A CHARACTERIZATION OF SYMMETRIC CONES
BY AN ORDER-REVERSING PROPERTY
OF THE PSEUDOINVERSE MAPS

CHIFUNE KAI

ABSTRACT. When a homogeneous convex cone is given, a natural partial order is
introduced in the ambient vector space. We shall show that a homogeneous convex
cone is a symmetric cone if and only if Vinberg’s x-map and its inverse reverse the
order. Actually our theorem is formulated in terms of the family of pseudoinverse
maps including the x-map, and states that the above order-reversing property is
typical of the *-map of a symmetric cone which coincides with the inverse map of
the Jordan algebra associated with the symmetric cone.

1. INTRODUCTION

Let € be an open convex cone in a finite-dimensional real vector space V' which
is regular, that is, QN (=) = {0}, where Q stands for the closure of Q. For 2,y € V,
we write  >q y if x —y € Q. Clearly, this defines a partial order in V. In the
special case that €2 is the one-dimensional symmetric cone R.(, the order >q is
the usual one and is reversed by taking inverse numbers in Ryy. In general, let a
symmetric cone {2 C V be given. Then V has a structure of the Jordan algebra
associated with €. In this case, the Jordan algebra inverse map is an involution
on €2 and reverses the order >q. This order-reversing property helps our geometric
understanding of the Jordan algebra inverse map. In this paper, we shall investigate
this order-reversing property in a more general setting and give a characterization
of symmetric cones.

One of natural ways to generalize a symmetric cone is to consider a homoge-
neous convexr cone, that is, a regular open convex cone 2 C V' on which its linear
automorphism group

G(Q) :=={g € GL(V) | Q2 = 2}

acts transitively. For a non-symmetric homogeneous convex cone, no algebraic struc-
ture of V' associated with €2 is known where a natural inverse map arises. However,
it is known that the Jordan algebra inverse map associated with a symmetric cone
can be generalized to an analytic map on a homogeneous convex cone which is called
Vinberg’s x-map [17].
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Let us recall its definition briefly to present our main theorem. Let 2 C V be a
homogeneous convex cone. We denote by 2* the dual cone of €2:

QO ={feV*|VzeQ\ {0}, (x, f) >0},

which is also a homogeneous convex cone. Let ¢ : @ — R.y be the characteristic

function of ) defined by

oa)i= [ e Pa we),

where df stands for a Euclidean measure on V*. Vinberg’s x-map 13>z — z* € V*
is introduced by

(v,2%) = =D, log ¢(x) (veV,xeQ), (1.1)

where D, f(w) := & f(w + tv)‘t:O (v e V,w e Q) for functions f on . This *x-map
is known to be a bijection from €2 onto 2*. When () is a symmetric cone, the x-map
coincides with the Jordan algebra inverse map under a suitable identification of V*
with V', so that the x-map reverses the order (see Section 3). First we state a simple
version of our main theorem:

Theorem 1.1. Let Q be a homogeneous convex cone. Then the following conditions
are equivalent:

(A) The cone § is a symmetric cone.
(B) For z,y € Q, we have x =q y if and only if y* =q- x*.
(C) Forz,y € Q, the pair (z,y) is comparable if and only if (x*,y*) is comparable.

Actually our theorem is stronger and is formulated in terms of the family of
pseudoinverse maps introduced in [10] which contains Vinberg’s x-map as a special
member. This family is defined as follows. By [17, Chapter I, Theorem 1], we know
that there exists a maximal connected split solvable subgroup H C G(f) acting
simply transitively on €. Let A : Q — Ry be any H-relatively invariant function.
The pseudoinverse map Za : 2 — V* is introduced by

(v, Za(x)) = — D, log A(x) (xeQuelV). (1.2)

When ZA(2) C QF, we say that A is admissible. In fact, A is admissible if and
only if Zx is a bijection from €2 onto Q2*. The characteristic function ¢ is one of such
functions on 2. Another example comes from the Bergman (resp. Szegd) kernel of
a homogeneous Siegel domain whose base cone is €2, and the corresponding pseu-
doinverse map appears in [4] and [9] (resp. [11]). While the family of pseudoinverse
maps defined above is an interesting object in itself, it is also used to define the
family of Cayley transforms for a homogeneous Siegel domain. For the study in this
direction, see [12], [9], [10], [11] and [7].

Now our main theorem in its precise form is stated as follows.

Theorem 1.2. Let Q2 be an irreducible homogeneous convex cone and A : Q — Ry
an admissible H-relatively invariant function. Then the following conditions are
equivalent:
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(A) The cone Q) is a symmetric cone and A(x) = ¢p(x)P (x € Q) for some p >0
up to a constant multiple.

(B) For z,y € Q, one has  =q y if and only if Za(y) =~ Za(x).

(C) For x,y € Q, the pair (z,y) is comparable if and only if (Za(x),Za(y)) is
comparable.

Concerning the order-reversing property, we would like to mention Giiler’s work
[6] which deals with pseudoinverse maps associated with certain polynomials called
hyperbolic homogeneous polynomials. In the paper, it is shown that for every ho-
mogeneous convex cone {2 C V| there exists a hyperbolic homogeneous polynomial
p(z) on V such that Q is one of the connected components of the set {p(x) # 0}.

Asin (1.2), a map fp_l : 0 — Q* is introduced by
<U,fp71($)> = —D,logp(x)™* (xeQueV).

While our pseudoinverse maps are associated with relatively invariant functions on
2 and Theorem 1.2 is a characterization of symmetric cones by the order-reversing
property, it is interesting to note that [6, Corollary 6.1] states that, for z,y € €,
r =q y always implies i;,fl(y) = fpfl(x). It should be noted that when 2 is a
symmetric cone, the inverse of the characteristic function is a hyperbolic homoge-
neous polynomial defining 2. However, if € is non-symmetric, the characteristic
function is not necessarily (a negative power of) a polynomial, as we will see in
Section 6. Additionally, in [6], F'(z) := logp(z)™" (z € Q) is called a hyperbolic
barrier function for €2, and the following characterization is given: if the Legendre
transform of F'(x) is also a hyperbolic barrier function for 2*, then € is symmetric.

