CONTINUITY OF VOLUMES ON ARITHMETIC VARIETIES

ATSUSHI MORIWAKI

ABSTRACT. We introduce the volume function for C'°°-hermitian invertible sheaves on
an arithmetic variety as an analogue of the geometric volume function. The main result of
this paper is the continuity of the arithmetic volume function. As a consequence, we have
the arithmetic Hilbert-Samuel formula for a nef C'°°-hermitian invertible sheaf. We also
give another applications, for example, a generalized Hodge index theorem, an arithmetic
Bogomolov-Gieseker’s inequality, etc.

INTRODUCTION

Let X be a d-dimensional projective arithmetic variety and ﬁl\c(X ) the group of iso-
morphism classes of C'°°-hermitian invertible sheaves on X. For L € Pic(X), the volume
vol(L) of L is defined by

vol(L ! HO(X,mL <1
vol(I) = lim sup og #{s € (m’djldi) | [|8]]sup < }.

For example, if L is ample, then \781(1) = c/le\g(E(f)'d) (cf. Lemma 3.1). This is an
arithmetic analogue of the volume function for invertible sheaves on a projective variety
over a field. The geometric volume function plays a crucial role for the birational geometry
via big invertible sheaves. In this sense, to introduce the arithmetic analogue of it is very
significant.

The first important property of the volume function is the characterization of a big C'*°-
hermitian invertible sheaf by the positivity of its volume (cf. Theorem 4.5). The second
one is the homogeneity of the volume function, namely, vol(nL) = névol(L) for all non-
negative integers n (cf. Proposition 4.7). By this property, it can be extended to ﬁ?c(X )®
Q. From viewpoint of arithmetic analogue, the most important and fundamental question
is the continuity of

vol : ].SI\C(X )®Q — R,
that is, the validity of the formula:

lim  vol(L+ €1 A1+ + €nA,) = vol(L)
€1,-.,€n €
€1—0,...,e,—0

for any L, A;,..., A, € Pic(X) ® Q. The main purpose of this paper is to give an
affirmative answer for the above question (cf. Theorem 5.4). As a consequence, we have
the following arithmetic Hilbert-Samuel formula for a nef C'°°-hermitian invertible sheaf:
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TlEorem A (cf. Corollary 5.5). Let L and N be C*®-hermitian invertible sheaves on X.

If L is nef, then

deg(c1 (L))
d!

In particular, \T(i(f) = d/e\g(a (L)), and L is big if and only ifd/;g(’c\l (L)) > 0.

In a more general setting, we have the following generalized Hodge index theorem:
Theorem B (cf. Theorem 6.2). Let L be a C>-hermitian invertible sheaf on X. We
assume the following:

(i) Lgq is nefon Xq.
(ii) ¢1(L) is semipositive on X (C).

(iii)) L has moderate growth of positive even cohomologies, that is, there are a generic

resolution of singularities 1 : Y — X and an ample invertible sheaf A on'Y such
that, for any positive integer n, there is a positive integer mg such that

log #(H* (Y, m(np* (L) + A))) = o(m?)
for all m > mq and for all © > 0.
Then we have an inequality \751(1) > d/eTg(El (L)9).

log#{s € H*(X,mL + N) | ||s]lsup <1} = me+o(m?)  (m>1).

Theorem B implies that if L is nef on every geometric fiber of X — Spec(Z), ¢1(L)
is semipositive on X (C), and d/e\g(a (L)?) > 0, then L is big (cf. Corollary 6.4). This is
a generalization of [17, Corollary (1.9)]. Moreover we can see the arithmetic Bogomolov-
Gieseker’s inequality as an application of Theorem B (cf. Corollary 6.5).

In the geometric case, the above Theorem A can be proved by using the Riemann-
Roch formula and Fujita’s vanishing theorem. In the arithmetic case, the proof in terms
of the arithmetic Riemann-Roch theorem seems to be difficult. Instead of it, we prove the
continuity of the volume function by direct estimates. For this purpose, the technical core
is the following theorem, which was inspired by Yuan’s paper [16].

Theorem C (cf. Theorem 3.4). Let X be a projective and generically smooth arithmetic
variety of dimension d > 2. Let L and A be C™-hermitian invertible sheaves on X. We
assume the following:
(1) Aand L + A are very ample over Q.
(ii) The first Chern forms c,(A) and c1(L + A) on X (C) are positive.
(iii) There is a non-zero section s € H°(X, A) such that the vertical component of
div(s) is contained in the regular locus of X and that the horizontal component
of div(s) is smooth over Q.

Then there are positive constants ag, C and D depending only on X, L and A such that
log #{s € H*(X,aL + (b—c)A) | [|s]lsup < 1}
<log#{s € H*(X,aL — cA) | ||s|lsup < 1}
+ Cba® 1 + Da% 'log(a)
for all integers a,b,cwitha > b > c > 0and a > ay.

In order to explain the technical aspects of the above theorem, let us consider it in the
geometric case, namely, we assume that X is a projective smooth variety over C, and we
try to estimate

A=h"(X,aL + (b—c)A) — h°(X,aL — cA).
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The first elegant way: Let us choose an infinite sequence {Y;}52; of distinct smooth
members of |A| such that

hO(Yi, nL+mAly,) = B°(Yj, nL + mAly.)

for all 7, j and all integers n, m. Then an exact sequence
b
0— H(X,aL — cA) — H*(X,aL + (b — c)A) — @ H(Y;, aL + (b — ¢)Al,)
i=1

gives rise to A < b- h°(Y1, a(L + A)|y, ). This argument does not work in the arithmetic
situation.

The second way: In the paper [16], for a fixed smooth member Y € |A|, Yuan consid-
ered an exact sequence

0—aLl+(k—1-c)A—al+(k—c)A— aL+ (k—c)Aly, —0
for each 1 < k < b, which yields
b
A<D WY al+ (k- c)Aly) <b-hO(Y, a(L+ A)ly).
k=1
This second way works if we consider the arithmetic X instead of the number of small
sections. In this way, Yuan [16] obtained an arithmetic analogue of a theorem of Siu.
However, if we estimate the number of small sections by using the above way, the growth

of the contribution from error terms is larger than the main term.
The third way: An exact sequence

0—alL—cA—aL+(b—c)A— al+ (b—c)A|,y =0
gives rise to
A < R(bY, aL + (b — c)Aly ).
On the other hand, using exact sequences
0—al+(b—c—k)Aly = aL+ (b—c)A| 1)y = aL+ (b—c)A|;y — 0,
we have

b—1
RO(BY, aL + (b—c)Al,y) < > WY, aL + (b—c—k)Aly)
k=0

<b-h(Y.a(L + A)ly).

In the arithmetic context, the behavior of the error terms by this way is better than the sec-
ond way, so that we could get the desired estimate. Of course, this way is very complicated
because it involves non-reduced schemes.

The paper is organized as follows: In Section 1, we prepare several estimates of norms
on complex manifolds. In Section 2, many formulae concerning the number of small sec-
tions are discussed. Through Section 3, we give the proof of the main technical estimate of
the number of small sections. In Section 4, we introduce the volume function on an arith-
metic variety and consider several basic properties. In Section 5, we prove the continuity
of the volume function and the arithmetic Hilbert-Samuel formula for a nef C'*°-hermitian
invertible sheaf. Finally, in Section 6, we consider the generalized Hodge index theorem
and the arithmetic Bogomolov-Gieseker’s inequality.

Finally we would like to thank Prof. Mochizuki for valuable correspondences.
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Conventions and terminology. We fix several conventions and terminology of this paper.

1. For areal number z € R, the round-up [x], the round-down | x| and the fractional part
{z} are defined by

[z] :=min{k € Z |z <k}, |z]:=max{ke€Z|k<z} and {z}=z-—|x].

2. For a complex vector z = (21, ..., 2,) € C", two norms |z| and |z|" are defined by

ol = VI P and el = o] o
Note that |z] < |z|" < y/n|z| forall z € C".
3. Let (V,0) be a finite dimensional normed vector space over R. The norm ¢ is some-
times denoted by || - ||. Let f : W — V be an injective homomorphism of vector spaces
over R. Then the norm o on V yields a norm ¢’ on W given by o’(z) = o(f(z)). This

norm o’ is denoted by o and is called the subnorm of o. Letg : V. — Q be a
surjective homomorphism of vector spaces over R. Then a norm ¢’ on @ is defined by

o"(y) =inf{o(x) |z € g7 (y)}
This norm ¢” is denoted by oy _.¢ and is called the quotient norm of o. Let
0=V -V -V"=0

be an exact sequence of finite dimensional vector spaces over R. Let ¢/, o and ¢ be norms
of V', V and V" respectively. We say

0— (V',o')— (V,o) — (V",0")— 0

is an exact sequence of normed vector spaces if o' = oy, and ¢ = oy_,yr. Let VV
be the dual space of V, that is, V'V = Homg(V,R). The dual norm ¢ of V" is given by

0¥ (¢) = sup{|¢(x)| | z € V and o(z) < 1}.

4. Let X be either a scheme or a complex space. Let Ly,..., L, be invertible sheaves
on X and mq,...,m, integers. In this paper, the tensor product L?ml ® - @ LM of
invertible sheaves is usually denoted by

mlLl ++ann

in the additive way like divisors.

5. Let X be a compact complex manifold and € a volume form on X. Let L = (L, |- |)

be a C°°-hermitian invertible sheaf on X. Then the natural L?-norm || - HE o and the
sup-norm || - Hglp on H(X, L) are defined by

_ 1/2 _
5% 0 = ( / |s|%9) and |s|%,, = sup{ls|.(e) | = € X}
i

for s € H°(X, L). For simplicity, ||§2Q (resp. ||-|sup) is often denoted by HHE2 or ||| Lz
(resp || - ||sup)- For a real number A, a C*°-hermitian invertible sheaf (L, exp(—A)| - |) is

denoted by . Let A be a positive ~C°°-hermitian invertible sheaf on X. The normalized
volume form Q(A) associated with A is given by

1 (AN
Jx er(A)n
where ¢1(A) is the first Chern form of A and d = dim X. Note that [, Q(A4) = 1.

Q(4) =
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6. A quasi-projective scheme over Z is called an arithmetic variety if X is an integral
scheme and flat over Z. We say X is generically smooth if X is smooth over Q. By
Hironaka’s resolution of singularities [9], there is a projective birational morphism g :
X' — X of arithmetic varieties such that X’ is generically smooth. This p : X’ — X is
called a generic resolution of singularities of X.

7. Let X be a projective arithmetic variety and L a C*°-hermitian invertible sheaf on X.
According to [14], we define three kinds of the positivity of L as follows:

e ample : L is ample if L is ample on X, the first Chern form c¢; (L) is positive on X (C)
and nA is generated by sections s € H°(X,nA) with ||s||sup < 1 for a sufficiently large
n.

e nef: L is nef if the first Chern form c; (L) is semipositive and dj%(ﬁ“) > 0 for any
1-dimensional closed subscheme I in X.

e big : L is big if Lg is big on Xg and there are a positive integer n and a non-zero
section s of H(X,nL) with ||s|sup < 1.

By [17, Corollary (5.7)], if L is ample, then, for a sufficiently large integer n, H°(X,nL)
has a basis s1, ..., sy as a Z-module with ||s;||sup < 1foralli=1,...,N.

8. Let X be a projective arithmetic variety, and let L and M be C'*°-hermitian invertible
sheaves on X. We say L is less than or equal to M, denoted by L < M, if there is an
injective homomorphism ¢ : L — M such that |¢c(-)|ar < ||z on X (C), where |- |1, and
| - |as are hermitian norms of L and M respectively. The following properties are easily
checked (for the proof, see Remark 5.3):

(1) L < M if and only if —M < —L.

(2 UL<MandT <M, thenL+T <M+ M.

1. SEVERAL ESTIMATES OF NORMS ON COMPLEX MANIFOLDS

1.1. Gromov’s inequality. In this subsection, we consider Gromov’s inequality and its
variants. Let us begin with the local version of Gromov’s inequality.

Lemma 1.1.1 (Local Gromov’s inequality). Let a,b,c be real numbers with a > b >
c>0 WesetU ={2€C"||z] <al, V={2€C"|[z] <btand W = {z €

C" | |z| < c}. Let Q be a volume form on U, and let H1, ..., H; be C*-hermitian
invertible sheaves on U. Let wq, ... ,w; be free bases of H1, ..., H; over U respectively.
Then there is a constant C depending only on H1,..., H;, wi,...,w;, Q, a, b, cand n
such that, for any positive real number p, all non-negative integers m1, ..., m; and all

s€ H(U,miHy + - +mHy),

ma{[sff,, (@)} < CPD™ (ma + -y + 1) ( / (mm)ﬂ) ,

where | - | (4, ....m,) IS the hermitian norm ofmiHy+ - +myH; and [p] is the round-up
of p (cf. Conventions and terminology 1).

