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Abstract

We establish general estimates for simple random walk on an arbitrary infinite random
graph, assuming suitable bounds on volume and effective resistance for the graph. These
are generalizations of the results in [6, Section 1,2], and in particular, imply the spectral
dimension of the random graph. We will also give an application of the results to random
walk on a long range percolation cluster.
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1 Introduction and Main results

1.1 Introduction

Recently, there are intensive study for detailed properties of random walk on a percolation cluster.
For a random walk on a supercritical percolation cluster on Z%(d > 2), detailed Gaussian heat
kernel estimates and quenched invariance principle have been obtained ([4, 10, 15, 17]). This means,
such a random walk behaves in a diffusive fashion similar to a random walk on Z¢. On the other
hand, it is generally believed that random walk on a large critical cluster behaves subdiffusively
(see [3] and the references therein). Critical percolation clusters are believed (and for some cases
proved) to be finite. So, it is natural to consider random walk on an incipient infinite cluster (IIC),
namely a critical percolation cluster conditioned to be infinite. Random walk on IICs have been
proved to be subdiffusive on Z? ([12]), on trees ([13, 7]), and for the spread-out oriented percolation
on Z* x Z, in dimension d > 6 ([6]).

In order to study detailed properties of the random walk, it is nice and useful if one can compute
the long time behaviour of the transition density (heat kernel). Let p,(z,y) be its transition density
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(see (1.5) for a precise definition) of a random walk on an infinite (random) graph G. Define the
spectral dimension of G by
4,(G) = 2 lim 08227 7)
n—o0 logn

(if this limit exists). Let Cyq be the 1IC for percolation cluster on Z?. Alexander and Orbach [2]
conjectured that, for any d > 2, ds(Cy) = 4/3. (To be precise, the original Alexander-Orbach
conjecture was that the left side hand of (1.33) is equal to 2/3 for all dimensions on C;.) While
it is now believed that this conjecture is unlikely to be true for small d ([3]), it is proved that the
conjecture is true on trees ([13, 7]), and for the spread-out oriented percolation on Z¢ x Z,, d > 6
([6]). One very interesting open problem in this direction is to establish estimates of ds(Cy4) (or the
corresponding IIC for the oriented percolation) for d small to disprove/prove the Alexander-Orbach
conjecture.

In [6], general estimates are given for simple random walk on an arbitrary infinite random
graph (G, assuming suitable bounds on volume and effective resistance for the random graph. In
particular, d,(G) = 4/3. The main purpose of this paper is to extend this general estimates
to the framework of strongly recurrent random walk on the random graph G. Here ‘strongly
recurrent’ simply means ds(G) < 2. (See [5] Section 1.1, for more precise meaning of ‘strongly
recurrent’.) Roughly saying our main results can be expressed as follows; if the volume of the ball
of radius R on the random graph is of order R” with high probability and the resistance between
the center and the outside of the ball is of order R* with high probability (precise statement is
given in Assumption 1.2), then one can establish both quenched (i.e. almost sure with respect
to the randomness of the graph) and annealed (i.e. averaged over the randomness of the graph)
estimates for the exit time from the ball, on-diagonal heat kernel, the mean displacement, etc.
(Propositions 1.3-1.4 and Theorems 1.5). In particular,

0.(G) = 22

~ D+a’
Note that the estimates given in Section 1-2 of [6] treat the case D = 2,a = 1. Our results are
general enough to allow logarithmic corrections for the volume and the resistance estimates. In
fact, the volume growth v(R) and the resistance growth r(R) could be any functions satisfying
(1.12).

Unfortunately, so far we could not establish any new results for random walk on the IIC for
low dimensions. Though our results give ‘simplest’ conditions on volume and resistance growth
(Assumption 1.2) to obtain the spectral dimension d(G), significant work is required to prove
them for such models, as was done in Section 3-5 of [6] for the spread-out oriented percolation
on Z% x Z., d > 6. Instead, we apply our results to the long range percolation, which is another
important random graph. We consider the following case of the long range percolation. On Z, each
pair of points z,y € Z, |x —y| > 2 is connected by an unoriented bond with probability G|z — y|~*
for some 3 > 0 and s > 2, independently of each others. Each pair of nearest points is connected
with probability 1. On this random graph, we can check the bounds on volume and effective
resistance required for the general estimates and obtain, for example, (1.1) with D = o = 1
(Theorem 2.2). In fact, it is quite likely that for s > 2, the transition density for simple random
walk on the long range percolation is Gaussian-type, so there are other ways to establish (1.1).
However, we can further observe an interesting discontinuity of the spectral dimension at s = 2
(Remark 2.3(1)).

(1.1)



The organization of the paper is as follows. In the next subsection, we summarize the framework
and the main results on random graphs. In Section 2, we give the application of our main results
to the long range percolation. In Section 3, we give the full proof of the main results. Although
the principal ideas of the proof is quite similar to the ones in Section 1-2 of [6], lots of additional
careful computations are needed to obtain this general version. So, we think it would help readers
to include the full proof.

1.2 Framework and Main results

Let I' = (G, E) be an infinite graph, with vertex set G and edge set E. The edges e € E are not
oriented. We assume that I' is connected. We write  ~ y if {z,y} € F, and assume that (G, E)
is locally finite, i.e., p, < 0o for each y € G, where p, is the number of bonds that contain y. Note
that p, > 1 since I' is connected. We extend p to a measure on G. Let d(-,-) be a metric on G.
(Note that d is not necessarily a graph distance. Any metric on G may be used in this section.)
We write

B(xz,r) ={y : d(z,y) <r}, V(z,r) = uw(B(z,7)), r€(0,00). (1.2)

We call V(x,r) the volume of the ball B(z,r). We will assume G contains a marked vertex, which
we denote 0, and we write

B(R)=B(0,R), V(R)=V(0,R). (1.3)

Let X = (X,,n € Z,, P*,x € ) be the discrete-time simple random walk on I'. Then X has
transition probabilities

1
PH Xy =y) = ooy (1.4)
We define the transition density (or discrete-time heat kernel) of X by
. 1
Pu(,y) = PH(X, = y)—; (1.5)
Fy
we have p,(x,y) = pn(y, z). For A C G, we write
Ty = mf{n >0:X,¢€ A}, Ta = Tge, (16)
and let
Tr = Tpo,r) = Mmin{n > 0: X,, € B(0, R)}. (1.7)

We define a quadratic form & by
E(f.9) =75 > (fl@) = fw)(g(x) - 9(y))- (1.8)

z,yeG
Ty

If we regard I" as an electrical network with a unit resistor on each edge in E, then E(f, f) is the
energy dissipation when the vertices of G are at a potential f. Set H? = {f € R : £(f, f) < oo}.
Let A, B be disjoint subsets of G. The effective resistance between A and B is defined by:

Rea(A,B)™' = inf{&(f, f): f € H*, fla=1, flp = 0}. (1.9)

3



Let Roff(xa y) = Rcﬁ({x}7 {y})v and Rcff(Ia ZIZ') = 0.
It is known that Reg(-,-) is a metric on G (see [14, Section 2.3]), and the following holds.

