THE MODULI SPACE OF POLYNOMIAL MAPS OF ONE COMPLEX
VARIABLE

TOSHI SUGIYAMA

ABSTRACT. This paper, motivated from complex dynamics and algebraic geometry, studies
the moduli space of polynomial maps of C, from the standpoint of their fixed-point eigen-
values. We denote by Py the set of affine conjugacy classes of f(z) € C[z] with degC = d,
and define the map ®q : Py — Aa = {(\1,..., o) € C* | STl (=) = o} / &
by corresponding each f(z) € Py to the collection of the eigenvalues of the fixed points of f.
This paper describes in detail the fiber structure of the map ®4.

This map ®4 is generically finite and has a very beautiful fiber structure. We shall
exactly find the cardinality # (@;1 (5\)) for any A = (A1,...,\4) € Ag with A # 1 for
1 < ¢ < d. Precisely, the cardinality # (@;1 (;\)) is computed in finite steps only from the
two combinatorial data Z(\) and IC(A\) which are defined in Main Theorem 1. The local fiber

structure of the map ®4 : Py — Ag4 is also completely determined by Z(X) and K()), which
is stated in Main Theorem 2. We also provide some problems on combinatorics.

1. INTRODUCTION

In this paper, we shall study the moduli space of polynomial maps of the complex plane
C, from the standpoint of their fixed-point eigenvalues. There are two reasons why we have
studied this theme. One of them is the interest from complex dynamics. In complex dynamics,
the eigenvalues of the fixed points of a polynomial map f of C play a very important role to
characterize the original map f. Hence it is interesting to ask to what extent the fixed-point
eigenvalues of f determine the original map f. This paper answers this question; we shall
study in detail how many affine conjugacy classes of polynomial maps there are when the
eigenvalues of their fixed points are specified (see Main Theorems 1, 3 and Definition 2.1).

The other reason is the interest from algebraic geometry. There have been a huge number
of studies on moduli spaces of maps on various spaces. However fixed-point eigenvalues have
not been taken notice of in the study of moduli spaces of maps, though it is natural to make
the fibration of a moduli space of maps by corresponding each map to the set of its fixed-point
eigenvalues. In this paper, we shall make this fibration for the moduli space of polynomial
maps of C, and shall find that its fiber structure is very beautiful (see Main Theorem 2). It
is also expected that if a moduli space of maps have finite dimension, then the similar results
as in this paper hold.

In Introduction, we shall give the exact formulation of the problem, and explain the his-
torical background of this paper. After that, we shall state Main Theorems 1 and 2, and
shall give the program of the following sections. We have three main theorems in this paper;
however we shall postpone stating Main Theorem 3 till Section 2.

To formulate the problem exactly, we shall fix our notation first. For a natural number d
with d > 2, we denote the family of polynomial maps of degree d by

Py:={f€Clz]|deg f=d},
1



2 TOSHI SUGIYAMA

and the group of affine transformations on C by
I':= {'y(z):az—l—b‘a,be(c, a7é0},
which acts on Py by v- f:=~o foy ! for y €I and f € P;; we denote by ]5d the quotient
of Py by I, ie., N
P;:= Py/T.
Here we say that maps f,g € P are affine conjugate if the equality g =~ - f holds for some

v € I', and we call P; the moduli space of polynomial maps of degree d hereafter, which is
the main object of this paper. Note that if f and g are affine conjugate, then the sets of their

fixed-point eigenvalues are the same, i.e., we have {f'(¢) ‘ fQ)=¢} ={d©) ‘ 9(¢) = ¢},

where both sets are considered counted with multiplicity. Concerning fixed points, we put
Fix(f) :== {¢ € C| f(¢) = ¢}

for f € Py, where Fix(f) is also considered counted with multiplicity; hence we always have

# (Fix(f)) = deg f.

Remark 1.1. A fixed point ¢ € Fix(f) of a polynomial map f € P; is multiple if and only

if f/(¢) = 1.

Proposition 1.2 (Fixed point theorem). Let d be a natural number with d > 2 and suppose

that a polynomial map f € Py has no multiple fized point. Then we have deFiX(f) % =0.

Proof. Consider the integration ﬁ j;|z|: R % for sufficiently large positive real number

R. This integral value tends to 0 when R goes to infinity. On the other hand, the integrand
has a pole at ¢ € C if and only if  is a fixed point of f. Moreover its residue at ¢ € Fix(f)
is % The proposition is thus verified. ]

By the fixed point theorem, we find that it is no use to consider the collection of eigenval-
ues which do not satisfy the equality in Proposition 1.2. Replacing f'({)’s by \’s, we have

Zle ﬁ = 0, which is also equivalent to Zle [T (1 = A;) =0 in the case A; # 1 for any
1 <1 < d; we put

d

Ag={ (s ) e D J[a-xa) =07,
i=1 j#i

Kd::Ad/Gd and pr:AdHKd,

where &4 is the d-th symmetric group and &4 acts on A4 by the permutation of coordinates.
Throughout this paper, we always denote by A the equivalent class of A € Ay in Ay, i.e.,
A\ = pr(A), and never denote the complex conjugate of A.

To summarize, we have the following:

Proposition 1.3. we can define the map P : ﬁd — Kd by [ — (fI(C))geFix(f)'

Proof. If f € P; has a multiple fixed point, then at least two elements of {f’(C) ‘ (e Fix(f)}
are equal to 1, which implies that (f/(C))geFix(f) belongs to Ag. The rest is obvious. O

We have thus formulated the problem; the aim of this paper is to analyze the structure of
the map ®g.

Theorem 1.4. In the case d = 2 or 3, the map P4 is bijective.
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This theorem is well-known and easy to prove by a direct calculus. By this theorem,
polynomial maps f € ISd are completely parameterized by their fixed-point eigenvalues in the
case d = 2 or 3. Historically, making use of this parameterization, John Milnor [2] started to
study complex dynamics in the case of cubic polynomials.

We cannot expect @4 to be bijective anymore if d > 4; yet we can expect ¢4 to be generically
finite by the remark below:

Remark 1.5. We have Py = C*1/(Z/(d—1)Z) and Ay = C% 1. Especially we have
dim¢ Py = dime Ay = d — 1.

We are recently informed that Masayo Fujimura [1] also has studied the similar theme
independently. She completely studied the map ®, in the case d = 4, and showed that &4
is not surjective for d > 4. Similar results for rational maps are given in Milnor [3, p.152
Problem 12-d], which is rather an easy exercise.

In the main theorems of this paper, we investigate the map ®4 for d > 4 in detail on the
domain where polynomial maps have no multiple fixed points; we prepare two more symbols:

Vai={(\,. s \a) € Ag | N # 1 for any 1 <i <d},
V= Vy/Gq.

Note that Vg, YN/d are Zariski open subsets of Ad,1~\d respectively. For any set X, we denote
the cardinality of X by #(X).

Main Theorem 1. Let d be a natural number with d > 4 and suppose that A = (A1,..., A\g)
is an element of Vy. Then
(1) we always have the inequalities 0 < # (@' (X)) < (d —2).

(2) The cardinality # (@;1 (5\)) is computed in finite steps from the two combinatorial
data

140, Zl_lxzo},

I(A) = {Jg {1,2,....d}
1€l

KO :={K C{1,2,....d} | K#0. Ifi,j €K, then \; = \j}.

(3) If the inclusion relations T(\) C Z(N) and K(X) C K(X') hold for \,\' € Vg, then the
inequality # (@;1 (5\)) > # (@;1 (X’)) holds.

(4) The equality # (@;1 (X)) = (d—2)! holds if and only if the set Z(\) is empty and the
complex numbers A1, ..., g are mutually distinct.

(5) If there exist non-zero integers ci,...,cq which satisfy the conditions ﬁ R
ﬁ =cp:-ricq and Zgzl lci| < 2(d — 2), then the set ! (A) is empty.

(6) In the case d <7, the converse of the assertion (5) holds.

The exact process of computing the cardinality # (@;1 (5\)) from the data Z(\) and ()
is explained later in Definition 2.1 and Main Theorem 3; it is rather long and complicated.

Conjecture 1.
(1) The converse of the assertion (5) also holds in the case d > 8.
(2) If the inclusion relations Z(X) C Z(X') and K(A) C K(X') hold for A, X' € Vy, then the
inequality # (@;1 ()\)) > # (@;1 ()\’)) holds.
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The conjectures above are completely reduced to the problems on combinatorics by Main
Theorem 3.

The local fiber structure of the map ®4 is also determined by the combinatorial data Z(\)
and KC(A).
Main Theorem 2.

(1) Forany A\, N € Vg withZ(\) =Z(N) and K(X) = K(X'), there exist open neighborhoods
U3\ U >N inVy and biholomorphic maps £ : @;1(ﬁ) — @;l(ﬁ’), L:U—U
and L : U — U" with L(X\) = X such that the following conditions (1a) and (1b) are
satisfied, where U, U’ are the connected components of pr_l(ﬁ), prt ((,7’) containing
X, N respectively.

(a) The equalities g0 £ = Lo <I>d|q>;1(ﬁ) and proL =Lo prlu hold.
(b) For any X" € U, the equalities Z(\") = Z(L(A")) and K(N") = K(L(\")) hold.

(2) For each (I,K) € {(Z(\),K(N)) | A € Va}, we put

V(Z,K) = {Xe Va| A€ Va, TN =T and K(N) :IC},

V(Z,%) = {Xeffduevd, I()\):I},

V (+,K) = {Xef/d |\ eVy, IC(A):IC}.

Then for any (Z,K) € {(Z(A\),K(\)) | A € Va} we have the following:
R Co-1(1 & ,
(a) the map @d’@gl(v(z7*)) 1P, $V~(I, %)) — V~(I, %) is proper.
(b) The map (I)d|<1>;1(\7(*,IC)) 10,1 (V (%,K)) = V (x,K) is locally homeomorphic.

(c) For each connected component X of &, (‘7 (Z,K)), the map ®4]x : X — V(Z,K)
is an unbranched covering.

We have nine sections in this paper. In Section 2, we shall give the exact process of
computing the cardinality # (@;1 (A)) from the data Z(\) and K()) in Main Theorem 3,
and shall give a problem, a remark and a conjecture concerning the main theorems, one of
which is a problem on combinatorics. To state Main Theorem 3 explicitly, we need some more
symbols, which will be prepared in Definition 2.1. These symbols are also often referred to in
the proof of the main theorems afterward.

From Section 3 to Section 9, we shall give the proofs of Main Theorems 1, 2 and 3. The
proofs are self-contained except for the basic knowledge of the intersection theory on the
projective space P™. The most important tool for the proof is the theorem which is an
extension of Bezout’s theorem on P" especially in the case that some components of the
common zeros of n homogeneous polynomials are not points or are embedded components,
which is stated in Proposition 4.2. The most difficult and most crucial part of the proof is
Section 7. Main Theorem 2 is naturally proved in the process of the proofs of Main Theorems 1
and 3. The assertion (5) in Main Theorem 1 is proved in Section 3, and the proofs of the
assertions (1), (4) and (6) in Main Theorem 1 are given in Section 5, whereas the proofs of
the rest are completed in Section 9.

In Section 3 we shall express the set @Jl (/_\) in another way as follows: for each A € V;, we
shall define the subsets Ty(\), Sg(A) and By(\) of P=2 where T;()) is the set of the common
zeros of some (d — 2) homogeneous polynomials @1, ..., @45 on P¥=2 and Sy(\), By()\) are
subsets of T;;(A) whose disjoint union is Ty(A), i.e., Tg(A) = Sg(A) II B4(A\). Moreover we
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shall define the subgroup & (K(A)) of &, acting on Sy(A), and shall show the existence of
the bijection 7()) : S4(\)/& (K(X)) = @, () in Proposition 3.3. By Proposition 3.3, we
can divide the proof of Main Theorems 1 and 3 into two steps: the first one is to find the
cardinality # (Sgz())), and the second one is to analyze the action of & (K(A)) on Sg(N).