Proof. Let | - |; be the hermitian norm of H; and u; = |w;|; on U. Considering an
upper bound of the partial derivatives of u; over V', we can find a positive constant /; such
that

ui(z) — ui(y)| < Kilx -y’
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for all z, 3y € V (for the definition of | - |, see Conventions and terminology 2). We set

K K, 1
D:max{max{l},...,max{l},} and R=1/D.
zev | ui(z) zev (w(z) ] b—c

Then, for zg,x € vV,

wi(z) > ui(zo) — Ki|lr — 20| = wi(zo) (1 — uf(iio) |z — x0|’>

> u;(x)(1 — D]z — zo]).

We set B(zg,R) = {x € C" | |x — 209/’ < R}. Then 1 — D|z — x| > 0 for all
x € B(zg, R). Moreover, if xg € W, then B(zo, R) C V because

|z — x| < |z —20| <R<b—c.
Here we claim the following:

Claim 1.1.1.1. For a non-negative real number m,

/01.../01x1...xn (1_i($1+...+xn)>mdm1...d%2 ((mHl)”l([mWH)”'

First let us consider the case where m is an integer. If m = 0, then the assertion is
obvious, so that we assume m > 1. Since

(1—i(m1+-~-+xn))m= nim (Zn:(l—wi)>m

i=1

1 m! m
. SR

my!--my!

and
1

1
(1 —z)de = ————
/0 ( ) (d+1)(d+2)

for a non-negative integer d, the integral [ in the claim is equal to

e mal-my! (my + 1) (mg +2) - (my, + 1) (my, +2)
m1>0,...,mn >0

Thus

~ (m+ 1)"(m + 2)"nm o male ey  (m A+ 1) (m 42
m1>0,...,mn >0
If m is not integer, then
1 m 1 fml
(1—(x1+-~-+xn)> ><1—(x1—|—~--+xn)>
n n

because 0 < 1 — %(xl + -+ x,) < 1. Thus the claim follows.

We choose a positive constant e with 2 > e, on V, where

—1\"
Qean = (C) dzy Ndzy N -+ Ndzy, NdZ,.
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Let s be an element of H°(U,m;H; + --- + myH;). Then we can find a holomorphic
function f over U with s = fwP™ ® - ® w™. We also choose zy € W such that the
continuous function [s|(,,, ... m,) on W takes the maximum value at 2. Then

s QZe/ S O
~/V (m1,...,myq) B(0,R) (m1,...,my)

= 6/ ‘f|pu11’m1 . Uflecan
B(:Eo,R)

2mmmwmmm@mmj FP(L = Dl — 20" Qean,
B({L’Q,R)

where m = p(mq + - - - + m;). Moreover, if we set

r— 1z = (rrexp(v/=161),...,r,exp(v/—16,)),

then

/ ‘f|p(1 _D|x_$0|/)mﬂcan
B(zo,R)

2 2m
= /T - (/0 /o f|pd91---d9n) r1- T (1=D(ri+- - 4ry))"dry - - - drp,.

1+
r120,...,rn >0

Since | f|? is subharmonic, we have

2 2
[ [ tsrasyedo, = eayisol
0 0
Therefore, using Claim 1.1.1.1,

/ ‘f|p(]— _D|x_x0|l)mﬁcan
B(Z07R)

> (2m)"| f(xo)|? ﬁ1+---+rn§R ri-rpn(1—=D(ry 4+ -+ 1rp)"dry - - dry,

712050070 >0
2 (277)n|f($0)|p/ riorp(L=D(r1+ -+ 1)) dry -+ - dry,
[0,R/n]"™
(2m)"|.f (o) [P 1
(nD)? ([m] + 1)*([m] +2)"
Gathering all calculations, if we set C” = e(27)"/(nD)?", then
P C'|s(xo) ngl,...,m,)
o2 it S
Further, since [m] < [p](m1 + -+ + my),
(Fm] 4+ 1) (Fm] +2)" < ([p] (ma + -+ 10) + 17 ([p) (o + - -+ ) +2)7
< ([pl(ma + -+ +m+ 1)) Qlpl(ma + -+ +my +1))"
2 ([p])?" (s + -+ mu + 1),

Thus we get the lemma. O

The partial results of the following corollary are found in [12] and [11].
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Corollary 1.1.2 (Gromov’s inequality). Let M be an n-dimensional compact complex

manifold, ) a volume form on M, and let H1, . .., H;  be C°°-hermitian invertible sheaves
on M. Then there is a constant C depending only on H1, ..., H;, Q and M such that, for
any positive real number p, all integers m1,...,m; with mqy > 0,...,m; > 0, and all

s € HO(M,mlHl + ----l—mlHl),

oy @)} < C([P)) (1 4 -y + 1) </M s’{ml,...,m,ﬁ) :

Proof. We take a finite covering {U; };=1,....m of M with the following properties:
(1) U; is isomorphic to {z € C™ | |z| < 1} by using a local coordinate z;(z) =
(zin(2), ..., zin(x)). Weset V; ={z € U; | |zi(z)| < 1/2} and W; = {z € U, |
|zi(x)] < 1/4}.

(2) There are local bases w1, . ..,w;; of Hy, ... H; over U; respectively.

3) U, W; =M.
Then our corollary follows from the local Gromov’s inequality. O
Corollary 1.1.3. Let M be an n-dimensional compact complex manifold, and let H., . .., H,

be C'*°-hermitian invertible sheaves on M. Let V be a closed complex submanifold of M.
Let Qpp and Qv be volume forms on M and V' respectively. Then there is a constant C
such that

Clmy+---+m + 1)2"/ |s|2Qs > / | sy I*Qy
M 1%
for all non-negative integers my, ..., m;and all s € H°(X,myHy + - - - + m Hy).
Proof. Note that

2
2 2 fv | sly [*Qv
HS”sup 2 || 8|V ||sup 2 fV QV .

Thus the corollary follows from Gromov’s inequality. O

The following lemma is due to Takuro Mochizuki, who kindly tell us its proof. This is
a variant of Gromov’s inequality.

Lemma 1.1.4. Let X be an n-dimensional compact complex manifold and w a positive
(1,1)-form on X. Let Hy,...,H; be C*-hermitian invertible sheaves on X. Then, for
an open set U of X, there are positive constants C, C' and D’ such that

and
2 An / ymi+-my 2 An
Al AT

for all non-negative integers my, ..., my c&d all s € HY (i(, myHy + -+ -+ myHy), where
| [¢my,...,my) IS the hermitian norm of myHy + -+ +mH,.

Proof. Shrinking U if necessarily, we may identify U with {x € C" | |z| < 1}. We
set W = {z € C™ | || < 1/2}. In this proof, we define a Laplacian [J,, by the formula:
v—1

Y ~ 95 A(n—1) _ An
. 00(g) Nw O (g)w™".
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Let a; be a C>-function given by c; (H;) A w ("~ = qw", where ¢, (H;) is the first
Chern form of H;. We choose a C*°-function ¢; on X such that

/aiw/\n:/ ¢iwAn
X X

and that ¢; is identically zero on X \ W. Thus we can find a C*°-function F; with
DW(FZ) = a; — (bl Note that DW(FZ) = a; on X \ w.
Lets € HO(X,m1Hy + -+ -+ m;H,;) and we set

f: ‘S‘%ml ..... my) exp(_(m1F1+"'+mlFl))‘
Claim 1.1.4.1. max,cx\w{f(z)} = max,comw){f(z)}.

If f is a constant over X \ W, then our assertion is obvious, so that we assume that f is
not a constant over X \ . In particular, s # 0. Since
v—1

_?aé(log(|8|?ml,...7ml))) = ci(miHi+--+mH;) = myci(Hy)+- - -+myei (Hy),

we have [0, (log(f)) = 0 on X \ (W U Supp(div(s))). Let us choose 2o € X \ W such
that the C*°-function f over X \ W takes the maximum value at . Note that

29 € X \ (W U Supp(div(s))).
For, if Supp(div(s)) = 0, then our assertion is obvious. Otherwise, f is zero at any point
of Supp(div(s)).
Since log(f) is harmonic over X \ (W U Supp(div(s))), log(f) takes the maximum

value at xo and log(f) is not a constant, we have o € 9(W) by virtue of the maximum
principle of harmonic functions. Thus the claim follows.

We set
d; = xem)g{lw{exp(—Fi)}, D; = xg)?%(/){exp(—ﬂ)} and C'= ifi??il{Di/di}.
Then
dm ... d;’” ‘S‘%mh,..,mz) =/
over X \ W and

f <D DMsl,

my)

over O(W). Hence

2 ot 2
8% {[slim,,.mp} < O™ max {1s[G, )}

< Cm1+-..+mL ma}{|8|?m1 ml)}
el yeens
which implies that
2 ot 2
rznea))(({|8|(m1,<..,mz)} o™ " féawxﬂskmlv---vml)}'

This is the first part of the lemma. Note that e > x + 1 for x > 0. Thus, by the local
Gromov’s inequality (cf. Lemma 1.1.1), there are constants C; and D such that

.....

for all non-negative integers my, ..., m; and all s € H°(X, my Hy + - - - +m; H;). There-
fore the second assertion follows. O
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1.2. Distorsion functions. Let X be an n-dimensional projective complex manifold and
Q a volume form of X with [, Q = 1. Let H = (H,h) be a C*°-hermitian invertible
sheaf on X. For s,s’ € H°(X, H), we set

5:5)ma = [ B0

Let s1, ..., sy be an orthonormal basis of H°(X, H) with respect to ( , >F7S2' We define
dist(H, Q)( Zh (s4,54)(

Note that dist(H, §2) does not depend on the choice of an orthonormal basis. In the case
of H%X ,H) = {0}, dist(H, ) is defined to be the constant function 0. The function
dist(H, ) is called the distorsion function of H with respect to (2.
Let A be a positive C'°°-hermitian invertible sheaf on X. Due to Bouche [3] and Tian
[15], we know that
dist(aA, Q(A))(x)

S —-1=0(1

SR dim HO(ad) (/a)
for a > 1, where Q(A4) is the normalized volume form associated with A (cf. Conventions
and terminology 5). Using this result, Yuan [16, Theorem 3.3] proved the following:

Theorem 1.2.1. Let A = (A, ha) and B = (B, hp) be positive C*°-hermitian invertible
sheaves on X. Then there are positive constants C1 and Cs such that
2C7 30,

dist(aA — bB, Q(A))(x) < dim H°(aA) (1 +—+ b)

forallz € X, a>1andb > 3Cs.

Proof. For reader’s convenience, we reprove it here. By Bouche-Tian’s theorem, there
are constants C'; and C5 such that
& C
dim H°(aA) (1 - ) < dist(aA4, Q(A))(z) < dim H°(aA) (1 + 1)
a
and

aim 1°03) (1 G ) < a3 2(p)(e) < aim1°0) (14 G2

forall z € X, a > 1and b > 1. By taking larger C; and C5 if necessarily, we may
assume that the above inequalities hold for all z € X and all a,b > 1.

Let us fix an arbitrary z € X. Let us choose an orthonormal basis of H°(bB) with
respect t0 (, )5 o) such that only one section is non-zero at z. We denote this section

by s(b). Then
hyg(s(0), 5(8)) (@) = dist(8B, (B))(x) > dim H(B)(1 - Ca/b).
On the other hand,
IOy < sup dist(vB, 2(B))(z) < dim H'BB)(1 + Ca/b).
Therefore

hip(s(0), s0)(@) _ 1= Cafb
O, 140/




CONTINUITY OF VOLUMES ON ARITHMETIC VARIETIES 11

We choose an orthonormal basis ¢4, . . . , t,. of H’(aA—bB) withrespectto (, ), x_,5 Q(A)
such that 5(b)¢1, ... s(b)¢, is orthogonal with respect to ( , ), 7 o) in H°(aA). This is
possible because a hermitian matrix is diagonalizable by an unitary matrix. Then

{s0)t:/ 15Ol 7.0 Yot

is a part of an orthonormal basis of H°(aA). Thus

i haalsOte sOL@) g1t 04 Q(A)) (@) < dim HO(aA)(1 + C1 /a).

= lsOtliz o
On the other hand,
Is®)ill2 5 o) < 502w

Therefore
1-Co/b ., — — h,5(s(b), s "
Tcz/bdlst(aA—bB,Q(A))(m)g bB s ()Hsup ZhaA b5t ) ()

= Z )t ” ))(I) h gt ti)(2)

aA,Q(A)
= Z ttl”’; (b)t:) () < dim H(aA)(1 + Cy/a).

A)
Thus, if b > 3C, then

dist(a4 — bB,Q(A4))(z) < dim HO(aA) (L+Ci/a)(1+ 02/5).