[f(x) = fW)I* < Rex(w,9)E(f. f), V€ LXG,p). (1.10)

We now consider a probability space (€2, F,P) carrying a family of random graphs I'(w) =
(G(w), E(w),w € ). We assume that, for each w € €, the graph I'(w) is infinite, locally finite,
connected, and contains a marked vertex 0 € G. Let d(+,-) := d,(+,) be a metric on G(w). (Again,
d is any metric on G(w), not necessarily the graph distance.) We denote balls in I'(w) by B, (z, ),
their volume by V,,(z,7), and write

B(R) = B,(R) = B.(0,R),  V(R)=V.,(R)=V,(0,R). (1.11)

We write X = (X,,n > 0,P* z € G(w)) for the simple random walk on I'(w), and denote by
p¥(x,y) its transition density with respect to p(w). To define X we introduce a second measure
space (Q, F), and define X on the product Q x Q. We write @ to denote elements of Q.

Let v, : N — [0, 00) be strictly increasing functions with v(1) = (1) = 1 which satisfy

RN\"  w(R R\ % R\N“ _ r(R RN\
(@) <am=alzm)” '@ <qm <o) (1.12)
for all 0 < R < R < oo, where C1,Cy > 1,1 < dy; < dy and 0 < a3 < g < 1. For convenience,
we let v(0) = r(0) = 0, v(co) = r(c0) = 00 and extend them to v,r : [0,00] — [0, 00] such that
v, 7 are continuous, strictly increasing, and satisfy (1.12). One such extension is to extend them
linearly.
The key ingredients in our analysis of the simple random walk are volume and resistance
bounds. The following defines a random set J(\) of values of R for which we have ‘good’ volume
and effective resistance estimates.

Definition 1.1. Let I' = (G, E) be as above. For A > 1, define

J(A) = {Re[l,00]: \'0(R) < V(R) < M(R), Reg (0, B(R)*) = A 'r(R),
Re(0,y) < Ar(d(0,y)), Vy € B(R)}.

As we see, v(+) gives the volume growth order and r(-) gives the resistance growth order.

We now make the following assumptions concerning the graphs (I'(w)). This involves upper
and lower bounds on the volume, as well as an estimate which says that R is likely to be in J(\)
for large enough A. Note that some assumption includes another assumption, because we assume
part of them for each theorem and proposition.

Assumption 1.2. (1) There exist Ao > 1 and p(\) which goes to 0 as X\ — oo such that,
P(Re J(A) >1—p(A) for each R>1,A> ). (1.13)

(2) E[R(0, B(R)*)V(R)] < c;v(R)r(R).
(8) There exist qo,ca > 0 such that

&)
p(N) < 15 (1.14)
(4) There exist qy,c3 > 0 such that
p(A) < exp(—czA?). (1.15)



We have the following consequences of Assumption 1.2 for random graphs. Some of the results
apply also to the random walk started from an arbitrary point x € G(w). Some statements in the
first proposition involve the annealed law

P* =P x P’ (1.16)
Let Z(-) be the inverse function of (v - r)(-).
Proposition 1.3. Suppose Assumption 1.2(1) holds. Letn > 1, R > 1. Then

PO < % <6) =1 asf— oo, (1.17)
PO~ <o(Z(n))ps,(0,0)<0) -1 asd — oo, (1.18)
P*(% <f#)—1 asb— oc. (1.19)

P07t < %) —1 asf— oc. (1.20)

In each case the convergence is uniform.
Since PY%(X5,, = 0) ~ 1/v(Z(n)), we cannot replace 1+ d(0, X,,) by d(0, X,,) in (1.20).
Proposition 1.4. Suppose Assumption 1.2(1,2) hold. Then
cv(R)r(R) < E(E°tR) < cou(R)r(R) for all R > 1, (1.21)
T )) E(p5,(0,0)) for alln > 1, (1.22)

)
ciZ(n) < E(E;d(0, X.)

) for alln > 1. (1.23)

Assume in addition that there exist c; > 0, g > 1 and q{, > 2 such that

P(Re {R € [l,00]: A\ "(R) < V(R), Re(0,y) < M(d(0,y)), Yy € B(R)}) > 1 — %, (1.24)
for each R > 1,\> X\g. Then
E(p5,(0,0)) < U(Ic(6n)) for alln > 1. (1.25)

We do not have an upper bound in (1.23); see Example 2.6 in [6].

The additional assumption that p(\) decays either polynomially or exponentially enable us to
obtain limit theorems. Both of the following theorems refer to the random walk started at an
arbitrary point x € G(w).

Theorem 1.5. (1) Suppose Assumption 1.2(1) and (3) hold. Then there exist (31, B2, B3, B4 < 00,
and a subset Qo with P(Qy) = 1 such that the following statements hold.
(a) For each w € Qg and x € G(w) there ezists N,(w) < oo such that

oo n) b oo n )
% <py(r,x) < %, n > Ny (w). (1.26)



(b) For each w € Qy and v € G(w) there exists R,(w) < 0o such that
(log R)v(R)r(R) < E°7r < (log R)v(R)r(R), R > R,(w). (1.27)

(¢) Let Y, = maxo<g<, d(0,Xy). For each w € Qy and x € G(w) there ezist N, (w,@), R,(w,®)
such that P*(N, < o0) = P*(R, < o0) =1, and such that

(logn)™%Z(n)

<Y, (w,@) < (logn)*I(n), n > N,(w,©), (1.28)
(log R)™**v(R)r(R) < 7r <

(w,@) < (log R)*v(R)r(R), R > R,(w,@). (1.29)
(11) Suppose Assumption 1.2(1) and (4) hold. Then there exist 3y, B2 < 0o, and Qo with P(Qy) =
such that (1.26) and (1.27) hold with loglogn (resp. loglog R) instead of logn (resp. log R).

(I111) Suppose Assumption 1.2(1) and (3) hold. Suppose further that v,r satisfy the following in
addition to (1.12):

Ciy'RP(log )™ < v(R) < C3RP(log R)™, C;*R*(log R)™™* < r(R) < C4R*(log R)™ (1.30)

forall0 < R, where C3,Cy > 1,1 < D,0< a <1 and0 < my,me. Then the following statements
hold.