Our previous paper [8] is also related to the pseudoinverse maps, where we
characterized symmetric cones by the condition that the analytic continuation of
I to the complexification V¢ maps the tube domain V' + i€ onto V* 4 i€2*. Here
are some of characterizations of symmetric cones: a characterization by a constancy
of the dimensions of a certain eigenspace decomposition of V' [18, Proposition 3]
which we quote in the present paper as Proposition 4.8, a characterization by the
condition that the Riemannian curvature tensor for a standard Riemannian metric
of € is parallel ([14], [15]), and some Jordan-theoretic characterizations ([3, Theorem
4.7], [16]).

We organize this paper as follows. Section 2 is preliminary. In Section 2.1
we review the theory of a non-commutative left-symmetric algebra called a clan
associated with a homogeneous convex cone. Then, in Section 2.2, we introduce
the family of pseudoinverse maps and its parametrization for the convenience of
computation. We describe the parameter of Vinberg’s s-map in Section 2.3.

In Section 3 we deal with the case of symmetric cones €2 C V. First we present
how to introduce into V' the structure of Jordan algebra associated with €2. Then,
using the Hua identity, we verify that the Jordan algebra inverse maps and the
x-maps are order-reversing.

After we collect basic formulas and some criterions in Section 4, we prove The-
orem 1.2 in Section 5. It is easy to see that (B) is equivalent to (C) and that (A)
implies (B). In Section 5.2, we prove that (B) implies (A). The proof is divided into
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several steps of computations. First we show that the assumption (B) restricts the
parameter of the pseudoinverse map. Continuing the computation, finally we obtain
(A) by Vinberg’s criterion, Proposition 4.8.

In Section 6 we show that the x-map associated with the dual Vinberg cone
which is one of the lowest-dimensional non-symmetric cones is not order-reversing
by giving a pair z,y €  with x =g y and y* ¥ o« =*.

The author is grateful to Professor Takaaki Nomura and Professor Hideyuki Ishi
for many fruitful discussions about the contents of the present paper.

2. PRELIMINARIES

Let €2 be a homogeneous convex cone in a finite-dimensional real vector space
V. If the dual cone Q* coincides with {2 under the identification of V* with V' by
means of a positive definite inner product (-|-) on V, then Q is said to be self-dual
relative to (-]-). As usual, we call a self-dual homogeneous convex cone a symmetric
cone. Symmetric cones form a special subclass in the class of homogeneous convex
cones.

2.1. Clan associated with a homogeneous convex cone. Let 2 C V be a
homogeneous convex cone. Then, V' has a structure of a non-commutative left-
symmetric algebra called a clan as follows. Our basic reference is [17]. We know
by [17, Chapter I, Theorem 1] that there exists a maximal connected split solvable
subgroup H C G(2) which acts simply transitively on 2. Moreover, by [17, Chapter
I, Propositions 8, 9], H acts simply transitively also on Q* by the contragradient
action. We take any £ € () and fix it. Then the orbit map H > h — hE € ()
is a diffeomorphism. Differentiating it at the unit element of H, we obtain the
linear isomorphism h := Lie(H) > T — TFE € V, where we identify the tangent
space of Q0 at F with V. We denote its inverse map by V > x — L, € b, that is,
L.E =z (xr € V). We introduce a product (z,y) — xAy on V by zAy = L,y.
Then the (non-associative) algebra (V, A) has the following properties:

(C1) [Ly, Ly] = Lzay-yan),

(C2) the bilinear form (z,y) — Tr L., defines a positive definite inner product

onV,
(C3) for every x € V, the linear operator L, has only real eigenvalues.

Moreover, it follows that E is the unit element. In general, we call a non-associative
algebra with the properties (C1) to (C3) a clan after Vinberg. Thus we have con-
structed a clan with the unit element F associated with Q. It is known that any
homogeneous convex cone arises from the associated clan with the unit element and
that there is a one-to-one correspondence up to isomorphisms between the class of
homogeneous convex cones and that of clans with the unit element.

The clan V' has a direct sum decomposition called a normal decomposition.
Namely, there exist a positive integer r, and primitive idempotents Ei, ..., E, such
that V' decomposes into

V=Y Vi, (2.1)

1<j<k<r
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where, for each pair (k, j) of integers with 1 < j < k <r, we have put
Vij i= {:L‘ eV;Ve= Z B, cANx = %(Cj + cp)x, xNe = cjx}.
m=1

In this case, it follows that £ = Ey +---+ E, and V;; = RE; (i = 1,...,r). We
obtain the following multiplication table:

o Vit AVy; C Vi,
oif k 7& i,j, then ‘/lkA‘/z] = 0, (22)
o Vi AV, C Vi, or V,, according to [ > m or m > [.