1—Cy/b
It is easy to see that
(L+Cr/a)1+Co/b) _ | 2C1 , 3C; b—3C (01 Cz)
1-Csy/b a b b—Cy a b
Therefore, if b > 3C5, then
1+ Ci/a)(1+Cy/b 2C;  3C
R s R

O

Let L and A be C*°-hermitian invertible sheaves on a projective complex manifold X.
Assume that A and L + A are positive. We set Q = Q(L + A). Let a, b, c be non-negative
integers. Let s be a non-zero element of H%(bA) with [|s|lsup < 1. Let (, ),7_ 7 and
(s )aT+(v—e)7 be the natural hermitian metric of H%aL — cA) and H°(aL + (b —¢)A)
with respect to 2. We set

Bps = {t € H(aL — cA) | {t,t),7_ .z < 1)
Bouw = {t € H°(aL — cA) | (st,st) ;7 b0z < 1}-

Then we have the following corollary, which is a variant of [16, Proposition 3.1]

Corollary 1.2.2. There are positive constants Cy and Cs such that

vol(By2) R / 20y | 30
VollBr2) \ o 204
o8 (vol<Bsub>> > dim (L + A)) ([ log(lsh) (1+ =%+ =%
forall a > 3C5 and ¢ > 0.
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Proof. Since aL — cA = a(L + A) — (a + ¢)A, by Theorem 1.2.1, there are positive
constants C'; and C5 such that

a a+c

dist(aL — ¢, Q)(2) < dim H(a(L + A)) <1 L2, 20 )

forallz € X,a > 1and a + ¢ > 3C5. Note that if a > 3C5 and ¢ > 0, then a + ¢ > 3Cy
anda > 1.

We choose an orthonormal basis t1, . . ., t, of H(aL — cA) withrespectto (, ), 7 .71
such that st1, ..., st,. are orthogonal with respect to {, ), 7 ;.7 Then, using Jensen’s
inequality, for a > 3C5 and ¢ > 0,

VO](BL’z)) T 1 — / o
RN = 10 Stz T _oA = — 10 S tz [9)
(v 2 toglstillrro-oa = 3 2_log [ 1Pl

) /x* 2 :
> E log(|s|*)|t;|°2

= 1/ log(|s|?) dist(aL — cA, Q)Q
2 Jx

2C 3C.
1+2)_
a+c

> i 1ol + ) ([ 1os(s)e) (14

O

2. NORMED Z-MODULE AND ITS INVARIANTS 19, h! AND ¥

Let (M, || - ||) be a normed finitely generated Z-module, namely, M is a finitely gen-
erated Z-module and || - || is a norm on Mg = M ®z R. We define H(M, || - ||) and
hO(M, || -]]) to be

H(M,|[-|)={zeM||«| <1} and A°(M,|-|) = log #H (M, ]| - [))-
It is easy to see that
EO(M’ H : ||) = BO<M/Mt0r7 || : H) + 1Og #(Mtor)7
where My,, is the torsion part of M. We set
B(M, | -|) ={z € Mg | ||lz|| < 1}.
Then (M, || - ||) is defined by

) vol(B(M, | - 1) )
M, |- =lo + log #(Mior)-
X( || H) g (VO](M]R/(M/MtOT)) 2 ( t )
Note that ¥ (M, | - ||) does not depend on the choice of a Lebesgue measure of My arising

from a basis of Mg. Let MV be the dual of M, that is, MV = Homgy(M,Z). Note that
MY is torsion free. Since (M) is naturally isomorphic to (Mg)", we denote (M " )g by
My . The norm || - || of Mg yields the dual norm || - || of My as follows: for ¢ € My,

o] = sup{|p(2)| | v € B(M, || - )}
Then HY(M, || - ||) and h* (M, || - ||) are defined by
HY (M, || -|) = H(M, || -|V) and A'(M, |- |) =AY, || -[V).
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Let ¥ = {ey,....e,} be a free basis of of M/M,,, and let (, )x be the standard inner
product of M /M, in terms of the basis ¥, that is,

(x,y)s = a1by +--- + ayb,
forz = ajer,+- -+ arep,y = bre; + -+ - + bre, € M/My,,. Then we can see
hY(M, || -||) = log #{z € M/Mo, | |(z,y)s| < 1forally € B(M,]| - |)}.

In the case where M = {0}, hO(M, || - ||), A*(M, || - ||) and x (M, || - ||) are defined to be
0. The following proposition is very useful to estimate h° of normed Z-module. This is
essentially the results in Gillet-Soulé [6]. The following formulae are also pointed out in
Yuan’s paper [16].

Proposition 2.1. (1) For a normed finitely generated Z-module (M, || -

),
—log(6) rk M < RO(M, || - ||) = A* (M, || - [[) = R(M, || - |)
< log(3/2) tk M + 2log((rk M)!).

(2) Let||-||1 and || - ||2 be two norms of a finitely generated Z-module M with || - |1 <
Il - |2 Then

WM, |- l) = hO(M, || -|l2) and  B*(M, || - 1) < h*(M, ]| - [l2)-
Moreover,
XM, |- 1l2) = RO |- 1) < RO(M, |- [l2) = RO(M, | - [11)
+log(9) rk M + 2log((rk M)!).
(3) For a non-negative real number \,
0 < hO(M,exp(=N)| - ) = B°(M, || - |)
< Ark M + log(9) rk M + 2log((rk M)!).
(4) Let
f
0 — (M',[|-[) == (M, || - [)) == (M",[|-|") — 0
be an exact sequence of normed finitely generated Z-modules, that is,
0—M Lo LM o
is an exact sequence of finitely generated Z-modules and
f
0 — (Mg, || - I') = (Mg, || - ) = (Mg, [|-|") — 0
is an exact sequence of normed vector spaces over R. Then
ROCM |- 1) < ROCM, |- |1) + RO (M, || - |I”) + log(18) rk M
+ 2log((rk M")!).
(5) Ifthere is a basis {e1, ..., e m} of M /Mo, with ||e;|| < 1 for all i, then
RL(M, |- ) < log(3) rk M.
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Proof. First we would like to give remarks on the paper [6] due to Gillet-Soulé. We
use the same notation as in [6]. Let K be a convex centrally symmetric bounded and
absorbing set in R™. Let K* be the polar body of K, i.e.,

K*={z eR"||(z,y)| <1forally € K}.
We denote the volume of K by V(K') and #(KNZ") by M (K). We assume an inequality
(2.1.1) V(K)V(K*) > f(n),

where f(n) is a constant depending only on n. If we read the paper [6] carefully (especially
Theorem 1 and Proposition 4), we can easily realize that the above inequality implies the
following inequalities:

. M(K) 6"
2.1.2 67" < <
@12 = MEVE) = )
and
(2.1.3) M(K) < M(aK) < o M(K)36" (for a € R with a > 1).

f(n)
Mahler showed (2.1.1) holds for f(n) = 4™(n!)=2 (cf. [8, §14, Theorem 4]). Bourgain

and Milman [4] also proved (2.1.1) for f(n) = ¢"V,,, where ¢ is an absolute constant and
V,, is the volume of the unit sphere in R™. Here we uses Mahler’s result for its simplicity.

(1) Since
RO(M || - 1) = B (M, | - () = (M, | - 1))
= h2(M/Miop, || - ) = B (M/Mior, || - 1) = X(M/Mior, || - 1),
we may assume that M is torsion free. Thus (1) is a consequence of (2.1.2).
(2) The inequalities 2°(M, | - ||1) > hO(M, || - ||2) and A* (M, || - ||1) < A*(M, | - ||2)
are obvious by their definitions. The third inequality is a consequence of (1).
(3) Since
O (M, exp(=N)|| - [[) = h° (M. || - )
= h*(M/Myor,exp(=N)| - [I) = h° (M /Mior, || - 1),
we may assume that M is torsion free. Thus it follows from (2.1.3).
(4) We may assume M’ is a sub-module of M. Let us choose 1, ..., x; € M with the
following properties:

@) ||z <1 foralli.

(i) g(z;) # g(x;) forall i # j.
(iii) For any z € M with ||z|| < 1, there is z; such that g(x) = g(x;).

By using (i) and (ii), for any € M with ||z|| < 1, there is a unique x; with g(z) = g(z;).
Moreover  — x; € M’ and ||z — x;|| < 2. On the other hand, log(l) < RO(M" || - ||")
because ||g(z;)||”" < 1 for all i. Therefore,
ROCM || - [)) < RO(M™,|| - ") + log #{a’ € M | ||’ < 2}
Hence (4) follows from (3).
(5) Let (, ) be an inner product of M /My, with respect to the basis {e1, ..., e}

Then, for x = aje; + -+ + ark merk M, if |[{z, €;)| < 1 for all 4, then |a;| < 1 for all 4.
Thus (5) follows. O
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Remark 2.2. Note that

(x+1)log(x + 1) > forallz > 0,
log(n!) < (n+ 1) log(n + 1) for all non-negative integer n.

Therefore, we have simpler inequalities for each case of Proposition 2.1 as follows. The
inequalities (2.2.1), (2.2.2), (2.2.3) and (2.2.4) are simpler versions of the corresponding
inequalities in (1), (2), (3) and (4) of Proposition 2.1 respectively.

Q@2.1)  |ROM, || - |)) = RN (M- 1) — (ML |- )
< (log(3/2) +2) (tk M + 1) log (rk M + 1).

(222) XM, |- |l2) = XM, || - [[1) < hO(M, || - |2) = hO(M, | - 1)
+ (log(9) +2) (tk M + 1) log (tk M +1).

(2.2.3) 0 < hO(M,exp(=N)[| - ) — RO(M, || - |])
< Atk M + (log(9) +2) (tk M + 1) log (rk M +1).

2.24) RO(M, || -|l) < RO(M, |- |1") + RO (M || - |1")
+ (log(18) + 2) (rk M’ + 1) log (tk M’ + 1) .

3. APPROXIMATION OF THE NUMBER OF SMALL SECTIONS

In this section, we prove the main technical tool of this paper. First we consider the
following three lemmas. The first one is an upper estimate of the number of small sections.

Lemma 3.1. Let X be a projective arithmetic variety of dimension d, and let L and N be
C°-hermitian invertible sheaves on X. Then we have the following:

(1) If L is ample, then

A o TR
h° (HO(X,mL+N)7||.|$£+N):7%(6;'( ) )md—|—0(md)

form > 1.
(2) In general, there is a constant C with

sup

WO (HOXmL+ N, |- 5EY) < omd

forallm > 1.

(3) Let i : Y — X be a generic resolution of singularities of X. Let ) be a volume
formonY (C). An L?-norm of H°(X, m L+ N) is given in the following way: for
t € H°(X,mL + N),

1/2
||t||TzL§N = </Y(C) M*(|t72nL+N)Q> )
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where | - | 7% is the hermitian norm of mL + N. Then there is a constant C
with _

WO (HO(X,mL+ N), |- 7Y ) < Cm?
forallm > 1.

Proof. (1) It is well-known that

ro  dea(@ (D)
X (HO(X, mL+N), |- |85 ) = deg(@ (L)) a o(m?)

) =T
for m > 1 (cf. [6], [1] and [17, Theorem (1.4)]). Thus, by (2) of Proposition 2.1,

sup sup

RO (HO(X mL+ N, |- E ) = bt (HOX mL + N, | - )

deg(&, (L)
_ eg(ccll'( ) )md + o(md).
Since L is ample, by [17, Theorem (4.2)], H°(X, mL + N) is generated by sections ¢ with
|It|lsup < 1. Thus, by (5) of Proposition 2.1,
Bt (HOXmE), | - 1k ) = o(m).

sup
Hence we get (1).

(2) Let A be an ample C*°-hermitian invertible sheaf on X. Then there are a positive
integer n and a non-zero section ¢ of H(nA— L) with ||s||sup < 1. Let ¢ : L — nAbe an
injective homomorphism given by ¢(t) = s ® t. Then since |s @ | = |s[[t| < [¢[, ¢ yields
L < nA (cf. Conventions and terminology 8). Therefore mL < mnA for all m > 1. Thus
(2) follows from (1).

(3) By using Gromov’s inequality on Y (C), there is a constant C; such that

I JE ™ < Cam |-
for m > 1. Thus

B (HOQGmE + N) g ) = 5 (HO O mE o+ N), o AT

Moreover, by (3) of Proposition 2.1,

Ao (HO(X, mL+ N),Cym® | - H’ZZZEN)

=10 (HOOX,mL + N, |- 1355 ) + om?).

Therefore we get (3). o

Next we consider formulae concerning subnorms and quotient norms (cf. Conventions
and terminology 3).