(a) dy(G) := —21im,,_o logfgf’w) 2, Pa.s., and the random walk is recurrent.
(b) limp_o 28Ee™e — D 4 ¢,

log R
(c) Let Wy, = {Xo, X1, ..., Xy} and let S, = p(Wy,) = X pew, ta- For each w € Qg and z € G(w),

lim log S, D
n—oo logn " Dra

P?-a.s.. (1.31)

w

Remark 1.6. 1. Let

JA) = {Re[l,00]: A W(R) < V(R) < M(R), Reg(0, B(R)®) > \"'r(R),
R (0,y) <r(d(0,y)), Vy € B(R)}.

(Note that J()) contains X in the last inequality whereas J(X) does not.) Assume that Assumption
1.2(1) holds w.r.t. J(X\) and further the following holds:

E[1/V(R)] < 1 /u(R). (1.32)

(Note that this condition is a bit weaker than (1.24).) Then, (1.22) and (1.25) hold.

2. If one chooses the resistance metric Reg(-,+) as the metric d(-,-), then clearly Reg(0,y) <
Ar(d(0,y)) holds with r(x) = x and X = 1.

3. If all the vertices in G(w) have degree bounded by a constant co for all w € Qq, then |W,| <
Sy < co|Wy|. Hence, under the assumption (1.30), Theorem 1.5(111)(c) implies also that

. log [W,| D
lim =

= P?-a.s. 1.33
n—oo  logn D+a’ -3 ( )

w



2 Application: Long range percolation

In this section, we will apply the theorem in Section 1 to the long range percolation. Let p =
{p(n)}>2, be a sequence of real numbers. Each unoriented pair of distinct points x,y € Z¢ is
connected by an unoriented bond with probability p(z,y) = p(y, x) = p(|z — y|), independently of
other pairs. Here, |z — y| = 2%, |; — y;|. We consider the situation that p satisfies

lim p(n)

Nn—00 ﬁn—s

=1, (2.1)

for some s > 0, § > 0.

Let 15, be {0, 1}-valued random variable, which takes 1 if z and y are connected by a bond and
takes 0 if there is no bond between z,y. (fyy = flye, and fige = 0.) py = > yezd My stands for the
number of bonds which have z as an endpoint. G = Z? is the vertex set and E = {(x,y)|pzy = 1}
is the edge set of the corresponding random graph. (We identify (z,y) = (y,x).)

Here, we give some comments on the backgrounds. Random walks on long-range percolation
clusters is discussed in [9]. Let p be a sequence satisfying (2.1) and p(n) € [0,1) for n > 1. The
random graphs are locally finite if and only if s > d, and we can define random walks in such a
case. We choose p for which there exists a unique oo-cluster with probability 1. Then, the main
results in [9] are the following:

(1) For d = 1, random walks are transient if 1 < s < 2, and recurrent if s = 2.
(2) For d = 2, random walks are transient if 2 < s < 4, and recurrent if s > 4.

In the above, the case d = 1, s > 2 is not mentioned because there is no oo-cluster in such a
case. From now on, we explore the case d =1, p(1) = 1, and for n > 2, p(n) € [0, 1) satisfies (2.1)
for some s > 2. In this case, the effects of long bonds are not so strong, and as we will see later,
behaviours of random walks are similar to the random walk on Z. Also, we will refer to some kind
of discontinuity on s = 2.

Let d(z,y) := |x — y| and define B(R), V(R) with respect to this metric. Then, since V(R) >
tB(R) =2R —1,

P(V(R) <A 'R) =0 it A>1.
Further, we have
EV(R)
AR
The upper bound on the resistance is obvious by comparing percolation clusters with 7Z ;

P(V(R) > AR) < < g.

P| U {Re(0,y) > Xd(0,9)}| =0 if A>1, (2.2)
yEB(R)
and
E[R.a(0, B(R))V(R)] < RE[V(R)] < ¢, R (2.3)

The remained work is the lower bound on the resistance. We have the following.



Proposition 2.1. Let g = 1 for s > 3, and let q be an any value in (0,s—2) for 2 < s < 3. Then,
there exists ¢y = c1(f3, s,q) > 0, such that for each R > 1,

P[Ru(0, B(R)°) < A"'R] < 1A~ (2.4)

Proof. First, we apply the “projecting long bonds” method in Lemma 3.8 in [9] to our case. For
each w, we construct a new weighted graph from the original one in the following way.

(1) If a bond (z,y) such that z,y € Z, v + 2 < y exists, then, divide the bond into y — = short
bonds.

(2) For each i = 1,--- ,y — x, replace the i-th short bond by a bond which has x +i—1 and =+
as its endpoints and has weight y — z.

(3) Repeat (1),(2) for all bonds except nearest-neighbour bonds.

We use the notation Rer for the resistance on the new graph. By the short property in the
terminology of the electrical network, the resistance does not increase in the above procedures.
And from the way of construction, we can see that

Rex(0, R) Z > lel)” (2:5)

i=1 e€A;

where A; is the set of all (u,v) satisfying u,v € Z, u < v, py, = 1, and [u,v] D [i — 1,4]. (In other
words, A; is the collection of bonds crossing over [i — 1,1].) We denote |e| = |u — v]| for e = (u,v).
It is easy to see that
E[Re(0, B(R))™"] < E[Rea(0, B(R)") ']
~ -1 - -1
= E[{Re(0,R) + Rex(0,—R) }9]
< E[Re(0,R) " + Ret(0,—R) "] = 2E[Ree(0, R) ],

and

E[R(0,R) "] =

B3Ny |e|>—1}—q}

i=1 e€A;

R
< R'YE

(2 Iel)q} :

ecA;

We have used the Holder inequality in the last estimate. The expectation in the right hand side
is finite for each ¢ ;

E

e€A; e€A;

(> |6|)q} < E[D_ |el’]

q
{)u'k n,k=— l}n

Plug—nr = 1]

IN

Ca Z n?t < 0o
n=1



Combining these calculations, we have
E[Reg (0, B(R)") ™ < c3R™1. (2.6)
So, by the Chebyshev inequality and (2.6),

P[R.z(0, B(R)°) < A™'R] A YRIE[Res(0, B(R)) ™

C3>\_q,
which completes the proof. OJ

From the above estimates, we have the following. Below, a,, ~ b, stands for lim,,_, a,, /b, = 1.

Theorem 2.2. The long-range percolation on Z with p(n) ~ Bn=% for s > 2, >0, p(1) =1
satisfies Assumption 1.2(1,2,3) with v(z) = r(z) = x.

