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1. Introduction

This paper presents details of the paper [3].

Let U be a 3-dimensional space {(r,0,¢) € R® ; r > 0} with Riemannian metric g :=
dr? 4 sinh®*rd6? + cosh®rd¢?. The Riemannian space U is a model space of the 3-dimensional
hyperbolic space. Now, let «, t and [ be real numbers satisfying that a > 0 and [ > 0.
Let V be a quotient space of U defined by the equivalence relation (2) below. Then the
space V' is homeomorphic to a product of an open interval and a 2-dimensional torus and
the induced Riemannian metric on V' is the same form as g. This space V' is a model space
of a neighborhood of a singular locus of a hyperbolic 3-cone-manifold whose cone angle is «
and complex length along the singular locus is [ +¢v/—1. Let A be the Laplacian of V' with
respect to the induced Riemannian metric. We consider the vector-valued partial differential
equation Av = 0, where v is a vector field on V. Its solutions are called harmonic vector
fields. Harmonic vector fileds play an important role to investigate infinitesimal deformations
of hyperbolic cone-manifold structures.

In this paper we give an explicit expression of harmonic vector fields. We find out that
harmonic vector fields can be expressed by hypergeometric functions. By taking the dual
of Av = 0, we obtain the vector-valued partial differential equation (A + 4)7 = 0, where 7
is the dual 1-form of v. In this paper, we also consider a more general differential equation
(A +2— X\)7 = 0 which contains a parameter A € R. In the case of harmonic vector fields,
the parameter \ is fixed to be a particular value, i.e., A = —2.

By applying the method of separation of variables to (A+2— \)7 = 0, we obtain a system

of ordinary differential equations in the variable r, given in (3) below. Next, we replace the

sinh r

SAr)2 Then we obtain a system of ordinary

independent variable r by z, defined by z = (
differential equations in z, given in (4) or (5) below. The most effort of the paper is devoted
to examine this system.

The system (5) of ordinary differential equations has two parameters, denoted by a and b,
which come from the given geometric parameters «, ¢t and [. For the most general case, i.e.,
ab # 0, we can transform this to a single-component ordinary differential equation by elim-
ination of unknown functions. This is a 6-th order homogeneous linear differential equation
of Fuchsian type with three singular points, z = 0, z = 1 and z = oo. For the degenerate
case, i.e., ab = 0, the system (5) are reduced, so treated separately. However we give the
relations between the general case and the degenerated cases explicitly (see the beginning
of Section 3). We show that the differential operators appearing in these single-component

differential equations can be factorized into operators of the type appearing in Riemann’s

P-equation (see Theorems 3.1.1, 3.1.5, 3.2.1 and 3.3.1). The factorizations indicate the
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sub/quotient structure of the system. We expect more; the system may be decomposed into
the direct sum of these factors. In our case, we can obtain such decompositions. We can
construct (see Ref. [2] for the algorithmic point of view) the differential operators with a
special property, each of which gives the projection operator onto the quotient factor (see
Theorems 3.1.2 and 3.1.6). Due to these two results, we obtain expressions of solutions of
the single-component ordinary differential equations under consideration in terms of those
of Riemann’s P-equations (see Corollaries 3.1.3, 3.1.7, 3.2.2 and 3.3.2).

We also represent fundamental systems of solutions to the system of ordinary differential
equations in (5) in terms of those of Riemann’s P-equations (see Propositions 4.1.3, 4.1.6,
4.2.1 and 4.3.1). Moreover, if we assume that the parameter a satisfies a “generic” condition
(see Assumptions 5.1.1, 5.1.3 and 5.3.1), then we can express the fundamental systems
of solutions to the system of differential equations in (5) explicitly (see Sections 5.1 and

5.3). The functions composing these fundamental systems are explicitly represented in

terms of hypergeometric functions. Hence, substituting z = (222)2 and A\ = —2 into these
fundamental systems, under the assumption expressed in Assumptions 5.1.1 and 5.3.1, we
can express in terms of hypergeometric functions any 1-form 7 on V' that is obtained by
separating the independent variables in the partial differential equation (A +4)7 = 0. Then
taking the dual of 7, we obtain the desired expression for v, which is harmonic on V' (see

Theorem 2.1).