In Section 4 we shall review the intersection theory on P, and shall define the number
multc (1, - .., ¢m) for homogeneous polynomials @1, ..., @, on P* and a component C of
the common zeros of ¢1,..., @, with codimC = m in Definition 4.1. Here, the definition
is also well-defined for embedded components C'; if C' is an irreducible component, then the
number multc(e1, - .., @m) is equal to the usual intersection multiplicity of ¢1, ..., ¢, along
C. After that, in Proposition 4.2, we shall give the relation among these numbers, which is
also reduced to the usual Bezout’s theorem if all the components are points. Proposition 4.2
will be utilized crucially for finding the cardinality # (Sq(\)) afterward.

In Sections 5, 6 and 7 we shall find the cardinality # (S4())), based on Section 4. More
precisely, in Section 5, we shall give the explicit expression of the set By(A) in Lemma 5.5
and shall state Theorems A and B, in which we shall give the number multc(¢1, ..., om)
for each component C of the common zeros of ¢1,..., 942 with codim C = m contained in
Bi(X). Some of these components may not be irreducible but embedded, which makes their
computation much difficult. Proposition 4.2, Theorems A and B give the exact expression
of the cardinality # (Sq(\)). Section 6 is devoted to the proof of Theorem A; Section 7 is
devoted to the proof of Theorem B.

In most cases, the action of & (IC(X\)) on S4(A) is free; however in some cases, it is very
complicated. In Section 8 we shall analyze the action of & (K()\)) on Sg(A) in detail, and
shall give the exact relation between the cardinalities of S;(\) and <I>(;1 (5\) in Theorem E. To
summarize, in Section 9 we shall complete the proof of the main theorems.

2. MAIN THEOREM 3

In this section, we shall give the exact process of computing the cardinality # (@;1 (5\))
from the combinatorial data Z(\) and /C(\) in Definition 2.1 and Main Theorem 3, and shall
give a problem, a remark and a conjecture concerning the main theorems. The readers may
skip this section if they note that Definition 2.1 is often referred to later in the proof of the
main theorems. Reading Sections 3, 4, 5 and 8, the readers will find that Main Theorem 3 is
more natural.

Definition 2.1. Let A = (Aq,...,Ag) be an element of V;. Then
e we define the combinatorial data

o LI 1L ={1,...d}, [>2
I = {{Il’”"ll} ‘Iu € Z(A) holds for any 1 <u <1 [’

where I1 II --- II I; denotes the disjoint union of I,...,I;. The partial order < in
J(A) is defined by the refinement of sets. More precisely, for I, T € J(\), the relation
I < T’ holds if and only if there exists a map x : I' — I such that the equality
I'=T1lpey-1(py I’ holds for any I € I. Note that J()) gives the equivalent information
as Z(\). (For more detail, see Definition 5.3, Example 1 and Remark 5.4.)

e We denote by K, ..., K, the collection of maximal elements of () with respect to
the inclusion relations, i.e.,

{Ki,...,Kg} ={KeKW\) |ieK, je{l,....d}\ K = X\ #\;}.
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Note that the equality K; IT--- I K; = {1,...,d} holds. We put k, = #(Ky)
for 1 < w < ¢ and denote by g, the greatest common divisor of K1,...,Ky_1,Kw —
1, Kw+1,--.,kq for each 1 <w < gq.
e We define the function m by m(z) := £ for z € C\ {1}.
e We may assume A to be in the form
A= (A1, AL, Ay Ag)s

K1 Kq

where Aq,..., \; are mutually distinct. For each 1 < w < ¢ and for each divisor ¢ of
gw With t > 2, we put d[t] := % + 1 and denote by A[t] the element of Vg such that

Mt = (m™ L (tm(\)), ..., m™(tm(\)), ...,

K1

m~Htm(\y)), ., m T Em(Aw)), - m T (Em(N)), -, mTEH(Em(N)), Aw)-

(Fw)=1 rq
1 t

Note that Z(A[¢]) is determined by Z(A), () and ¢.

Main Theorem 3. Let A = (A1, ..., \q) be an element of Vy. Then the cardinality 4 (@' (N))
is computed in the following steps.

o For each 1= {I,...,I;} € 3(X\), we define the number er(\) by the equality

l l #(Iu)—1
er(A) = (H(#(Iw—l)!)— ool I] 1T k.

u=1 I e 3()\) u=1 k:#(lu)—Xu (H,)“rl
Vs, I #1
where we put x,(I') :=# ({I' €T | I' C I,}) for I = L.
o We put
d—2
saN)=d-2)!= > e J[ *
1€3(N) k=d—#(I)+1

e Moreover we define the numbers ci(\) fort € Ulgwgq {t ‘ t|gw} by the equalities

t sape] (Alt])

(1) > cal) = !

i () (R () (B ) ()

for (w,t) € {(w,t) | 1 <w < q, t[gw, t >2}, and

@) a2 e )=

b
K1l Kyl
w=1 \t|gu, t>2 ! a

where t|b denotes that t divides b for positive integers t and b.
e Then the numbers eg(N), sq(A) and c;(\) are non-negative integers. Moreover we have

(3) #@7N))=DaN=aW+> [ D aW
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Remark 2.2. Verify that all the numbers defined in Main Theorem 3 are determined by the
combinatorial data Z(\) and K()). Especially the number sg(\) is determined only by Z(\)
and corresponds with the cardinality of Sz(A) which will be defined in Definition 3.2.

Problem . Show in combinatorics that for any A € Vi and for any t, the number c;(\) defined
above is a mon-negative integer. In this paper, its proof is not combinatorial.

We shall give a remark and a conjecture concerning parameters A\ € Ay \ Vy.

Remark 2.3. For A = (A,...,Aq) € Ag\ Vg with # {i | \; =1} > 4, the inverse image
CID(;l (5\) may have dimension greater than 1. However, if we put

Pl = { fe JSd } f has at most one multiple fixed point},

then the map ®4|5, ﬁé’ — Ay is finite. Moreover the similar results as in the main theorems
d
hold for @4 g and for any A € Ag \ Vi, whose proofs are also similar to the proofs of the main
d
theorems; however we shall omit them since it is not interesting to repeat similar discussions.

Conjecture 2. For any ¢ € Fix(f), the holomorphic index of f at ( is defined to be the
complex number o(f,() := ﬁ 5€|Z*CI=6 ﬁz(z), where € is a sufficiently small positive real
number The index 1(f, () is invariant under biholomorphic transformations, and is equal to
- f’ sz is not multiple. We denote by m(f, () the fized-point multiplicity of f at € Fix(f).
Then we always have ZCEle(f) m(f,() =deg f and ZCele(f) t(f,¢) = 0. Moreover we have
(f ¢) # 0 whenever m(f,() = 1. We _define such parameter space and consider the map
By, in stead of ®g, which assigns f € Py to Oq(f) = ([e(f, ¢),m(f, O])cele(f) Then it is

conjectured that the map <I>d 18 finite and that the similar results as in the main theorems hold
for ®4 and for any parameter value without exception. Note that Fix(f) is not considered
counted with multiplicity only in this conjecture.

3. ANOTHER EXPRESSION OF THE SET @;1 (A)

In the rest of this paper, we shall always assume that d is a natural number with d > 4.

An arbitrary polynomial map f(z) € C[z] of degree d can be expressed in the form f(z) =
z4+p(z—C)(z—C2) -+ (2—Cq), where (1, (o, ..., (4 and p are complex numbers with p # 0. In
this expression we have Fix(f) = {¢1, (2, ..., G} and f'(G) = 1+p][;4(G —¢) for 1 <i < d.
Hence to show Main Theorems 1 and 3, we only need to count the number of the solutions
of the equations 1+ pJ[, (¢ — ;) = A; for 1 <4 < d modulo affine conjugacy. However we
do not take this method; we shall prefer to express the equations above in another way. The
following lemma is one of the most important key for the proof of the main theorems.

Key Lemma . Let f be a polynomial map of degree d expressed in the form

f(2)=z2+p(z =)z =) (2= ),
where (1,...,Cq and p are complex numbers with p # 0. Then for A = (A1,...,\q) € Vg, the
equalities f'(;) = A hold for 1 <i < d if and only if the equalities

@ zd: 1 @—{01 1<k<d-2)

hold and (y,...,(q are mutually distinct.
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Proof. Considering the integration 27r\1/jl ﬁzl: R Z_Z;(z) dz for sufficiently large real number R,
we obtain the equalities

5 y ! k—

0 (0<k<d-2)
— (k=d-1)

in the case that (1,..., {4 are mutually distinct. Since \; # 1 for any 1 < i < d, the equalities
1(¢;) = N\ for 1 <4 < d imply the mutual distinctness of (i, ..., (g, which also implies the
equalities (5). Thus the necessary condition of the lemma is verified.

On the other hand, suppose the equalities (4) and the mutual distinctness of (i, ..., (4.
Then the equalities (4) are expressed in the form

1 1 e 1 1 0
% % e 1 =M '
(6) G G G e
. . . . : 0
d: 1 d: 1 ) d-1 = -2
d=1ed=l T—Xxg p
Moreover the mutual distinctness of (1, ..., (s implies the equalities (5), which are equivalent

to the equality obtained from the equality (6) by replacing A\; by f/({;) for each 1 < i < d.
Therefore since the square matrix in the left hand side of the equality (6) is invertible, we
have % = 1%& for 1 <1 < d, which completes the proof of Key Lemma. O

On the basis of Key Lemma, we are able to correspond the set (I)Jl (5\) for A € V4 to some

another one whose cardinality is expected to be easier to count. Recall that P4~2 denotes the
complex projective space of dimension d — 2.

Definition 3.2. For any A = (A1,...,\g) € Vg, we put

d—1
1
_ . . d—2 k _
Td()\)—{(cl.~~.§d_1)€}}” ;1—& F=0 forlgkzgd—2},
Sa(A) := { 2 Ca—1) € Ty(A ‘ (1,...,(4—1 and 0 are mutually distinct},
Ba(A ) Ta(A )\Sd( ) and
S (K(N)) == {0 €6y ‘ Ao(i) = Ai holds for any i}

Note that & (IC()\)) is a subgroup of &, determined by IC(\) and is isomorphic to the group
Sy, X -+ X By, where k1,...,kq and Ki,..., K, are those defined in Definition 2.1. The
above isomorphism is obtained in the following manner: for each 1 < w < ¢, we can identify
S,.,, with the subgroup of &, consisting the permutations fixing the indices {1,...,d} \ K.
Under this identification, their product &y, X -+ x &y, is also identified with the subgroup
of &4, which is exactly the subgroup & (K())). In the following, we always adopt these
identifications.

Proposition 3.3. Let A = (Ay...,Aq) be an element of Vy. Then we can define the map
() 1 Sa(A) — @1 (N) by

(CGeoriCa) = fl2) =2+ p2(z2— Q) (2 — Ci-1),
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where the complex number p is determined by the equality —% = Z?:_ll 1%/\1 Cffl. The map
m(A) is surjective. The group & (IKC(N)) acts on Sq(N\) by the permutation of the coordinates
(1y...,C4-1 and 0: more precisely, it is defined by

o (G m1) =Gy = Comt@ay T Comt(dm1) — Co1(d))
for o € &4 and (¢1 : -+ : (4—1) € Sq(A), where we assume (; = 0. Furthermore the map
m(A) @ Sa(A) — @;1 (M) induces the bijection
) : SaN)/S (K(V) = a7t (V).
To prove Proposition 3.3, we shall prepare the auxiliary definitions, lemma and proposition.
Definition 3.4. We put

d 1 sk _ _
Qd()‘):_{(Ch-~-7<d)€Cd Yimitex G =0 forl<k<d 2}

(1,-..,Cq are mutually distinct
and denote by G the projection map G : P; — Py=P /L.

The groups I' and &, naturally act on C%; especially, the subgroup & (K())) of &4 also
acts on C?. The actions of I' and &4 on C% commute.

Lemma 3.5. Let A = (A1,...,\q) be an element of V. Then
(1) we can define the map w()\) : Qq(A) — G~1o @;1 (A) by
(Clw"a(d) l—>f(2,’) 2:Z+p(Z—C1)"’(Z—Cd)7

where p is determined by the equality —% = Eglzl 15& Cidfl.

(2) The map w(\) is surjective.

(3) The set Qq(N) is invariant under the action of T' on CZ.

(4) The actions of T' on Qq(\) and on G=+ o ®;* (X) commute with the map w(N), i.e.,
the equality w(\)(y - ¢) =y o w@(A)(¢) ov~! holds for any ¢ € Qq(A\) and v € T.