2.2. Pseudoinverse maps. First we shall parametrize H-relatively invariant func-
tionson Q. Weput a:={L, e h |z e RE,}andn:={L, €h|ze
> i<jek<r Vijt- Then a (resp. n) is an abelian (resp. nilpotent) subalgebra of b.
Moreover we have h = a x n, so that H = Ax N, where A := expa and N :=expn.
For s = (s1,...,5,) € R", we define a one-dimensional representation ys of A by

Xs (exp (Z tmLEm>> = exp (Z smtm> (tm € R). (2.3)

Since H = A x N, we can extend Y to a one-dimensional representation of H by
defining xs|, = 1. Using the diffeomorphism H 3 h +— hE € Q, we transfer xs to
a function Ag on Q: Ag(hE) := xs(h) (h € H). It is clear that

Ag(hz) = xs(h)Ag(x) (he H,x € Q), (2.4)

that is, Ag is H-relatively invariant. In particular, putting h := exp(log A Lg) for
any A > 0, we see that

As(A\z) = NIAG(2)  (z e ), (2.5)

where |s| := s; + -+ + s,. Every H-relatively invariant function on {2 arises as a
constant multiple of A4 for some s € R".
For x € Q, we define the pseudoinverse Zs(z) € V* by

(v,Zs(x)) = =D, log A _4(x) (veV). (2.6)
We call Zs :  — V* the pseudoinverse map. It is easy to show by (2.4) that
Zs(hx) = h - Zy(x) (x € Q,h e H), (2.7)

where the action in the right-hand side is the contragradient action of H on V*: for
feV and h € H, (v,h- f) := (h~ v, f) (v € V). Moreover we see the following.
We define Ef € V* (i =1,...,7) by

(Y dmBnt+ > X E )= (An €R Xy € Vi)
m=1 1<j<k<r
and set £} := )" s;Ef. Then it follows from [10, Lemma 3.10 (ii)] that
Is(F) = EZ. (2.8)
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Here we refer the reader to [2, Section 2] for the translation of the normal j-algebra
language into our language of clan. In addition, we know easily by (2.5) that

(x,Zs(x)) = |s| (x € ). (2.9)
For every s € R", we introduce a symmetric bilinear form (-|-)s on V' by
(zly)s = DyDylog A_¢(E) (x,yeV).
It is easy to see by the proof of [10, Lemma 3.11] that

(x|y)s = (xAy, EY) (x,y e V). (2.10)
We say that a parameter s = (s1,...,s,) € R" is positive, if s1,...,s, > 0. Actually,
it follows that

E; € QF if and only if s is positive, (2.11)

as we shall see later at the end of Section 2.3. This together with [10, Lemma 3.3],
(2.7), (2.8) and the fact that H acts simply transitively on Q and Q* tells us the
following lemma.

Lemma 2.1. The following conditions are equivalent:
(i) s is positive.
(i) B € Q.
(iii) The H-relatively invariant function A_g is admissible, that is, Zs(Q) C Q*.
(iv) Zs is a bijection from S onto Q.
(v) The bilinear form (-|-)s defines a positive definite inner product on V.

In this paper, we consider only the pseudoinverse maps Zg with positive param-
eters s. Let s € R” be positive. In this case, we can give explicitly Z;! in the
following way. We introduce a function A} on Q2* by

Af(h- E5) == xs(h)  (h€H).
Then we have clearly
Adh-f) = xs(WAL(f)  (heH, fe@). (2.12)
Let us define the dual pseudoinverse map Z; : 0¥ — V by
(Z3(8), f) = =Dylog AJ(E) (€€, feVT)

By (2.12), one has I} (h-§) = hZX(§) (h € H,& € Q*). Moreover, it follows from [10,
Lemma 3.13] that Z?(E}) = E. Hence we know by (2.7) and (2.8) that Z; ' = Z7.

2.3. Vinberg’s *-map as a pseudoinverse map. By [5, Proposition 1.3.1], one
has

#(gr) = (Detg)'o(x) (9 € G(Q),z €Q), (2.13)
which clearly implies that ¢ is H-relatively invariant. Hence the *-map is a member

of the family of pseudoinverse maps. Moreover, by [17, Chapter I, Proposition 5],
the bilinear form

(z|y)y == D,Dylog ¢(E) (x,y €V)
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defines a positive definite inner product on V. We introduce a parameter d =

(dy,...,d.) € R" by
d; :=="Tr Lg, (1=1,...,7).
Then we know by (2.1) that

di=1+3) nai+3i> o  (i=1,....7), (2.14)

a>i a<i

where we have put
Ny := dim Vj; (1<j<k<r). (2.15)

Clearly, d is positive. It follows from (2.3) that xq(a) = Deta (a € A). Since
H = Ax N and N is nilpotent, we have yq(h) = Deth (h € H). Hence we obtain

Aq(hx) = Det h Aq(x) (he H,x € Q).
This together with (2.13) gives

o(r) =A_aq(z) (x€Q) (2.16)
up to a positive constant multiple. Therefore it holds that

(o ="{(lar 2" =Talz)  (2reQ) (2.17)

Proof of (2.11). Since Y e E,, = exp(>_t,Lg, )E € Q (t,, € R), we have
D AEn€Q (An>0). (2.18)
In particular, E,, € Q (m = 1,...,r). Hence, if EX € QF, then s, = (E,,, EX) >
0 (m = 1,...,7). Conversely, let s be positive. Then we see easily that EI =
exp(—>_log(sm/dm)LE,,) - E. Hence we have Ef € Q*, because Ej = E* € Q* by
[17, Chapter I, Proposition 7]. O

3. THE CASE OF SYMMETRIC CONES

In this section we assume that the homogeneous convex cone 2 C V is a sym-
metric cone.

3.1. Coincidence of Vinberg’s x-map and the Jordan algebra inverse map.
Since (2 is a symmetric cone, V' has a structure of a Jordan algebra associated with
Q2 as follows. First, it follows from [13, Chapter I, §8, Theorem 8.5] and [13, Chapter
I, §8, Exercise 5] that 2 is self-dual with respect to (:|-),. We transfer the image
of Vinberg’s *-map by means of the inner product (-|-), and denote this map by
Oz 2%

(#°y)y = —Dylogp(x)  (z€QyeV). (3.1)

We see easily that £¢ = E.
We introduce a commutative product (z,y) — x oy on V by

(xoylz)g = —2D,DyD. log p(E) (z,y,2 € V).
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In view of E® = E, we see by [5, Theorem III.3.1] and [5, Chapter III, Exercise
5] that V' with the product o is a Jordan algebra (we note that the third equal-
ity in [5, Chapter III, Exercise 5] has an error and its right-hand side should be
—3D,D,D,log #(e)). This means that in addition to the commutativity of the
product, one has

2?o(roy)=wo(a’oy)  (z,yeV)
Moreover, E is the unit element of the Jordan algebra V', and one has

(zly)g = Tr L(zy)  (v,y €V),

where, for v,w € V, we define L(v)w := v o w. Therefore it follows from [5,
Proposition I11.4.2 (i)] and [5, Proposition I11.4.3] that for every invertible z € V|
r® =gzt (3.2)

where 27! denotes the Jordan algebra inverse of z. In particular we know that the
Jordan algebra inverse map x +— 2z~ ! is an involution on .