Lemma 3.2. (1) Let f : V — W and g : W — U be surjective homomorphisms of
finite dimensional vector spaces over R. For a norm o of V, (oy_w)w—u =
oy .y as norms of U.
(2) Let
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be a commutative diagram of finite dimensional vector spaces over R such that f
and [’ are injective and that g and g' are surjective. Let o be a norm of V. Then

(owev)w—pr 2 (0Vv—Q)P—qQ
as norms of P. Moreover, if ker(g) C f(W), then
(ow—v)w-pr = (0v-Q) P—q-
Proof. (1) Letusfixu € U. Forv € (go f)~(u),
o(v) Z ovow(f(v) = (ovw)w-uv(u)

Therefore O'V_»U(u) > (Uvﬁw)w_»[](u).
Pick up vg € (g o f)"(u) with oy _.py(u) = o(vg). Then, for any w € g~ *(u),
o (vg) < oy _w(w) because f~!(w) C (go f)~"(u). Hence

ov_u(u) = o(vg) < (ov_w)w-u(u).
(2) Since f(ker(g’)) = f(W) Nker(g), forw € W,
{(UWMV)WH»P(Q/(U})) = nf{o(z) [z € f(w) + f(W) Nker(g)}
(0v-@)gw)—q(g'(w)) = inf{o(z) | x € f(w) + ker(g)}.
Thus (ow—v)w-pr(g(w)) > (ov-q)prwqg(g(w)). Moreover, if ker(g) C f(W) (or,
equivalently f(W) Nker(g) = ker(g)), then (cw—v)w-p = (0v-Q)P—q- O
The following lemma is needed to find a good A in the proof of Theorem 3.4.

Lemma 3.3. Let X be a projective and generically smooth arithmetic variety of dimension
d, and let Q) be a volume form on X (C). Let L and A be C>°-hermitian invertible sheaves
on X. Let us consider the following assertion 3(X, L, A):

There are positive constants ag, C and D depending only on X, L and A
such that

A alL+(b—c)A
00 (L + (b= )A). |- |E 50 7)

<30 (HOaL = ), || |55 ) + Cba®~" + Da " log(a)
for all integers a,b,cwitha > b > c > 0and a > ay.
Then we have the following:

(1) Let A’ be another C™-hermitian invertible sheaf on X with A < A (c¢f Conven-
tions and terminology 8). If ©(X, L, A) holds, then so does ¥(X, L, Z/).

(2) We assume that tk H*(X, A) # 0. Let |- |a be the hermitian norm of A. If
Y(X, L, A) holds, then so does ¥.(X, L, (A, exp(—=\)| - |4)) for all X > 0.

(3) We assume that tk H°(X, A) # 0. Let A’ be another C™=-hermitian invertible
sheaf on X such that A’ is isomorphic to A over Q. Then ¥.(X, L, A) holds if and
only if so does (X, L, A,

Proof. (1) Since
T+(b—c)A <T+(b—-c)A and aL —cA<al —cA,
(1) follows.
(2) We set A = (A,exp(—A)| - |a). Let us fix constants Cy and C5 such that
tk HO(a(L + A)) < Cha?™!
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for all ¢ > 1 and that
(log(18) +2) (tk H(a(L + A)) + 1) log (tk H (a(L + A)) + 1) < Coa® " log(a)
for all @ > 2. It is easy to see that
aL+(b—c)A’ aL+(b—c)A
?Hm50>mm< )m\mz>
I 155 o =exp(eN)]] - 155 e o

Since
tk H(aL — cA) <tk H(aL 4 (b — ¢)A) <tk H(a(L + A)),
using (2.2.3), we have

0 < i (HOL+ (b —)A), |- 5550 T)
2 L+(b—c)A
30 (L + (b= ) A), |- 555 %)
< OIANb — ¢)a®™! + Coa®log(a) < C1Aba™! + Cha?~ ! log(a)
and
0 <0 (HO(L = cA), || |55 ™) = h0 (HO(aL — cA), |- |35 ™)
< Cidea®™ ! + Coa® M og(a) < CiAba®™t + Caa® ' log(a).
Thus we have
W (HGL + (b= ), |- 555" ) <0 (HOGL - cA) || 15557
4 (C +2XC)ba + (D + 2C5)a  log(a).
for all integers a, b,c witha > b > c > 0and a > ag.

(3) It is sufficient to show that if ¥(X, L, A) holds, then so does ¥(X, L, ZI). Since
A’ is isomorphic to A over Q, there is a Cartier divisor F' such that A’ ® Ox(F) ~ A
and Supp(F) is vertical. Thus there is a positive integer N such that Ox - N C Ox (F).
Hence we have a natural injective homomorphism o« : A’ - N — A. Let|-|and |- |
be C°°-hermitian norms of A and A'. Then (A”- N, | -|")is a C°°-hermitian invertible
sheaf on X. Since a : A’ - N — A is isomorphism over Q, there is a positive number A
such that |ac()| < exp(A)| - |". Then (A’ - N, exp(\)| - |') < (4,]-]). Hence, by (1),
Y(X,L,(A"- N, exp()\)|-|")) holds. Note that the homomorphism A’ — A’- N given by
a +— a - N yields to an isometry (A", Nexp(A)|-|") — (A" - N, exp(A)| - |"). Therefore
Y(X, L, (A", Nexp(\)|-|")) holds, so that so does (X, L, (A, ] - |')) by (2). O

Let X be a compact complex manifold, and let L = (L, | - |) and M = (M, |- |5s) be
C°°-hermitian invertible sheaves on X. Let ¢ be a non-zero global section of H"(X, M).

We denote by || - || LL=M the subnorm of H° (X, L — M) induced by the natural injective

L2 ,t,sub
homomorphism HO(X, L — M) 2% HO(X, L) and the L?-norm of | - || £, of HO(X, L)
for a fixed volume form on X . For simplicity, || - Héft 5]: {) is often denoted by || - ||§2 ¢ sub’

The following theorem is the technical core of this paper. The similar result for an
arithmetic curve will be treated in Proposition 3.5.
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Theorem 3.4. Let X be a projective and generically smooth arithmetic variety of dimen-
sion d > 2. Let L and A be C°°-hermitian invertible sheaves on X. We assume the
following:
() Aand L + A arevery ample over Q.
(ii) The first Chern forms c1(A) and ¢, (L + A) on X (C) are positive.
(ili) There is a non-zero section s € H°(X, A) such that the vertical component of
div(s) is contained in the regular locus of X and that the horizontal component
of div(s) is smooth over Q.
Then there are positive constants ag, C and D depending only on X, L and A such that
B (HOL + (b= ) A), || |55 09%) < 00 (HO(L — cA), |- |354)
+ Cba®"t + Da% tlog(a)
for all integers a, b, gwith a>b>c>0anda > ag, where the volume form € to define
L2-norms is Q(L + A) (cf. Conventions and terminology 5). Moreover the sup-version of

the above estimate holds as follows: there are positive constants af, C' and D' depending
only on X, L and A such that

RO (HO(aL + (b= 0)A), | - 125 =97) < B° (HO(aL - cA), | - sk )
+ C'ba?! + D'a?1log(a)
for all integers a,b,cwitha > b>c>0and a > a6
Proof. First let us fix constants C'; and C5 such that
tk H(a(L + A)) < Cya®?
for all ¢ > 1 and that
(log(18) +2) (tk H(a(L + A)) + 1) log (tk H(a(L + A)) + 1) < Coa®""log(a)

for all a > 2. o
Let | - |4 be the C*°-hermitian norm of A. As in Conventions and terminology 5, for
A € R, we set

A = (A, exp(- )] - a):

First we claim the following:

Claim 3.4.1. We may assume that there is a non-zero section s € H°(X, A) such that
Isllsup < 1, div(s) is smooth over Q and that div(s) has no vertical components. We may
further assume that there are a positive integer n and a non-zero section t of H°(X,nA —
L) such that ||t||sup < 1 and t is not zero on div(s).

By our assumption (iii), there is a non-zero section s € H%(X, A) such that the vertical
component of div(s) is contained in the regular locus of X and that the horizontal com-
ponent of div(s) is smooth over Q. Let Y and F be the horizontal component of div(s)
and the vertical component of div(s) respectively. Note that Y and F are effective Cartier
divisors because F’ is contained in the regular locus of X. We define a C'°°-hermitian
invertible sheaf A, by the equation

Zizl X (OX(F), | : ‘can)-

Then there is a non-zero section s; € H°(X, A;) such that s = s; ® 1 and div(sy) = Y,
where 1p is the canonical section of Ox (F'). Let A be a non-negative real number with
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exp(—A)||s1/lsup < 1. Then, by (3) of Lemma 3.3, if the assertion holds for L and Zi\,
then so does for L and A.

Moreover, since A is very ample over Q and div(s) has no vertical components, there
are a positive integer n and a non-zero section ¢ of H%(nA — L) such that ¢ is not zero on

div(s). Let X' be a non-negative real number with exp( N/n)||tllsup < 1. Then t is a

small section of a C'°°-hermitian invertible sheaf nA — L. Thus, by (1) of Lemma 3.3,
the claim follows.

For a coherent sheaf 7 on X and a subscheme Z of X, the image H'(X,F) —
HY(Z, F|,) is denoted by I'(Z, F|,).
If b = 0, then ¢ = 0. Thus, in this case, the assertion is obvious, so that we may assume
b > 1. Asin Claim 3.4.1, let s be a non-zero section H°(X, A) such that ||s|sup < 1,
= div(s) is smooth over Q and that Y has no vertical components. Let us choose
positive numbers C'3 and C4y such that
tk HO(Y, a(L + A)|y) < Cza®2

for all ¢ > 1 and that

(log(18) +2) (rk H(Y, a(L + A)|y) + 1) log (tk HO(Y, a(L + A)|y) + 1)
< Cya%?log(a)

foralla > 2 -
Let || - H'ﬁz&;cm be the quotient norm of I°(aL + (b — ¢)Al,,-) induced by the sur-

jective homomorphism H%aL + (b—c)A) — I°(aL + (b— c)Al,y ) and the L?-norm

| 254 of HO(aL + (b — ¢)A). Note that I°(aL + (b — c)Al,y) is torsion free
because bY is flat over Z.

Claim 3.4.2. For all integers a,b,cwitha >b>c>0anda > 2,

e (HO(GLJF (b—c)A), |- ||aL+(b ? ) < h° (HO(aL —cA), |- Haf+(b—c)2)

L2 st sub

+ 00 (I(aL + (b= ) Aly ), |- 5550, ) + Caa? log(a).

L2, quot
Using an exact sequence
b
0— H%aL — cA) == H%aL + (b—c)A) — I°(aL + (b—c)Al,y) — 0,

we have a normed exact sequence

L2 sb sub

= (I°(aL + (b = )ALy, |- 15550 0) =0,

L2 quot

0= (H'(aL = cA), |- |55 10007) = (H(L + (b = c)a), |- 5570

||aL+ b c

12 65 sub A s the subnorm of H%(aL — cA) induced by the injective homo-

where | -

morphism H°(aL — cA) —— HO(aL + (b —¢)A) and the L?-norm || - H“L+ (b4 ¢
H%aL + (b— c)A). Thus, by (2.2.4), it yields the claim because

rk H(aL — cA) <1k H(a(L + A)).

Next we claim the following:
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Claim 3.4.3. There are constants aq and Cs depending only on L and A such that
A0 (HO(aL — ca), |- |55 H00) < 0 (HO@L — cA), |- [35)
+ C5ba®™! 4 Cra'log(a).
for all integers a,b,cwitha > b > c > 0and a > ay.
Note that | - |25~ < || |j9L=¢A Thys, by (2.2.2),
7o (HO(aL YR ||f£—cz) —jo (HO(aL —cA),|- ||;§;§f’s‘u;“) +Ca% ! log(a)
> % (HO(aL = cA), || [55) = % (HOL — ca), |- 1555007

Therefore it is sufficient to find positive constants ag and C'5 such that

% (HO(aL = cA), |- 1557%) = (HO(aL = cA), || 55007 ) = ~Caba® ™

L2,sb sub

for all a,b,cwitha > b > ¢ > 0 and a > ag. This is nothing more than a consequence of
Corollary 1.2.2.

Let k be an integer with 0 < k < b. Let || - |\“L§t,§b;l‘;jfl‘uot be the quotient norm of

I°(Y, aL + (b — ¢ — k)Aly ) induced by a surjective homomorphism
HaL+ (b—c—k)A) — I°(Y,aL + (b—c—k)Aly)
and || - S5O of HO(aL + (b— ¢ — k) A).
Claim 3.4.4. There is a constant Cs and C depending only on L and A such that
70 (IO(Y, aL + (b—c—k)Aly), | - H;E;ffj;gfmt) < Csa®! + Cra?2log(a)

for all integers a,b,c,k witha >b>c>0,a>2and0 < k <b.