One can verify almost all the computation in this paper by oneself with using the software
Mathematica released from Wolfram Research. All the differential operators appearing in

this paper, written in Mathematica, are available at the website:
http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/operators.txt

After taking operators from the website above, by carrying out the programs which are

described at the websites below, one can check calculations.

http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/theorems.txt

http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/exponents.txt
http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/section3.txt

http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/section4.txt

http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/section5.txt

The authors would like to thank Dr. Masaaki Suzuki for suggestions on programming.
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2. A system of ordinary differential equations providing harmonic vector fields

on hyperbolic 3-cone-manifolds

In this section we give background discussion on necessary concepts of differential geom-
etry, obtain a system of ordinary differential equations whose solutions provide harmonic
vector fields on a hyperbolic 3-cone-manifold and state our main theorem. (See Rosen-
berg [7] for a general reference on Riemannian geometry and Hodgson and Kerckhoff [4] for
discussion specific to hyperbolic 3-cone-manifolds.)

Let U be a 3-dimensional space
{(r,0,¢9) €R*; r >0}
with Riemannian metric
g := dr® + sinh*rd#* + cosh®rdg?.

We define (wq,wq, ws) := (dr,sinhrdf, coshrde) as a co-frame on U. We denote by (e1, €2, €3)
Kél L 9
or? sinhr 00
In this section, for notational convenience, we set x' = r, 22 = 0, and

the orthonormal frame on U dual to (wi,ws,ws3). Then we have e; = ey =

_ 1
and e3 = woshT 9"
3
22 = ¢. We express the metric g as Z gi,jdazi @ dz?. Then we have gi1=1,¢20= sinthl,
ij=1
g33 = cosh’z! and g;; = 0 (if i # 7). The Christoffel symbol I, can be calculated by using

the formula
1

; 1 (091 Ogr. g; k
I“’L‘ — _ ’L7l Js 7 o s
k9 Zg (&rk * 0xJ oxt |’

l

where (¢"') = (g;;)~'. The Levi-Civita connection V can be calculated from

9 .0
Vi o~ 2Dy

Direct calculation yields

0 coshr 0 sinhr 0
o sinhr 00 coshr O¢
V s — coshr 9 . h Y 0
227 Ok sinh r 00 ST COSAT 57
(S:?S}ﬁ: % 0 — sinh r cosh r%

Also, for (w)), the matrix of the connection 1-forms, we find

0 __coshr __sinhr
sinh r coshr
ny coshr
(w)‘ ) - sinh r W2 0 0
sinh r
coshr w3 0 0

It can also be checked that U is a space of constant sectional curvature —1.
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Let QP(U) denote the space of smooth, real-valued p-forms on U. Let d be the usual

exterior derivative of smooth real-valued forms on U:
d: QPU) — QPH(U).

We denote by * the Hodge star operator defined by the Riemannian metric g on U. Then

we have
9(¢,* ¥) dU = ¢ A1),

for any real-valued p-form ¢ and (3 — p)-form v, where dU is the volume form of U. Let o
be the adjoint of d:
5§ PU) — @ HU).

Denoting by A the Laplacian operating on smooth real-valued forms for the Riemannian

manifold U, we have
A =dd + dd.

If we express a 1-form 7 on U as
T = f(Tv 07 ¢)w1 + g(T, 97 Cb)u}g + h(Tv 07 ¢)w37

then, by explicit computation, we obtain (see Ref. [4] pp.26-27)

(A+2—-N)T7
s ¢ s?2 1 1 2c 25
= —frr—(c+8>fr+ 62‘1‘82—4—)\>f—52f90—c2f¢¢+8299+62h¢} wq
+ =9 — <z+z> gr + zz—‘l—/\)g—;goe—;gw—i;fe} w2 (1)
+ §—he = (i+§) h, + <§—4—A>h—;hee—;h¢¢—i§f¢} ws,

where )\ is a real number, the subscripts denote derivatives with respect to the variables r,
0 and ¢, and we denote sinhr and coshr by s and ¢, respectively.

We now consider a model space of a neighborhood of a singular locus of a hyperbolic
3-cone-manifold. Let o, t and [ be real numbers satisfying that « > 0 and [ > 0. Let V be

a quotient space of U defined by the equivalence relation as follows:

(T17917¢1) ~ (T27927¢2)
<= r; =19 and 3]{51, ko € Z such that 6; — 05 = ko + k2t7 gzﬁl — gbg = —kol. (2)

Then V is homeomorphic to (0, 00) x T2, where T? is a 2-dimensional torus. The Riemannian

metric g on U induces a Riemannian metric on V' which has the same form as g. Let V(¢) be
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a subset of V' whose elements satisfy the condition that » = ¢. Then V(¢) is homeomorphic
to T%.