(5) The set Qq(N) is invariant under the action of & (IC(X)) on C<.

(6) For ¢, € Qa(N), the equality ww(\)(C) = w(A)({') holds if and only if the equality
¢’ =0 - holds for some o € & (K(N)).

Proof. We shall check the existence of the complex number p and the necessary condition of

the assertion (6); the rests are obvious by Key Lemma.

If we cannot determine p € C*, then we have Zgzl 1EA¢ Cid*l = 0, which implies 1%)\1 =0
for 1 <i < d by the equality (6); hence the contradiction assures the existence of p.

Let ¢ = (C15.--,¢a), ¢ = (¢, ..., () be elements of Qq(\) with @w(X)(¢) = w(N)(¢') =: f.
Then by the definition of w(\), there exists a permutation o € &4 with ¢’ = o - (. On the
other hand, by Key Lemma, we have f'((;) = f'(¢j) = A; for 1 <i < d. Since (; = (,-1(; for
1 <i<d, we have \; = \;(;) for 1 < < d, which implies 0 € & (KL(A)). Thus the necessary
condition of the assertion (6) is verified. 0

Definition 3.6. We put Qg(\) := Qq(\)/T.

Proposition 3.7. Let A = (\q,. .., 5,1) be an element of Vy. Then the map w(A) in Lemma 3.5
induces the surjective map ©(\) : Qa(\) — @ (X). Moreover the group & (K(X)) acts on
Qa(N), which induces the bijection

@(N) : Qu(N)/S (K(N) — " (V) -
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Furthermore Qq()\) is canonically identified with Sq(\) by the bijection t(\) : Sq(A) — Qa(N)
which corresponds (C1 : -+ : Ca—1) € Sq(N) to the equivalence class of (i, ..., Ca—1,0) in Qa(N).
Under this identification, we have @(\) o t(\) = w(\). Moreover the actions of & (K(\)) on
Sa(\) and on Qg(N\) commute with the map v(\).

Proof of Propositions 3.7 and 3.3. Proposition 3.7 is a direct consequence of Lemma 3.5,
whereas Proposition 3.3 is just a corollary of Proposition 3.7. O

Since ¢(A) : Sg(A) = Qq()), we can use both of them in the proof; in the process of finding

the cardinality # (Sq())) we shall use Sg(A); on the other hand, we shall use Q4()) in the
process of analyzing the action of & (IC(X)) on Sg(N).

Proposition 3.8. The assertion (5) in Main Theorem 1 holds.

Proof. Since the map Gow()\) : Qa(\) — @' (A) is surjective, it suffices to show that the set
Qq(A) is empty. We may assume that the integers c1, ..., c; are positive and that the integers
Cj+1; - - -, Cq are negative. Then the defining equations 2?21 %,\lfzk =0for1 <k<d-—2are
equivalent to the equations

Cf+...+gf+...+gj@+...+§f:CJI?+1+...+<]]?+1+...+C§+...+<§
S——— —

C1 cj —Cj+1 —Cd
for 1 < k < d— 2. Hence the k-th fundamental symmetric expressions of

(7) Cla"'a(la"',gja"'vgj and Cj+1,'"7<j+17"'7Cda"'7Cd
N —— —— ——— N’

“a ¢ —Cj+1 —Cd

coincide for 1 < k < d—2. On the other hand, the condition X% | |¢;| < 2(d—2) is equivalent
to the condition Zgzl ¢ = Z?: j+1—Ci < d— 2. Therefore the left half of (7) should be some
permutation of the right half of (7), which contradicts the mutual distinctness of (i, ..., (g
Thus the set Qg(A) is empty, which completes the proof of the proposition. O

4. REVIEW OF THE INTERSECTION THEORY ON P"

In this section we shall summarize the fact of the intersection theory on P”, and shall state
Proposition 4.2, which is an extension of Bezout’s theorem.

First we shall verify the definition of the degree deg C' of an algebraic variety C' in P"™ with
dim C' = k. Generic (n—k)-plane P"~% C P intersects C transversely; we may thus define the
degree of C' to be the number of intersection points of C' with a generic linear subspace P"~*,
which does not depend on the choice of P"~*. For example, for any homogeneous polynomial
©(C) of degree d on P™, the degree of the zeros of ¢ is always d.

Secondly we shall remember the definition of the intersection multiplicity multc, (C,C")
of varieties C' and C’ in P™ along an irreducible component C,, of C' N C" with dimC), =
dim C + dim C’ — n. If C,, is a point, then the intersection multiplicity is defined as follows:
in a local coordinate having the origin as C,, C' meets C’ + € transversely around the origin
for generic small ¢ € C", where C’ + € denotes the translation of C’ by e with respect to
the given local coordinate; we may thus define the intersection multiplicity mult¢c, (C, C") to
be the number of intersection points of C' and C” + € around the origin for sufficiently small
generic €, which does not depend on the choice of € nor a local coordinate. In the general
case with dim C,, = dim C' + dim C’ — n, the intersection multiplicity multc, (C,C") is defined



THE MODULI SPACE OF POLYNOMIAL MAPS OF ONE COMPLEX VARIABLE 11

to be the intersection multiplicity mult,(C' N H,C' N H) on H, where p is a generic smooth
point of C, and H is a submanifold in a neighborhood of p intersecting C), transversely at p
and with complementary dimension of C,,. If C” is the zeros of a homogeneous polynomial ¢,
then we also denote multc, (C,C") by multc, (C, ¢).

Next we shall state the relation among the numbers defined above. Let C,C’ be algebraic
varieties in P" with dim C = k and dimC’ = K/, and (4, ..., C, the irreducible components
of C'NC’. Moreover suppose that the equality dim C, = dim C' + dim C’ — n holds for any pu.
Then the topological intersection of C' and C” is given by (C'- C') = >~/ _; multc, (C,C") - Oy,
which implies the equality

,
(8) degC'- degC" = > multc, (C,C") - deg Cy..
pn=1
On the basis of those mentioned above, we shall state Definition 4.1 and Proposition 4.2.

Definition 4.1. We define the number multc(¢1,...,¢mn) for homogeneous polynomials
©1,...,m on P" and an irreducible variety C' in P" with codimC = m as follows: if C
is not contained in the common zeros of ¢1,...,@n, then we put multo(e1,...,om) = 0.
Otherwise, we define multc (g1, ..., ¢m) by the induction of m in the following manner: in
the case m = 1, the number multc (1) is defined to be the usual order of zeros of (; along
C; if m > 2, the number multo(¢1, ..., @m) is defined inductively by the equality

-
9) multc(ei1,...,0m) = Z multe, (¢1, ..., @m—1) - multc(Cu, om),

p=1
where (1, ..., C; are the components of the common zeros of 1, ..., @y,_1 with codimension

(m — 1) containing C' and not contained in the zeros of ¢,.

Definition 4.1 is valid for an embedded component C of the common zeros of 1, ..., ©m;
if C' is an irreducible component, then the number multc(p1, ..., ¢n) defined above is equal
to the usual intersection multiplicity of o1, ..., @, along C. Note that a component C' is said
to be irreducible or embedded according as C' is maximal or not with respect to the inclusion
relation among the family of the components of the common zeros.

Proposition 4.2. Let ¢1,..., ¢, be homogeneous polynomials on P*, and {C’M ‘ W e M} the

family of the components of the common zeros of p1,...,pn in P*. For each u € M, we put
dimCy, = 1,. Moreover suppose that for any 1 < k < n, if a component C' of the common
zeros of p1, ...,k have dimension strictly greater than n — k, then C' belongs to the family

{Cu ‘ W E M} Then C,, is a component of the common zeros of p1, ..., on—y, for any pu € M.
Moreover we have the equality

n

(10) H deg i, = Z deg Cy, - multe, (@1, - -, Pn-1,) - H deg o,
k=1 pneM k=n—I,+1

Proof. First we shall fix our notation. For each 1 <1 < n, we put {Cﬂ ‘ pweM, dmC,=n— l} =
{Cl,m ’ 1<m< rl}, and denote by Cj,,...,C] , the components of the common zeros of
b 9 l

©1,--.,@ which do not belong to the family {C’M ‘ weM } Then by assumption we always
have dimCj, = n — for any | and m. We can also verify that Cj,, is a component of the
common zeros of ¢1,...,¢; for any [ and m. Moreover we have 7/, = 0 by definition.
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In the following, we shall show the equality

k k Ty k
1)r J[deser=>_>" degCip-multe,, (o1,.... 1) [ degeow
=1

I=1 m=1 k=141
Tk
+ Y degCy,, - multer (1,5 k)
m=1

by the induction of k, which will complete the proof since the equality (11),, is the same as
the equality (10). The equality (11); is obvious. Multiplying both sides of the equality (11)
by deg ¢r+1 and applying the equalities (8) and (9), we obtain the equality (11)gy1; thus the
proposition is proved. ]

Proposition 4.2 is reduced to Bezout’s theorem if all the components are points. Proposi-
tion 4.2 will be utilized crucially for finding the cardinality # (Sg(\)) in Section 5.

Remark 4.3. The number multc(¢1,. .., @m) may vary if the order of ¢1, ..., ., changes.
Hence Definition 4.1 may appear to be a little strange in some sense; however this works
very well for the computation of the cardinality # (Sg(\)). In the following, we shall give an
example in which the number multp, (1, ¢2) differs from multp, (2, ¢1). Consider ¢ = z(z—
y)and oo =z (zz —y?) on P2 = {(z:y: 2)}. Weput Py ={(1:1:1)}, Po={(0:0:1)},
Co = {x = 0}, C1; = {x = y} and Oy = {zz = 3?}. Then the components of the common
zeros of w1 and @9 are Cy, Py and Po; Cy and Py are irreducible, and Py is embedded. By
Definition 4.1 we have

multp, (1, @2) = multe, (p1) - multp, (C1,¢2) =1-2 =2,
multp, (o2, ¢1) = multe, (p2) - multp, (Co, 1) =1-3 = 3.
However Proposition 4.2 holds in any order; we have
deg Cp - multc, (¢1) - deg @2 + deg Py - multp, (1, p2) + deg Po - multp, (¢1, p2)
=1-1-34+1-141-2=06=degyp; -degya,
deg Cp - multc, (p2) - deg 1 + deg Py - multp, (p2, ¢1) + deg P2 - multp, (2, ¢1)
=1-1-241-141-3=6=degys-degy;.

5. OUTLINE OF FINDING THE CARDINALITY # (S4()))

In this section we shall give an outline of finding the cardinality of the set Sy(\) defined in
Definition 3.2 for each A € V. The proofs of the assertions (1), (4) and (6) in Main Theorem 1
are also given in this section.

For the brevity of notation we put

d—1
1
m; = and  ¢(¢) := E mi(f
i=1

1—N

for each i and k, and we always assume that (; = 0. Therefore Ty(\) is the set of the common
zeros of p1,...,04-2 in P92 and S4()\) consists of an element ¢ = (¢1 : -+ : (1) € Ta(N)
with mutually distinct (1,...,{4—1 and (4. Moreover we may also consider that ¢i(¢) =

d
Zi:l min.
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Lemma 5.1. Let A be an element of Vy. Then Sy()\) is discrete in P22, Moreover we always
have multe, (¢1,...,0a—2) =1 for any (o € Sa(N).

Proof. We consider the row vectors

Opr ([ Opy oo\ k-1 k-1
8C = <6C1 7.“’({9Cd,1 = (k??’HCl ,...,kmd_lqu)

at ( = (p € Sg(A) for 1 <k <d—1. Since (1,...,(s—1 are mutually distinct at ( = (p and
since m; # 0 for any 4, the determinant

1 ... 1
try t d—1
8@1 89061_1 G o Cd1
det ——),..., =(d—=1)!- . det ] ‘
) <(8c)’ ("5 (=t [me-dec) 0
=1 d2 42
¢ N
is not equal to zero. Therefore the row vectors %—‘?, e 8%1152 are linearly independent at
¢ = oy, which proves the lemma. 0

Proposition 5.2. The assertion (1) in Main Theorem 1 holds

Proof. Since S4()) is discrete and since deg ¢ = k for each k, we always have the inequality
# (Sa(N\)) < (d — 2)! by Proposition 4.2. Hence the surjectivity of the map m(\) : Sg(\) —

@;1 ()\) verifies the proposition. O

Proposition 4.2 and Lemma 5.1 imply that in order to find the cardinality # (Sgz()\)), we
only need to find the degree deg C' and the number multc (1, ..., pq—;) for each component
C' of the common zeros of 1, ..., @49 with dim C = [ — 2 contained in By()\). Before giving
the explicit expression of the set By(\), we shall make a definition. Recall the definition of
J(A) for A € V; defined in Definition 2.1.