Let us choose a small open set U of X (C) such that the closure of U does not meet
with Y'(C) and U is not empty on each connected component of X (C). Then, applying
Lemma 1.1.4 to the cases L¢, Ac and L¢, —Ac, there are constant Dy > 1 and D} > 1

such that
Do [Pz [ upe
U X(C)
for all integers [, m with > Oand allu € H(X (C),lL+mA). Since 0 < inf,cy{|s|(x)} <

1, if we set
Dy =1/ inf {|s|(z)},

then Dy > 1. Thus, if we set D3 = max{ Dy, D1}, then, foru € H%(X,aL+(b—c—k)A),

/ |sk®u|292/ |sk®u|QQZD2_2k/ |u|?Q
X(©) U U

> D2—2kD/1*1D1—(a+\b—C—k|)/ 20 > D, Dyt 20,
X(C) X(C)
which means that
L+(b —1/2 -2 L+(b— kA
|- 15550 0% > Dy Dy e ekt e

Hence _ _ /
T+(b—c)A ~1/2 2 Lt (b—e—k)A
H ’ ”(zﬁ,sk,su?o,quot 2 D/l D3 a” ”11112 quOtp
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where || - H"Lézul;t <=F)4 is the quotient norm of I°(Y, aL + (b — ¢ — k) Aly) induced by
a surjective homomorphism

H(X,aL+ (b—c—k)A) = I°(Y,aL + (b—c—k)Aly).

Note that ¢ > z 4 1 for z > 0. Thus, applying Corollary 1.1.3 to the cases L¢, A¢ and
— Ag, there are constants Dy, D)) > 1 such that

aL+(b—c— k)A|

aL+bck 1/2 ~n—(a+|b—c—k|)/2
|- [195 > Dy~ petlen D)

L2 quot

aL+(b—c—k)A|,,

—1/2
Y pre e

> Dy

onI°(Y, aL + (b — ¢ — k) Aly-), where the volume form on Y’ is given by the C°°-hermitian
invertible sheaf L + A|, . Therefore, if we set D5 = max{Ds, Dy} and D§ = max{D{, D}},

then

L+(b—c)A —1 aL+(b—c—k)A
T o protpse o] v

L2, sk sub,quot —

on I°(Y, aL + (b — ¢ — k)Aly). Thus, by (2.2.3),

7 aL+(b—c)A
W (10, aL+ (b — e~ WAL, |- [EEH02 )

L2 sk sub,quot

ghOQ%xaL+wc@Aum|n§*“CkA'>

+ log(DED3*)C3a?2 + Cya®?log(a)

~ aL+(b—c—k)A
ShOOWOCMA(bCMAH%Hp )

+ log(DED3*)C3a?2 + Cya??log(a).

Let Y be the normalizaﬁtion of }: Let ¢t be a non-zero section as in Claim 3.4.1. Then ¢
gives rise to a relation L‘? < nA‘? (cf. Conventions and terminology 8). Thus

aL+(b—c—k)Alg < (an+b—c—k)dfg.
Therefore,
) aL+(b—c—k)A
W(H%xaL+w—c—MAb%“m+( |>

~ ~ aL+(b—c—k)A
§h0<H0(Y,aL+(bC k)Alg) [l 2 ( My )

sﬁv(ﬂ%?;mn+b—c— WAl |- M“”b°k“').

Further, by Lemma 3.1, there is a positive constant Dg with

ho <HO(}7, nAl) |- e Al ) < Dgn®~
for all n > 1. Thus the claim follows.

Finally we claim the following:

Claim 3.4.5. There is a constant C; depending only on L and A such that
RO (1°(aL + (b = )y ), - 15550077 ) < Coba®™! 4+ (Cu + Cr)a™ " log(a)

L2 quot
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for all integers a,b,cwitha >b>c>0,a > 2.

A commutative diagram

0 —— —(k+1)4 = Ox Oty —— 0
[ | |
0 —— —kA ! Ox Oy —0
!
—kAly

yields an injective homomorphism oy, : —kA|y, — Oj41)y together with a commutative
diagram

k
0 —— —kA —2— 0Ox —— Oy —— 0
0 —— —kAly —*— Opt1yy —— Oy —— 0,

where two horizontal sequences are exact. Thus, tensoring the above diagram with a L +
(b — ¢) A, we have the following commutative diagram:

04>aL+(b—c—k)AL>aL+(b—c)A4> al + (b—c)A|,y —=0

| |

0—=aL+ (b—c—k)Aly, —> aL+ (b—)A| 411y — aL+ (b—c)Aly —=0
Therefore we have an exact sequence

0= I°((aL + (b— ¢~ K)A)ly) = I°((aL + (b — ) A1)y
= I((aL + (b &) 4) ) — 0

Note that in the commutative diagram

k

H(aL+ (b—c—k)A) —— H%aL + (b—c)A)

l l

I°((aL + (b= c = k)A)ly) —— I°((aL+ (b= )A)|s1yy);

the two vertical arrows have the same kernel. Thus, by Lemma 3.2,

0— (IO((aL +(b—c—k)A)y), || - [t (bR )

L2,sk sub,quot

— (1°((aL + (b= &) 4) ey )| - [0 9)

L2 quot

aL+(b—c)A
= (I°((@L + (b = ) A) ), | - 15559 ) =0
aL+(b—c)A
L2, quot of
I°((aL + (b—c)A)|,y) is the quotient norm induced by the surjective homomorphism

is a normed exact sequence, where for each 1 < ¢ < b, the norm || - ||
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H%aL + (b — ¢)A) — I°((aL+ (b—c)A)|;y) and the L*-norm || - Ha“' (b=e)A op
HO(aL + (b — c)A). Therefore, by (2.2.4),

> aL+(b—c)A
i (1L + (6 = )]y - 155507

— 0 (I((aL + (o= ) A) ) - ||“f+<b-c>z)

L2 quot

< (1°((aL + b == A |- 1555000 00 ) + Caa™ 2 log(a).

L2 sk sub quot

Thus, taking 22;11 the above yields

0 (f°<<aL+ b= Al ), |- 155 ™)

L2, quot
- Lt(b—c)A
7 aL+(b—c
B (1L + G = c =R A I 1550 )

L2, s* sub,quot
k=0

+ (b —1)Cya"?log(a).
Therefore, using Claim 3.4.4, we have the claim.

Gathering Claim 3.4.2, Claim 3.4.3 and Claim 3.4.5, if we set C' = C5 + Cg and
D =2C5 + Cy + C7, then

RO (HO(aL + (b= 0)4), | - I35+ =)
<1 (H(aL = cA), || - |$5%) + Cba®~! + D’ log(a)

foralla > b>c¢>0anda > ag.

Finally let us consider the sup-version of our estimate. First of all, since

aL+(b—c)A aL+(b—c)A
|| : Hsup ( ) > || || ,
we have
ho (HO(aL—l—(b—c)A),H . ||§£)+<b—c>2) < (Ho(aL+( A [T+ C)A).

Moreover, by virtue of Gromov’s inequality, there is a constant C's > 1

|| HaL cA > C (a + C+ 1)7(d71)|| ' | :UZI:CZ

for all a, ¢ > 0. Thus, since a > c,
B (H(aL - cA), | - 35~7)
<70 (H(0L = cA), G5 a+ e+ 1) 7@V - ake)
<0 (H°(aL - cA), | - 454
+ log(Cs(2a 4+ 1)1 Cra%"! + Cra? ' log(a)

for all @ > ¢ > 0. Therefore we obtain the sup-version. O

Let R be an integral domain such that R is flat and finite over Z. Let K be a quotient
field of R. Note that K is a number field. Let K (C) be the set of all embeddings K «— C
of fields. Let L be a finitely generated and free R-module of rank 1. For each o € K(C),
the tensor product L ® r C in terms of the embedding o : K — C is denoted by L, .
For each ¢ € K(C), let | - |, be a norm of L,. The collection (L,{| - |s}rer(c)) i
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called a normed invertible R-module. For simplicity, (L, {| - | }»ex(c)) is often denoted
by (L, | - |) or L. We define || - ||Sup

)5y, = max{|s|, | o € K(C)}.

Then (L, || - is a normed finitely generated free Z-module.

I5p) i

Proposition 3.5. Let L and A be normed invertible R-modules of rank 1. We assume that
there is s € A with s # 0 and ||s Hsup < 1. Then there are positive constants C and D
depending only on L and A such that

sup sup

R0 (aL+(b—c)A, |- ||fff+<b—cﬂ) < A (aL_cA,H .|fff—cz) +Ch+ D
for all non-negative integers a, b, c.

Proof. Let]| - ||:ufp+s(f ;ucl))Z be the subnorm of aL — cA induced by the injective homo-

b
morphism aL — cA = aL + (b — ¢) A and the norm || - ||‘sluLpJr =4 of oL + (b—c)A.
Then, by (4) of Proposition 2.1, we have

0 (aL+ (b= ) A, |- |50~ c)A) < i (aL — A, ||gfpf§f;fﬂz)

+ log #(Coker(aL — cA — aL + (b—c)A)) + D,
where d = [K : Q] and D = (log(18) + 2)(d + 1) log(d + 1). Note that

log #(Coker(aL — cA =L +(b—-c)A))
= log #(Coker(R L bA) ® (aL — cA))
= log #(Coker(R N bA)).

Let us consider a sequence of injective homomorphisms:
RS A A
Then
. b
log #(Coker(R —— bA)) =) " log #(Coker((i — 1)A —* iA))
i=1
= b-log #(Coker(R - A)).
On the other hand, for all t € aL — cA,
s @ t]|8" 0% > (min{|s|, | o € K(C)})" [lt|a,

Thus, by (3) of Proposition 2.1,

PO (L = cd, || 2 0 at) < B0 (aL = e, |5 °%) + blog(C'(s))d + D,
where C’(s) = min{|s|, | o € K(C)}. Therefore,

B (oL + (b= ) A, | - 25 0-97) <30 (al — A, | - |25

+ b(log #(Coker(R - A)) 4 log(C’(s)))d + 2D.
O
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Finally we consider the following lemma which guarantees the existence of a good C>°-
hermitian invertible sheaf A satisfying the assumptions (i), (ii) and (iii) of Theorem 3.4.

Lemma 3.6. Let X be a projective and generically smooth arithmetic variety of dimension
d > 2, and let A be an ample C*°-hermitian invertible sheaf on X. Then, for any C>-
hermitian invertible sheaf Lon X, there is a positive integer ng such that, for all n > ny,
nA satisfies the assumptions (i), (i) and (iii) of Theorem 3.4.

Proof. This is a consequence of arithmetic Bertini’s theorem (cf. [13]). We can give
however an easy and direct proof of the lemma as follows: It is easy to find ng for the
assumptions (i) and (ii). In addition to (i) and (ii), we choose ng such that nA is very
ample for all n > ng. Let m : X — Spec(Z) be the structure morphism and S the minimal
finite set of Spec(Z) \ {0} such that 7= (Spec(Z) \ S) is regular. Let Z1,..., Z, be all
irreducible components of a1 (S), and let 1, . .., z, be closed points of X with z; € Z;
for all 7. Let mq, ..., m, be the maximal ideals corresponding to x1, ..., x,. Then there is
a positive integer n1 such that, for alln > ny, H'(X,nA®m; ---m,) = 0, which means
that the natural homomorphism

H(X,nA) — @ nA e (Ox/mi)
i=1
is surjective. Thus if n > max{ng,n1}, then nA is very ample and there is a non-zero
section t,, of H°(X,nA) with t,(z;) # 0 for all x;. We set v(s) = t,, + Is for s €
H°(X,nA), where | =[], ¢ char(x(s)) and x(s) is the residue field of Z at s. Note that
v(s)(x;) # 0 for all ¢. In particular, every vertical component of div(y(s)) is contained
7~ 1(Spec(Z)\ S). On the other hand, it is easy to see that the set {y(s) | s € H(X,nA)}
is Zariski dense in a vector space H(Xg,nAg) = H°(X,nA) @ Q. Thus, by Bertini’s
theorem, there is s € HY(X,nA) such that div(v(s)) is smooth over Q. O

4. VOLUME FUNCTION FOR C°°-HERMITIAN INVERTIBLE SHEAVES
AND ITS BASIC PROPERTIES

Let X be a projective arithmetic variety of dimension d. For a C'*°-hermitian invertible
sheaf L on X, the arithmetic volume of L is defined by

BO(HO (X, mL), || - |l5h)

sup

\70\1(f) = lim sup a7
m— oo m :

This number is a finite real number by Lemma 3.1. Moreover, if Lis ample, then
vol(L) = deg(@ (L))
First let us consider elementary properties of volume function:

Proposition 4.1. Let L and M be C™-hermitian invertible sheaves on X. Then we have
the following:

(1) If L < M (Conventions and terminology 8), then \To\l(f) < \70\1(M)
(2) Let| - | be the hermitian norm of L. For a real number )\, we set
=X
L™ = (L,exp(—A)| - |1)-
If X\ > 0, then we have
vol(I) < vol(Z) < vol(L) + dAvol(Lg),
vol(T) — dAvol(Lg) < vol(Z ") < vol(I),
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where vol(Lq) is the geometric volume of Lo on Xq.
log#{s € H(X,mL) | ||s|™L < 1}

@ vol(D) = limeup T

Proof. (1) Since L < M, we have mL < mM for all m > 1. Thus

0 (HO(X’mL), |- \Sup> < h0 (HO(X mM),|| - | mﬁ)

sup
for all m > 1. Hence \a(f) < \a(ﬂ)

(2) Since || - ||L LT = exp(—mA)|| - ||§up, by using (2.2.3), there is a positive constant
C such that

0 < WO(HO(X,mL), | - RO(HO (X, mL), || - L)

< M dim H%(Xq, mLg) + Cm®~ ! log(m)

1Z0) —

for m > 1. Thus we obtain the first inequalities. These implies that

o~ o~ S A o~
Vol(T ™) < vol <<L A) > <vol(Z ) + dAvol(Lg),

o . . . =N\ =
which is nothing more than the second inequalities because (L ) = L.