In addition, the structure of Jordan algebra is related to that of clan as follows:
for all x € V', one has

L(z) = 3(La + “La),

where *¢L, is the transpose of L, relative to the inner product (-|-)4. See [9, Lemma
4.1] for the proof.

3.2. Order-reversing property of the Jordan algebra inverse maps. For
x € V, we define a linear operator P(z) on V by
P(z) :=2L(x)* — L(2?).

It follows from [5, Proposition II1.2.2] that for every invertible z € V', P(x) belongs
to G(2). We quote the following identity called Hua’s identity (see [5, Chapter II,
Exercise 5]).

Lemma 3.1. For a € €, one has
(a+Pa)p™) "+ (a+b) " =a,
when b,a + b, a+ P(a)b™" are invertible.
Proposition 3.2. For every x,y € Q, one has x =q y if and only if y=' =q 271

Proof. Since the Jordan algebra inverse map is an involution on §2, it suffices to
prove that  =q y implies y=! =q 2~ !. First we assume z := z —y € ). Since
y € §, we know that y is invertible, so that P(y) € G(2). This together with
271 € Q gives P(y)z~! € Q. Hence y + P(y)z"! belongs to 2 and is invertible. In

Lemma 3.1 we set a := y and b := z. Then we know that
y -2t =(y+ Py

which implies y=' — 27! € Q. B
Next we suppose = =q vy, that is, z :== x —y € Q. Let {z,} be a sequence
in Q which converges to z. We put x,, := z,, + y. Then {z,,} is a sequence in Q
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converging to x. Since x,,,y and x,, — y = z,, belong to ), we know by the above

argument that y=!' — z 1 € Q. Moreover the sequence {y~' — x,'} converges to

y~! — 27! because the inverse map is continuous in Q. Thus we have y~' —2~! € Q,

that is, y=! =q 271 O

By (3.2), we have a conclusion similar to Proposition 3.2 for the original *-map
Q5 QF, that is, for every z,y € Q, one has & >q v if and only if y* >q- z*.

4. BASIC FORMULAS AND SOME CRITERIONS

In this section, we suppose that a parameter s € R" is positive, and we identify
V* with V' by means of the positive definite inner product (-|-)s to simplify the
notation. Under this identification, we denote by 2° the dual cone of €:

QS ={z eV |vyeQ\{o}, (z]y)s > 0}.

The Lie group H acts on O simply transitively by the action z +— $h~'z (h € H,z €
(%), where %h stands for the transpose of h relative to (|-)s. It follows from (2.10)
and (2.2) that the subspaces Vj; (1 < j <k <r) are orthogonal to each other with
respect to (:|-)s. Moreover, for vg;, wy; € Vi; (1 < j < k < ), we see easily by
(2.10) and (2.2) that

Vg AW = 53 (Vg wii)s B (4.1)
In addition, for all z = > =, E, + Z[ba oo €V (Tm € R, 234 € Vpa), we have
(x,EF) = x; = (z]s; ' Ey)s (i=1,...,7). (4.2)
Hence,
E? € Q" is identified with E € Q°. (4.3)

From now on, we always assume that the integers 7, k, [ satisfy 1 < j <k <l <.
We quote the following Propositions 4.1 and 4.2 to compute the actions of H on )
and Q°. For wy; € Vi, w; € Vi, we set

Slk = %(wijwlj + wlewkj) € Vii.

Proposition 4.1 ([8, Proposition 4.2]). Let t;,t;, t; € R and wy; € Vij, w; € Vi,
and wy, € Vi,.. Then one has
exp (Lw,j + kaj) exp (Ly,, ) exp (thEj +t,Lg, + tlLEl) E

= Y En+ "B+ (" + €' (251) " lwiy|2) Ex
m##j,k,l
+ (e + e (280) 7wl + €V (2s0) 7wy 12) By

ti ti ts t
+ e wy; + eV wy; + (e IS+ e ’“wlk) .
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Proposition 4.2 ([8, Proposition 4.6]). Let t;,t;, t; € R and wy; € Vij, wy; € Vi
and wy, € Vi, Then one has

S(exp(LwU + L) eXp(Luy,, ) exp (thE]. +tLg, + tlLEl))_lE

= > En+ (6‘” + (7 e (2s) T lwillZ) (285) 7 w2
m#j,k,l

e (2sy) 7 g2 — e Skl ) By
+ (e7™ + e "(2s,) w||Z) Bk + e " E,
+ (e_tl Ly, Wik, — (e7" + e_tl(QSk-)_luwlng)wkj)
+eh (Skajwlk — wlj) — e by,
We present some formulas to prove Proposition 4.6.

Lemma 4.3. For every @ = 3 @B + 3 5., Toa (Tm € R, 20 € Vpa), wij € Vi
and wy, € Vi, one has

eXp(qu + Lwlk)x =+ (Sl?jwlj + wlkAxkj) + (kalk + wlexkj)
+ Zwlexja + Z wlel‘ﬁj + Z wlkAxka + Z wlkﬁxﬁk

a<j B8>3,8#k a<k,a#j B>k
+ (2s0) " Nasllwij 12 4 mellwil2 + (wik|lwig Azgg)s + (wijlwiwAay;)s) Er.

