HOMOTOPY NILPOTENCY IN LOCALIZED GROUPS

SHIZUO KAJI AND DAISUKE KISHIMOTO

ABSTRACT. Let G be a compact, simply connected Lie group. A prime p is called regular
for G if G has the homotopy type of the product of odd spheres at p-local. When p is
regular for G, the localization of G at p, G(;), is known to be homotopy nilpotent. We
determine the homotopy nilpotency class of G',) when p is regular for G.

1. INTRODUCTION

Let p be a prime. We denote the localization at p by ) throughout. Each space is

—(r
assumed to have the homotopy type of a CW-complex. Quite often, we identify maps with
their homotopy classes ambiguously.

Let us first recall words and facts on finite H-spaces. Let X be a connected H-space

with dim H,(X; Q) < oco. By the Hopf theorem, one has

2n1—1 2n;—1
X( 0) = >~ S(O)l X oo X S(O)l s

where — ) means the rationalization. In this case, we say that X is of type (n1,...,n).

The types of compact, connected, simple Lie groups are listed in the following table.

A (2,3,...,1+1) Ga | (2,6)
B | (2,4,...,2l) Fy|(2,6,8,12)
Cr|(2,4,...,2]) Es | (2,5,6,8,9,12)
Dy | (2,4,...,20—2,1) E; | (2,6,8,10,12,14,18)
Eg | (2,8,12,14,18, 20,24, 30)
Let G be a compact, connected Lie group of type (ni,...,n;) with n; <--- <mn;. Serre

[16] defined that a prime p is regular for G if there is a homotopy equivalence

~ 2n1—1 2ny—1
p) =Sy X xS

It is shown that p is regular for G if and only if p > n; when G is simple. Kumpel [9]

(1.1) e

generalized Serre’s result above as follows. Let X be a p-local, simply connected finite

H-space of type (nq,...,n;) with n; <--- <n;. Kumpel [9] showed that if p > n;—nq +2,
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then p is regular for X in the sense of Serre. In particular, if p is regular for X, the mod

p cohomology of X is given by
H*(X;Z/p) = A(z1,...,21), |zi| =2n; — 1.
Moreover, it is known that if X has a classifying space BX, then
H*(BX;Z/p) =Z/plyr, -, ul, lyil = 2n;

and generators y; of H*(X;Z/p) can be chosen as
(1.2) Yyi = o(xi),
where o denotes the cohomology suspension.

For simplicity, we make a convention that each loop space is assumed to be strictly
associative in the standard way.

We consider the group structure of a loop space X in a homotopy theoretical point of
view. Here, we avoid the complexity of considering general homotopy associative H-spaces.

Regarding the group structure of X, the commutator map

v: X xX = X, (2,y) — zyz ly !

is obviously important. We say that X is homotopy commutative if v is null-homotopic,
that is, X is an abelian group up to homotopy.

The homotopy commutativity of H-spaces has been extensively studied. In particular,
regarding finite H-spaces, Hubbuck [5] got the celebrated result that a connected, homo-
topy commutative, finite H-space is equivalent to a torus. Meanwhile, McGibbon [11]
studied the homotopy commutativity of localized Lie groups, which are infinite H-spaces,

and proved:

Theorem 1.1 (McGibbon [11]). Let G be a compact, simply connected, simple Lie group
of type (n1,...,ny) withn; <--- < mny.

(1) If p > 2ny, then G(y) is homotopy commutative.

(2) If p < 2ny, then G(y) is not homotopy commutative except for the cases that

(G, p) = (5p(2),3), (G2,5).

There are several generalizations of the notion of the homotopy commutativity. One
generalization is the higher commutativity which gives levels between the homotopy com-
mutativity and the strict commutativity. This notion is first formulated by Sugawara [17]
and later refined by Williams [19]. Saumell [15] generalized McGibbon’s result above along
this direction.

On the other hand, one way of generalizing the notion of the homotopy commutativity
of a loop space X is the homotopy nilpotency which measures how non-commutative X
is. The precise definition of the homotopy nilpotency is as follows. Let X be a connected

loop space and let 7, : X*T1 — X denote the k-iterated commutator map

’Yk:fyo(1><’)/)o...o(1X...xlx,y):Xk—l-l_)X’
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where X*+1 denotes the direct product of (k+ 1)-copies of X. We say that X is homotopy
nilpotent if there exists a positive integer N such that vy is null-homotopic, that is, X is a
nilpotent group up to homotopy. The homotopy nilpotency class of a homotopy nilpotent
loop space X is defined as the least number n such that ~,, is null-homotopic, and denoted
by nil(X), which, of course, corresponds to the class of a nilpotent group. In particular,
X is homotopy commutative if and only if nil(X) = 1. The reader may refer to [21] for
general facts on the homotopy nilpotency.

