi) > AZ(m)) ob-
tained in the above proof also implies that (8) holds when dp«(p, Xy,) is replaced by
maxogkgm dT* (p, Xk)

Proof of Theorem 1.3. This is an immediate application of Lemma 3.1 and [13], Theorem
1.5. U

Proof of Theorem 1.4. Since for a slowly varying function ¢, we have that log¢(n)/logn
converges to 0 as n — oo (see [18], Section 1.5, for example), the claims at (12), (13) and
(14) follow from Theorem 1.3 and Lemma 2.4. Furthermore, that logu® (W,,)/logm
converges to a/(2a — 1), PI"-a.s. for every x € T*, for P-a.e. realisation of T* is also
proved in [13], Theorem 1.5. Since we know from (27) that Y; < V(R) < 2Y},,, the proof
of the remaining limit involving #W,,, can be obtained by making only minor changes to
the proof of the previous result, and so is omitted. O

4 Annealed off-diagonal transition density

We now consider the annealed off-diagonal transition density behaviour, starting with an
upper bound along the backbone of 7. Throughout this section, we denote the backbone
B by {p = bg, b1, b, ...}, where b, is the vertex on the backbone satisfying dr-(p,b,) = r.

Proposition 4.1. If v € (0,1 —a™ 1), then there exist constants c1,cy € (0,00) such that

CoT

B (4 (0 )") < @)oo -2

}, VYm,r € N.

Proof. For any m,r € N, a standard argument (see proof of [5], Theorem 4.10, for
example) yields

Pg* (X2m - b2’r77:r < m) X sz: (X2m = p77~_r71 < m)
1T ({bay 1) 1 ({p})

where 7, is the stopping time for the random walk defined at (28). Applying the Markov
property of X, we can bound the first of these terms as follows:

pg;(p> er) S ) (31)

MT*({bZT}>71PpT* (XZm = bZra T, < m)

< 1" ({0 D 7TE (Lazmp By (Xomes, = bar))
< BU(7<m) sup ppi(br.bay)
m/€[m,2m)|
1
< PpT (’7_?“ < m) (ngm/QJ (br> br)pg\_m/% (b2r> er)) 2 5
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where we use the Cauchy-Schwarz inequality to deduce the third inequality. Now, if
v € (0,1 —a™'), we can choose 3 > 1 large enough so that y(1 + 8) > 1 and also
v =91+ 8)3t <1—a"!. Consequently, from Holder’s inequality (applied twice), we
have that

E (MT*({bZT})i’prT* (XZm - b2ra 7~—r < m)'y)

B
1 . A\ T3
< P(7 <m)i+s S}él;]E <ngm/2J (b, by ) ) o , (32)

where we also have used the fact that PpT* (7. < m)V(HB) < PpT* (7- < m). To bound the
expectations in this expression, it is possible to proceed as in the proof of Theorem 1.2
to obtain the existence of a constant ¢; such that

v(R)Y

v(Z(m))” V(b R)”
where V(b,,R) := {x € T* : dp+(b,,x) < R} and R = R(m) is chosen to satisfy
sh(R) < m < h(R). By considering only the descendants of b,, it is clear that V (b, R)
stochastically dominates Y}; for every » € N. Thus, adjusting c¢; as necessary, it follows
that

E (prip;(br>br)7/> < 1 _E (1 + ) ,  Vm,reN,

__a
v(Z(m))’
We now look to bound the first factor of the upper bound at (32). Recall the bound

on the distribution of 7, from (29) and let ¢, c3 be the constants of this inequality. If
coh(r) < m, then it is easy to check that exp(—r/v=*(m/r)) > ¢;' > 0, thus

B
SupE <pg[m/2j (bT7 br)’Y/) o < vVm € N.

reN

P(7. <m) < cgexp(—r/v~ (m/r))

in this case. We now assume that coh(r) > m, choose n to be the largest integer such
that conh([~]) > m, and set R = |~ |, so that (29) implies that

P(7. <m) < P(T.r < canh(R)) < e @™

Applying this and the previous bound, it is elementary to check that there exist constants
s, ¢g such that

1
P(7, < m)1+8 < csexp(—cer/v ' (m/r)),  Vm,r € N. (33)
Thus we have so far demonstrated that

E (MT*({bzr})ﬂppT* (Xom = by, 7 <m)7) < ) exp(—cer/v~'(m/r)),
for every m,r € N, for some finite constant c;. To complete the proof, it remains to
obtain a similar bound for the second term at (31), which can be done by following a
similar argument to the one above. The one point that requires checking is that (33)

holds when P(7, < m) is replaced by Py, (7,—1 < m), where Py, :=P o P". Clearly, we
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have that Py, (7,_1 < m) =Py, (7o < m), and so it will suffice to estimate the right-hand
side of this inequality. Now define, for each r € N, the subset

T :={x €T :xis b, or a descendant of b, },

and set T*(r) = T*\T}*,,. By the description of 7* in [12], Lemma 2.2, it is an elementary

(r)

exercise to check that the law of 7o under P o be ") is the same as the law of 7, under

Po PpT *(T), which in turn is the same as the law of 7, under P. In particular, we have

that P o PI;‘C ") (7o < m) =P(7. < m) for every m,r € N. Furthermore, by construction,
we have that the left-hand side of this identity is equal to Py, (7) < m), where

7~—(l) = #{n € [07%0) : XanJrl S T*(T)}

Since 7y > 7, it follows that P, (7o < m) < Py (75 < m) = P(7. < m), and the result
follows. .