In this case, the additional assumption (1.24) also holds directly from the condition p(1) = 1.
So, we obtain the conclusion of Proposition 1.3, 1.4 and Theorem 1.5(L,III) with v(z) = r(z) = =.

Remark 2.3. (1) We have proved that, when s > 2, pon(x,2) is the order of n"2. On the other
hand, from the transience result in [9], it is natural to see that, when 1 < 5 < 2, pan(z, 1) ~ n=¢E)
(€(s) > 1) in some sense, though we do not have a rigorous proof. Hence, Theorem 2.2 implies
that the order of the heat kernel is discontinuous at s = 2.

(2) In the one-dimensional long-range percolation model, the phenomena at the point s = 2 are
non-trivial. In [1], the discontinuity of the percolation density at s = 2 is shown. In the recent
study in [8] , long range percolation mizing time is considered and it is shown that the order of
the mizing time changes discontinuously when s = 2. In [16], estimates of effective resistance
are given for general d, s, and the discontinuity mentioned in (1) is shown in a sense of effective
resistance.

Remark 2.4. There is a question whether the log-corrections in Theorem 1.5(1) can be weaken or
not. To answer this question, it is crucial to study the fluctuation of the volume and resistance.
First, let us consider the fluctuation of the volume. The following large deviation estimate holds
for s > 1.

PV(R) > c1R] < exp{—cR}.

Since Y5, exp{—caR} < 00, by the Borel-Cantelli lemma, we have

V(R)
R

P[lim sup

R—o0

§cl] = 1.

The lower bound of V(R)/R is trivial from p(1) = 1. Therefore, there is no fluctuation of the
volume such as Proposition 2.8 in [7].

Next, we consider the fluctuation of the resistance. When 2 < s < 3, by calculating E[E(g, g)]
for appropriate g, we can see that E[Reg (0, B(R)c)_l] < cR?>7%. It seems to us that this is the best
estimate one can obtain. If so, there may be some fluctuation of the resistance.

We also give an example satisfying Assumption 1.2 (4) instead of (3).
Theorem 2.5. We consider the long-range percolation on Z with p(n) ~ e~" for ¢ >0, p(1) = 1.
Then, Assumption 1.2(1,2,4) is satisfied with v(x) = r(z) = x.

9



Proof. The estimate for volume is easy, and the upper bound of resistance is trivial. We will show
that P[R.g(0, B(R)®) < A™'R] < e=“* for some ¢; > 0.

P[Re(0, B(R)") < AT'R] = P[inf{E(f, f): f(0) =1, flpmy =0} > AR™]
< PlE(g,g) > AR
< e PElexp{c2RE (g, 9)}],

where g(x) = 1pr) (z)(1 — R7z]), and ¢, is a positive constant determined later. We see that

Elexp{c2RE(g,9)}] = Elexp{csR > |9(z) — g(y)|*ttay }]

z,YyeZ
= [I Elexp{esRlg(z) — g(y)I" 1tz }]
T, YyEZ
= I {1+ (exp{csRlg(x) - g()I*} = e~} = ] L,
T,y€Z T,yEZL
where c3 = Z. Clearly, [1, yepr) Loy = 1, and
I L, < 11 {1 + (exp{csRz — y|*} — 1)6‘41_3"}
z,y€B(R) z,yeB(R)
2R
< JI{1+ (exp(csR'n?) = D)e "} =X
n=1
Now
2R
logX = > 2Rlog{l+ (exp(czR 'n*) — 1)e~"}
n=1
2R
< 2R (exp(czR'n%) — 1)e™"
n=1
VR 2R

= 2R{> _+ D> }=2R(S1+5,).

n=1 n=[\/l_ﬂ+1
We first estimate S;.

[VR] 00
S < Z caR™'n%e " < ¢yR7! Z n2e " < cs RN
n=1 n=1

For the estimate of S5, we choose c3 sufficiently small so that

21 2R
Se < Y exp{esRT'n*e < Y exp{—(c—2c3)n} < emesVE
n=[VR]+1 n=[v/R]+1

Therefore, we have log X < ¢7 , and X < e°". Furthermore, we see that

[T L= II TII {t+(expfesR (R— o]’} - D]}

z€B(R),ye B(R)* z€B(R) yeB(R)

I a,

z€B(R)

10



and

loga, = > log {1 + (exp{esR™Y(R — |z|)*} — 1)e_c|’”_y‘}
yEB(R)*
< > (exp{eRTY(R - [2])*} — 1)
yEB(R)®
< csexp{esRH(R — |z])* e Bl
for sufficiently small c¢3. Thus,
H a, < H exp{686—c9(R—\wl)}
z€B(R) z€B(R)
= exp{cs Y e @EIDY <exp{2e5 3 e} < ¢y
z€B(R) n=1
From these estimates, we obtain the result for suitable ¢; . O

3 Proof of the main results

In Section 3.1, we prove several preliminary results for random walk on a fixed but general graph.
Then in Section 3.2 we apply these results to prove Propositions 1.3-1.4 and Theorems 1.5. We
adopt the convention that if we cite elsewhere the constant ¢; in Lemma 3.2 (for example), we
denote it as c32. C1, Cy stand for the constants in (1.12).

3.1 Estimates for general graphs

In this section, we fix an infinite locally-finite connected graph I' = (G, E), and use bounds on
the quantities V(R) and Rz (0, B(R)®) to control E°7x, p,(0,0) and E°d(0, X,,), where d(-,-) is a
metric on GG. To deal with issues related to the possible bipartite structure of the graph, we will
consider p,(x,y) + pos1(x, y).

Proposition 3.1. Let 0 € G and f,(y) = pn(0,vy) + pas1(0, 7).
(a) Let R > 1 and assume that

V(0,R) > A 'w(R), Re(0,y) < Ar(d(0,y)) for all y € B(R). (3.1)
Then ) .
PO S22 for o(RINR) <0 < o(R)(R)
(b) We have

Fay) = Fa(O) £ 2 Rest(0, 9)patns2)(0.0).

11



Proof. (a) A natural modification of the third equation in [5, Proposition 3.3] using Reg(0,y) <
Ar(d(0,y)) < Ar(R) gives

c cAr(R) f2,(0)
“vorrt T .