Proof. First we know by (2.2) that

LwljZL’ = wle(ijj + T + Z‘rja + Z xﬁj)

a<j B>5,6#k
= Tjwy + wlefEkj + Z wlexjoc + Z wlemﬁj‘

By a similar argument for L., x, we have
(szj + szk)x = T;Wwi; + Trwi + wleij + wlkAxkj

-+ Z ’LU[jA$ja + Z wlel'gj + Z wlkﬂxka —+ Zwlkﬂxgk.

a<j B>7,8#k a<k,a#j B>k
Further we see by (2.2) that
(Lwlj + Lwlk)(z wleIja + Z U)UAZL'B]‘ + Z wlkAxka + Z wlkA.l’gk) =0.

a<j B>j,8#k a<k,aj B>k
Hence it follows from (2.2) and (4.1) that
(szj + szk)2$ = xjwlewlj + kalkﬁwlk + wlkA(wlexkj) -+ wle(wlkAmkj)
= sp (w3 + wllwlls + (winlwg Azig)s + (wiglwwDagg)s) Er.

Clearly one has (Ly,, + Lu, )’z = 0. Now the proof is complete. O
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Lemma 4.4. Let a,, e R (m =1,...,7), 0% € Vij, v, wi; € Vi; and vy, wy, € Vi
Then one has

SeXp(Lwlj —+ szk)(Z am B, + Vi + v + Ulk)

= > B+ (a5 + a(2sy) " w13+ 577 (v lwy)s) E;
m#£j,k
+ (ar, + ar(2s5) w2 + s (v Jwir)s) Ex
+ (Ukj + alstljwlk -+ SLwlkUlj -+ SLwlj’Ulk) -+ (Ulj -+ alwlj) + (Ulk + alwlk).

Proof. Let us take any x = Y xp By + Y 5., Tpa € V (¥ € R 254 € Vja). Since
the subspaces Vg, (1 < a < < r) are orthogonal to each other with respect to
(-]-)s, it follows from Lemma 4.3 and (2.2) that

(*exp(Luy, + Luy )OO tmE) |7)s
= <Z amEm | + wii Az + wy Dy,
+ (2s0) 7 (g llwg 13+ wellwil|2 + (wi|wi Awrg)s + (wi|wnAzig)s) Br)s.
We see by (4.1) and (2.10) that the last term equals
O~ amEnl)s + a((wyjlzy)s + (wiklzi)s (4.4)
+ 5 (@ w12+ wxllwllZ + (Lo wilzig)s + (L wiglrg)s))-

It follows from [8, Lemma 7.7] and [8, Lemma 4.4] that Ly, wi = Ly, wi; € Vi;.
Hence we know by (4.2) that (4.4) is equal to

O tmEm + ar(wyj + wy + (255) " Jwil|12E; + (256) ~ [winl|2 Br + Lo, win) | 2)s.
This implies
*exp(Lu,, + szk)(z am )
= " an B+ ar(wyy + wi + (255) 7wy |25 + (258) " wne2 B + Lo, wie)-
By a similar argument we have
Sexp(Lwlj + Ly, )Ukj = Vkjs
*exp(Lu,, + Ly, )ui; = v + sj_1<vlj|wlj>sEj + Lo, i,
Sexp(Lwl]. + Ly, ) o = vk, + s;1<vlk|wlk)sEk + stl].vlk.

Summing up these results, we obtain the assertion. [l

4.1. Some criterions. In this section we improve [7, Lemma 5.9] and [8, Lemma
7.6]. Before proceeding, we note that for any = = > x,, F,, + Z@>a Tga € Q (T, €
R, 250 € Vja), one has x,, > 0 (m = 1,...,r). In fact, we know by (2.11) that
E¥ € Q*\ {0}, so that x,, = (x, E,) > 0 because 2 = (Q*)*. In view of (2.18), we
have a similar conclusion for the elements of (5.



12 CHIFUNE KAI

Proposition 4.5. Let a,, ¢ R (m =1,...,7),v4; € Vi, v; € Vij and vy, € Vi, We
set Uy, = %(vijvlj + vjAvg;) € Vig. Then we have ) ay By + vgg + vy + vy € 2
if and only if
(i) am >0 (m=1,...,r),
(i) ajar — (2s1) HlvgllZ > 0, azar — (2s0)~H|oyllZ > 0,
(i) (ajar — (2si) Mo l12) (aja — (2s0)Hoyll2) — (280) " Hlajvm — UnllZ > 0.

Proof. For simplicity, we set vy := Y amEpn, + vgj + v; + vi. Let us assume that
vy € . Then we have a,, > 0 (m =1,...,7). In [8, Lemma 4.1], we set wy; :=
—aj’lvlj,wkj = —aj’lvkj and z := v;. Then, it follows from (4.1) that

vy i=exP(Luy,; + Lu,, )01
= amEn + (ar — a5 (2s1) " ow 12 Ex + (= a5 (25) oy |12) By
m#£k,l
+ Vik — a]-_lUlk.

Since exp(Luy,; + Lu,,) € H, one has vy € Q. Therefore we obtain (ii) and (iii) by
[8, Lemma 7.5].

Conversely we assume that (i), (ii) and (iii) hold. Then we have v, € 2, so that
v = (eXp(Lwlj + kaj)>_1’l)2 € Q. O
Proposition 4.6. Let a,, € R (m = 1,...,7),v,; € Vij,v; € Vi; and vy, € V.
Then we have Y ayEn, + v + v + vy, € Q8 if and only if

(i) apw >0 (m=1,...,7),

(i) ajar — (285) vyllz >0, awar — (2s,) [z > 0,

(i) (ajar — (255) Moy l13) (arar — (2s5) " Hlowll3) — (285) " Hawry — Lo vyl3 > 0.
Proof. For simplicity, we set vy := > @y, By + vy +vi+vi,. We suppose that vy € QF.
Then one has a,, > 0 (m =1,...,r). In Lemma 4.4, we set w;; := —al_lvlj,wlk =
—a; vy Then we obtain by (4.1) and [8, Lemma 7.7] that

vg :=exp Loy, + Ly, )01

= > amBu+ (a5 — a7 (255) ol Es + (ar — a7 2s1) 7 [lowllZ) B
m#£j,k
+ (Ukj - al_lsL’Ulkvlj)'

Since exp(Luy,; + Luw,) € H and Q°* = {*hE | h € H}, one has v, € °. Hence (ii)
and (iii) follow from [8, Lemma 7.6].