The homotopy nilpotency of H-spaces has been extensively studied as well as the
homotopy commutativity. In particular, Hopkins [4] made a big progress by giving
(co)homological criteria for homotopy associative finite H-spaces to be homotopy nilpo-
tent. For example, he showed that if a homotopy associative H-space has no torsion in the
integral homology, then it is homotopy nilpotent. Later, Rao [14] showed that the con-
verse of the above criterion is true in the case of Spin(n) and SO(n). Eventually, Yagita
[20] proved that, when G is a compact, simply connected Lie group, G(p) 1s homotopy
nilpotent if and only if it has no torsion in the integral homology. Although many results
on the homotopy nilpotency are obtained as above, the homotopy nilpotency classes have
not been determined in almost all cases.

The aim of this paper is to generalize McGibbon’s result above along the concept of the
homotopy nilpotency. Precisely, we determine the homotopy nilpotency class of compact,
simply connected, simple Lie groups localized at regular primes as follows. Of course, from
this result, we can see the homotopy nilpotency classes of compact, simply connected Lie

groups localized at regular primes which are not necessarily simple.

Theorem 1.2. Let G be a compact, simply connected, simple Lie group of type (n1,...,n;)
with ny < -+ < ny. If p is reqular, then G, is homotopy nilpotent with:

(1) If 3ny < p < 2my, then nil(G ) = 2.
(2) If y < p < 3ny, then nil(G(,)) = 3 except for the cases that (G,p) = (Fy,17),
(Ee,17), (Eg,41), (Eg,43) or rankG = 1 with p = 2.

(3) In the above exceptional cases, nil(G(,)) = 2

The organization of this paper is as follows. In §2, we consider the homotopy nilpotency
of p-local finite loop space X when p is regular for X. We decompose the above iterated
commutator map -y, into smaller pieces which can be detected by iterated Samelson prod-
ucts in 7, (X). Moreover, we see that such Samelson products can be handled with the
data of homotopy groups of spheres. Then we prove some of Theorem 1.2 in a more general
setting. As a consequence, the proof of Theorem 1.2 is reduced to find non-trivial iterated
Samelson products on a case-by-case analysis.

In §3, we deal with the case of classical groups by use of the result of Bott [1].

In §4 and §5, we consider the cases of E7 with p = 23 and Eg with p = 37 respectively.

The main idea to search for non-trivial Samelson products is due to Kono and Oshima
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[10], which detects non-zero Samelson products by the primary operation @!. Then we
will make some cohomology calculations.
In §6, we deal with the remaining cases by referring Hamanaka and Kono [6] and by an

easy dimension counting.

2. GENERALIZED SAMELSON PRODUCTS

We begin this section with an elementary commutator calculus. Let H be a group
generated by z1,...,x, and let [a,b] denote the commutator of a,b € H, that is, [a,b] =
aba~'b~!. We define a subset Zj of H inductively by

Zy=AzY|1 <i<n,v==1}, Zy ={la,blla € Zy,b € Z_1}.

Denote the subgroup of H generated by | ;o). Z; by Z. Using the formulae

[z, y2] = [z, ][y, [z, 2]|[z, 2], [2y, 2] = [2, [y, 2]][y, ][, 2],
one can see the following by induction on k and on the word lengths of a; in [a1, [- - - [ag, ag41] - -
where ay,...,ar+1 € H.

Lemma 2.1. Define the subgroup Hy of H by Hy = H and H; = [H, H;_1|, the group
generated by {[a,bl|la € H,b € H;_1}. Then we have

H; = Zk

Let us recall the definition of generalized Samelson products. Let X be a loop space.
The generalized Samelson product of maps a: A — X and 8 : B — X is defined as the
composition of maps

a3

AAB S xax 2 x

and denoted by (a, 3), where 7 is the reduced commutator map of X. Then it is a usual
Samelson product in 7, (X) if both A and B are spheres. Let {«, 3} denote the composition

AxB I x «x 2 X,

where 7 : X x X — X is the unreduced commutator map of X as in the previous section.
Note that 7* : [A1, A+ AN Ak, X| — [A1 X -+ X A, X] is monic, where 7 : A} X -+ X A —
A1 N -+ N A is the projection. Actually, it is an isomorphism onto a direct summand.
Then, for o : A; — X (i =1,...,k), we have (o, (- - (-1, ) ---)) = 0 if and only if
{a1,{---{ag-1,a1}---}} = 0. Here we mean by f = 0 that a map f is null homotopic
and we shall make use of this notation unless any confusion occurs.