Remark. Let C be a hyperbolic 3-cone-manifold with cone-type singularity along a simple
closed geodesic > whose cone angle is equal to a and complex length along > is equal to
[ +tv/—1. Then, if r is sufficiently small, a subset Uy<,<, V() of V is a neighborhood of %
in C' — ¥. The Riemannian metric on C' — ¥ is incomplete near . The metric completion
of C'— ¥ is identical to the hyperbolic cone structure on C. (See Refs. [1], [6].)

Now, let us assume that 7 can be induced to be a 1-form on V. Then it has the following

equivariance properties:
T(r,0+a,¢) =7(r,0,¢) and 7(r,0,0+1)=r71(r,0+t,9¢).

We use separation of variables, assuming that f(r,0,¢) equals a function f(r) multiplied
by a function on V' (r), and similarly for g(r, 8, ¢) and h(r, 0, ¢). We further decompose these
functions on the torus into eigenfunctions of the Laplacian on the torus, which are of the

forms cos(af + bg) and sin(af + bo), where

2 2 t
a::ﬂ an 5;27( mm + at)

” ; (n,m € Z).

Such a 1-form 7 is called an ‘eigenform’ of the Laplacian. Then, from the expression (1), we

see that such a 1-form 7 must be of the type
7 = f(r)cos(ad + be)wy + g(r)sin(ad + bo)ws + h(r)sin(ald + bo)ws,
or the type
7 = f(r)sin(ad + bd)w; + g(r)cos(al + bp)ws + h(r)cos(ab + bo)ws.
Then, for an eigenform 7 of the Laplacian, we can verify the following (see (21) in Ref. [4]):

(A+2-XN)7=0

" , 2 2 2 b2
(3.1) f'(r)+ Z+§>f(r)+<)\—i2—;_(;_62>f(r)
2ac 2bs
< —879(7“) ) ?h(r) - > 2 2 (3)
c c a ac
(3:2) ¢"(r)+ +>g’(7“)+<A—82—52_62 9(r) = =5 f(r) =0,
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where f'(r) = 4 (r), etc. Next, we define z := (2222)2 Then we have

(A+2—-XN)7=0

(4.1) 422f"(2) +4zf'(2) + ((1/i22>2 e _12)2 T j 22 1a_ S 1b_zz> f(z)
2a 2023/2
(11— 2)3/29(2) (- 2)3/2h =0

Az 1 a? b2z
4.2) 42°¢"(2) + 424 (2 — — — z
MEERIE i+ (o o T ) )

—mf(z) =0,

Az 22 a? b2z
4' 4 211 4 / o . .
(4.3) 4z°h"(2) + zh(z)+<<1_z)2 1—27 1-2 1_Z>h(z)
2b2z3/2

C(1—2)32

f(z) =0,

where f'(z) = %(z), etc. Note that r > 0 is bijectively mapped onto 0 < z < 1. The
—1— will be helpful to derive (4) from (3). The

relations z!/2 = SR apd (1 — 2)V/2 =
coshr cos

system (4) can be expressed as

(5.1) 222(1—2)2Py(a,b,\) f(2) — ag(z) — bz3h(z) = 0,

(5.2) af(z) = 2221 — 2)2 Py(a, b, \)g(2), (5)

(5.3) bf(z) = 222(1 — 2)2 Py(a, b, \)h(z),

where we define

SRV U N S N ) WP L
114, 0, Todz? zdz 422(z —1)  4z(z—1) 4z(z—-1)%2)°
& 1d a®+1 b* Al
Py(a,b = =+ -
2(a,b,A) dz? + zdz * (422(2' -1) " 4z(z — 1) ’ 4z(z — 1)2> 7
d2 1 d a2 Z)Q — 1 )\ — 1
P. = s o '
3(a, 0, A) dz? + zdz i (422(2 —1) " 4z(z —1) i 4z(z — 1)2>