Conversely we assume that (i), (ii) and (iii) hold. Then one has vy € Q°, so that
v1 = Yexp Ly, + Ly, ) vz € Q5. O

Also we use the following criterions. Recall the definition (2.15) of the numbers
ng (L<j<k<r).

Proposition 4.7 ([1, Theorem 4]). The homogeneous convex cone  is irreducible
if and only if for each pair (j, k) of integers with 1 < j < k < r, there exists a series
Jos - -+ Jm of distinct positive integers such that jo = k, jn, = 7 and nj, ,;, # 0 for
A=1,...,m, where if jx_1 < jx, then one puts nj, ,j, = Nj ;-
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Proposition 4.8 ([18, Proposition 3|). Let us suppose that the homogeneous convex
cone € is irreducible. Then ) is a symmetric cone if and only if the numbers
ng; (1 <j <k <r) are independent of j, k.

5. PROOF OF THEOREM 1.2

As in Theorem 1.2, we assume that €2 C V' is an irreducible homogeneous convex
cone and A : Q — R,y an admissible H-relatively invariant function. We know by
Lemma 2.1, (1.2) and (2.6) that A = A_g with a positive s = (s1,...,s,) € R" up
to a positive constant multiple, so that Zn = Zs.

5.1. Proof of the equivalence of (B) and (C). It is clear that (B) implies (C).
To show that (C) implies (B), we prove the following fact:

Lemma 5.1. Let z,y € Q. If v =q y and Zs(x) =q- Zs(y), then one has x = y.

Proof. We put v :=x —y € Q. It follows from Z(z) € Q* that (v, Zy(x)) > 0. This
together with (2.9) gives

(v, Zs(2) — Ls(y)) = (v, Ls(2)) — |s] < (2, Ls(x)) — |s] = 0.
Since y € Q = (Q2*)*, one has (y, f) > 0 for any f € Q*\ {0}. In view of Zy(z) —
T.(y) € Q*, we know that Zy(x) = Zs(y), which implies z = y. O
The above lemma tells us that if z =g y and Zs(y) #q- Zs(z), then Zs(z) #q-
Zs(y). Let us suppose that (C) holds. If z =g y, then the pair (Zs(x),Zs(y)) is

comparable, so that we must have Zs(y) =+ Zs(z). By a similar argument for
I: =11, it follows that Zy(y) =q- Zs(x) implies x =q y. Now we have (B).

5.2. Proof of the equivalence of (A) and (B). First we suppose that (A) holds.
Then we see by (1.1) and (1.2) that Zs(z) = pa* (z € Q). Therefore we know by
Section 3 that (B) holds.

Now we suppose that (B) holds. As in Section 4, we identify V* with V' by
means of the positive definite inner product (:|-)s, and denote the pseudoinverse
map by the same symbol Zs : Q@ — Q°. Then we see by (2.7), (2.8) and (4.3) that

I,(hE)="'E  (he H). (5.1)
Also we assume that the integers j, k, [ always satisfy 1 < j <k <l <.
5.2.1. First step. We shall show that s; =--- = s,.
Lemma 5.2. If ng; # 0, then one has s; > sy.

Proof. We suppose n;; # 0. Let us take any non-zero vy € Vj; and §;,& > 0
satisfying

&€k — (281) " luwglls = 0. (5.2)
For simplicity we set v := &E; + §,E) + vg;. Then we see that v € Q. In fact, we

know by Proposition 4.5 that v := 3, ., eEp + (§ +€)Ej + (§ + &) By + vy € Q
for any € > 0, and v, converges to §;E; + &, ) + vi; when € approaches 0.
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Thus we have £ 4+ v =q E, so that £ =qs Zs(E + v) by the assumption. In
Proposition 4.1 we set

tj=log(1+&),  tr:=log(l+& — (L+&) " (2s) usl2),
=0,  wg=(1+E) oy, wy =wi =0,

where we note that ¢ is a real number by (5.2). Then, the right-hand side of the
formula in Proposition 4.1 becomes E + v. Hence we see by (5.1) and Proposition
4.2 that

T(E+v)= > En+ (e +e™(25)  will2) Ej + e * By, — e "y,
mt ik

It follows from E =qs Zs(E + v) that

(1= (™ + e (2s)) w2 Ej + (1 — e™™) By + e~ wy; € 0.
Hence we know by Proposition 4.6 that

(€7 + 7 (255) " Hlwiglls — 1)(e™™ = 1) — e7**(2s;) ™ [Jwgs I = 0.
After some simplification, we obtain

(7 = 1)(e™™ = 1) — e7"(2s5) " w3 = 0.
We multiply both sides by e?7e’. Then we have by (5.3) that
&((1+ &8k — (2s1) " luglls) — (285) " luwglls = 0.
This together with (5.2) gives
(55— su)(2s51) " uglls = 0.

This implies s; > s, because vy; # 0. [

(5.3)

Lemma 5.3. If ny; # 0, then one has s; < sy,.