By definition, X is homotopy nilpotent of class nil(X) < k if and only if the k-iterated
commutator {1x,{---{1x,1x}---}} = 0. Then we shall consider this map.

Let X be a p-local, simply connected finite loop space of type (ni,...,n;) with n; <
-+- < my. We denote a generator of a free part of ma,, 1(X), that is, Z, in ma,,1(X),
corresponding to the entry n; in the type of X by ¢;. Define a map

L8l o g2l x
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by
L(xl, N ,iL'l) = 61(1‘1) cee 61(%’1).
Suppose that p is regular for X. Then the homotopy equivalence (1.1) is given by the map
Lip) 5(2;)1_1 X oee X 5(2;31_1 — X. Hence it follows that
(2.1) 1x(z) = € (z) - €(x)

for z € X, where € = (¢;) () omw(p% for the projection m; : 5(2;)171 XX S(zpn)’_l — 5(2;3"_1.

Now we decompose the iterated commutator {1x,{lx,{ --{lx,1x}---}}}. Let us
consider the group [X", X], where the group structure of [X"™, X]| is given by the point-
wise multiplication. Let p; : X™ — X denote the j-th projection. We define a subset Z"
of [X™, X] by

Z"={(eop))"1 <i<l,1<j<n,v==l}.

We consider the subgroup H" of [X", X| generated by Z". Let Z,? denote the subgroup
of [X™, X] corresponding to Z, in Lemma 2.1 putting Zyg = Z"

We denote the commutator of [X™, X] by [-, -]n. For a; € [ X1 X] (i =1,...,k+1),
one can see that the k-iterated commutator [aq, [ - - [o, Qpg1]pst - - Jegtlrsr in [XFH X]

is the composition

(2.2) XA x bt c i b Ul H g

Then it follows from the formula
(2.3) (p1 X -+ X ppa1) 0 A = 1xrn1
that the k-iterated commutator can be written down as

e, {1 Ixy 3 = o [ ok praalisr - Dk e

(cf. Lemma 2.6.1 in [21]). Hence, for (2.3) and (2.1), we can apply Lemma 2.1 to the
group H**! and obtain:

Proposition 2.1. Let X be a p-local, simply connected finite loop space. If p is reqular
for X, then the k-iterated commutator {1x,{---{1x,1x}---}} belongs to ZF*1.

Corollary 2.1. Let X and p be as in Proposition 2.1. Then nil(X) < k if and only if
<6i1, < s <€ik76ik+1> >> =0 fO?" each 1 S il,.. . ,ik+1 S l.

Proof. From Proposition 2.1 and (2.2), one can see that the k-iterated commutator
{Ix, {-{1x,1x}---}} =0
if and only if

[(621 © pjl)ylv [ e [(Egk © pjk)yk’ (€;k+1 © pjk+1)yk+1}k+1 T ]k+1]k+1 =0
for each 1 < iq,...,%k41,71,---,Jk+1 < [ and v; = +1. Moreover, (2.2) and (2.3) yield
that the above holds if and only if

{(&)" 4 A(e,)™ (6,,,)" '} 3 =0
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for each 1 < 4y,...,ix41 <! and v; = £1. For the above observation on the generalized

Samelson products and commutators, this is equivalent to that

((ei)" (o (e, ) (e ) ) o)) = 0

. . . —1 —1\x | @2 —1
for eac}21 1< zi, —yigt1 <land v; = £1. Since (m;, o by N AN T © L(p)) : [S(p) LA
A S(p) F+1 7 X] — [AFT1X, X] is monic, the above condition is equivalent to that

v Ve Vk+1 _
(€, (oo (e, 41y ) = 0
for each 1 <iy,...,igy1 <! and v; = £1. Then, for that Samelson products are bilinear
and that €; ' = —¢; € m.(X), we have established Corollary 2.1. O

Remark 2.1. The reader may compare Corollary 2.1 with the result in the first author’s

paper [8] concerning the rational homotopy.

In order to proceed the observation on the homotopy nilpotency, let us recall some facts
on the p-primary components of the unstable homotopy groups of odd spheres for an odd

prime p (see [18] for details).

Z/p k=2p—3

Fact 2.1. mon_141(S%" 7)) = {O 0<k<4p—6,k#2p—3

Let a1 (3) denote a generator of ma,(S) = Z/p and a;(n) the suspension X" 3y (3).
Fact 2.2. The homotopy group moni2p—a(S*" 1)) = Z/p is generated by oy (2n —1).
Fact 2.3. a1(3)oa1(2p) #0 and an(2n — 1) oa1(2n+2p—4) =0 for n > 2.