Using a+b < 2(aVb), we see that f5,(0) < (¢//V(0, R))V(dAr(R)/n). So, by setting v(R)r(R)/2 <
n < v(R)r(R),

fan(0)? foralln >1, R> 0.

fn(0) < (¢/V(0, R)) v (2 A/v(R)) < 2¢A/v(R) < e1A/v(Z(n)),

where we used V(0, R) > A~'v(R) in the second inequality.
(b) Using (1.10),
| faly) — fn(0)|2 < Ret(0,9)E(fns fn)-
We then use [5, Lemma 3.10] to bound E(f,, fn). O
Proposition 3.2. Let R > 1, m > 1, e < 1/(4Cym)). Write B = B(0,R), B' = B(0,3¢R),

V =V(0,R), V! =V(0,3¢R) and suppose Reg(0,y) < Ar(d(0,y)) for all y € B(R).
(a) For x € B,

E°tr <2M\r(R)V. (3.2)

(b) Suppose further that
Reg(x, BY) > r(R)/m  for x € B(0,eR). (3.3)

Then for x € B’,
. r(R)V’
E TR = Am 5 (34)
74 n
pP* >

(r>m) 2 G5V ~ wmpw =0 (3:5)

Proof. For any z € B we have
E*tp =3 g8(2, )iy,

yeB

where gp(+,-) is the Green kernel of the Markov chain killed on exiting B.
(a) Since Roi(z, B®) < Re(0, 2) + Reg(0, B) < 2Ar(R) for any z € B,

Errp = Z gB(Zv y)ﬂy < Z gB(Zv Z):uy = ROH(Z’ BC)V(O> R) < 2>‘T(R)V(0> R)v (37)

yeDB yeDB

where we used the fact gg(z,2) = Reg(z, B°) in the second equality. (For the proof of this fact,
see, for example, section 3.2 in [5].)

(b) Let p3(y) = gp(z,y)/gp(z,2). Since E(pf,ph) = Ren(z, B)™' = gp(z,z)”" and so if
x,y € B

< 2 r(eR)m

11— pB(Y)|* < Reg(, y) Rege (2, B) ™ < () < 20yme™ A < 1/2,

12



where (1.12) is used in the third inequality. Hence p§(y) > 1—271/2 > 1. So,

—_

Bt = ) gu(w,2)pp(y)iy = Ju(B) Rea(z, BY) = r(R)u(B')/(4m).

yeB’
By the Markov property, (3.2) and (3.4), for x € B/,

r(R)V"

4dm

< E*lra) < 0t B Lrgomp BX (7)) < 1+ 20 (R)V P (1 > ),

for all n > 1. Rearranging this gives (3.5).
By (3.5),
(r(R)V'/4m) —n

P*(X,, € B) > P*(tr > n) D (R)V

v

So, if n < r(R)V'/(8m) then

CQV/

mAV"’

By the Chapman—Kolmogorov equation and the Cauchy-Schwarz inequality,

P*(X, € B) >

P* (X € B an Ilf y)uy ~ an $ y <p2n(x>$)v7
yeEB yeB

and using (3.8) gives (3.6).

(3.8)

O

Recall the set J()) defined in Definition 1.1. We will need to know that bounds in the following
are polynomial in A. To indicate this, we write ¢;(\) to denote positive constants of the form
ci(\) = ¢; AT, The sign of ¢; is such that statements become weaker as \ increases. The following

proposition controls the mean escape times and transition probabilities.

Proposition 3.3. Let A > 1.
(1) Suppose that R € J(\). Then there exists c1(\) such that

E*1r < 20%0(R)r(R) for z € B(R),
Cl()\) . 1
Pn(0,0) 4+ ppy1(0,0) < oZ() if iv(R)r(R) <n <v(R)r(R),
Pa0.9) + pra(09) £ SO0 fory € BUR)if 50(RIr(R) < n < o(Rr(R)

(2) There exist ca(N), -+ ,cr(N) such that, if R,co(A)R € J(A) , then

cs(Mv(R)r(R) < E*tp  for x € B(ca(N)R),
P(tr > cs(Nv(R)r(R)) = ¢5(N),

p2n(0,0) > W

13
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(3.9)

(3.10)
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Proof. (1) (3.9) is immediate by Proposition 3.2(a), and (3.10) follows from Proposition 3.1(a).
Using Proposition 3.1(b), and writing f,,(y) = pn(0,y) + pus1(0,y), ' = 2[n/2],

Fa) < £a(0) + [ £aly) = fa(0)] < fu(0) + (cRear (0, y)n " ppw (0,0))"/2. (3.15)
So, by (3.10) and by the definition of J(\), if y € B(R) then we have (3.11), namely

d(A)
faly) < 3.16
() o)) (3.16)
(2) Set m = 2\, €2 = 1/(2Com\) = 1/(4C2)?). Since R € J(\), we have, for z € B(0,eR),
r(f) < Reg(0, BY) < R (0, ) + Reg(z, BY) < Ar(eR) + Reg(z, BY) < ACoe™r(R) + Reg(x, BY),

where we used (1.12) in the last inequality. Hence Reg(x, B€) > r(R)/m if x € B(0,eR), and
so the assumption of Proposition 3.2(b) holds. Since R € J(A), V(R) < Mv(R). Also 1eR =

R/(21+2/010)/ 1 \2/ar) = ¢y (MR € J(N), so V' > A w(ca(AR) > ¢(A)v(R) for some ¢(N) > 0;
the bounds now follow from Proposition 3.2(b). O

Next we apply similar arguments to control d(0, X,,), beginning with a preliminary lemma.
Recall that T4 was defined in (1.6) to be the hitting time of A C G.
Lemma 3.4. Let A\ > 1 and 0 < e < 1/(2C,)?). If R € J(\), and y € B(eR) then

PY(1Rp < T) < 205" N2, (3.17)
P(tr < T,) < Coc™ N2 (3.18)

Proof. If A and B are disjoint subsets of G and x ¢ AU B, then (see [11, (4)])

Rog(x, B)

PH(T, < Tyy) < “etl®: D)
(Ta <Ts) = 3 0 A)

Let d(0,y) < eR. Then R (y,0) < Ar(d(y,0)) < Ar(eR) < ACe®r(R), while
Rei(y, B(R)) > Ret(0, B(R)®) — Rer(0,y) > 1(R) /A — AC2c™r(R) > r(R)/2\.

So,
Roﬂ(yv 0)

— L <20\
Roﬁ(yv B(R)C) N ?