Proof. The proof is similar to that of Lemma 5.2. We suppose ny; # 0. Let us take
any non-zero vy; € Vi; and ;, &, > 0 satisfying

&k — (255) Huksl12 = 0. (5.4)

Discussing as in the proof of Lemma 5.2, we see that v 1= &;E; + &.Ey, + vy € Q5.
Hence it follows that £+ v =qgs E, so that E >=q Z*(E + v) by the assumption. In
Proposition 4.2 we set

tj = —log(1+& — (1 +&) 7" (2s5) uwlls),  tw == —log(1 + &), (5.5)
t =0, wij = —(1+ &) ok, wyj = wy, = 0, .

where we have t; € R by (5.4). Then, the right-hand side of the formula in Propo-
sition 4.2 becomes E + v. It follows from (5.1) and Proposition 4.1 that
TAE+v)= Y En+ePEj+ (" + e (2s5) " lwiyl|2) Br + 9wy
m#j,k
Since E =q ZX(E + v), we obtain
(1= e)Ej+ (1 — (e + eV (2s0) 7 wyy[I3)) Ex — eVwiy € Q.
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We know by Proposition 4.5 that
(e — 1)(e™ + €V (2s) " Jwyglls — 1) — € (251) ™ [Jwig |l = 0.
After some simplification, we obtain
(e — 1)(e"™ — 1) — € (2s,) " |Jws |l = 0.
We multiply both sides by e %e~2*. Then we have by (5.5) that
(1 + &8 — (28) Hlows 19k — (256) ™ lowglls > 0.
It follows from (5.4) that
(sk — 5;)(2s586) ol = 0,
which implies s; > s;, because vy; # 0. 0]
Lemmas 5.2 and 5.3 yield
Proposition 5.4. If ng; # 0, then one has s; = sy,.

This together with Proposition 4.7 tells us that s; = --- = s,.. In fact, let j, k be
any integers with 1 < j < k <r. Let jo, ..., Jmn be a series appearing in Proposition
4.7. Then it follows from Proposition 5.4 that s;, , = s;, for A =1,...,m, so that
one has s; = s;.

5.2.2. Second step. We set s := s; = --- = s,.. The purpose of this section is to
show that if n;, # 0, then ny; < ng;. For vy, € Vg, we consider the linear map

S
Vij 2 vy = "Ly, vy € Vg,

;
where we know indeed by [8, Lemma 4.4] and [8, Lemma 7.7] that °L,,, v;; € V;.

Lemma 5.5. Let us suppose ny, # 0. Then, for every non-zero vy, € Vi, the linear

map Vi; 2 vy = Ly, v € Vi is injective. Hence one has ny; < ny;.

Proof. We assume that °L,,v;; = 0. We shall show that v;; = 0. Contrary we
suppose that v;; # 0. Then, there exist &;, &, & > 0 such that

&6 — (28) MuyllZ =0, && — (28) o2 = 0. (5.6)
Discussing as in the proof of Lemma 5.2, we see by Proposition 4.6 and the assump-
tion °L,,, v;; = 0 that

v =& E; + & By + GE + vy + oy € Q5.
Hence we have E 4+ v =qs FE, so that E »=q Z*(E 4 v). In Proposition 4.2 we set
tj = —log(1+& — (1+&)"(2s) vy [12),
te = —log(1+ & — (14 &) H2s) Howl?),  t:=—log(l+&), (5.7)
’LUkj = O, wlj = —(1 + fl)ilvl]’, Wi - — —(1 + fl)ilvlk,
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where t;,t; are real numbers by (5.6). Then, the right-hand side of the formula
in Proposition 4.2 becomes E + v, because 5L,, v;; = 0. We obtain by (5.1) and
Proposition 4.1 that

L(E+v)= ) En+ciEj+c"E
Mgkl
+ (e + € (25) " Jwinllz + 7 (25) T w2 Er + eV + e wi.
Since E »=q ZX(E 4 v), one has
(1= e)E; + (1= e*) By + (1 = (" + e (28) " wn ||z + € (25) 7 hwy 2)) 24

ti t e}
—e 7w — ey, € €.

Vik

Hence it follows from Proposition 4.5 (iii) that
(1 —e")(1 —e™){(1—e")(1 = (e" + e (25) " [Jwmll3 + € (25) 7 wyy[2))
— e (25) lwyy IS} — (1= €)% (25) " wne | > 0.

We divide both sides by (1 —e'7), where we note that 1 —e% > 0 by (5.7) and (5.6).
After some simplification we obtain

(1—e")(1—e*)(1—e")
— (1 —e)e'™(2s) w12 — (1 — e™)e (25) 7wy I > 0.
Multiplying both sides by e %e~te3% we have by (5.7) that
e(e™ = De (e = 1)(e7 = 1) — e (™ = 1)(28) 7 |uull;
—e (e = 1)(28) H|uylls = 0.

Here we see by (5.7) and (5.6) that

e —1=¢, e el —1) =¢;, e e —1) = ¢&.
Then it follows that

&€& — &(25) 7 |vmellz — & (25) 7 vy 13 > 0.

This together with (5.6) gives —£;&x& > 0, which is a contradiction. Therefore we
have v;; # 0. U

5.2.3. Third step.

Lemma 5.6. We suppose ny; # 0. Then, for every non-zero vi; # 0, the linear
map

1
Vlj Sy Uy = §(UleUkj + UijUlj) € Vig
is injective. Hence we have nj; < ny.

Proof. Let us assume that Uy, = 0 for some v;; € Vj;. We shall show that v;; = 0.
Contrary we suppose v;; # 0.
We can take £, &, § > 0 satisfying

&k — (25)Hugsll2 = 0, && — (25)H|ug;l|2 = 0. (5.8)
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Then we see by Proposition 4.5 and the assumption Uy, = 0 that
v :=&E;+ &.Ey + §F + vy + vy € Q.
Hence we have E + v =q E, so that E =qs Zs(F + v). In Proposition 4.1 we set
~ log(1 + @»), b= o (1 + & — (1+ &)1 (25) oy 12,
= log(1+& — (1 +§j)—1(25)—1||v,j||§), (5.9)
W (1 +&5) " vk, = (1+&) oy, wg =0,

where ty, t; are real numbers by (5.8). Then, since Uy, = 0, the right-hand side of the
formula in Proposition 4.1 becomes E + v. Hence we know by (5.1) and Proposition
4.2 that

LE+0) = 3 Bt (e +e (25 ungll2 + e (29) lwy 2)E,
m#£j,k,l
+e B, +e"E) — e’tkwkj — e’tlwlj.