In the case when the offspring distribution is binomial, it is straightforward to check
that the upper bound deduced in the above proposition is sharp up to constants by
applying estimates of [5]. In general, however, we are only able to prove the corresponding
lower bound holds near the diagonal. That we can not extend the chaining argument of
[5] to obtain the full off-diagonal lower bound (even along the backbone) results from the
fact that we only have a polynomial tail bound for the probability that T admits “bad”
subsets, whereas, in the binomial case, proving an exponential tail bound is possible.

Proposition 4.2. If v > 0, then there exist constants c1,cs € (0,00) such that

2=

E (p3,(p, b2:)7) 7 > cv(Z(m)) ™,

whenever 1 < r < coZ(m).

Proof. By a standard argument (cf. [5], Proposition 4.6), there exists a deterministic
constant ¢y such that if 7™ satisfies, for some R > 2, A > 8§,

V(AR) € \"'w(AR), W(AR)], V(R) > A"(R), R.;;(B(R), BAR)Y) > 4R, (34)
then, for m € [3A7'h(R — 1), 1A 'h(R)],
pr(z, 1) > e A"(T(m))™', Vo € B(R).

where 6; := 19/(a — 1). This is easily extended (cf. [5], Theorem 4.7(c)) to the result
that

Pam (P b2r) > cxA™ " 0(Z(m)) ™"
for every 1 < r < csA=Z(m), for some constants ¢y and c3. A straightforward adaptation
of the proof of Lemma 3.1 allows it to be proved that the conditions at (34) hold with
probability greater than % for some A > max{8,v(1)}, uniformly in R > 2. Using this
choice of A, if m € N, we can choose R > 2 that satisfies m € [sA " h(R — 1), A h(R)],
and applying the lower bound above, it follows that

E (p3,(p; 527,)“’)% > cu(T(m)) Y,

for 1 < r < ¢5Z(m), which completes the proof. O
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Summarising the two previous results using the expressions for v and Z presented in
the introduction, we have the following bounds for the transition density of the simple
random walk on 7.

Corollary 4.3. Ify € (0,1 —a™'), then there exist constants c1,co € (0,00) and slowly
varying functions 1, €y and f3 such that

2a—1 o
* 1 RS a—1
E (pgm(p> bQT)’Y>’Y <cm 2a—1€1(m) exp § — ! Uy (@) ’
m T

for every m,r € N, and also

=2 |~

E (pg;@(pa bQT)’Y) > Cgm_mﬁl (m),

_o
whenever 1 <r <m 2a-1/(3(m).

5 Volume and transition density fluctuations

To establish that the transition density of X exhibits logarithmic fluctuations when a €
(1,2), and at least log-logarithmic fluctuations when o = 2, we start by showing that the
same is true of the volume growth on the tree T™.

Lemma 5.1. (a) If 1 € (0, — 1), then P-a.s. realisation of T* satisfies

lim su V(R) =
Rms 0(R)(log R)/P

(b) If a« € (1,2) and By > (o —1)/(2 — ), then P-a.s. realisation of T* satisfies

lim su V(R> = 00
Rm 0(R)(log R)/%2

If a =2 and ¢ > 0, then P-a.s. realisation of T* satisfies

lim su V(R) =0
el v(R)(loglog R)1=

Proof. Clearly, by (27), it will suffice to prove the result with Y} in place of V(R). By
the Borel-Cantelli lemma, part (a) is an easy consequence of Proposition 2.6. To prove
(b), we consider the sequence of subsets (A,,)n>0 of T* defined by

Ay, ={x €T :dp-(p,x) € [2",2"), 2 is by or a descendant of by},

where byn is the point on the backbone at a distance 2" from the root. By [12], Lemma 2.2,
(#A,)n>0 is a sequence of independent random variables, and # A, is equal in distribution
to Y1 on 4. Thus, if o € (1,2) and B > (o — 1)/(2 — o), we can apply the second
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Borel-Cantelli lemma and (24) to obtain that Yj,.s > #A,.2 > v(2")n'/? infinitely
often, P-a.s., and the first claim follows. In the case when o = 2, note that Proposition
2.7 allows us to choose strictly positive constants ¢; and ¢y such that P(Z¥ > ¢ip;, D>c
for every n € N. By considering a decomposition of T* similar to the one applied in the
proof of Proposition 2.6, it follows that, for every n € N, A > 0,