(3) For a positive real number A,

i (10X, mL), |- |75 )

sup

c {semxmp)| |s|g <1}

C [° (HO(X,mL), - mf)

sup
because || - Hsup e exp(mA)]| - ||Sup Thus, using (2), we have
—~ = . log #{s € H(X,mL) | ||s|zh < D=7
vol(L) — dAvol(Lg) < hfnnjgop midl ol(L),
which shows the assertion because A is an arbitrary positive number. O

The following theorem shows that the volume function is a birational invariant.

Theorem 4.2. Lerm : X " — X be a birational morphism of projective arithmetic vari-
eties, and let L and N be C°°-hermitian invertible sheaves on X. Then

7o (HO(X, mL + N),|| - | mfﬁ)

sup

lim sup =
m—00 m
WO (HOX 7 (mL 4+ N)), |- 5™ )

= lim sup
m—o0 m

d

In particular, \a(f) = @(W*(Z)).



28 ATSUSHI MORTWAKI
Proof. The proof of this theorem is similar to [16, Theorem 2.2]. First of all, note that

sup

WO (HOX,mL o+ N), |- 5+
lim sup
m—o0 m

d

RO (HOX 7 (mL+ N)), |- 5™ )
< lim sup 7 .
m— 00 m

Thus, considering a generic resolution of singularities of X', we may assume that X’ is
generically smooth.
Let us consider an exact sequence:

0—mL+ N — m.(r"(mL+N)) — (mL+ N)® (7.(0x/)/Ox) — 0
The image of the natural homomorphism
HY(X',7*(mL+ N)) — H*(X,(mL+ N) ® (7.(Ox/)/Ox))
is denoted by I'( X'/ X, mL+N). Let ||-||, LN o the quotient norm of I'( X'/ X, m L+

sup,quot
N) induced by the surjective homomorphism

HY(X',7*(mL+ N)) — T(X'/X,mL + N)
and the sup-norm || - ||§u*émf+ﬁ) of HO(X',7*(mL + N)).
Claim 4.2.1. If 7 is finite and L is ample, then
B (DX /X mE + N), | [ ) < o(m).

We fix a normalized volume form 2 on X’(C). Using Q on X'(C), as in Lemma 3.1,
we can define L?-norms of H°(X, mL + N) and H°(X',7*(mL + N)) as follows: for
te HY(X,mL+ N)andt' € H(X',7*(mL + N)),

1/2
W = ([ )
1 ”L2 (mI+N) (/ ¥
X'(C)

where | - |, 7, 7 and |-

and

1/2
2
m*(mL+N) Q) )

<+ (mT.1 ) are the hermitian norms of mZ + N and 7*(mL + N)

respectively. Note that 7*(| - |, 7, %) = | |1 (74 7)- Let || - HLz(g?lﬁjN) be the quotient

norm of I'(X’/X, mL + N) induced by H*(X’, 7*(mL + N)) — I'(X'/X,mL + N)
||L2(mL+N) of HO(X',7*(mL + N)). Then we have a normed exact

and the L?-norm || -
sequence

4.2.2)
= (X, mL+ N), |- [V ) = (H(X 7 mE + N)), |- 7. F)

. (F(X’/X, mL + N), | - IILQ(’”L“V)) 0.

quot

J(mLAN) <5 “(mLAN) ¢ is sufficient to show that

Since ” HLZ ,quot sup,quot

7 mL+N
WO (DX /X mE 4 N), |- 5™ ) < om).
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By virtue of [17, Corollary (4.8)], H°(X',7*(mL + N)) is generated by sections ¢ with

10172

for m > 1 because 7*(L) is ample. Thus so does I'(X’/X, mL + N) with respect to
*(mL+N)
I 12 quot

*(mL+N
TAmEN) <

. Hence, by using (1) and (5) of Proposition 2.1, it suffices to show that

% (PO /X mL 4 N, - 7)< ofm)

,quot

because tkI'(X’/X,mL + N) = o(m?~!). By using the normed exact sequence (4.2.2)
and [16, Theorem 2.1, (1)], we have

(PO /X mE ), ™) = & (B, i+ M) - 5275

— X (HOOCmL+ N, |- [7FY) + o(m?).

On the other hand, using [17, Theorem (1.4)] and Gromov’s inequality on X’(C), we can
see that

deg (¢, (7*(T)) ¢
b% (HO(X',W*(mL—i—N)), I| - ||L2 mL+N)> = Wﬂld + o(m%),

X o deg (¢, (L) ¢
§ (O mL+ ), |- Y = S0

as in the proof of Lemma 3.1. Moreover, by the projection formula,

deg(@y(m*(L))?) = deg(e1(L)%).

m? + o(m?)

Thus the claim follows.
Claim 4.2.3. If 7 is finite, then
i (D0 XL+ V), |- I ™) < ofm).

sup,quot
Let A be an ample C°°-hermitian invertible sheaf on X. Replacing A by a higher
multiple of A if necessarily, we may assume that there is a non-zero section s of H%(X, A—
L) such that ||s||sup < 1 and s dose not vanish at any associated point of 7, (Ox/)/Ox.
Then we have the following commutative diagram:

HOX', 7% (mL + N)) L HO(X',7*(mA + N))

| !

N(X'/X,mL+N) —>— T(X'/X,mA+ N).

*(mA+N)

. be the subnorm
sup,m*(s),sub

By our choice of s, the horizontal arrows are injective. Let || - ||”
of HO(X',7*(mL + N)) induced by

H(X', 7*(mL + N)) —% HO(X', 7*(mA + N))

* (mA+N)
sup,7*(s),sub,quot

and || - ||supmA+N) Moreover, let || - ||

I(X'/X, mL + N) induced by
HY(X',7*(mL+ N)) — I'(X'/X,mL + N),

be the quotient norm of
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(MAEN) b the quotient norm of I'( X’/ X, mA + N) induced by

and let H ”sup quot

HY(X',m*(mA+ N)) - T(X'/X,mA + N).
Then, by (2) of Lemma 3.2,

™ (mA+N) *(mA+N)
H ’ ||sup,7r*(s),sub,quot = H ||sup quot

onI'(X'/ X, mL + N). Therefore, by the previous claim,

RO (DX /X mE 4 NI 15 o et

sup,7*(s),sub,quot
sup,quot

<1 (DX /X mA + N, |- blaet ) < o(m?).

On the other hand, since

*(mL+N) ™ (mA+N)
|| ”sup quot = || : Hsup,w*(s),sub,quot’
we have
7 mL+N
PO (DX /X, mE+ N, | S e™)

< B0 (DX /X, mL 4+ N, 5 o)

sup,7*(s),sub,quot
Thus the claim follows.

Claim 4.2.4. If 7 is finite, then

0 (O mL + V). | - |mE )
lim sup a
m— 00 m

RO (HOX, 7 (mL + N)), | 5™ )

= lim sup y
m— o0 m

By using (4) of Proposition 2.1 and Claim 4.2.3, the normed exact sequence

0— (HOX,mL+ N), |- |15 ) = (HOX 7 (mL + N)), | 35 )

sup sup
= (T X mL+ N |- St ™) = 0
gives rise to
7.0 0 mL+N 70 0 * *(mL+N
RO (HO(X,mL 4 N), |- ) < B (HO(X! 7 (m+ W), |- 25 +)

IN

WO (HOOXmE + N, |- 2 ) + o(m?).

sup
This shows the claim.

Let us consider a general case. We set X" = Spec(m.(Ox-)). Then 7 : X’ — X can
be factorized m : X' — X" and my : X” — X suchthat 7 = maomy, (71)«(Ox/) = Oxn
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and 7o is finite. Thus, by Claim 4.2.4,

70 0 mL+N

RO (HO(X,mL+ N), | - |lE )

lim sup 7
m— 00 m

RO (HOX", m5(mL + N)), | - 55 )
- .

= lim sup
m— o0 m

On the other hand, since (m1)+(Ox/) = Ox»,
HY(X',m*(mL+ N)) = H* (X", 75(mL + N))
for all m > 1. Thus

RO (HOCX", w3 (mL 4+ N)), |- 555

lim sup y
m—o0 m
RO (HOX 7w (mL+ N)), |- 5™ )
= lim sup v .
m—o0 m
Hence the theorem follows. O

Next let us consider the following theorem.
Theorem 4.3. Let L and N be C™-hermitian invertible sheaves on X. Then
RO (HO X mL+ N I2EY) T

lim sup =
m—oo md d!

Proof. By Theorem 4.2, we may assume that X is generically smooth. By using
Lemma 3.6, there are ample C'°°-hermitian invertible sheaves A and B such that —B <
N < A and that A and B satisfy the assumptions (i), (i) and (iii) of Theorem 3.4. The
inequalities —B < N < A gives rise to
W0 (HO(X,mL = B), |- |k
lim sup

m—o0 m

d

0 (HO(XmL + V). | - |25+

< limsup 3
m— o0 m
RO (HO(X,mL + A), | - |l +7)
< lim sup 7 .
m— o0 m

Applying Theorem 3.4 to the case where b = 1 and ¢ = 0, we have

WO (HO(X,mL + A), |- [mE ) < b0 (HO(X,m), |- 125 ) + o(m?)

sup sup

for m > 1, which yields

_ ho (HO(X, mL+ A),| - | S{iﬁ“‘) vol(T)
lim sup S ’

m—00 md - d!

Further, applying Theorem 3.4 to the case where b = ¢ = 1,

sup sup

RO (HO(X,mL), |- |5 ) < B° (HOCmL = B),| - 17 ) + o(m?)
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for m > 1, which implies

v .o " (HOX,mL = B), |- )
A T md .
Thus we get the theorem. o

The following lemma is need to see the characterization of bigness and the homogeneity
of the arithmetic volume function.

Lemma 4.4. Let L and N be C>®-hermitian invertible sheaves on X. We assume that L
is big. Then, for a fixed positive integer p,

im sup o) = lim sup i

n—00 D m—o0
and

. POH (X, pnL 4+ N) || (B N)  RO(HO(X,mL A+ N), || - (|5t
lim inf 7 = lim inf 7

Proof. First we claim the following:

Claim 4.4.1. There is a positive integer mo such that h°(H°(X,mL),]| - | ;’g) # 0 for
all m > mg.

Let A be an ample C'*°-hermitian invertible sheaf on X such that

ROH(X,A), |- |4,) #0 and AC(HO(X, L+ A), |- 554 #o0.

sup sup
Since L is big, we can find a positive integer a with hO(H°(X, aL — A), || - ||§ufp*2) #0
(cf. [14, Proposition 2.2]). Note that
alL=(alL—-—A)+A and (a+1)L=(alL—A)+(L+A).
Thus
WO(HO(X, aL), || [155) # 0 and RO(HO(X, (a+ D), |- [GFV) #0.

sup sup

Let m be an integer with m > a2 + a. We set m = aq + 7, where 0 <7 < a. Theng > a.
Thus we can find b > 0 with ¢ = b+ r. Therefore mL = b(aL) + r((a + 1)L), which
means that

hO(HO(X,mL), | - L) # .

sup

Next we claim the following:

Claim 4.4.2. There is a positive integer ng such that

WO(HO(X,pnL + N), || - |[22E+F)

sup

< RO(HO(X, (p(n + no) +0)L + N), || - [|B{n+no)+DL+N)

< hO(HO(X,p(n + 2ng + 1)L + N), | - |[Bn+ 2ot DI+
foralln > 1landalli=0,...,p.
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We choose ny with png > mg. Foreach: = 0, ..., p, there is a non-zero section s; of
HY(X, (pno + i) L) with ||s;]|sup < 1. Therefore we have injective homomorphisms

HO(X,pnL + N) =% HO(X, (p(n + no) + )L + N) 2= HO(p(n + 2n + 1)L + N).
Thus our the claim follows.