Let X and ¢; be as above. Suppose that p is an odd prime and that
n
p>n——+1.
2
Then p is a regular prime for X. Now we consider the Samelson product (e;, €;). Since X g)

is homotopy commutative, ro (¢;, €;) = 0, where r : X — X, (0) denotes the rationalization.

Then (€;, €j) € To(n,4n;—1)(X) is a torsion element. Fact 2.1 and Fact 2.2 yield that
Nai(2ns—1) nij+nj=ns+p—1
Tns © (€, €) =
0 ni+mnj#ns+p-—1
for N € Z/p, not necessarily non-zero. Then it follows from Fact 2.3 that if 7, o (e, (€5) )0
T, © (€, €5)) # 0, then

(2.4) ng=2n+nj=ns+p—1 np+ns=p+1.
In particular, for a dimensional consideration, if p > %nl, then

Ty © (€ks (€5)(p) © Tn, © (€35 €5)) = 0
for each 1 <4, 7, k,s,t <![. On the other hand, from Fact 2.3, one has

5327, © (€, (€5)(p) © Ty © (€ir€5)) =0
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for any 4, j, k, s,t. Then it follows that

Ty © (€m, (6t)(p) 0 T, O (€k, (Es)(p) 0 T, 0 (€, €j>>> =0

for each 1 <1i,j,k,m,s,t,u <I.

By a quite similar commutator calculus at the beginning of this section, one can see that

the k-iterated Samelson product (e, (- - (€, €iy,q) - --)) = 0 for each 1 <y, ... igy <1
if and only if 7;, o (€iy, (€iy)(p) © Tjp © (- (€3 )(p) © Ty © (€ip»€ippy) - --)) = 0 for each
1<41,00 041,71 - - -5 Jr < [, here we need this discussion for the possibility that n; = n;4;
for some 1.

Summarizing the above observation, one has that if an odd prime p satisfies p > n; —
%t — 1, then nil(X) < 3 by Corollary 2.1. Moreover, if p > %nl, then one has nil(X) < 2
by Corollary 2.1.

On the other hand, James and Thomas [7] showed that if n; — n; + 2 < p < 2n;, then

X is not homotopy commutative, equivalently, nil(X) > 2. Hence we have obtained:

Theorem 2.1. Let X be a p-local, simply connected finite loops space of type (n1,...,ny)
with ny < --- < ng and let p be an odd prime with p > n; — 5+ + 1. Then X is homotopy
nilpotent with:

(1) If 2ny < p < 2my, then nil(X) = 2.

(2) If ;y — B+ 1 < p < 3ny, then 2 < mil(X) < 3.

Remark 2.2. Actually, we have nil(X) =2 if nj — & +1 < p < 2n; and n; > 2, where X

is as in Theorem 2.1.

Remark 2.3. Let X be as in Theorem 2.1. For a dimensional consideration, one can see
that (e;,¢;) = 0 for each 1 < 4,5 < [ if p > 2n; —ny + 1 as well. Equivalently, X is
homotopy commutative if p > 2n; — ny + 1 by Corollary 2.1. Then one can consequently
deduce from Theorem 2.1 that the prime p cannot be in the range 2n; —n1+1 < p < 2n;.
This can be seen also from the observation of James and Thomas [7] using the primary

operation p'.

In most of cases, Theorem 2.1 reduces the proof of Theorem 1.2 to finding non-zero

2-iterated Samelson products when the prime is in the range in (2) of Theorem 2.1.

3. THE CASE OF CLASSICAL GROUPS

3.1. The 2-local rank one case. Let us first consider the case that the rank of a classical
group G is one, equivalently, the case that G = S3. It is well-known that the Samelson
product (1g,1g) is a generator of 74(G) = Z/12 (see, for example, the result of Bott
below). On the other hand, since m9(G) = Z/3 by Toda [18], we have ly0(1¢, (1, 1g)) =0,
where Iy : G — G(9) is the 2-localization. Then one has nil(G g)) = 2.

For the rest of this section, the ranks of classical groups are assumed to be greater than

one.