Definition 5.3. Let A be an element of V;. For each I = {I1,...,I;} € J(\), we define the
subset Ey(I) of P42 by

E(D'_{(C' o) € P2 Ifi,je{1,...,d}belongtothesame]u}
d = 15 (g—1 .

for some u, then we have (; = (j.

In the definition of E4(I), note that we always assume (4 = 0. By definition, the relation
I < T’ holds for I,I" € J(\) if and only if the inclusion relation Ey4(I) C E4(I') holds. Moreover
if the cardinality of T € J()) is I, then Ey (I) is an (I — 2)-dimensional complex plane in P42,
hence the degree of Ey; (I) is always 1. To help the reader to understand the definition of J(\)
and Definition 5.3, we shall give an example.

Example 1. Let A be an element of Vg such that the equality
my:---:mg=1:1:2:—-1:—-1:-2
holds. Then by definition, we have J(\) = {Hw | 1<w< 8}, where
I = {{1,4},{2,5},{3,6}}, Io = {{1,5},{2,4},{3,6}}, I3 = {{1,4},{2,3,5,6}},
Iy = {{2,5},{1,3,4,6}}, Is = {{3,6},{1,2,4,5}}, Is = {{1,5},{2,3,4,6}},
I; = {{2,4},{1,3,5,6}} and Iy = {{1,2,6},{3,4,5}}.
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We have I3 < I1,I4 < 11,15 < 11,15 < I, < Iy and I7 < I5; hence the maximal elements of
J(A) are I, Iy and Ig. Moreover we have

Eg() ={(G1:6:0:G:Q)eP | ((1:G)eP'},

Eg(ls) ={(¢1:6:0:G: Q)P | ((1: () eP'},

Eg(I3) ={(1:0:0:1:0)}, Eg(ls) ={(0:1:0:0:1)}, Eg(l5) ={(1:1:0:1:1)},
Es(Ig) ={(1:0:0:0:1)}, Eg(l7) ={(0:1:0:1:0)} and Eg(lg) ={(0:0:1:1:1)}.

FEg(I;) and Eg(Tz) are complex lines in P*, whereas Fg(I,,) are points for 3 < w < 8. We have
Es(1,) C Eg(Ih) for w = 3,4 and 5, while Eﬁ( w) C Eg(Iy) for w=5,6 and 7.

Remark 5.4. Since we always have the equality Zi:l m; = 0, we have
N ={ICZIO) | ={1,-..,d}} and Z(A) = Upeypy) I
which means that the set J(\) gives the equivalent information as Z(\).
Now we are in a position to give the explicit expression of the set By(A).

Lemma 5.5. Let A be an element of Vy. Then we have the equality
(12) Bi(\) = |J Ea(D)
Ie3(N)

More strictly, Bg(\) is a union of E4(I) only for maximal elements I of J(\) as set. However
as we shall see later in Example 2, it is better to consider components F4(I) for I which are
not necessarily maximal in J(\). Note that the equality (12) is only an equality as set.

Proof. For any point y = (¢1: -+ : (4—1) € Ba(\), we put
. I;’é@ Ifi,jEI,thenCizgj.
1(Go) = {Ig (L2l e e Tand j e {1,2,...,d}\ I, then G £ ;. [

# (I(¢o)) =: 1, I(¢p) =: {I1,...,;} and «y := (; for i € I, for each 1 < u < [. Then by
definition, {1,2,...,d} is a disjoint union of Iy,...,I;, and a1, ..., q; are mutually distinct,
one of which is equal to zero since (; = 0 and d € I, for some 1 < u < [. Moreover since
Co € By(\), we have 2 <1 <d—1.

Under the notation above, the defining equations ¢ (o) = Zizl (Zielu mz) af =0 for
1 <k <d-— 2 are equivalent to the equality

1 1

My 0
o e e% 27»611 v

d2  d2] \2ier M 0
1 !

which implies .. 7, i = 0for 1 < wu < by the inequality [ —1 < d — 2. Therefore we
have I({p) € IJ(A\) and (o € Eq (I(¢p)) for any {p € Bg(\), which assures the inclusion relation
Ba(A) € Ugeg(n) Ea(l). The opposite inclusion relation is clear, which completes the proof of
the lemma. 0

Proposition 5.6. The assertion (4) in Main Theorem 1 holds.
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Proof. By Proposition 3.3, Lemma 5.1 and the intersection theory on P4~2 the equality
# (@;1 (X)) = (d — 2)! holds if and only if the set Bq()\) is empty and that the action of
S (IC(N)) on S4(A) is trivial. By Lemma 5.5, Bg(\) is empty if and only if Z(\) is empty. On
the other hand, if \; = \; holds for ¢ # j, then the action of the permutation (i, j) € & (K(\))
on S4(A) is not trivial since d > 4. We have thus completed the proof of the proposition. O

In the rest of this section we shall introduce an example and some theorems that exactly give
the number multc(¢1, ..., @4—1) for each component C' of the common zeros of ¢1, ..., Y42
However their proofs, which are the most crucial and difficult part in the proof of the main
theorems, will be given later in Sections 6 and 7.

Theorem A. Let \ be an element of Vg, and I = {I1,...,I;} a mazimal element of J(N).
Then E4(I) is an irreducible component of the common zeros of p1,...,pq—; with its inter-

section multiplicity
l

mult g, (01, - - Pa—1) = H (#(u) — 1L

u=1
We shall give one more example.

Example 2. We shall consider again A € Vg withmy : -+~ :mg=1:1:2:—-1:—-1:-2
introduced in Example 1. The notation will follow that in Example 1. In this case, we have
ot (A) = 0 by the assertion (5) in Main Theorem 1, which also implies Sg(\) = 0. Hence in
this example, we shall verify Sg(\) = () by the calculation of intersection multiplicities.

By Example 1 and Lemma 5.5, we have Bg(\) = Eg(I1) U Eg(I2) U Eg(Ig) as set. More-
over by Theorem A, we have multgr,)(¥1,%2,903) = ((2— DY =1 for w = 1,2, and

mult g, 1) (91, P2, P3, P4) = ((3 — 1)!)2 = 4. Hence the common zeros of 1, and @3 are
composed of Eg(I), Es(l2) and some curve C' whose degree is degC' = 3! — (1 + 1) = 4.
Moreover since deg C' - deg w4 = 4 - 4 = 16, we have

# (Sg(N\) = 16 — > multe (C, py).

CeCN{pa(()=0}NBs(A)

Here, we have Eg(Is) € C' N {p4(¢) = 0} N Bg(A) with mult g1, (C, p4) = 4.

What occurs in the difference “16 — 4 = 12”7 It appears to be correct that # (Sg(\)) =
12; however this is not the case. In practice, the curve C intersects the lines Eg(I;) and
Es(I2). More precisely, the intersection points of the two curves C' and Eg(I;) are Eg(I3)
and Fg(l4), while those of C' and Eg(l2) are Eg(Ig) and Eg(I7); these 4 points do belong
to the intersection C' N {p4(¢) = 0} N Bg(A). Moreover as we shall see in Theorem B, we
have mult g, (1) (C, ¢a) = multg, 1 )(¢1,..,p4) = 3 for w = 3,4,6 and 7. We thus have the
equality 16— (4+3+3+3+3) = 0, which assures that Sg()) is empty and that the intersection
points of C' and {p4(¢) = 0} are Es(I,) for w = 3,4,6,7 and 8, which does not cause any
contradiction. To summarize, all the components of the common zeros of 1, v, 3 and @y
contained in Bg(\) are Eg(l,) for w =1,2,3,4,6,7 and 8, and the equality

41— (1-441-443+3+3+3+4)=0

shows that Sg(\) is an empty set.
As a conclusion of Example 2, we comment about the component Eg(I5). The point Eg(I5)
may also appear as a component of the common zeros. However by Theorem B below, we
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have mult g, (1) (¢1, 92, ¥3, p4) = 0, which means that in practice Eg(Il5) is not a component
of the common zeros.

By Example 2, we found that in order to count the number of the set S;()), we must also
consider the intersection multiplicities of components which are strictly contained in Eg4(I)
for some maximal T € J(\).

To state Theorem B, we prepare the notation.

Definition 5.7. For A = (A\1,...,A\g) € Vg and I € Z(X), we put A\; := (\i)ier.

Note that Ar always belongs to V) by definition.

Theorem B. Let \ be an element of V. Then all the possible varieties contained in Bg(\)
which may appear as a component of the common zeros of p1,...,pq—2 are E4(I) for some
TeJ(N\). Forany2 <l <d—1 and for any component C of the common zeros of p1,...,pda—

with AimC' > | — 2, there exists an element I € J(\) with C = E4(I). Moreover for any
I=A{L,...,I;} € 3(\), we have

(13) mult g, ) (91, - - » Pa—1) = ﬁ (<# (L) — 1) : #<5#([u) (Afu))>,

u=1
where the cardinality #(Sy(1,) (A1,)) is defined to be 1 if #(1,,) is equal to or smaller than 3.

By definition, the variety E4(I) is really a component of the common zeros of ¢1,. .., @49,
if and only if the right hand side of the equality (13) is strictly positive.

Remark 5.8. If an element I = {I;,...,[;} € J()\) is maximal, then J(A;,) is empty for
any u, which implies #(S#(Iu) ()\[u)> = (#(Iu) — 2)! by Definition 3.2, Lemmas 5.1 and 5.5.
Thus Theorem B includes Theorem A.

By Proposition 4.2 and Theorem B, we have the following:
Proposition C. Let A be an element of V. Then we have the equality

d—2
(14)  #(Sa\) =@d-2'—= > [ multp,m(en,. . easwm) - ] k
T€TI(N) k=d—#(I)+1

As we have seen in Theorem B and Proposition C, the cardinality # (S4())) is completely
determined by the combinatorial data J(A). Moreover it is practically computed only by
hand, though the process of its computation is very long and complicated. To relieve the long
computation a little, we shall give one more proposition.

Proposition D. For A € Vy and 1 = {I1,...,I;} € 3(\), the number multg, @ (¢1,. .., Y1)
given in the equality (13) is also equal to

(15) (ﬁl (# (1) - 1)!>

#(1u)—1
_ Z multEd(H/)(sOb . -,SOd—#(H’)) ) H H K ’
v 550 u=1 \ k=#(I,)—xu[")+1

-1 1T £1I

where x,, (I') is the one defined in Main Theorem 3.
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Proposition 5.9. The assertion (6) in Main Theorem 1 holds.

Proof. The set ®;*(\) is empty if and only if the set Sy()) is empty by Proposition 3.3. On
the other hand, the cardinality # (Sgq(\)) is completely determined and is computed by the
combinatorial data Z(\). Hence to show the assertion (6) in Main Theorem 1, we only need
to check all the possible cases of the combinatorial data Z(\). g

Theorem A is just a corollary of Theorem B by Remark 5.8. However the proof of Theo-
rem B is much harder than that of Theorem A. Therefore we shall prove Theorem A first, and
based on its proof we shall prove Theorem B. Section 6 is devoted to the proof of Theorem A;
Section 7 is devoted to the proofs of Theorem B and Proposition D.