Py(TR<T0) S

Similarly,

R (0,
P(rp < 1) < ot 0:0)

— ST L CLe™ N2,
= R(0, B(R)°) = °
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Proposition 3.5. For each X\ > 1, there exist c1(\), -, c10(A) such that the following hold.
(a) Let € < c1(N) and R,eR,co(N)eR € J(A). Then

PY(7r < es(\v(eR)r(R)) < ca(Ne™,  for y € B(eR). (3.19)

(b) Let n>1, M > 1, and set R = MZ(n). If R,c5(A\)R/M,c(\)R/M € J()N), then

Po(d(g’(i:f)") > M) < ’;\74(2) (3.20)
(c¢) Let R=T(n) and 6 € (0,1]. If R,6R € J(\) then
P°(X, € B(OR)) < cs(N)0™. (3.21)
(d) Let R=T(n). If R,co(\)R € J()\) then
P (1eyor < 1) > P°(X, & B(0,co(MR)) > 3. (3.22)
Hence
E°d(0, X,)) > c10(M\)Z(n). (3.23)

Proof. (a) Let ci(\) = (21412105 \2/21) =L A1 y(A) = c352(A), and ¢3(A) = c3.34(A) < 1. Then
the desired inequality is trivial when eR < 1, so assume that eR > 1. Let ¢(y) = PY(1gr < Tp),
so that, by substituting 2¢ into ¢ in Lemma 3.4, if d(0,y) < 2¢R then q(y) < coe® N2 Write
to = cs(MNv(eR)r(eR) and a = P°(1g < ty). Now if y € B(2¢R) then

Py(TR Sto) :Py(TR Sto,TR<T0)+Py(7‘R§t0,TR >T0)
< PY(1p <Ty) + PY(Ty < mpy7r — To < 1)
<q(y) + (1 —qy))a < ce™ N +q, (3.24)

using the strong Markov property for the second inequality. So, by a second application of the
strong Markov property, and (3.13),

a = P(tg < to) < B[l iy PY7or (TR < to)]
S (1 — 03.3.5()\))(6060{1)\2 + a), (325)

where we used the fact that X, , € B(eR+1) C B(2¢R) in the last inequality. Rewriting this gives
a < cpe™ N (1 — c335(A))/c335(A). Substituting in (3.24) gives (3.19) with c4(\) = coA?/c33.5(N).
(b) Let c5(\) = cuczg4(N) "/ (@F+21) swhere ¢, > 0 large is chosen later. Let cg(A\) = co(A)es(N),
cr(A) = (es(N)/cr( M) (ca(N) V 1), M" = M/cs5(N), and € = (M')~!. The desired inequality is
trivial when c;(A)/M* > 1, so assume that c;(\)/M* < 1. Then, M > c5(\)/c1(N), so e =
cs(N)/M < c1(N). Thus the assumption in (a) is satisfied. Using (1.12), we have Z(n/c33.4(\)) <
cez3.4(N) "V BHA)T () so taking ¢, = ¢, we have Z(n/cs34(N\)) < eR, which is equivalent to

n < cz34(N)v(eR)r(er). (3.26)
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Since

P°(d(0,X,,)/Z(n) > M) = P°(d(0,X,) > R)
< P(1g < n) < P°(1r < c334(N)v(eR)r(eR)), (3.27)

where (3.26) is used in the last inequality. Using (a) gives the desired estimate.
(c¢) By (3.11), writing B' = B(0,6R) C B(0, R) and f,,(0,y) = pn(0,y) + pn+1(0,y),

PUX, € B) = Y pal0,9)y < X ful0, )11y < VORI (V) /0(R). (3.28)

yeB’ yeB’

Since R € J(\), using (1.12), the right hand side of (3.28) is bounded from above by cg(A\)§%.
(d) Let 6 = co(X) € (0,1] satisfy cg(A)0" = 3. Then, since R, R € J()), applying (c),

P(X, € B(AR)) < cs(N)0" = 1. (3.29)
This proves the first assertion. Also,
E%d(0,X,,) > 0RP°(X,, & B') > LR > c1o(\)Z(n). (3.30)

O

3.2 Proof of Propositions 1.3-1.4 and Theorems 1.5

We now consider a family of random graphs, as described in Section 1.2, and prove Proposi-
tions 1.3-1.4 and Theorems 1.5.

We begin by obtaining tightness of E°7x/(v(R)r(R)), v(Z(n))p2,(0,0), and d(0, X,,)/Z(n). In
the following, we set [(\) = c3.32(N).

Proof of Proposition 1.3. We begin with (1.17). Let ¢ > 0. Choose A > 1 such that 2p(\) < & —
here p(\) is the function given by Assumption 1.2. Let R > 1 and set F} = {R, (AR € J(\)}.

Suppose first that [(A\)R > 1. Then, by Assumption 1.2(1), P(F;) > 1 —2p(\). For w € F, by
Proposition 3.3, there exists ¢; < oo, ¢; > 0 such that

(el N < Efrp/(v(R)r(R)) < )\ for z € B(I(\)R). (3.31)
So, if 8y = ¢; A7 then for 6 > 6,
P(07! < ESmr/(v(R)r(R)) < 0) > P(F1) > 1 - 2p(\) > 1 —«. (3.32)
Now consider the case when R < 1/I()). For each graph I'(w) let

Y(w)= sup E°r/(v(s)r(s)).

1<s<1/1(N)
Then Y (w) < oo for each w, so there exists #; such that

P(EC7r/(0(R)r(R)) > 6;) < P(Y > 0)) < ¢
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If we take 6, > v(1/I(A\))r(1/1()\)) then since ES7x > 1, we have E%7xr/(v(R)r(R)) > 67, So, for
0 > 0y, we also have P(G‘l < E%mp/(v(R)r(R)) < 9) > 1—¢, which completes the proof of (1.17).

We now turn to (1.18). Let n > 1, A > 1, and let Ry, R; be defined by n = ¢337(AN)v(Ry)r(Ry) =
v(Ro)r(Rg). Let Fy = {Ry, R1,l(A)Ry € J(N\)}. Suppose first that Ry and [(\) Ry are both greater
than 1; then P(Fy) > 1 —3p(A). If w € F; then by Proposition 3.3

(c2A®) ™! < 0(Z(n))p5,(0,0) < o),
for some co > 0,q2 > 0. So,
P((e2A) 7" < 0(Z(n))p5,(0,0) < cA®) > P(Fy) > 1 = 3p()). (3.33)

The case when n is small is dealt with in the same way as in the proof of (1.17).
Next we prove (1.19). Let n > 1 and A > 1. Let M = (Acz57(N\)Y* =: 1;()\), and set

Ry=MZ(n), R;y=c355(\N)Z(n), Ry=c356(N)Z(n), (3.34)

F35 = {Ro, Ri, Ry € J(\)}. Suppose first that n is large enough so that R; > 1 for 0 < i < 2. By
Proposition 3.5(b), if w € F3 then

0 d(O,Xn) C3.5.7(\) . 1
22 W) =55 =%

Taking 6 = [1()\), we have

< 3p(l(0) + =5 (3.35)

where I71(#) is the inverse of 11(6).