8 SHIZUO KAJI AND DAISUKE KISHIMOTO

3.2. The case of SU(n). We denote a generator of mo;_1(SU(n)) =Z (i =2,...,n) by
€;. We can deduce from the result of Bott [1] that if ¢ + j > n, then the order of the

Samelson product (€, €;) is a non-zero multiple of
(t+j—1)!
(-G -
Let p be a prime with n < p < %n Then one has
<€na Epfn+1> 7’5 07 <€na E2pf2n> 75 07

where €,, = [, o€y, for the p-localization I, : SU(n) — SU(n),). For Fact 2.1, (€, €2p—2n)
takes values in S?p —2ntl o SU(n) ) Then, from Fact 2.2 and Fact 2.3, it follows that

D)
(€n, (€ns €2p—2n)) # 0

and hence, in this case, Theorem 1.2 follows from Theorem 2.1.
Next, we consider the case that n = p which is not included in Theorem 2.1. Quite

similarly to the above calculation, one can see that
(€1, (Ep-1,€)) #0

and then

(3.1) nil(SU(p) ) = 3.

To proceed our observation, let us recall some more facts on the p-primary component

of the unstable homotopy groups of odd spheres for an odd prime p (see [18]).
Fact 3.1. 772”_1+4p_5(52”_1)(p) =7Z/p.

Let az(3) denote a generator of my,_2(5%)(,) = Z/p and aa(n) the suspension X" 3ay(3).
Fact 3.2. The homotopy group 7T2n_1+4p_5(52n_1)(p) = Z/p is generated by ao(2n — 1).

For a dimensional consideration, the only possible non-zero 3-iterated Samelson prod-
ucts in 7.(SU(p)),

p) are

<€p—17 (Ep—la <€pv €p>>>7 <€p—1a <€p7 (gp—b €P>>>'

By Fact 3.1 and Fact 3.2, the above iterated Samelson products are the non-zero multiple
of

a1(3) o a1(2p) o az(4p — 3), a1(3) 0 a2(2p) o a1 (6p — 5)

respectively. Since aq(k) o aa(k + 2p — 3) = —aa(k) o a1 (k + 4p — 5), one has
a1(3)oa(2p)oas(dp—3) = —a1(3)oaa(2p)oai (6p—>5) = a(3)oai(dp—2)oay (6p—5) =0
by Fact 2.3 and hence, for Corollary 2.1 and (3.1), we have obtained that

nil(SU(p) ) = 3.
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3.3. The case of Sp(n). Let €, denote a generator of m4;—1(Sp(n)) =2Z (i = 1,...,n).
We can also deduce from the result of Bott [1] that if ¢ + j > n, then the order of the
Samelson product (e;, €;) is a non-zero multiple of

(2i +2j — 1)!
(20— 1)1(2j — )"

Hence we can find quite similarly to the case of SU(n) a non-zero 2-iterated Samelson
product in Sp(n),) for 2n < p < 3n and then, in the case of Sp(n), Theorem 1.2 follows

from Theorem 2.1.

3.4. The case of Spin(n). Let i : Spin(2k —1) — Spin(2k) denote the natural inclusion.
Harris [3] showed that the fibration

Spin(2k — 1)) @, Spin(2k) ) — 5(2;)71

splits if p is odd. Then (i(,))« : T (Spin(2k —1)(,)) — m(Spin(2k)(p)) is monic and hence
the case of Spin(2k) can be deduced from the case of Spin(2k — 1), here we use the fact
that p is regular for Spin(2k — 1) if and only if so is for Spin(2k). Friedlander [2] gave an

As-equivalence
Spin(2k — 1)) = Sp(k — 1))

when p is an odd prime. Then the above consideration of Sp(n) shows that, when p is
regular for Sp(n), there exists a non-zero 2-iterated Samelson product in Spin(2k — 1),
and hence in Spin(2k)(,. Therefore, for Theorem 2.1, the proof of Theorem 1.2 in the

case of Spin(n) is completed.

4. THE CASE OF FE7 WITH p = 23

In order to prove Theorem 1.2 in the case of F; with p = 23, we will show that there
exists a non-zero 2-iterated Samelson product in (E7),), as in the previous section. To do
so, we will exploit the following method of Kono and Oshima [10].

Let X be a p-local finite loop space of type (ni,...,n;) and let p be a regular prime for
X. As in §1, the mod p cohomology of BX is given by

H*(BX;Z/p) = Z/plyr,-- . yl, |vil = 2n;.

As in §2, we denote a generator of Z, in m2,,—1(X) corresponding to the entry n; in the
type of X by €;. The Samelson product (€;, €;) € Ta(n,1n,—1)(X) can be detected by the

primary operation p! as:
Lemma 4.1. If p'yy includes the term dy;y; with § # 0, then (€;, €;) # 0.