6. PROOF OF THEOREM A

In this section we shall give the proof of Theorem A introduced in Section 5, together with
the preparation of the proof of Theorem B.
We shall fix our notation first, which is valid throughout Sections 6 and 7. For a given

A € Vd and I = {Ila . '7Il} € j()\)7 we put #(I’u) =Tyt 1a (Ci)ié]u = (Cu,OaCu,la .. '7Cu,7'u)7
(Ni)ier, = (Au0s Adus -5 Ay, ) and my,; = %)m Here, we assume ;o = (4 = 0. Then we

have Zizl(Tu + 1) =d, Z:;() My = 0, Sok:(C) - ZL:I Z;ﬂlo mu,i(ii and
Bal) = {C € P42 | Guo = Gut =+ = Gup, for 1 <u <1} 2 P12,

Moreover let aq,as9,...,a; be any mutually distinct complex numbers with o; = 0, and
we denote by « the point ¢ € E4(I) which satisfies (,; = «, for any w and i. In the
following, we shall find multg, (41, ..., ¢4-1) by cutting Eq(I) at a by the plane H(«a) :=

{C < Pd_Q ‘ Cu,O = Qu for 1 <u< l} We put gu,z’ = Cu,i — Oly, fu = (gu,l, e ,gu,ru) S CT"7
€= (&,...,&) € C¥land

l Tu
(16) (&) == pp(a+¢&) = Z (mupaq’j + Z Moi (Qy + {m)k) .

u=1 i=1

Then ¢ is a local coordinate system of H(«) centered at .

Proposition 6.1. For any I = {I1,...,I;} € 3(\) and for generic o € E4(I), we have

(17) multg, @ (¢1, .-, pa—1) = multo(P1, ..., a—).
Proof. Obvious by definition. O
In practice, the equality (17) always holds for any « if aq,...,q; are mutually distinct,

which will be verified by Proposition 7.10.
We shall express the equations ¢, (§) = 0 in another way. We put

Tu
Puk(€u) =Y muibl;
=1
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for each v and k. Then we have

l Tu ru k
o=y (( m> b33 m(£) aﬁ‘hdjﬂ)
=0

(18) ujl N =1 h=1
k k—h
=33 (3ot st
u=1 h=1

where (z) = w denotes the binomial coefficient. Hence 14 (&) is a linear combi-
nation of py (&) for 1 <u<land1<h<k.

Proposition 6.2. The equations 1y (§) =0 for 1 < k < d—1 are equivalent to the equations

l d—1
(19) pu,k(gu) :Z Z au,k,v,hpv,h(é.v)

v=1 h=r,+1
for1 <u <l and1 <k <r,, where the coefficients ay ., n are some constants which depend
only on ri,...,r; and aq,...,qq.

Proof. It suffices to show the invertibility of the square matrix composed of the coefficients
of pyp(&u) for 1 <u <l and 1 < h < ry, in the right hand side of the expressions (18).
Proposition 6.2 is therefore reduced to Lemma 6.7, which is given at the end of this section. [

By the aid of Propositions 6.1 and 6.2, we have reduced Theorem A to the following:

Proposition 6.3. Suppose that the element 1T € J(\) is mazimal. Then for any complex
numbers ay kv.n, the origin 0 is a discrete solution of the equations (19) for 1 < u <1 and
1 < k <'ry with its intersection multiplicity r1!---r;!.

In the following, we shall prove Proposition 6.3.

Lemma 6.4. Let my,...,m, be complex numbers such that ) ;. m; # 0 holds for any non-
empty I C {1,...,r}. We put pp(§) = >, miEl for &€ = (&,...,&) € C". Then 0 is
the only solution of the equations px(§) = 0 for 1 < k < r with its intersection multiplicity
multo(p1,...,pr) =7

Proof. By the same argument as in the proof of Lemma 5.5, the existence of a solution other
than 0 implies the equality ) ,.;m; = 0 for some non-empty I C {1,...,r}, which is a
contradiction. Thus the uniqueness of the solution is verified.

Moreover by Lemmas 5.1 and 5.5, the set of the common zeros of pi,...,p,—1 in P"~!
is discrete and has (r — 1)! points, whose intersection multiplicities are all 1. Hence the
set of the common zeros of pi,...,p,—1 in C" consists of (r — 1)! lines £1,...,¢;_1y, all
of which pass the origin. Moreover their intersection multiplicities multy,(p1,...,pr—1) are

all 1. Since each line ¢; intersects the hypersurface {p,.(§) = 0} only at the origin, the
intersection multiplicity multy(¢;, p,) is equal to r for any i. We thus have the equality
multo(p1,...,pr) =7-(r—1l=rl O

The most important part of the proof of Proposition 6.3 is to reduce Proposition 6.3 to
Lemma 6.4 by replacing all the coefficients ay .5 by 0.

We denote by A = (ayk,,n) an element of (C(l_l)(d_l)Q, where the indices u, k, v, h range in
1<u<1<k<ry, 1<v<landr,+1<h<d-—1[. Weput

DR = {A — (au7k7v7h) € C(l_l)(d_l)2 |au,k;,v,h| < R fOI‘ any U, ]{J,U, h} .
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Then we can define the map F : C¥! x Dp — C%! x Dp by

(57 A) = pu,k(fu) - Z au,k,v,hpv,h(gv) ’A s

v,h wk
where the indices u,k range in 1 <u <land 1 <k <ry.

Proposition 6.5. Suppose that the element I € J(\) is mazximal. Then for any positive real
number R and any open neighborhood Uy of 0 in C*~, there exist open neighborhoods U, W
of 0 in Ct with U C Uy such that the map

(20) (U x DR) N F~Y (W x Dg) & W x Dg

is proper, finite and surjective, hence a finite branched covering.

In the following, we shall prove Proposition 6.3 first under the assumption of Proposi-
tion 6.5; afterward we shall prove Proposition 6.5.

Proof of Proposition 6.5. For any given coefficients a,, i .4, we take a positive real number R
sufficiently large such that the ball D contains A = (ay..5). Then the discreteness of the
solution 0 is verified by the finiteness of the map (20). Moreover we take an open neighborhood
Up of 0 in C4! sufficiently small such that the only solution of the equations (19) in Uy is
0. Then the intersection multiplicity of the equations (19) at 0 is equal to the degree of
the branched covering map (20), which is also equal to the intersection multiplicity of the
equations (19) at 0 with all the coefficients a, k. 5 equal to 0. Therefore it is r1!--- 7! by
Lemma, 6.4, which completes the proof of Proposition 6.3. O

Proof of Proposition 6.5. We put |&,| = maxi<i<r, |Suil, Zu = {fu € Cm ‘ |€ul = 1} and
0y = infg ez, maxi<p<r, [Puk(&u)| for each u. Then by the maximality of I € J(A) and
Lemma 6.4, we have ¢,, > 0 for each u, which implies the inequality maxi<p<r, |Duk(§u)| >
Oulbu|™ for any &, € C'™ with |§,] < 1. Hence putting 6 := minj<,<;d, and |[¢]| =
maxi<y< |§u|™, we have the inequality

(21) max [py x(§u)] = 0 - I€]]

for [[¢]| < 1.
On the other hand, for any A = (ayk.,n) € Dg and £ € C4! with [|¢]| < 1, we have

Ty
(22) H;E}CX Z au,k,v,hpv,h(gv) < Z R (Z |mv,i|> |£v|h
v,h v,h i=1

)

< L[|l

where we put L:= R (d—1—1,) (0, [my,]) and p:= L

maXqy Ty
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Therefore if we take ¢ € C4~! with ||¢]| < (%)1/“, then by the inequalities (21) and (22),
we have

H;%CX pu,k(é_u) - Z amk,v,hpv,h(gv)

v,h

2 max |pu,k ({u)’ — max Z Qo k,v,hPu,h (gv)
u,k u,k o

1 0 _0.
2 8- JIEll = LISl = 0 [lgll = L o7 - gl = 5 - 1€l

We define a positive number e sufficiently small such that the inequality 0 < € < (%)1/#

holds and that the set U := {¢ € C?! | [|¢]| < €} is included by Up. Moreover we put

W= {77 = (ur) €CTH | n| = max M k] < 556} :

Then we can easily verify that the map (20) is proper. Properness implies the rest of the
assertions, which completes the proof of Proposition 6.5. O

The rest of this section is devoted to Lemma 6.7 and its proof.

Definition 6.6. For non-negative integers n,b,k,h with n > k and b > h, we denote by
)—(i+h

A%};(a) the (n — k,b — h) matrix whose (4, j)-the entry is (;.Jtlf;ll)a(”k (G+h) for each i and

j. Moreover we put A%k(a) = Afl’?k(a) and A?L(Oé) = A?{%(a)'

By definition, the matrix A%};(a) is obtained from the (n,b) matrix
1 0 0 0 0
o 1 0 0 0
o 201 1 0 0
Ab(a)=] o3 32 3 1 0

an—l (n _ 1)an—2 (n;l)an—ii (ngl)an_zl

by cutting off the upper k£ rows and the left A columns.

Lemma 6.7. We putr :=r; +---+ 1 = d—1, and denote by M the (r,r) square matrizc
defined by

M = (A7 (@), - AT ()
Then we have

7! _—
1<v<u<l
The matrix M defined above is the same as the square matrix composed of the coefficients
of pyn(&y) for 1 <u <land 1< h <r, in the right hand side of the expressions (18); hence
Proposition 6.2 is reduced to Lemma 6.7.

To prove Lemma 6.7, we prepare the definition and the lemma.
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Definition 6.8. For positive integer b, we denote by Xj the (b,b) diagonal matrix whose
(7,7)-th entry is @ for 1 < i < b, and by N, the (b, ) nilpotent matrix whose (4,7 + 1)-th entry
is 1 for 1 <1¢ < b—1 and whose other entries are 0, i.e.,

SRR
() 2 0

Xp=1. . . . and Ny=|: ¢ 1 . !
A 000 --- 1
00 - b 000 -~ 0

Lemma 6.9. For positive integers n and b, we have the equalities
AN (@) = Xo - A(e) - X7 and A(B) - A () = AL(B + a).

Moreover for positive integers n,b, k with n > k and a non-zero complex number o, we have

the equality
b—1

Ag,k(a) : Z <_hk> (a_le)h = O‘kAsz(Oé),

h=0
where (oleb)O denotes the identity matriz of size (b,b).

Proof. The first equality is easily verified by the equality (;) = (i_l) . % On the other hand,

. T i-1
the second one is proved by the equalities (}) (};) = (;) (;’;Jj) and ZZ:O (,’z) ahBFh = (a+B)F,
while the last one by the equality Z‘,izo ) (]f L) = (xjy) O

Proof of Lemma 6.7. By Lemma 6.9, we have A:fill’l(au) = X, - A% (a,) - (X,,) " for each
1 < u < I. Hence putting M’ = (Aﬁl (a1),..., Al (al)), we have the equalities

|
" det M.

ril-ory!

!
det M = det X, - det M' - J] det (X,) ™! =
u=1
Therefore to prove Lemma 6.7, we only need to show the equality
(23) det M'= [ (o —aw)™".
1<v<u<l
If there exist distinct indices u, v with a, = v, then both hand sides of the equality (23)
are clearly zero; hence we only need to consider the equality (23) in the case that aq,...,q
are mutually distinct. Moreover in the case | = 1, the equality (23) trivially holds since

det M’ = 1; we shall show the the equality (23) by the induction of .
We put ' =79+ -+ and o, = a, — g for 2 < u <. Then by Lemma 6.9, we have

r r T r I’r’ -
A7(—on) - M' = (A7 (0), AP (). A7 (af)) = <5 M) |

where we put M = (A”2 (o), ..., ALl (a?)), and I, denotes the identity matrix of size

Tl 1

(r1,71). Moreover by Lemma 6.9, we have

agg ) Y (1) () 8" = (el A (el

h=0
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for each 2 < u < [. Hence putting M" = (A:,Q (ahy), ... ,A:i(a;)), we have the equalities

l
det M’ = detﬁz det M . H (a/)nru’

u
u=2

which completes the proof by the induction of [. O

7. PROOF OF THEOREM B

In this section we shall give the proofs of Theorem B and Proposition D introduced in
Section 5, which are also highlights of the proof of the main theorems. We shall first give the
key proposition to prove Theorem B.