Now let € > 0. Choose 6y so that the right side of (3.35) is less than €. Let l1(\) = 6. Then
there exists ny = ny(e) such that if n > n; then Ry, Ry, Ry (given by (3.34)) are all greater than
1. If n > ny then (3.35) implies that P*(d(0, X,,)/Z(n) > 6y) < ¢.

To handle the case when n < nq, for each w let

Zp(w) = max P°(d(0,X,)/Z(n) > 0).

1<n<ny
Then Z, is non-increasing in 6, and limy_. ., Zy(w) = 0 for each w. So, by monotone convergence

elim EZy(w) = 0.
Thus there exists 6; such that
P*(d(0,X,)/Z(n) > 01) <EZy, <e foralln <mnjy.

Taking 6 = 6y V 6,, we obtain (1.19).
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Finally, we prove (1.20). Let ¢ > 0. Choose A so that 2p(\) + 1/c358(\) < &, and let
Oy = c355(N)¥%4, § = 1/6,. Choose R so that v(R)r(R) = n, and ng = ng(e) such that n > ng
implies R > 1. Set 6, = 1 + Z(ng), and § = 6y V 0;. Suppose first that n > ng, and set
F,={R,0R € J(\)}. If w € F, then by Proposition 3.5(c), we have

P(d(0,X,)/Z(n) < 6) < e355(\)0".
So,

P*((14d(0,X,))/Z(n) < 07') < P*(d(0, X,))/Z(n) < 0;")
< P(F§) + E(PXd(0, X,,)/Z(n) < 051); Fy)
< 2p(A) +1/es58(N) <e. (3.36)

If n < ng then (1 +d(0,X,))/Z(n) > 1/I(n) > 6;", and so we deduce that, for all n,
P*((14d(0,X,))/I(n) <07") <e,

which proves (1.20). O

Proof of Proposition 1.4. We begin with the upper bounds in (1.21). By (3.7) and Assump-
tion 1.2(2),
E(EgTR) < E(Re(0, B(R))V(R)) < cv(R)r(R).

For the lower bounds, it is sufficient to find a set F' C € of ‘good’ graphs with P(F') > ¢ > 0
such that, for all w € F we have suitable lower bounds on E°7g, p4 (0,0) or E°d(0, X,,). For the
lower bounds, we assume that R > 1 is large enough so that [(\g)R > 1, where )\ is chosen large
enough that p(A\g) < 1/8. We can then obtain the results for all n (chosen below to depend on R)
and R by adjusting the constants ¢y, -+, ¢4 in (1.21)—(1.23).

Let I = {R,[(\)R € J(X\)}. Then P(F) > 2, and for w € F, by (3.12), ESrp >
c1(Qo)v(R)r(R). So,

E(E’mR) > E(E21R; F) > c1(Ao)v(R)r(R)P(F) > co(Ao)v(R)r(R).

Given n € N, choose R so that n = c337(Ag)v(R)r(R) and let F' be as above. Then

C3 >\0) 04(>\0)
o(Z(n) = o(Z(n))

Eps,(0,0) = P(F)

giving the lower bound in (1.22).
A similar argument uses (3.23) to conclude (1.23).
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Finally we prove (1.25). Let Hy be the event of the left hand side of (1.24) with A = k. By
Proposition 3.1(a), we see that ps (0,0) < cik/v(Z(n)) if w € Hy, where R is chosen to satisfy
v(R)r(R)/2 <n < wv(R)r(R). Since P(UyH) = 1, using (1.24), we have

w ak+1 c k‘—l—l .
Er(0.0) < 3 IE T ))> (Hir \ Hy) éZj} ) P(H})
k
2
1k~ 4
o @) ; (k + 0 < 00,
since ¢, > 2. We thus obtain (1.25). O

Proof of Remark 1.6. 1. In this case, we have

P{Ret(0,y) < 7(d(0,y)), Yy € B(R)}) =1,

1 1 < Co

J0) = el Vo) = @y Voom VY
Using this and (1.32), we have
" c v(R) d
50,00 < Loy v r) < @)y
o (1.25) is obtained. O

Proof of Theorem 1.5. (I) We will take Qy = Q, N Q, N €2, where the sets €2, are defined in the
proofs of (a), (b) and (¢). By Assumption 1.2(3), p(A) = P(R & J(\)) < cpA™%.
(a) We begin with the case x = 0, and write w(n) = p§,(0,0). By (3.33) we have

P((c; M) < o(ZT(n)w, < A1) > 1 — 3p(N).

Let ng = |e*] and A\ = k¥%. Then, since 3 p(\x) < oo, by Borel-Cantelli there exists Ko(w)
with P(K, < 0o) = 1 such that ¢ 'k=20/% < v(Z(ng))w(ng) < ck?1/% for all k > Ky(w). Let
Q, = {Ky < oo}. For k > Kj we therefore have

c‘lw W
2 o(Z(m) 0@ ()

so that (1.26) holds for the subsequence ny. The spectral decomposition gives that p$ (0,0) is
monotone decreasing in n. So, if n > Ny = 50 41, let k > K, be such that n; < n < nj,;. Then

< w(ng) < e

w(n) <w(ng) < ey o(Z(ny) = C2W

Similarly w(n) > w(ngs1) > v(I (log n)~2a/®  Taking ¢ > 2¢1/qo, so that the constants cy, cs
can be absorbed into the logn term we obtain

(logn)~*

w (log1)®
o@@m) =00 =

~ v(Z(n)
19
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If z,y € C(w) and k = d,(x,y), then using the Chapman—Kolmogorov equation

P (2, 2) (0% (2, Y) e (W) < Dy o (U, )

Let w € Qu, € C(w), write k = d,(0,z), h*(0,2) = (p¥(z,0)pe(w)) "2, and let n > Ny(w) + 2k.
Then

p;)n(l', $) S hw<0’ x)pgjn+2k(0, O)

(log(n + k))®
v(Z(n+k))

(log(2n))" _ (log )+
v(Z(n)) — v(Z(n)

< h*(0,x)

< h*(0,x)

provided logn > 22h%(0, ). Taking
Nz (w) = exp(22h“(0,2)) + 2d,, (0, z) + No(w), (3.38)

and 31 = 1 + ¢, this gives the upper bound in (1.26). The lower bound is obtained in the same
way.