Since E »qs Zs(E + v), one has
(1= (e + e (28) " Jwyglls + e7(25) " lw[12)) E;
+(1—e™EBy+ (1—e™E + e’t’“wkj + e’tlwlj e Qs.
It follows from Proposition 4.6 (iii) that
{1 = (e +e7"(28) lwyglls + e7(25) " lwy[1)) (1 — e7") — e (25) " Hlwy; 17}
(I—e ™)L —e™) = (1—e )% (2s) " Jwylls = 0.

We divide both sides by (1 — e™%), where we note that 1 — e > 0 by (5.9) and
(5.8). After some simplification we have

(1—e ™) (1 —e™)(1—e™)
— (L= e )e™™(28) Hwyll; — (1 — e )e™(25) " wy I = 0.
Multiplying both sides by e3%el e, we obtain by (5.9) that
(e —1)e'i (e — 1)el (e — 1)
— e (e = 1)(28) Moyl — e (e = 1)(28) 7 |uyyll = 0.
It follows from (5.9) and (5.8) that
e —1=¢, elie —1) =&, eli(e —1) = ¢&.
Hence we have
&€& — &(25) 7 loylls — & (25) " oy llz = 0.

Therefore it holds by (5.8) that —¢;£,§ > 0, which is a contradiction. Now we have
v;; = 0, which we had to show. O
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5.2.4. Last step. Now that we have Lemmas 5.5 and 5.6, we can prove that the
numbers ng; (1 < j < k <r) are independent of j, k as in [11, Lemma 5.15] and [11,
Proposition 5.16]. Here we give a sketch of the proof. First, by Lemmas 5.5 and 5.6
we know the following.

Lemma 5.7. Fiz integers j, k,l with 5 < k < l. If at least two of nyj, n, ny, are
non-zero, then they are all equal.

A discussion using Lemma 5.7 and Proposition 4.7 gives that ny; # 0 for all
j < k. Then we see easily by Lemma 5.7 that the numbers ny; (1 < j < k <)
are all equal. Therefore Proposition 4.8 tells us that the irreducible homogeneous
convex cone ) is a symmetric cone. Moreover, since 1 =+ = s, and dy = --- = d,
by (2.14), we have s = pd for some p > 0. Hence it follows from (2.16) that
A(z) = A_g(x) = ¢(x)P (z € Q) up to a positive constant multiple. Now (A) of
Theorem 1.2 holds.

6. EXAMPLE OF NON-ORDER-REVERSING VINBERG’S #*-MAP

In this section, we shall show that Vinberg’s x-map associated with the dual
Vinberg cone is not order-reversing. We note that the *-map associated with the
Vinberg cone is not either, though we do not prove it here. See [9, Section 5] for an
explicit computation of the x-map associated with the Vinberg cone.

Let V' be the real vector space defined by

U1 0 (%)
Vi=<v= 0 w3 vy |;v;€R
V2 Vg Vs

The dual Vinberg cone is given by
Q:={v € V | v is positive definite},

which is one of the lowest-dimensional non-symmetric cones.
Let us define a Lie group H by

hy 0 0
H:={h=| 0 hs 0 | €GL(B,R);h, hs hs>0
ha hy hs

We see easily that H is a split solvable Lie group acting on V by v — p(h)v :=
hv'h (h € H,v € V). Tt is clear that p(h) € G(€2). In addition, H acts on §2 simply
transitively. We take the unit matrix in V' as the base point £. Then the product
of the clan induced by the action of H is described as

vAw = dw + wo (v,w e V),

where

U1/2 0 0 ’01/2 0 V2
V= 0 w3/2 0 , 0= 0 wv3/2 wy
V2 V4 U5/2 0 0 ’05/2
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The normal decomposition is given by

1 00 000 000
Ee=l0o00]), E=|010], E=|l000],

000 000 0 01

0 0 v 0 0 O

Vo = {0}, Vi = 0 0 0 ; Vag = 0 0 wuy

V2 0 0 0 V4 0

Hence it follows from (2.14) that d; = 3/2,dy = 3/2,d3 = 2. Thus we know by
(2.10) and (2.16) that

(v|jw)y = %vlwl + 4vywy + %Ugwg + dvgwy + 2v5ws (v,we V).

Let us compute the x-map explicitly. For x € €, let h(x) be the element of H
such that p(h(z))E = x. Then we see that h(z) is given by h(z); :=; (i = 1,...,5),
where we have set

oy = /71, Qg 1= /T3, = \/x5—x§/x1—xi/x3,
Qo = $2/VZL‘1, Qy = [E4/\/ZU3.

Since z¢ = (p(h(z))E)? = *p(h(x))"'E by (5.1), a straightforward computation
yields

oy’ + 3o/ (aras))? 0 —ay/(ar0?)
e 0 a3’ + 3(as/(0z05))? —as/(aza?) (x € Q).
—ay/(n0?) —ay/(aza?) az?

(6.1)
Additionally, we know by (2.13) that for « € €,
() = a3 a; o(F) = x}pxé/z(xlx;;% — 2573 — 1311) 2H(E).

We shall give a pair z,y € Q such that  =q y and % #qs 2°. We set y := E.
It is clear that

000\
v:=1| 01 2 | €,
0 2 4
so that we have x := y + v; =q y. We know by (6.1) that
0 0 0
Vg 1= yd’ —z? = 0 % %
0 3 3
However, it holds that
00 0\
V3 ‘= 0 4 —2 ISy
0 -2 1

and (vy|vg)s = —1, which implies vy ¢ Q. Thus we obtain y? #qs 2.
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