Let us go back to the proof of the lemma. By the above claim,

hO(HO (X, an+N I 2 ™)

lim sup e
20 0 (p(n+mno)+1i) L+N
< timgup A2, (4 m0) + )L, | - 15 )
noo (pn)?
h HO X 9 1 p(n+2ng+1)L+N
< sy ALK pln 210 + D). | - [ )
noo (pn)?
Note that
(pn)? : (pn)*

lm ———m———— =1 =
oo (p(n + ng) + )4 nmoo (p(n + 2ng + 1))

This shows that

WO(HO(X,pnL + N), | - [P+

sup

lim sup
n—s00 (pn)?

o RGO (ot )L+ N, |- 55
= lim sup ~J
n—o0 (pn +1)

forall =0,...,p — 1. Hence

o ROHOX,pnL 4 N) || B Y) L RO(HO(X,mL 4 N, |- (5t
lim sup (pn)? = lim sup 3 .
n—oo pn m— oo m

In the same way, we can see

. ROHO(X, pnL 4 N), || - |BREN) o RO(HO(X,mL), || - ||
lim inf = liminf .
n—oo (pn) m—oo md

O

The following theorem is a characterization of a big C°°-hermitian invertible sheaf. The
similar property is observed in [16].

Theorem 4.5. For a C™-hermitian invertible sheaf L on X, the following are equivalent:
(1) vol(Z) > 0.
(2) L is big.
hO(HO s
(OO mL), | o)
m
1 HO(X,mL ‘ 1
@) Timinf 0878 € A2 mL) [ isllswp <1}

m—oo ma

(3) liminf
m—00

Proof. Obviously (3) = (1) and (4) = (1), so that it is sufficient to show that (1)
— 2),2)= 3)and 2) = 4).
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(1) = (2): We assume that \751(f) > 0. By (3) of Proposition 4.1, there is a positive

integer m and a non-zero section s of H(X, mL) with ||s] gﬁg < 1. Let A be an ample
C*°-hermitian invertible sheaf on X. By Theorem 4.3,

e (BEmL- A 25w
lim sup md - d! 0

sup

which implies that there is a positive integer . with z° (HO(X, nL—A), || nZ_Z> # 0.
Hence nL > A. In particular, Lg is big on Xg.

(2) = (3): Let A be an amplg C’oi-hermitian invertible sheaf on X. Since L is big,
there is a positive integer p with pL. > A. Therefore,

ho(HO L), - pnL 1 LO(HO(nA - 7}2
g B GnD). D) 1 R )
n— 00 (pn)d pd n— 00 nd

Hence, by Lemma 4.4,

RO(HO(mL), || - |2E
(HO(mL), || - llsep)

lim inf
m— o0 m

(2) = (4): We choose a sufficiently small positive number A such that f_)\ is big.
Since (2) = (3), we have

0 <
lim inf log #{s € H(X,mL) | exp(mA)||s|sup < 1} o

m— oo md

which yields (4). O

)

Remark 4.6. In the paper [16], Yuan uses the condition (4) of the above theorem as a
definition of a big C'°°-hermitian invertible sheaf. By the above theorem, Yuan’s definition
is equivalent to our bigness.

Proposition 4.7. vol is homogeneous of degree d, that is, \ﬁ(pf) = pd;(;l(f) for every
non-negative integer p.

Proof. Since
hO(H(X,npL), || - ||22F) hO(HO(X,mL),|| - |mE)

lim sup 7 P2 < limsup 7 Ll

we have vol(pL) < p®vol(T). Thus, if vol(Z) = 0, then the assertion is obvious. There-
fore we may assume that vol(L) > 0, namely, by Theorem 4.5, L is big. Hence, by
Lemma 4.4,

RO (HO (X, npL), || - |20 hO(HO(X,mL), | - |55

. sup . sup
lim sup 7 = lim sup ] ,

which means that vol(pL) = p®vol(T). |
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5. CONTINUITY OF THE VOLUME FUNCTION

Let X be a d-dimensional projective arithmetic variety and 151\C(X ) the group of iso-
morphism classes of C'°°-hermitian invertible sheaves on X. An element of 151\(;(X )2 Q
is called a C™-hermitian Q-invertible sheaf on X. For L € Pic(X), the image of L
via the canonical homomorphism Pic(X ) — Pic(X) ® Q is denoted by [L]. Note that
[Z] = [(Ox,| - |ean)] if and only if I is a torsion in Pic(X), that is, there is a positive
integer n with nL = (Ox, | - |can). We say a C°°-hermitian Q-invertible sheaf L is rep-
resented by M € ].:/)I\C(X ) if [M] = L. Moreover a C°°-hermitian Q-invertible sheaf L
on X is said to be ample if there is a positive integer n such that nL is represented by an
ample C°°-hermitian invertible sheaf on X. Similarly we say L is nef (resp. big) if nL is
represented by a nef (resp. big) C'°°-hermitian invertible sheaf for some positive integer n.
Let us begin with the following lemma.

Lemma 5.1. vol : P/’l\c(X ) — R extends to a homogeneous map
vol : Pic(X) ® Q —» R
of degree d, that is, \751((11) = ad;(;l(f) for every non-negative rational number a.

Proof. Let L be a C*°-hermitian Q-invertible sheaf on X. Let n be a positive integer
such that nL is represented by a C'*°-hermitian invertible sheaf M. Then we would like
to define vol(L) to be vol(M)/n?. Indeed this is well-defined. Let n’ be another positive
integer such that n'L is represented by a C'°°-hermitian invertible sheaf . Then, since
[n"M] = [nﬁl], there is a positive integer m with mn'M = mnM . On the other hand,

vol(mn/M) = (mn')?vol(M) and vol(mnd') = (mn)*vol(3')
Thus vol(M) /n? = vol(3M ) /n’®.

Next let us see that vol(aL) = a%vol(L) for every non-negative rational number a. Let
n and m be positive integers such that ma € Z and nL is represented by M € Pic(X).
Then, since (mn)aL is represented by (ma)M,

vol(aL) = vol((ma)M)/(mn)* = a®vol(M) /n® = a’vol(L).
O

In Conventions and terminology 8, we define the order < on the group ISI\C(X ). We
would like to extend it to Pic(X) ® Q. For L, M € Pic(X) ® Q, if there is a positive
integer n such that nL and nM are represented by a C°°-hermitian invertible sheaf T’ and
o respectively with T’ < M, then we denote this by L <g M.

Lemma 5.2. For L, L ,M,M € ]F/’l\c(X) ® Q, we have the following:
(1) L <o M if and only if —M <o —L.
) FL<oMandL <o M, thenL+ I <o M+ M.
(3) If L <g M and a is a non-negative rational number, then aL <g aM.
) IfL <g M, then vol(L) < vol(M).

Proof. (1), (2) and (3) are consequence of the properties in Conventions and terminol-
ogy 8. Let us consider (4). Let n be a positive integer such that n.L and nM are represented
by C°°-hermitian invertible sheaves L' and M with I’ < M . Then vol(Z') < vol(M)
by (1) of Proposition 4.1. Hence we have (4). O
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Remark 5.3. For reader’s convenience, let us give a sketch of the proof of the properties
(1) and (2) in Conventions and terminology 8. Let (V, o) and (W, 7) be normed C-vector
spaces of dimension one. We denote (V, o) < (W, ) if there is an isomorphism ¢ : V' —

W over C such that 7(¢(z)) < o(x) for all x € V. Then, in order to see the properties (1)
and (2), it is sufficient to show the following:

(@ (V,o) < (W,7) if and only if (WY, 7V) < (VV,aV).
) If (V,0) < (W,7) and (V',0") < (W', 7'), then

VeoVied)<(WeoW rer).
(a) Let ¢ : V — T be an isomorphism over C, v a basis of V and w = ¢(v). Let vV
and w" be the dual bases of v and w respectively. Since o(v/o(v)) = 1,
o (v") = max{|v”(2)| | o(x) =1} = 1/o(v).
In the same way, 7" (w") = 1/7(w). Note that ¢V (w") = v". Thus (a) follows.

(b)Letp: V — W and ¢ : V' — W’ be isomorphisms over C such that 7(¢(x)) <
o(x)and 7/ (¢’ (2')) < o’(a’) forall z € V and ' € V'. Then

(rom) (0@ ¢)(z @) =1(¢x))r'(¢'(2') < o(2)0’(2') = (0 @ o) (z @ ).
Therefore (V @ V',o®@d') < (W W' 7&7).
The following theorem is the main result of this paper.

Theorem 5.4 (Continuity of volume). Let L and A be C*°-hermitian Q-invertible sheaves
on X. Then
lim vol(L + €A) = vol(L).

ecQ
e—0

More generally, for C>-hermitian Q-invertible sheaves Ay, ..., A, on X,

lim vol(L + 6141 + -+ + en Ay,) = vol(L).

Proof. First let us consider the case n = 1. Let 1 : X’ — X be a generic resolution
of singularities of X. Then, by Theorem 4.2, vol(L + €A) = vol(u*(L) + eu*(A)) and
vol(L) = vol(u*(L)). Thus we may assume that X is generically smooth.

Claim 5.4.1. We may further assume that A is ample.

Let B be an ample C'*°-hermitian Q-invertible sheaf on X such that A + B is ample.
Then, for e > 0,

L—-e(A+B)<gL—-€A<gL+eB and L—eB<gL+eA<gL+eA+B).
Thus, by (4) of Lemma 5.2,
{v:ol(L —e(A+B)) < vol(L — €4) < vol(L + ¢B),
vol(L — eB) < vol(L + €A) < vol(L + ¢(A + B)).
Hence the claim follows.
From now on, we assume that A is ample. It is obvious that
lim Vol(L + €A) = vol(L) <« lim vol(L + eaA) = vol(L)

e—0 e—0
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for any positive rational number a. Moreover,
vol(nL + €A) = n%vol(T + (¢/n)A) and vol(nL) = n®vol(L).

Therefore, we may assume that L is C*°-hermitian invertible sheaf. Further, by Lemma 3.6,
we may assume that A is a C°°-hermitian invertible sheaf and that A satisfies the assump-
tions (i), (ii) and (iii) of Theorem 3.4.

Since

Vol( —A) < vol( —eA) < \781(L) < vol(L +€d) < vol(L — ¢ "A)
for 0 < e < ¢, it is sufficient to show that
@@:MQMHWH_MWK(WH
p—00
By Theorem 3.4 (or Proposition 3.5 for d = 1), there are positive constants a(,, C’ and D’
depending only on X, L and A such that
B (HO(aL + (b = c)A), || - a5 O=97) < 70 (HO(aL - cA), | - |1k 7)
+ C'ba®"! + D'a%" ' log(a)
for all integers a, b,c witha > b > ¢ > 0 and a > aj,.

First we set a = pm, b = m and ¢ = 0 for a fixed positive integer p. Then

RO (HO(omL +mA), |- [EE 2 ) < 70 (HO(pmL), | - |12 )
+ C'p?tm? 4+ D'p?tm og(pm)
for m > 1. This implies that
vol(pL + A) < vol(pL) 4+ C'p?~"
for all p > 1, which means that
vol(L) < vol(Z + (1/p)A) < vol(L) + C'(1/p).
Hence . .
pllngo vol(L + (1/p)A) = vol(L).

Next we set a = pm and b = ¢ = m. Then

70 0 L 70 0 mL—mA
RO (HOmL), |- |ZmF) < B (HO(pmL — mA), |- |2 7)
+ C/pd—lmd + D/pd—lmd—l log(pm)
for m > 1. This implies that

vol(Z — (1/p)A) < vol(Z) < vol( — (1/p)A) + C'(1/p).
Thus
lim vol( —(1/p)A) = vol(L).
p—00
Let us consider a general case. We can find C°°-hermitian Q-invertible sheaves Z; and
A suchthat 0 <g A,, 0 < A, and A; = A, — A, for each i. Then

—

T4eaAi+ 4 Ay =L+ecA;+ 4 enA, +(—e)A; + -+ (—en)A..
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Thus we may assume that 0 <g Ap,...,0 <o A,,. Find an ample C*°-hermitian Q-
invertible sheaf B such that A; <g Bforalli =1,...,n. Then

—leilB <q —leifAi <q €idi <q |eilAi <q |&:[B

for each ¢, which implies

L—(la|+- -+l ) B<gL+eAi+ - +e Ay <g L+ (le1| + -+ |en])B.
Therefore

vol(Z = (ea] + -+ + |ea])B)

<vol(L+ &1 A; + -+ + 6, Ay)
<vol(Z+ (ler| + -+ lea)B).

Thus the general assertion follows from the case n = 1. O

As a corollary, we can show the following arithmetic Hilbert-Samuel theorem for a nef
C**°-hermitian invertible sheaf.

Corollary 5.5 (Arithmetic Hilbert-Samuel formula). Let L and N be C*°-hermitian in-
vertible sheaves on X. If L is nef, then

_ deg(@ (D))
B d!
In particular, @(Z) = d/e\g(a (L)), and L is big if and only ifd/e\g(’c\l (L)) > 0.

mé+o(m?) (m>1).

sup

A0 (HO(X, mL+ N),|| | mfm)

Proof. First let us see the following claim:
Claim 5.5.1. vol(Z) = deg(cy (L))

Let A be an ample C*°-hermitian invertible sheaf on X. Then L + eA is ample for all
€ > 0. Thus
Vol(L + €A) = deg ((a (I) + &y (Z))‘d) .
Therefore our claim follows from the continuity of volumes.