(b) Let R, = e” and \, = n¥%. Let F,, = {R,,l(\,)R, € J(A,)}. Then (provided I()\,)R, > 1)
we have P(F¢) < 2p()\,) < 2n~2. So, by Borel-Cantelli, if €, = liminf F,,, then P(Q;,) = 1. Hence
there exists My with My(w) < oo on €2, and such that w € F,, for all n > My(w).
Now fix w € ), and let x € C(w). Write F(R) = E%7g. By (3.31) there exist constants c4, q4
such that F(R,)
2\ -1 < n
N = SRR
provided n > My(w) and n is also large enough so that = € B(I(\,)R,). Writing M,(w) for the
smallest such n,

< e\ (3.39)

cit(log R,) 24/ 0y (R, )r(R,) < F(R,) < cs(log R,)%/%y(R,)r(R,), for all n > M,(w).

As F(R) is monotone increasing, the same argument as in (a) enables us to replace F(R,) by
F(R), for all R > R, = 1+ M=, Taking 8, > 2q4/qo we obtain (1.27).

(¢) Recall that Y,, = maxo<r<, d(0, X;). We begin by noting that
{Yo = R} ={r <n}. (3.40)

Using this, (1.28) follows easily from (1.29).

It remains to prove (1.29). Since 75 is monotone in R, as in (b) it is enough to prove the result
for the subsequence R, = e".

The estimates in (b) give the upper bound. In fact, if w € €, and n > M, (w), then by (3.39)

F(R,) -
pe > 2. \0 " n)) < - < ’
(TR, > n A to(Ry)r(R,)) < n2e, 4 0(Ry)r(Ry) — "

So, by Borel-Cantelli (with respect to the law P?), there exists N/ (w,w) with

P(N! < o0) = P*({w : N(w,®) < 00}) = 1
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such that
mr, < ¢s(log R,)®v(R,)r(R,), foralln> N..

For the lower bound, write c353(A) = cgA™%, c354(N) = ¢z A7, where we choose ¢g + g7 > 2.
Let A\, = n¥% and €% = cn=2)\ 9797 Here ¢ > 0 is chosen small enough so that €, < c351()).
Set G, = {Rn,enRn, l(\)en Ry, € J(A)}. Then, for n sufficiently large so that [(\,)e, R, > 1, we
have P(G¢) < 3p(\,) < 3con™2. Let Q. = Q, N (liminf G,,); then by Borel-Cantelli, P(Q2.) = 1
and there exists M; with M;(w) < oo for w € €. such that w € G,, whenever n > M;(w). By
Proposition 3.5(a), if n > M; and z € B(e,R,) then

P¥(1r, < ce)\, (e Rn)r(enRy)) < crATe2 < ™2, (3.41)
So, using Borel-Cantelli, we deduce that (for some gs)
Tr, = G\, v(e, Ry)r(enRy) > n ®Bo(R,)r(R,) = (log R,) " ®v(R,)r(R,),

for all n > N”(w,w). This completes the proof of (1.29).

The proof of (II) is similar by the following changes; take A\, = (e + (2/c4)log k)% instead
of \x = k?/% and take N,(w) = exp(exp(Ch*(0,x))) + 2d,(0,z) + No(w) in (3.38). Then, logn
(resp. logng,log R,) in the above proof are changed to loglogn (resp. loglognyg,loglog R,) and
the proof of (a) and (b) goes through. Since the modifications are simple, we omit details.

We now prove (III). For (a), lim, logp%,(0,0)/logn = —D/(D + «), P-a.s. is easy from (1.26)
and (1.30). Since >, p4.(0,0) = oo, X is recurrent. (b) is also easy from (1.27) and (1.30).
(c) We first consider the case z = 0. Let ¢; € (0,1), co2 > 2, ¢1 > 1, g2 > 2 be chosen so that

c353(A) > AT cg54(N) < A

Let Ry = e*, and A, = k% where g3 > 2 is chosen large enough so that 3" p(A\;) < oco. Let
eW = ey ' A\ k™%, Set
Fy = { Ry, ex Ry, c352(N)ex Ry € J(Ag)}

For w € F}, we have by Proposition 3.5(a)
P, <\, Mv(erRi)r(enRy)) < coAf2eft = k™%,
Set n(k) = ci A\ "v(epRy)r(exRy) > cshy ™ (e Re) P (log (e, Ri)) ™™ ™2, Then
P*({rr, < n(k)}UFf) < P(FQ) + k™% < 3p(\p) + k™% (3.42)

Therefore by Borel-Cantelli, we deduce that, P*-a.s., for all sufficiently large k, 7z, > n(k) and
F}. holds. So, for large k,

Sn(k) S STRk S V(Rk) S )\k’U(Rk) S 04)\kR£(10g Rk)ml
If n is sufficiently large, then choosing k so that n(k — 1) <n < n(k),

log S, < log S () < DFE +log(cy M) + mylog k

logn  — logn(k—1) = (D+a)(k — 1) +log(cseP A %) — (my + my) log log(exek)
< k D cs log k
- k-1D+a« ko7
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and this gives the upper bound in (1.31) for the case x = 0.
For the lower bound, let &(x, R) = 17, 5.} If R € J(A) and e < 1/(2C5A%) then by Lemma
3.4,
P&(x, R) = 1) < Coe™N?,  for z € B(eR).

Set
Vi =V(exR)™ D> &z, Ri)pta.

.’L'EB(EkRk)

Then if w € Fy,
PY(Y, > 1) <2E0Y), < 206" Ap, < coh™®.

Let m(k) = k% X2v(Ry)r(Ry) < crk® A3 RPT(log Ry)™+™2. Then if w € Fy, by (3.9),
P, > m(k)) < 2Xiv(Ry)r(Ry)m (k)™ = 2k~%.
Thus
P (Fg U{Yx = 5} U{7r, = m(k)}) < 3p(Ae) + (2 + co) k™,

so by Borel-Cantelli, P*—a.s. there exists a ko(w) < oo such that, for all & > ky, Fjy holds,
Tr, < m(k), and Y, < 1/2. So, for k > ko,

Smy > Sep. = Y (1 =&, Re))pe = V(exRi)(1 = Yy)

wGB(EkRk)
Z %)\,;lv(ekRk) 2 cs)\,;l(5kRk)D(log(5kRk))_m1
Let n be large enough so that m(k) < n < m(k+ 1) for some k > ky. Then

log S, S log Sk S Dk — clogk
logn — logm(k+1) — (D+a)(k+1)+log(k+1)

and the lower bound in (1.31) follows. This proves (1.31) when x = 0.
Now let

Qy = {w : G(w) is recurrent and PB(liTILn(log Sn/logn) = 52—) = 1}.

We have P(Q) = 1. If w € Qp, and 2 € G(w) then X hits 0 with P?—probability 1. Since the limit
does not depend on the initial segment X, ..., Xz, we obtain (1.31).
U
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