Proof. Suppose that (e;,€;) = 0, equivalently, the Whitehead product [€;, €;] = 0, where
ém : S?™ — BX denotes the adjoint of €,,. Then there exists a map & : 52" x §?% — BX
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satisfying the following homotopy commutative diagram.

e
2y §21 5 BX v BX

N lv
SQ’ni X S2n]‘ K BX’
where V is the folding map. For (1.1) and (1.2), one has

(€)"(o(y;)) = dijsan,,
where s, is a generator of H*(S™;Z/p). Hence one can see
K (9" yr) = 0S2m, ® San, # 0.
On the other hand,
K (p'yr) = ' (K" (k) = 0
and this is a contradiction. Therefore Lemma 4.1 is accomplished. O
Let us prepare some notations of symmetric polynomials. We consider the polynomial

ring Z/p[t1,...,tn]. Let ¢ (k=1,...,n) denote the k-th elementary symmetric function
in t1,...,t,, that is,

n
[[a+t)=1+ci+- +cn
i=1

Define a polynomial py (k=1,...,n) by

n
[[a-t)=1-pi+ -+ (=1)"pn.
i=1
We denote the k-the power sum in #2,...,t2 by T; (k=1,...,n). Namely,
T = 3% + - 412,
Then one has the Girard’s formula

(4.1) T, = (—1)*k 3 (—1)irttin (

i1+2i2+---+nin==k

e d — 1) .

U
(see [12]).

Note that, by taking a maximal torus in Spin(2n), we can regard the above ¢, and
p; (i =1,...,n — 1) the universal Euler class and the universal i-th Pontrjagin class in
H*(BSpin(2n); Z/p) respectively.

Hereafter, p is fixed to 23 throughout this section. We calculate the action of p' on
H*(BE7;Z/p) in virtue of Lemma 4.1. To do so, we make use of the following commutative
diagram.

Spin(10) == Spin(10)

|k

Eg
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where i1,79 and j are the natural inclusions. It is well-known that the mod p cohomology
of BSpin(10), BEs and BE7 are given by

H*(BSpin(10); Z/p) = Z/p[p1, p2, p3, p4, cs),
H*(BEg; Z/p) = Z/pl[ys, 10, Y12, Y16, Y18, Yo, |Yi] =i
H*(BE7;Z/p) = Z/plya, y12, Y16, Y20, Y24, Y28, Yse), |vi| = 4.
Hamanaka and Kono [6] showed that we can choose generators g; and y; such that
7" (ya) = Gas 5" (12) = G, 7 (16) = 6, 5" (y20) = Fio, 5" (y28) = Frous,
i (a) = p1, i1 (G10) = c5, 5 (Y12) = —6ps + p1p2, 1 (Y16) = 12pa + ph — $pipa.
Then one has
(4.2)  i3(ys) = p1, i5(y12) = —6p3 + pipa, i5(y16) = 12ps + P3 — $PID2, i3(y20) = ci.
For a dimensional reason, one has
it (f1s) = d1pics — Sapacs
and hence, for (4.2),
(4.3) i5(yas) = 01pTcs — Gapack.

From the above facts, we shall prove:
Proposition 4.1. o'y includes the term Syiayse (5 #0).
Proposition 4.2. plyis includes the term 61ya0yss (01 # 0) or Sayogyss (92 # 0).

From Lemma 4.1 and Proposition 4.1, it follows that

<6187 66> 7£ Oa

where ¢; denotes a generator of ma;—1((E7)(p)) = Z(p). Similarly, from Lemma 4.1 and

Proposition 4.2, it follows that

(€10, €18) # 0 or (€14, €14) # 0.

For Fact 2.1, (€10, €15) and (€14, €14) take values in S(lpl) C (E7)(p)- Then, by Fact 2.2 and
Fact 2.3, we obtain

(€18, (€10, €18)) # 0 or (e1s, (€14, €14)) # 0.
Therefore Theorem 2.1 completes the proof of Theorem 1.2 in the case of F7 with p = 23.