P (YQ";1 > )\npgl) P (Y;; > np | ZF > clpgl)

>
> P (Bin(Lclpglj,c;gpn) > 04)\) ;

for suitably chosen cg, ¢4. Straightforward estimates (cf. [5], (2.18)) subsequently imply
that
P (Y1 > v(2")(logn)' %) > csn™',  VneN,

for some c¢5 > 0. This estimate allows us to apply the second Borel-Cantelli lemma, as in
the case a € (1,2), to complete the proof. O

In addition to the above lemma, note that Fatou’s Lemma and the moment estimate
for Y7 at (25) implies that liminfr_,o V(R)/v(r) < oo, P-a.s. Hence there are P-a.s.
non-trivial fluctuations about v(R) in the volume growth on 7. Furthermore, from the
previous lemma we are immediately able to determine the following asymptotic result for
the transition density of X, which can be proved in the same way as [5], Lemma 5.1. In
conjunction with (10), these results demonstrate that with positive probability there are
fluctuations in the transition density about v(Z(m))~!.

Corollary 5.2. If « € (1,2), then there exists an €1 > 0 such that, P-a.s., the transition
density of X satisfies

lim inf v(Z(m))(log m)** p3,,.(p, p) = 0.

m—0o0

If o = 2, then there exists an €5 > 0 such that, P-a.s., the transition density of X satisfies

lim inf v(Z(m))(log log m)*ps,.,(p, p) = 0.

m—00

References

[1] S. Alexander and R. Orbach, Density of states on fractals: “fractons”; J. Physique
(Paris) Lett. 43 (1982), L625-L631.

[2] K. B. Athreya and P. E. Ney, Branching processes, Springer-Verlag, New York, 1972,
Die Grundlehren der mathematischen Wissenschaften, Band 196.

[3] M. T. Barlow and R. F. Bass, The construction of Brownian motion on the Sierpiriski
carpet, Ann. Inst. H. Poincaré Probab. Statist. 25 (1989), no. 3, 225-257.

[4] M. T. Barlow, A. A. Jérai, T. Kumagai, and G. Slade, Random walk on the incipient
infinite cluster for oriented percolation in high dimensions, To appear in Comm.
Math. Phys.

21



[5]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

M. T. Barlow and T. Kumagai, Random walk on the incipient infinite cluster on
trees, Illinois J. Math. 50 (2006), no. 1-4, 33-65 (electronic).

T. Duquesne, Continuum random trees and branching processes with immaigration,
Preprint.

T. Duquesne and J.-F. Le Gall, The Hausdorff measure of stable trees, ALEA 1
(2006), 393-415.

K. Fleischmann, V. A. Vatutin, and V. Wachtel, Critical Galton-Watson processes:
the mazimum of total progenies within a large window, Preprint.

I. Fujii and T. Kumagai, Heat kernel estimates on the incipient infinite cluster for
critical branching processes, To appear in RIMS Kokyturoku Bessatsu, Proceedings
of German-Japanese symposium in Kyoto 2006.

I. A. Ibragimov and Yu. V. Linnik, Independent and stationary sequences of random
variables, Wolters-Noordhoff Publishing, Groningen, 1971, With a supplementary
chapter by I. A. Ibragimov and V. V. Petrov, Translation from the Russian edited
by J. F. C. Kingman.

H. Kesten, Sub-diffusive behavior of random walk on a random cluster, Unpublished
proof.

, Sub-diffusive behavior of random walk on a random cluster, Ann. Inst. H.
Poincaré Probab. Statist. 22 (1986), no. 4, 425-487.

T. Kumagai and J. Misumi, Heat kernel estimates for strongly recurrent random walk
on random media, Preprint.

A. Lambert, Quasi-stationary distributions and the continuous-state branching pro-
cess conditioned to be never extinct, Electron. J. Probab. 12 (2007), no. 14, 420-446
(electronic).

J.-F. Le Gall, Random real trees, Ann. Fac. Sci. Toulouse Math. (6) 15 (2006), no. 1,
35-62.

A. G. Pakes, Some limit theorems for the total progeny of a branching process, Ad-
vances in Appl. Probability 3 (1971), 176-192.

, Some new limit theorems for the critical branching process allowing immi-
gration, Stochastic Processes Appl. 4 (1976), no. 2, 175-185.

E. Seneta, Regularly varying functions, Springer-Verlag, Berlin, 1976, Lecture Notes
in Mathematics, Vol. 508.

R. S. Slack, A branching process with mean one and possibly infinite variance, Z.
Wahrscheinlichkeitstheorie und Verw. Gebiete 9 (1968), 139-145.

22