Proposition 7.1. Let r be a positive integer, and m1, ..., m, non-zero complex numbers with
Soiymi #0. We put m = (mq,...,my),

pr(§) = Zmiff, B(m) := {f eCr ‘pk(f) =0for1<k< r},
i=1

and €| := maxi<i<, [&] for & = (&1,...,&) € C". Then
(1) for each positive integer h, there exists a positive real number Ly such that the in-
equality

(24) lpn(&)| < Ly, - oax P& (6)]

holds for any & € C" with |§| = 1.
(2) There exist an open neighborhood O of B(m)N{¢ € C" | [¢| =1} in C" and a positive
real number L' such that the inequality

(25) POl <L max |pu(©)

holds for any & € O.
Proof. We put mg := —>_._, mj,

o LI UL ={0,....r}, 1>1
J(m) = {{Ily-.-)Il} ’Iu;ﬁ@and Zl‘e[umi:()for]-guﬁl 3

E):={(&,...,&) €C" |Ifi,j eI €1, then & = &}

for each I € 3(m), and

_ I#0. Ifi,jel, then& =¢&,;.
I(§) :== {19{0717“'”} Ificlandje{0,1,...,7}\1, thenjgﬁégj.}

for each £ € B(m), where we are assuming £y = 0. Then we have the equality
(26) Bm)= ] E@,
Ie3(m)

and we also have I(¢) € J(m) and £ € E(I()) for each £ € B(m) by the same argument as
the proof of Lemma 5.5. Note that in this setting, the set J(m) always contains the element
Ip :={{0,...,r}}, and that the equalities E(Iy) = {0} and I(0) = Iy hold.

We shall make use of the following auxiliary lemmas:
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Lemma 7.2. There exists an open neighborhood O of B(m)N{¢ € C" | [¢| = 1} in C" such
that for each positive integer h, there exists a positive real number L} such that the inequality

(27) (@€)< Ly, - max [pr(¢)]

holds for any € € O.

Lemma 7.3. Let a be a point in B(m) \ {0}. Then there exists an open neighborhood O,
of o in C" such that for each positive integer h, there ewists a positive real number Ly j such
that the inequality

< .
(28) PO < Lop- |, max - Ipel€)

holds for any & € O,.
Note that the implications

“Proposition 7.1 = Lemma 7.2 = The assertion (2) in Proposition 7.1”

are clear. In the following, we shall prove Lemmas 7.2, 7.3 and the assertion (1) in Proposi-
tion 7.1 simultaneously by induction. To make the induction work well, we define the “depth”
of a point o € B(m) by

]I(Oé) Hléﬂ2ééﬂy}
H )

Tm(Oé) = max{y = j(m) for 1 <w<u

where the symbol I 2 T’ for I,T' € J(m) denotes that I' is a refinement of I with I # I'.
Note that the inequality 7,,(0) > 7, () holds for any o € B(m) \ {0} and that the equality
Tm(0) = 1 holds if and only if B(m) = {0}.

We shall consider the following assertions for each non-negative integer v:

(1), if 7,(0) < v + 1, then the assertion (1) in Proposition 7.1 holds.

(2), If 7,(0) < v+ 1, then Lemma 7.2 holds.

(3), If 7n(a) < v, then Lemma 7.3 holds.

Note that the assertion (2)¢ trivially holds since 7,,(0) < 1 implies B(m) = {0}. In the
following, we shall show the implications

(Wy1= 3y = 2 = (1)
for each v, which will complete the proofs of Lemmas 7.2, 7.3 and Proposition 7.1. We put
Z.={eC ‘ €] = 1}.

Proof of the implication (3), = (2),. We shall suppose (3), and prove (2),. When 7,,(0) <
v + 1, the inequality 7,,(a) < v holds for any o € Z N B(m). Hence by the assumption
(3),, we can choose, for each a € Z N B(m), an open neighborhood O, of o and a positive
real number L, j, for each h € N such that the inequality (28) holds for any ¢ € O,. Since
Z N B(m) is compact, there exist finite number of open neighborhoods Oy, ..., Oq, which
cover ZNB(m). On the other hand, since # (I(«)) > 2 for any e € ZN B(m), we always have
r+1—#(I(a)) <r— 1. Therefore, putting O := (J; <<, Oa, and Lj, := maxi<w<y La,n
for each h, we have, by the inequality (28), the inequality (27) for any & € O. O
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Proof of the implication (2), = (1),. We shall suppose (2), and verify (1),. The set Z\ O is
compact and does not have common zeros of p1,...,p,. Hence the infimum

infee 1\ 0 maxi<x<r [pr(§)] is positive, which assures the existence of a positive real number
Ly, for each h € N satisfying the inequality (24) for any £ € Z \ O. Replacing the maximum
of Ly, and L) by Ly, we obtain the inequality (24) for any & € Z. O

In the rest of the proof, we shall suppose (1),-1 and prove (3),. We fix « € B(m) \ {0}
with 7,,(a) < v, put I(a) =: {I3,...,I;}, and denote by ol the i-th coordinate of « for
i € I,. Note that af,...,a) are mutually distinct. Moreover we put #(I,) = 7, + 1,
(€i>i61u = (gu,ngu,h ce ugu,m)7 (mi)iefu = (mu,()a Mu,1s-- - muﬂ“u)v m<Iu) = (mu,lv s 7mu,7"u)7
LTuig = gu,i - §u,o, Q, = fu,()a Ty = (xu,ly e 7xu,ru>; T = (1'17 <. ,xl), ‘xu‘ = MaX1<i<r, ’xu,z’
and |z| = max;<y,< |2y|. We may assume o = a? = &0 = & = 0. We may also consider
the coordinates (ai,...,q;—1,2) as a local coordinate system around « in C". Note that the
point (a1, ..., 1,2) coincides with « if and only if z = 0 and a,, = o for 1 <u <1 -1,
and that the point (aq,..., o1, ) belongs to E (I(«)) if and only if z = 0. Furthermore we
put

ukxu § muzxuz

for1<wu<land k € N.
Then we have the equality

(29) Pr(§) =

l
u=

i( > ak=hG, ()

1h=1

by the similar computation as in the equalities (18). Moreover by Lemma 6.7, the equali-
ties (29) for 1 <k <r+1—1 are equivalent in some neighborhood of « to the equalities

r+1-1 r+1-1
(30) Ou i (Tu) Zbukhph +Z > Gukonbon(y)
v=1 h=r,+1
for1 <wu <land1 <k <y, where the coefficients b, 1 », and ay ., depend only on r1,..., 1
and a1,...,a;_1. Moreover its dependence is continuous on the domain where aq,...,q;_1
and 0 are mutually distinct. Therefore taking a small open neighborhood A of (o, ... ,Oz?_l)

in C'! and a sufficiently large real number R, we may assume that the inequalities
‘O"u| < R7 |bu,k,h| <R and |au,k,v,h| <R

hold for all w, k,v, h and for any (a,...,q;1) € A.

On the other hand, since 7,,(a) < v, we always have 7,,(7,)(0) < v for any u. Hence by
the assumption (1),_1, there exists, for each u and for each positive integer h, a positive real
number L, j such that the inequality

|0un (T0)| < L - | ax |02k ()|

holds for any z, € C"™ with |z,| = 1. Hence by the homogeneity of 0, (), the inequality

(@)l < Lug- max (8] - Jo]
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holds for h > r, + 1 and for any z,, € C™ with |x,| < 1. Therefore from the equality (30),

we have the following for (ai,...,o—1) € A and |z] < 1:
r+1-1 r+1-1
max Z bukhPh ()| > max\@uk(a;u)] — max Z Z Qo fow,h 00 b (T0)
v=1 h=r,+1
r+1-1
> 1—32 > Lun- x| max|0uk(xu)|.
v=1 h=r,+1
Hence putting
r+1—1
J:=max{ 1, ZRZ > Lony, =2R(r+1-1)
v=1 h=r,+1
and O, = {(al,...,al_l,x) eCr ‘ (a1, ...,qp-1) € Ay |z] < 1/J},
we have, for any £ = (aq,...,q-1,%) € O, the inequality
r+1-1
(31) max\ﬁuk xy)| < szix ; busnpn(€)| < L- 1<kH<1 x l’pk( &)|.

On the other hand, from the equality (29), we have, for each positive integer h, the in-
equalities

l h
h—k . .
@) O1= XD () A s i 10us)] < L max )

u=1 k=1

for any (aq,...,aq_1,2) € O,, where we put Ly := Zlu:l Zzzl (Z)Rh_kLqu. Therefore by
the 1nequaht1es (31) and (32), we obtain

Ipr(§)] < LpL - max |pg(§)]

1<k<r+1-I
for any &€ = (a1,...,0q_1,2) € O, and for each h. Thus the assertion (3), is proved, which
completes the proof of Lemmas 7.2, 7.3 and Proposition 7.1. ]

In the rest of this section, the notation follows that in Section 6. Therefore ) is an element of
Vg, and I = {I1,...,[;} an element of J(\), which are fixed throughout the rest of this section.
Moreover the notation Tu,s Cu,ia Au,i» My,iy Oy, Q gu,’ia gua 67 1/%(5), pu,k(ﬁu), A= (au,k,v,h)a DR
and the map F' is the same as in Section 6.

We shall give the proposition next which is the most important part of the proof of Theo-
rem B, whose proof is essentially based on Proposition 7.1.

Proposition 7.4. For any positive real numbers R and 1 > ¢ > 0, and for any open neigh-
borhood Uy of 0 in C4L, there exist open neighborhoods U, W of 0 in C4=t with U C Uy such
that the map

(33) (U x Dp) N F~Y (W, x Dg) 5 W, x Dg

is proper, finite and surjective, hence a finite branched covering, where

We=WnNEc and Zc:= {77 = (nu,k) € (Cd_l 121111 |77u Tu| > € m%‘gx‘nu k:|}

)
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Proof. Remember that the map F : C¥~! x Dp — C4! x Dp, is defined by F (&, A) = (n, A),
where § = (§ui), 1= (Muk)s A = (aukw,n) and

Nu,k = Pu,k gu Z Z ukvhpvhfv)

v=1 h=r,+1
forl<u<land1<k<r, Weput
|£u| = 1I<H%X |€u z| |§| = maX |§u| \7I| = %ix|nu,k|,

Eu(/\lu) = {fu e Cm ‘ Duk fu) =0forl<k< ru} and
Zy = {&€C™ | |&] =1}.

By the assertion (1) in Proposition 7.1, there exists a positive real number L, , for each u
and h such that the inequality
‘puﬁ(&u)‘ < Lu,h : 1énlvi}f“u‘pu7k(£u)‘

holds for any &, € Z,. Hence by the homogeneity of p, (&), we have
(34) ‘pu,h(ﬁu)} < Lu,h ' lgllcaé)iu‘pu,k(gu)‘ ’ ’fu’

for any &, € C™ with |&,| < 1 and for each h > r, + 1.
On the other hand, by the assertion (2) in Proposition 7.1, there exist an open neighborhood
Oy of By(A1,) N Z, in C™ and a positive real number L], for each u such that the inequality

’pu,ru(gu)‘ < L/ 1<£Iiax }puk fu)’

holds for any &, € O,. We put
Qu = {(t&u1, - tlup,) EC™ [t ER, t>0, (Cut,- - &ur,) € OuNZy}
for each u and

Q= {5:(51,...,&) e ci ]gueﬂu holds for some 1§u§l}.

Then €, is an open neighborhood of By(Az,) \ {0} in C™, and Q is an open set in C*L,
Moreover for &, € C™ \ {0}, the point &,/|¢,| belongs to the set O, N Z, = Q, N Z, if and
only if &, € Q,. Hence by the homogeneity of p, 1 (£,), we have the inequality

(35) |pu,m (éu)‘ < L; 1<£Iiax ‘puk €U)| [ &ul

for any &, € Q,, with |§,| < 1.
For the simplicity of notation, we put

Luh) and L' := maXL
’ 1<u<l

L := max ( max
1<u<i \ry+1<h<d-I

For any positive real numbers R and 1 > € > 0, and for any open neighborhood Uy of 0 in
C% !, we take a positive real number § such that the inequality

€ €
0<§<mindi -
< <mm{ " 30— 1)(d=1)RL’ 3L’}

holds and that the set
U :{gecd—l ) |gy<5}
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is included by Uy.
Then for any A = (ay k,n) € Dr and £ € U, we have

l l
maXZ Z auk’vhpvhgv SZ Z R- Lvh |£v| max ‘pvk&})}

v=1 h=r,+1 v=1 h=r,+1
€
<3 rﬂix}pu,k(éu)‘
by the inequality (34), which implies
!