Proof of Proposition 4.1. We define a ring homomorphism
7 Z/plp1,. .., pa,c5) — Z/plag, ..., a4,b5]/(a3, a3, a3, b3, 12a4 + a3)
by
7T(p1) = 0, TI'(pZ') = Qa; (l = 2,3,4), 7T(C5) = b5.
Then, for (4.2) and (4.3), one has

(4.4) m(i3(ya)) = m(i3(y16)) = m(i5(y72)) = (i3 (y2sy20)) = 0.
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Put p1y4 = dy1oy3¢+other terms. Then one can see that
m(i3(p'ya)) = 0m(i3(y12936)).
On the other hand, since p; = T} and p'T} = 2T}9, Girard’s formula (4.1) yields that
W(plpl) = 715a3a4b§ £ 0.
Thus § # 0 and this completes the proof. O
Proof of Proposition 4.2. We define a ring homomorphism
7w Z/plp1,...,ps,c5] — Z/p[ag,a4,b5]/(a%,ai,bg, 12a4 + a%)
by
(pi) =0 (i =1,3),7(p;) = a;j (j =2,4), m(c5) = bs.
Then, for (4.2) and (4.3), we have
(4.5) m(i5(ya)) = m(i5(y12)) = 7(i5(y16)) = 0.
Put plym = 01Y20Y36 + O2yosy2s+other terms. Then one has
m(i3(p'y12)) = 617 (i3 (y20y36)) + 2 (i3 (Yosyos) )
Let us calculate 7(i%(p'y12)) directly. From Girard’s formula (4.1), it follows that
m(p'p1) = 1(p'Ty) = 7(2T12) = —asgbi, 7(p'T3) = 7(6T14) = —9a4bs.
Since T3 = p3 — 3p1p2 + 3p3, one has
m(p'ps) = 9a4b§.

For (4.2), one can see

(' (i3(112))) = —19a4bs # 0.
Then we have obtained d; # 0 or d2 # 0 and this completes the proof. O

5. THE CASE OF Eg WITH p = 37

We employ Proposition 4.1 to find a non-zero 2-iterated Samelson product in (Eg),) as
well as in the previous section, where p = 37 throughout this section.
The mod p cohomology of BFEg is given by

H*(BEg;Z/p) = Z/plya, Y16, Y24, Y28 Y36, Y40, Y48, Y60, |Yi| = 1.

In order to calculate the action of p! on H*(BEg;Z/p), we shall arrange generators ;.
Let a; (i =1,...,8) and & be respectively the simple roots and the dominant root of Eg

as indicated in the following extended Dynkin diagram of Eg (see [13] for details).

a1 a3 e 71 as (&7} ay ag
[

o

a2



HOMOTOPY NILPOTENCY IN LOCALIZED GROUPS 13

Let W(Es) denote the Weyl group of Es. Let W and ¢ be the subgroup of W (Es)
generated by the reflections corresponding to «; (i = 2,...,8) and &, and the elements
of W(Eg) corresponding to a; respectively. Then, by choosing appropriate generators
ti,...,ts € H*(BT;Z/p), Hamanaka and Kono [6] showed that

H*(BT, Z/p)W == Z/p[pla s 7p7708]7

where p; and ¢; are as in the previous section. Since W (Eg) is generated by W and ¢, one

has

H*(BT;Z/p)"V"s) = H*(BT; Z/p)? N Z/plps, . .., pr, cs].
Then the projection p : BT — BFEjg induces an isomorphism

p*: H*(BEs; Z/p) = H*(BT:Z/p)? N Z/plp1,. ... pr,cs).

With the above choice of generators t1,...,ts € H*(BT;Z/p), Hamanaka and Kono [6]
showed that the automorphism ¢ is given by

p(c1) = —c1, p(c2) = c2, p(cg) = cg — iclcm o(p1) =m

and
(5.1) ©(pi) = pi + cth; mod (c)
for i =2,...,7, where
he = %Cg, hs = —%(505 + cocs), hy = %(707 + 3cocs — c3c4),
hs = —%(50207 — 3esc + cq05), he = —%(50308 — 3eqe7 + c5c6), hy = %(30508 — c6C7).

It is obvious that we can choose a generator y4 of H*(BEg;Z/p) such that

(5.2) p*(ya) = p1-

Moreover, we have:

Proposition 5.1 (Hamanaka and Kono [6)). If fis € H'S(BT; Z/p) and foy € H**(BT;Z/p)
satisfy ©(fi6) = fre mod (c}) and o(f24) = foa mod (c3,¢3), then

fie = a1f1g¢ mod (péll)’ Joa = a2f24 mod (p?)’
where ay,as € Z/p and

fi6 = 120p4 + 1680cs + p?pg — 36p1ps + 10p§,
faa = 60ps — p1paps — 5p1ps + ps — 5papa + 110pacs + 3p3

Corollary 5.1 (Hamanaka and Kono [6]). Let fig and faq be as in Proposition 5.1. We
can choose generators yi6 and yo24 of H*(BEg;Z/p) such that

p*(y16) = fi6, p*(Y24) = faa  mod (p?).
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Now let us proceed to calculate invariant polynomials in H*(BT';Z/p). For a dimen-

sional consideration, invariant homogeneous polynomials of degree 28 is given by
81p7 + 02pap3 + 3paps + 0apscs + 6spsps mod (p1)
for 6; € Z/p. 1t is straightforward to check that
3) = p2p3 + 6610304 — 12c¢1c3¢406 — 10016405,