Let us go back to the proof of the corollary. It is sufficient to show

hO(HO(X,mL+ N), || - [Z5)

deg(@ (L)Y .
d! - w}inoo md

If L is not big, then, by Claim 5.5.1,

vol(L) = deg(@(L)?) = 0.

Thus our assertion is obvious by Tlleorgm 4.3, so Lhat we may assume that L is big. Then
there is a positive integer k with kL > A. We set £ = kL — A. Since

pL—E=(p—k)L+ A,
pf —Eis ample if p > k. On the other hand, since pf > pf — E, we have

hO(HO(X,npL + N), || - |22E+N) > iO(HO(X,n(pL — E) + N), || - |[2EE-B)+N)

sup sup
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for n > 1, which implies that

hO(H (X, npL + N), || - |25+N)

sup

lim inf
n—oo (’[’Lp) d

WO(HO(X,n(pL — E) + N), || - [agE= 2N
< g P CE 0L = B) £ ),
n—o0 (np)
Therefore, for a fixed p with p > k, by using Lemma 3.1 and Lemma 4.4,

OO (X mL 4 N) | lGE ) deg(@ (v — B)?)
lim inf i > i .
m— o0 m d'

Thus, taking p — oo,

WO(HO(X,mL+ N), || - |2E+N)  deg(e (L)<
i igg G (X m . V5™ deg(cjﬂ( %)
m— o0 m .

On the other hand, by Theorem 4.3 and Claim 5.5.1,
hO(HO(X,mL+ N), |- |mE*N)  deg(@ (L))

sup

lim su
m—»oop md d! ’

which proves the corollary. O

Finally let us consider the volume of the difference of nef C'°°-hermitian Q-invertible
sheaves, which is essentially the main result of Yuan’s paper [16].

Theorem 5.6. Let L and M be nef C™-hermitian Q-invertible sheaves on X. Then
vol(L — M) > deg(é1(L)?) — d - deg(& (L) = - & (D).

Proof. First we assume that L and M are ample C°°-hermitian invertible sheaves on
X. Then, by [16],

m(L— JVI
o x (HO(m(L = M), | - 25
I AD 2 B w7

> deg(é1(L)") — d - deg(é (L) =1 - & (7).

Thus, using the homogeneity of Vol, the inequality holds for ample C°°-hermitian Q-
invertible sheaves on X. Let 4 be an ampliCooimermitian invertible sheaf on X. Then,
for a small positive number €, L 4+ €A and M + €A are ample. Thus,

vol(L — M) = vol((L + €A) — (M + ¢A))
> deg((@1(D) + e (4)))
—d-deg((eL(L) + €1 (A)) 4= . (2, (M) + €2, (A))).
Therefore the theorem follows. O
Remark 5.7 (Arithmetic analogue of Fujita’s approximation theorem). It is very natural
to ask the following arithmetic analogue of Fujita’s approximation theorem: Let L be a
big C*°-hermitian Q-invertible sheaf on X. For any positive number ¢, do there exist a

birational morphism g : X’ — X and an ample C*°-hermitian Q-invertible sheaf A on
X’ such that A <g p*(L) and vol(L) < vol(A) + € ?
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6. GENERALIZED HODGE INDEX THEOREM

In this section, we consider a generalized Hodge index theorem as an application of the
continuity of the volume function. First let us introduce a technical definition.

Let X be a projective arithmetic variety of dimension d. Let L be an invertible sheaf on
X such that L is nef on the generic fiber Xq of X — Spec(Z). We say L has moderate
growth of positive even cohomologies if there are a generic resolution of singularities g :
Y — X and an ample invertible sheaf A on Y such that, for any positive integer n, there
is a positive integer mg such that

log #(H* (Y, m(np* (L) + A))) = o(m*)

for all m > myg and for all ¢+ > 0. Here we consider examples of invertible sheaves with
moderate growth of positive even cohomologies.

Example 6.1. (1) We assume that d = 2. Then L has obviously moderate growth of
positive even cohomologies.

(2) If L is nef on each geometric fiber of X — Spec(Z), then L has moderate growth of
positive even cohomologies. Indeed, let 1 : Y — X be a generic resolution of singularities
and A an ample invertible sheaf on Y. Then, for all n > 1, nu*(L) 4+ A is ample. Thus
HY(Y,m(nu*(L) + A)) =0form > landi > 0.

(3) We assume that d = 2 and X is generically smooth. Let E be a rank r locally free
sheaf on X. Let 7 : P = Proj(€p,,,~, Sym™ (£)) — X be the projective bundle of £
and Op(1) the tautological invertible sheaf of P. We set L = r - Op(1) — n*(det E). If
E is semistable on the generic fiber Xq, then it is well-known that L is nef on the generic
fiber Py. Moreover L has moderate growth of positive even cohomologies. This fact can be
checked as follows: Let B be an ample invertible sheaf on X suchthat A = Op(1)+7*(B)
is ample. Then

HY(P,m(nL + A))
= H'(P,Op(mnr +m) + 7*(mB — mndet(E)))
= HY(X,Sym™" ™(E) ® (mB — mndet(E)))
because R/ m,Op(l) = 0 for > 0 and j > 0. In particular,
H'(P,m(nL+ A)) =0
fori > 2.
The main result of this section is the following generalized Hodge index theorem.

Theorem 6.2 (Generalized Hodge index theorem). Let X be a d-dimensional projective
arithmetic variety and L a C*-hermitian invertible sheaf on X. We assume the following:
(1) Lg is nef on Xg.
(2) ¢1(L) is semipositive on X (C).
(3) L has moderate growth of positive even cohomologies.
Then we have an inequality \T&(Z) > d/eg(ﬁl (L)%).

Proof. First we assume that X is generically smooth. Moreover, instead of the prop-
erties (1), (2) and (3) as above, we assume the following (a), (b) and (c):

(a) Lg is ample on Xg.

(b) c¢1(L) is positive on X (C).
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(c) There is a positive number m such that
log #(H? (X, mL)) = o(m?)
for m > my.

Then let us see the following:
Claim 6.2.1. vol(L) > deg(cy(L)).

By virtue of the arithmetic Riemann-Roch theorem [7] and the asymptotic estimate of
analytic torsions [2], we obtain

X(H°(X,mL), |- |Iz2)

+ log#(H*(X,mL)) = Y log#(H* (X, mL))

i>1 i>1
_ deg(@i(L)?)
B d!

for m > 1. Thus, using the assumption (c¢) and (1) of Proposition 2.1,

oo (7 (T)d
> deg(ccll'(L) )md+0(md)

for m > 1. By Gromov’s inequality and (3) of Proposition 2.1, the above inequality
implies

m® + o(m?)

hO(HO(X,mL), || - ||%2)

deg(@ (L)%

WO(HO (X, mL), | - l5p) = T

m® + o(m?)
for m > 1. Hence the claim follows.

Let us go back to a general case. Since L has moderate growth of positive even coho-
mologies, there is a generic resolution of singularities p : ¥ — X and an ample invertible
sheaf A on Y such that, for any positive integer n, there is a positive integer mq such that
log #(H? (Y, m(nu*(L) + A))) = o(m?) for all m > myq and for all i > 0. Let us give
a C°°-hermitian metric | - |4 to A such that A = (A, |- |4) is ample as a C°°-hermitian
invertible sheaf. Then, by Claim 6.2.1,

vol(ny*(T) + A) > deg(@ (np* (L) +

A9,
which implies
vol(u* (L) + (1/n)A) = deg((e1 (" (L)) + (1/n)er(A)) )
by Proposition 4.7. Hence, using the continuity of the volume function,
vol(*(L)) = deg(@ (u* (L)) ).
This gives rise to our assertion by Theorem 4.2 and the projection formula. O
According to (1), (2) and (3) of Example 6.1, we have the following corollaries.

Corollary 6.3. Let X be a projective arithmetic surface and L a C*°-hermitian invert-

ible sheaf on X such that L is nef on the generic fiber of X — Spec(Z) and c¢1(L) is
semipositive on X (C). Then

vol(Z) > deg (1 (L)2).
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Corollary 6.4. Let X be a projective arithmetic variety of dimension d and L a C*-
hermitian invertible sheaf on X such that L is nef on every geometric fiber of X —

Spec(Z) and ¢ (L) is semipositive on X (C). Then
vol(L) > deg(@ (L))
In particular, ifge?g(a (L)?) > 0, then L is big.

Corollary 6.5. Let X be a projective and generically smooth arithmetic surface and Ea
C°-hermitian locally free sheaf on X. If the metric of E is Einstein-Hermitian, then

deg <52(E) - 151(E)2> >0,

2r

where r =tk E.

Proof. Let 7 : P = Proj(€p,,>,Sym™(E)) — X be the projective bundle of F
and Op(1) the tautological invertible sheaf of P. Using the surjective homomorphism
7*(E) — Op(1) and the hermitian metric of E, we give the quotient metric | - |p to
Op(1). Weset Op(1) = (Op(1),|-|p) and L = 7 - Op(1) — 7*(det E). Note that Lg

is nef and not big and that ¢; (L) is semipositive (cf. [12, Lemma 8.7.1]). Moreover L has
moderate growth of positive even cohomologies. Thus, by Theorem 6.2,

deg(@(Z)™) <0

because L is not big. Note that

—(r—1

Toa(e (D)) =+ e

(B - ()
(cf. [12, Section 8]). Thus

— = r—1_ —
deg <02(E) -3 cl(E)2> > 0.

O

Remark 6.6. (1) In Corollary 6.3, if deg(Lg) = 0, then deg(¢1 (L)) < 0. This is nothing
more than the Hodge index theorem due to Faltings and Hriljac (cf. [S] and [10]). In this
sense, we call Theorem 6.2 the generalized Hodge index theorem.

(2) The second assertion of Corollary 6.4 is a generalization of [17, Corollary (1.9)].

(3) Corollary 6.5 is valid even if Eg is semistable on Xqg. The case where the metric
is Einstein-Hermitian is however essential and crucial for a general case. For details, see
[12].

REFERENCES

[1] A. Abbes and T. Bouche, Théoreme de Hilbert-Samuel “Arithmétique”, Ann. Inst. Fourier, 45 (1995), 375-
401.

[2] J.-M. Bismut and E. Vasserot, The asymptotics of the Ray-Singer analytic torsion associated with high
powers of a positive line bundle, Comm. Math. Physics, 125 (1989), 355-367.

[3] T. Bouche, Convergence de la metrique de Fubini-Study d’un fibre lineaire positif, Ann Inst. Fourier, 40
(1990), 117-130.

[4] J. Bourgain and V.D. Milman, New volume ratio properties for convex symmetric bodies in R, Invent.
Math. 88 (1987), 319-340.

[5] G. Faltings, Calculus an arithmetic surfaces, Ann. of Math. 119 (1984), 387-424.



CONTINUITY OF VOLUMES ON ARITHMETIC VARIETIES 43

[6] H. Gillet and C. Soulé, On the number of lattice points in convex symmetric bodies and their dual, Israel J.
Math., 74 (1991), 347-357.
[7] H. Gillet and C. Soulé, An arithmetic Riemann-Roch theorem, Invent. Math. 110 (1992), 473-543.
[8] P. M. Gruber and C.G. Lekkerkerker, Geometry of numbers, North-Holland Mathematical Library Vol. 37
North-Holland.
[9] H. Hironaka, Resolution of singularities of an algebraic variety over a field of characteristic zero I, II, Ann.
of Math. 79 (1964), 109-208.
[10] P. Hriljac, Heights and Arakelov’s intersection theory, Amer. J. Math. 107 (1985), 23-38.
[11] S.Kawaguchi, A. Moriwaki and K. Yamaki, Introduction to Arakelov theory, Proceedings of the Symposium
on Algebraic Geometry in East Asia (2002), 1-74, World Scientific Publishing.
[12] A. Moriwaki, Inequality of Bogomolov-Gieseker type on arithmetic surfaces, Duke Math. J., 74 (1994),
713-761.
[13] A. Moriwaki, Arithmetic Bogomolov-Gieseker’s inequality, Amer. J. Math., 117 (1995), 1325-1347.
[14] A.Moriwaki, Arithmetic height functions over finitely generated fields, Invent. Math. 140 (2000), 101-142.
[15] G. Tian, On a set of polarized Kéhler metrics on algebraic manifolds, J. Diff. Geometry, 32 (1990), 99-130.
[16] X. Yuan, Big line bundles over arithmetic varieties, preprint.
[17] S. Zhang, Positive line bundles on arithmetic varieties, J. AMS, 8 (1995), 187-221.

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, KYOTO UNIVERSITY, KYOTO, 606-8502,
JAPAN
E-mail address: moriwaki@math.kyoto-u.ac.jp