‘77‘ maX’nu k‘ > max}puk gu ‘ —max Z Z Ay k,v,h P h(gv)
(36) wk v=1 h=r,+1

2
23 H;ixlpu,k(gu)‘-

On the other hand, for A = (aykn) € Dr and £ € U N, we have §, € Q, for some u,
which implies

l d—l
|77u,7“u’ < ‘puﬂ“u (£U)| + Z Z au,ru,v,hpv,h(gv)

v=1 h=r,+1

/ €
< L,- 1<giax |pu k( fu)‘ J&ul + 3" mﬂ%}‘ﬁu,k(fu)'

2€
< 5 max|pu(§)| <e-In

by the inequality (35). Therefore we have
Lemma 7.5. For ({,A) € (UNQ) x Dgr, we have F(§,A) ¢ Zc X Dp.

We put

= min max and = min
N Cua s\ 19k S ‘puk 5u)| 2 1<% <lluu

Then p is positive by the compactness of Z,, \ Q,, for each u. Moreover by the homogeneity
of py (&), we have the inequality

> Tu
(37) 1gllga<‘x }puk’ ‘fu)‘ fulEul

for any &, € C™ \ Q, with [&,] < 1. We put r := maxy, 7.
Lemma 7.6. For (¢, A) € (U\ Q) x Dg, we have || > Zp|¢|".

Proof. For £ € U \ Q, we have &, ¢ Q, for any u. Hence for (§,A) € (U \ Q) x Dg, by the
inequalities (36) and (37), we have

In| >3 maX!puk (&) > § max puul™ > Zple]"

We put
W= {n = (nup) € €| fnl < 3u- 0}
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Then Lemma 7.5 implies the inclusion relation
(Ux DR)NF~' (W, x Dg) C (U\ Q) x Dg.

Therefore for any (£, A) € (U x D) N F~1 (W, x Dg), we have the inequality |n| > 2pul¢|"
by Lemma 7.6, which assures that the map (33) is proper. Properness implies finiteness and
surjectivity, which completes the proof of the proposition. O

Proposition 7.7. The degree of the branched covering map (33) defined in Proposition 7.4
is equal to the right hand side of the equality (13) in Theorem B.

Proof. To consider the map F' on the domain
W' :={(1,0) € We x D | 9, =0 for 1 <u<land1<k<r,—1},
we define the map F,, : C™ — C™ by Fy,(§u) = (Pui(&u), - - - s Pura (§u)), and put
Puk(&u) =0 for 1 <k <r,—1
Pu,ry(§u) 70 }

for each u. We prepare the two lemmas:

X, = {fu eCm

Lemma 7.8. The Jacobian of the map F, is not equal to zero at any point of Xy

Lemma 7.9. The degree of the map pur,|x, : Xu — C* is equal to ry - # (Sp,+1(A1,)), where
we define # (Sy,+1(Ar,)) =1 if ry < 2.

Lemma 7.8 assures that the branched covering map (33) is unbranched on some neigh-

borhood of W’ in We x Dpg, that X, is a smooth Riemann surface, and that the map
Purel X, @ Xu — C* is unbranched. Hence the degree of the map (33) is equal to that of

the map (U x Dg)NF~L(W) L W, which is also equal to [Ti<u<;deg (Pur,|x,). Therefore
Lemmas 7.8 and 7.9 imply the proposition.
We shall show Lemma 7.8 first. Since py x(&u) = ity mwfi’j’i, we have

det(dF,) (&) = 1! [[mui- [ (€us — &ui)

i=1 1<i<j<ry

by the similar computation as in the proof of Lemma 5.1. Hence the Jacobian is not equal
to zero if and only if &, 1,...,&u,r, are mutually distinct. On the other hand, by the similar
argument as in the proof of Lemma 5.5, we find that for a common zero &, = ({1, - - -, &ur, ) Of
Duls -« Pure—1, the inequality py, r, (&) # 0 holds if and only if 0,&, 1, ..., &, r, are mutually
distinct. Hence for any &, € X, the Jacobian det(dFy,)(&,) is not equal to zero, which
completes the proof of Lemma 7.8.

Next we shall show Lemma 7.9. Since p,, (£,) is homogeneous for any u and &, the Riemann
surface X, is invariant under the action of C*; hence the set

{(fu,l ot gu,r/u) € PTuil ‘ (gu,la s 7€u,ru) € Xu}

is well-defined and is equal to Sy, 1 (A7, ) by definition. Therefore X, consists of # (Sy,+1 (Ar1,))
components, each of which is biholomorphic to C*. Moreover on each component of X, the
degree of the map py, r, is degpy,r, = Tu, Which completes the proofs of Lemma 7.9 and the
proposition. ]

On the basis of Propositions 7.4 and 7.7, we shall prove the following;:
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Proposition 7.10. Let ¢y (&) be the expression defined in the equality (16). Then the number

multo(d)h RN wd—l)
is equal to the right hand side of the equality (13) in Theorem B.

Proof. We define the map ¥ : C4~! — C4! by W(¢) := (Y1(€))1<k<d—i, and put

Y = {f eCT | Y1(&) =+ =g-1(€) = 0, Yai(§) # 0}-
We denote by M, ., the square matrix M defined in Lemma 6.7.

Lemma 7.11. For any open neighborhood U’ of 0 in C¥!, there exist open neighborhoods
U W' of 0 with U' € U" and W' C C such that Y NU’ is a smooth Riemann surface, that
the map

(39) Y AU gt (W o)) S W {0}
is an unbranched covering, and that the number multy(¢1, ..., %q—;) is equal to the degree of
the map (38).

Proof. First we shall check that the inequality det(d¥)(£) # 0 holds for any £ € Y N U, if
we take U’ sufficiently small. By the similar argument as in the proof of Lemma 5.1, the
equality det(d¥)(§) = 0 holds for £ € U’ if and only if o, + &,i = oy + &, ; holds for some
u,i,v and j with (u,?) # (v,j), which is equivalent to the condition that &,; = &, ; holds
for some u,i and j with i # j if we take U’ sufficiently small. Suppose for instance that
1,1 = &1,2 holds for some £ € Y NU’. Then putting V() := (¢Yx(§))1<k<d—i—1, considering
the map M(;llfl,rz,--.,rz) o U’ and keeping in mind the inequalities (36), we have p, x(§) = 0
for any u and k, which contradicts 14_;(§) # 0. Therefore we have det(dV¥)(£) # 0 for any
£ € Y NU', which assures that Y N U’ is a smooth Riemann surface, and that the map (38)
is an unbranched covering if we take W' sufficiently small. Moreover since det(dV¥)(&) # 0
for any £ € Y NU’', we have multy(¢1,...,1%4_;—1) = 1 for any connected component Y’ of
Y NU’; hence we have multo(¢1, . . .,1%q_;) = multo(Y NU’,14_;) by definition, where Y N U’
is the closure of Y N U’ in U’. Since multo(Y NU’,14_;) is clearly equal to the degree of the
covering map (38), all the assertions in Lemma 7.11 are verified. O

We proceed the proof of the proposition. It is clear that there exists A = (ayrvh) €
C=Dd=0* gych that the equality F'(§,A) = (M(;l1 ) © U(€), A) holds for any ¢ € C L.
Let e be the (d —[,1) column vector whose (d — [)-th entry is 1 and whose other entries are

0. Moreover we put M(;ll,...,rz)e =: N = (Muk)i<u<ii<k<r,- Then the equality ¥ x {A} =
F~1(Cn\ {0}, A) holds, and the map Fly 4} is equal to the map M(;ll,...,rl) o ¥|y. Hence, if
we can show 7,,, 7# 0 for 1 < u <, then we have (Cn\ {0}) "W C W, for some €, which
assures that the degree of the covering map (38) is equal to that of the branched covering
map (33); thus the proposition will be verified by Proposition 7.7 and Lemma 7.11.

We shall show n,,, # 0 for 1 < u < [. Suppose 7;,, = 0 for instance, and put ' =
i, Mr—1) € CT711 5o that the equality n = Y(*n,0) holds. Then by the equality
e = Mg, . )N, we have 0 = M(Tlv---ﬂ"l—lﬂ"l_l)n/' Since My, ., r—1) is invertible, we have
n’ = 0, which implies = 0 and the contradiction e = M, ...,)0 = 0. Therefore 1y, # 0
holds for any 1 < u < [, which completes the proof of the proposition. O

We shall complete the proof of Theorem B.
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Proof of Theorem B.

Remember the definition of I(a)) € J(A) for @ € Bgi(A) in the proof of Lemma 5.5. By
Lemma 7.3, we can easily verify that for any a € Bg(\) there exists an open neighborhood
Oq of o in P4~2 such that the equality

{C€0a|er(()=0 for 1 <k <d—#(I(a))} = Ba(A)NOq

holds, which implies the first two assertions in Theorem B. On the other hand, the last
assertion in Theorem B is the direct consequence of Propositions 6.1 and 7.10. ([l

At the end of this section, we shall give the proof of Proposition D.

Proof of Proposition D.
For the brevity of notation, we put

TﬂwzzfﬂA)U{{{L.“,d}}} for A € V,
er(A) := multg, ) (@1, -, Pa—xm) for each I € J(A), and
eq,...a3y(A) == (d = 1) - # (Sa(A)) -
Note that {{1,...,d}} is the only minimum element of J’(\) with respect to the partial order

<.
Under the notation above, the equality (14) in Proposition C is equivalent to the equality

d—1
(39) @-10= Y lan- [ *].
Te (N) k=d—#(T)+1

whereas the equality (13) in Theorem B is rewritten in the form

l

(40) a(N) =[] ety Q) = [ [ eqry ),
u=1 Iel
where I = {I3,...,I;} is an element of J(\), and {I} denotes the minimum element of the set

T’ (A1) for each I € Z(\). Moreover Proposition D is rewritten in the form

l l #(Iu)fl
(41) [[E@w)-1)1= > er(N) - ] 11 k
u=1 I'e3(N), V-1 u=1 \k=#(Iu)—xu(l')+1

for T={L,...,I;} € 3(\), where x,(I') is the one defined in Main Theorem 3. Note that
I > T holds for any I € J'(\). To complete the proof of Proposition D, we only need to derive
the equality (41) from the equalities (39) and (40).

Note that by definition the equality

{IedN) |V -1} ={Lu--- UL |L, €T (\,) for 1 <u<l}
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holds for I = {I,...,I;} € J()\). We have the following equalities for I = {I1,...,;} € J(}\)
from the equalities (39) and (40):
l

! #(Lu)~1
[T#@) -1)=1] ( > fen ) I1 k

u=1 u=1 \I,€¥(\r,) k=#(Iu)—#lu)+1
! #(1,)-1
=Y S (T e ) k
Ley(A)  Led () v=l \l€l k= (L) = #(lu)+1
#(Lu)—1
= Z s Z €H1U-~~UHZ()\) . H H k
Ley (M)  LeF(Ar) u=1 \k=f(Iu)—#u)+1
#(Lu)-1
- Y few T Tk
I'eF(N), I'>I u=1 \k=#(I.)—xu(')+1
The equality (41) is thus obtained, which completes the proof of Proposition D. ]

8. RELATION BETWEEN THE SETS Sy(\) AND @' (})

In this section we shall give the explicit relation between the cardinalities # (Sgz(\)) and
# (@;1 (5\)) Let A be an element of V;, which is fixed throughout this section. Remember
the definitions of Ki,..., Ky, Ki,...,Kq, G1,--.,9q defined in Definition 2.1, and & (K(X))
defined in Definition 3.2. We put

4 Z?:l =0
Sa(A) =9 (i) ePTH IS k=0 for 1<k<d—2
(1,--.,Cq are mutually distinct

Proposition 8.1. The bijection 7 : £g(A) — Sq(N) is defined by

(GeooiCa) = (G —Cat i Gam1 — Ca)-
The group S(K(N)) acts on 34(\) by the permutation of the homogeneous coordinates. More-
over the actions of S(K(N)) on Sg(N\) and X4(N\) commute with the map I; hence we have the

bijection Ta(A)/S(KN)) = ;1 (V).

Proof. The bijectivity of the map ¢(\) in Proposition 3.7 implies the proposition. O
Lemma 8.2. Let ( = (¢1 : -+ : {g) be an element of Y4(\) and suppose that there exists
a non-identity permutation o € S(IKC(X)) with o - ( = (. Then there exists a unique suffix i
with {; = 0. Moreover if i € K, then the fizing subgroup {o € & (K(X)) ’ o-C=C} of C is

a cyclic group whose order divides g,.