©(p2ps) = paps + 3eiczer + *010365 — aicies,

©(p3pa) = p3ps — 1010304 + 616307 + ciezcace + Berescs — 5016405 —dcieseg — Teyeger,

v(pscg) = pacg — 4010307 010508 + 616607 mod (¢, co).
Then it follows that:
Proposition 5.2. If fog € H®(BT;Z/p) satisfy ¢(fag) = fos mod (¢, ¢y), then

fos = 0f2s mod (p1),
where 6 € Z/p and
fos = 480p7 — p3ps + 40paps — 12pspa + 312pscs

Corollary 5.2. Let fog be as in Proposition 5.2. We can choose a generator ysg of
H*(BEg;Z/p) such that

p*(y28) = fos  mod (p1).

From the above arrangement of generators of H*(BEg; Z/p), we can deduce the action
of p' on H*(BEg;Z/p) as follows.

Proposition 5.3. p'yy includes the term Syigys0 (3 # 0).
Proposition 5.4. plyig includes the term Sysyss (6 #0).

From Lemma 4.1, Proposition 5.3 and Proposition 5.4, it follows that

(€30, €8) # 0, (€20, €24) # O,

where ¢; denotes a generator of ng_l((Eg)(p)) = Zy). For Fact 2.1, (€20, €24) takes values
in S13 C (E3)(p)- Then, for Fact 2.2 and Fact 2.3, one has

(p)
(€30, (€20, €24)) # 0.
Therefore Theorem 2.1 completes the proof of Theorem 1.2 in the case of Eg with p = 37
Proof of Proposition 5.3. We define a ring homomorphism
m: Z/plpy, ..., pr,cs] — Z/plas, s, a7, bs]/ (a3, a3, a3, bg, —azas + 26asbs + 40az)
by
W(pz) =0 (,L = ]-a 25 576)7 7T(p]) = aj (] = 3)4-7 7)7 71—(68) = b8-
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Then it follows from Corollary 5.2 and a dimensional consideration that
7 (i3(ya)) = m(i5(y24)) = 7(i3(y2s)) = m(i3(yse)) = 0.
Hence, by Setting p'ys = dy16ys0+other terms, one has
m(i3(p'ya)) = 07 (i3(y16Y00)).
On the other hand, it follows from Girard’s formula (4.1) that
m(i5(p'ya)) = T(p'T1) = 7(2T19) = 2a4a7b% # 0.
Then § # 0 and the proof is completed. O
Proof of Proposition 5.4. Define a ring homomorphism
w:Z/plp1,...,p7,c8] — Z/p[ag,a4,bg]/(a%,ag,bg,a4 + 14bg)
by
m(pi) =0 (i=1,3,5,6,7), m(pj) =a; (j =2,4), 7(cg) = bs.
Then, for Corollary 5.1 and a dimensional reason, we have
m(i5(y1)) = m(i5(y16)) = m(i3(y2s)) = 7(i3(y34)) = 0.
Put p'y16 = dys0yag+other terms. We can deduce that
m(i3(p'y16)) = 0m(i3(yaoyas)).

Let us make a direct calculation of 7(i%(p'y16)). From Girard’s formula (4.1), it follows
that

(' Ty) = m(4To) = —6b3, 7(p'Ty) = 7(8Ths) = 16ab3, m(p'cs) = m(Tigcs) = 26a2b3.
Since Ty = pf — 2py and Ty = p‘l1 — 4p%p2 + 4p1ps + Qp% — 4py, we have
m(p'p2) = 303, m(p'pa) = —asbg.
Then, for Corollary 5.1, one can see that
m(i5(p'y16)) = 1207 (p'pa) + 16807 (p'cs) + 20asm(p'p2) = —3a2b3 # 0.

Hence § # 0 and this completes the proof. O

6. THE REMAINING CASES

In the cases of (G, p) = (G2, 7), (Fu,13), (Es, 13), (E7,19), (Es, 31), Hamanaka and Kono
[6] showed that there exist non-zero 2-iterated Samelson products in G;). Then Theorem
2.1 completes the proof of Theorem 1.2 in these cases.

In other remaining cases, (2.4) does not hold for the entries of types and then there is
no non-zero 3-iterated Samelson product. Hence, for Corollary 2.1 and Theorem 2.1, we
have established Theorem 1.2.
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