Proof. For any 0 € & (K()\)) with o - ( = (, there exists a non-zero complex number a
satistying (5-1(;) = a(; for 1 <4 < d, which induces the injective group homomorphism
S(¢) = {0 e S (K(N)) ’U'C:C}BO'P&CLE {aeC*||al =1}.

In the following, we shall fix non-identity o € &((), and denote by ¢ the order of . Then
a = a(o) is a primitive ¢-th radical root of 1. Moreover the cardinality # ({05 (7) ‘ s € Z}) is
equal to 1 or ¢ according as (; is equal to 0 or not.
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Suppose that ¢; # 0 holds for any i. Then ¢ is a common divisor of k1, ..., k,. Moreover
we may assume
m = (Mi,...,M1,..., Mg/, Mgt)
— — ——
t t

and
C=(CiaCi:-- a7 et apralyye oo a T ).

Under the notation above, the equations ¢x(¢) = 0 for 1 < k < d — 2 are equivalent to the
equations ), d/t 2 mZCtk =0for1 <k< d — 1, which implies m; = 0 for any ¢ by the mutual
distinctness of 0,¢t, ..., ¢t it We thus obtaln contradiction, which assures the existence of ¢

Next we suppose ¢; = 0 and i € K,,. Then for any o € &((), the order ¢ of ¢ is a common
divisor of K1, ..., Kw—1, Kw—1, Kw+1, - - ., Kg, i.€., a divisor of g,,. Therefore &(() is isomorphic
to a subgroup of {a e C* ’ adv = 1} by the map a, which completes the proof. O

Remember the definitions of d[t] and A[¢] in Definition 2.1. In the following, the symbol
alb denotes that a divides b for positive integers a and b.

Theorem E. If we put sq(\) := # (Sq(X)) = # (24(X)) for X € Vy, then the third and fourth
steps in Main Theorem 3 hold.

Proof. For each t € J;<,<, {t ‘ t|gw }, we put

o) = {¢ e Za/e k() | () - HEEAD

and c¢(A) := # (04(\)). Then by Proposition 8.1 and Lemma 8.2, we have

q

o' (M) =xaw/esk) =111 11T ew] | 1w

w=1 \t|gw, t>2

which implies the equalities (2) and (3). Hence to complete the proof, we only need to show
the equalities (1) for each ¢. In the rest of the proof, we shall fix 1 < w <gq.

For each t with t|gw and t > 2, we define the group & (K’ (A[t])) to be isomorphic to
6%1 X e X 6%—1 X e X Greq Then & (K’ (A[t])) naturally acts on Sgp(A[t]). Note that we
always have & (K' (A[t])) C S (K (A\[t])); however in some cases the equality & (K' (A[t])) =
& (K (A[t])) does not hold. Moreover for each divisor b of £, we put

_ # (S (KT (A[H]))) }

Bi) = { " € SN /8 (1 (3 ‘ #(c) = £

Then we have
(42) Sag(A)/6 (K'(A) = [ erx
bl(gw/?)

by the similar argument as in Lemma 8.2.
Let t, b be positive integers with t|b, b|g,, and ¢ > 2, and a a primitive b-th radical root of
1. Then a point

(Cl raC ot e et alapyor e @ o 0) epi!
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represents an element of ©,(\) if and only if

<C1 at zl oL gt - Cl . Cﬁl[b} atztti[b} C at((b/t)—l)cé[b}il) c pdli-2

represents an element of O} /t()\[t]), which gives the bijection between ©y()\) and O /t()\[t]).

The bijection and the equality (42) imply the equalities (1), which completes the proof of the
theorem. 0

9. COMPLETION OF THE PROOF

In Propositions 3.8, 5.2, 5.6 and 5.9, we had already proved the assertions (5), (1), (4)
and (6) in Main Theorem 1. In this section we shall complete the rest of the proofs of the
main theorems.

Proposition 9.1. Main Theorem 3 and the assertion (2) in Main Theorem 1 hold.

Proof. By Theorem B, Propositions C, D and Theorem E, we obtain Main Theorem 3 and
the assertion (2) in Main Theorem 1. O

Proposition 9.2. Main Theorem 2 and the assertion (3) in Main Theorem 1 hold.

Proof. In the following, we shall always identify V; with {(ml, .., mg) € (C*)? ‘ Zgzl m; = O}

by the correspondence m; = 1%)\1_, and define the following spaces:

Pyi= o, (Va),
Xy :{Ch .y Cas p) eCdxC*}Cl,...,(d are mutually distinct},
X=X,/
0 (1<k<d-2)
= X, XV ; k :
Va : { ) € Xy x Vy ;mC {_11) (h=d—1) }
(PX)q :{Ql, .y Ca) E(Cd|C1,..., 4 are mutually distinct},
(PX)q = (PX)a/T,
d
(PV)a Z{(m1:---:md)€Pd_1 Zmizo, mi#Oforlgigd},
i=1

(PY)a = {<<,m> € (PX) x (PV)q

d
Zmin:Oforlgkzgd—Q},

i=1
where the actions of I" on Xy and (PX)4 are defined by
Y (G Garp) = (HG), V(G a™ ) and v+ (G Ga) = (5(G); ()

for y(z) = az+b e T, (G,..-,Cq,p) € Xy and ((1,...,(q) € (PX)g. Then we have the
commutative diagram
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(PX)g ~— Xy

AR

(PY)g ~— Vg — P

P
(PV)g vy 2 W,

where each map is defined to be the natural projection except for the maps ¢4 and

X3 (CryeiCarp) = 24 p(z = C1) -+ (2= Ca) € Py

Here, the first projection maps Vg — Xy and (PY)q — (PX)g4 arc isomorphisms. The d-th
symmetric group &4 acts on é’?d, YV, and Vy by the permutation of coordinates; these actions
of &4 commute with the projection maps )Vy = /'?d and @él : Y4 — Vy; moreover we have the
natural isomorphisms Vy/Sq = Xy/Sq & ﬁc’l and V;/S4 = V,;. The multiplicative group C*
also acts on Xy, Yy and Vj by a-(¢,p) = (¢,;a tp) and a - (my,...,mq) = (amq,...,amy)
for a € C*, ((,p) € X, and (mq,...,mq) € Vg; these actions of C* are free, commute with
the actions of G4, and also commute with the projection maps Y, = /'?d and @, : Vg — Vg

moreover we have the natural isomorphisms Xy /C* & (PX)g = (PY)q = Y4/C* and V,/C* =
(PV)q.

Therefore to analyze the fiber structure of the map @] 5, we only need to consider the
d

second projection map CT)’d : (PY)ag — (PV)4 and the actions of &4 on ),; and Vg, most of
which had however already been examined since we can make the following identifications as
usual:

(ﬁ)d = {(Q Do) € P2 ’ ¢1,---,C4-1,0 are mutually distinct} ,

(PV)a = {(m1 L imgly) € PA2

d—1
Zmi#(), mi;é()forlgigd—l},

i=1

(PY)a = {(C,m) € (PX) x (PV

d—1
Zmi(fzoforlgkgd—Q}.

=1

Especially, we have (@’) L(P(N)) = Sy(N) for any A € V.
For each (Z,K) € {(Z(\),K(N)) | A € Vy}, we put

V(Z,K):={ e Vy|ZI(N) DT, IC)\)QIC},

V(Z,K):={ e Vg |ZI(\) =TI, K(\) =K},

V(Z, %) :={XeVy|Z(N :I}

V(x5 K):={ eV | K\ =K}

and PV (Z,*) :== P (V (Z,*)). Remember that V (Z,K) = pr(V (Z,K)), V (Z, ) = pr(V (Z, %))
)

and V (x,KC) = pr(V (x,K)) hold by the definition in Main Theorem 2. Note that V (Z,K) is
a Zariski open subset of V(Z, K).
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First, we shall show the assertion (3) in Main Theorem 1. Let \g, \ be elements of V,
with Z(Ag) € Z(XN) and K(A\g) C K()\). Then we have X' € V(Z(X), K(Ag)) and & (K(Ag)) C
S (K(N)). By lemma 5.1 and Implicit function theorem, the second projection map &):i is
locally homeomorphic, which implies that the map ®/; is also a local homeomorphism. We
put (®,)71(N) = {¢(1),...,{(sa(N))}. Then there exist an open neighborhood U of N
in V(Z(Ao),(Xo)) and holomorphic sections 7; : U — Yy for 1 < j < sq()\) such that
@’ o7 = idy and 7;(N) = ((j). Moreover the action of & (K(\g)) on (®/)~'(X) is naturally
extended to the action of & (K(X)) on {j(A) |1 <j < sq(N)} for any A € U. Hence we
have # (@;1(;\0)) > # (@;1():’)), which completes the proof of the assertion (3) in Main
Theorem 1.

Let us prove next the assertion (2) in Main Theorem 2. Since the map @/, is locally homeo-

morphic and since the map prly . ) : V (x,K) — 1% (%, K) is an unbranched covering for each
K e {K(\) | A€ Vy}, the map <I>d|q>;1(‘7(*7,<)) : @71 (V (%,K)) = V (*,K) is alocal homeomor-
phism, which verifies the assertion (2b) in Main Theorem 2. For each T € {Z(X) | A € Vy},
the cardinality of (&31’1)_1(771) does not depend on the choice of m € PV (Z,%), which as-

~ o’
sures that the map (®,)~' (PV(Z,*)) -3 PV (Z,*) is an unbranched covering. Hence the

! 2y . . .
map (/)" (V (Z,*)) = V (Z,*) is also an unbranched covering. Therefore since the map

V (Z,%) &5 V (Z, %) is proper, the map @;1 (YN/ (Z,%)) e (Z, ) is also proper, which verifies
the assertion (2a) in Main Theorem 2. The assertions (2a) and (2b) imply the assertion (2c);
thus we have completed the proof of the assertion (2) in Main Theorem 2.

Finally, we shall prove the assertion (1) in Main Theorem 2. In the following, we consider
Vy as an open dense subset of the vector space C4 1 = {(ml, ..,mg) € CY ‘ Zgzl m; = 0}
with the standard inner product. We take A € V4, and put Z(A\) =: Z and K(\) =: K, which
are fixed in the rest of the proof. We denote by H () the orthogonal complement of the linear
subspace spanned by V(Z,K) in C4~!. Then the space H()) is invariant under the action
of 8(K(A)). Hence we can take an arbitrarily small open neighborhood H(\) of 0 in H(\)
which is invariant under the action of G(IC())). Moreover we denote by U(A) a sufficiently
small open neighborhood of A in V(Z, K). Then the map H.(A\) xU(X) 3 (h,m) — h+m € Vg
defines a local coordinate system around A in V. Hereafter, we identify (h,m) € Hc(\) x U(N)
with h +m € V3.

Since H¢(\) and U(M) are sufficiently small, we have Z(h,m) C Z(X\) and K(h,m) C
KC(A) for any (h,m) € He(\) x U(X). Moreover Z(h,m) and K(h,m) do not depend on the
choice of m € U(X). Hence, for each h € H.(\) and for each connected component Y of
(@)~ ({h} x U(N)), the map ®/|y : Y — {h} x U(A) is a homeomorphism. Therefore we
have the natural isomorphism (®/))~! (Hc(A) x U(X)) — (@)~ (He(A) x {A}) x U(X) which
commutes with the projection maps onto He(A) x U(A).

For each m € U(M\), the space H((\) x {m} is invariant under the action of G(IC()\))
with a fixed point (0,m). Moreover we have the natural isomorphism (H¢(\)/&(K(X))) x
UA) = (He(A) x UN) /S(K(N) = pr(He(A) x U(N)). Hence (®)" (He(A) x U(N)) is
also invariant under the action of G(/())), and its action commutes with the isomorphism
(@)1 (He(N) x UN)) — (@)~ (He(N) x {A})xU(N). Therefore we obtain the isomorphism

O, (pr(H(N) x UN)) = @, (pr(He(A) x {A})) x U(N)
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which commutes with the projection maps onto pr(Hc(A) x U(\)). Hence for each \ €
V(Z,K),

{X €V (Z.K)

the pair \, \’ satisfies the condition
in the assertion (1) in Main Theorem 2

is an open subset of V (Z,K) containing . Since V (Z,K) is connected, we have the asser-
tion (1) in Main Theorem 2. O

To summarize the above mentioned, we have completed the proof of the main theorems.
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