Now, suppose 7 be the dual 1-form of a harmonic vector field on V. Then, by the
Weitzenbock formula and the fact that the Ricci curvature of V' is —2, 7 satisfies the differen-
tial equation (A +4)7 = 0 on V. Hence, if A = —2, then solutions of the system of ordinary

differential equations in (3), (4) or (5) give 1-forms that are dual to harmonic vector fields.
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In Sections 3, 4 and 5, we solve the system of differential equations in (5) and present
fundamental systems of its solutions in the interval 0 < z < 1 that will be denoted by the
set of 6 triples {(f;(2),9;(2),h;(2));4 = 1,...,6}. Moreover, in Sections 5.1 and 5.3, it is
shown that f;(z), g;j(z) and h;(z) can be expressed explicitly in terms of hypergeometric
functions, if the parameter a satisfies the condition that @ is not an integer. Let f;(r), g;(r)
and h;(r) be the functions of r (> 0) obtained by substituting (221)? for z and —2 for A

in the functions f;(z), g;(2) and h;(z). Then the main result in this paper is described as

follows:

Theorem 2.1. Any harmonic vector field v on V whose dual 1-form T is an eigenform of
the Laplacian of the type discussed above, which is obtained under the condition a ¢ Z, is

given by the following linear combination (or the same form with sin and cos interchanged):
6
v="> {t;f;(r)cos (ab + bo)er + t;g;(r) sin (ab + bp)es + t;h;(r) sin (ad + bo)es},
j=1

where t; € R.

Remark. The variable z is originally taken to be 0 < z < 1. However, we can regard all
functions of the variable z that appear in this paper to be defined on a simply connected

domain in C — {0, 1} containing the open interval (0, 1). For example, let
A={zeR;z<0o0rz>1}=(-00,00U[l,00) CR,

then C — A = (C — R) U (0,1) is one of such domains. In this domain, we choose the
branch of the logarithm such that —7 < Im(logz) < 7 and —7 < Im(log (1 —2)) < 7.
The hypergeometric series F'(«, [3;7; z) converges on the unit disk |z| < 1, and we consider
its analytic continuation to C — A. In the following sections, we regard the domain of all

functions of the variable z to be C — A.

3. Method of solving the system of differential equations

In this section we transform the system of differential equations given in (5) into single-
component differential equations by eliminating unknown functions and find a representation
of the solutions to these single-component differential equations in terms of those of Rie-
mann’s P-equations.

We consider four cases, determined by whether a and b are zero or nonzero, separately,
since the structure of the system (5) is different. In Sect. 3.1, we study the most general case

in which both a and b are nonzero. The reduced cases in which a =0, b=0and a =b=0
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are treated in Sections 3.2, 3.3 and 3.4, respectively. We remark that the procedure of the
elimination depends on the cases. However, we will see that the solutions of (5) of the case
in which @ = 0 can be interpreted as a sort of limit of those of (5) with a # 0. Similarly for
solutions of the cases in which b = 0 and a = b = 0. We subdivide Sect. 3.1 into two parts.
In the first part, we obtain a single-component differential equation of 6-th order which the
function h(z) must satisfy and give a representation of its solutions. In the second part,
we obtain a single-component differential equation that the function g(z) must satisfy and
give a representation of its solutions. By considering both of these differential equations,
we find that taking the limits @ — 0, b — 0 and a,b — 0 of the solutions to the system of
differential equations in (5) with a # 0, b # 0, these reduce to the solutions obtained from

(5) with @ =0, b =0 and a = b = 0, respectively.

Sect. 3.1t a#0,b#0] —= [Sect. 3.2: a=0,b#0)
bHOJ{ J{bHO

Sect. 3.3: a#0,b=0] —— |Sect. 34: a=0,b=0]

a—0

We now briefly describe the method of solving the single-component differential equation
obtained in the first part of Sect. 3.1. This differential equation is a 6-th order homogeneous
linear differential equation for the function h(z) that is obtained by eliminating f(z) and g(z)
from the system of differential equations in (5). We first factorize the differential operator
of this differential equation (see Theorem 3.1.1). The factors in these factorizations are
operators of the type appearing in Riemann’s P-equation. Moreover, we find (see Theorem
3.1.2) a differential operator that gives a linearly isomorphic mapping from the solution space
of Riemann’s P-equation to a subspace of the solution space of the differential equation in
question (see Corollary 3.1.3). This operator is also of the type appearing in Riemann’s
P-equation. In general, this sort of operator is called a ‘splitting operator’. (See Ref.
2] for general discussion on factorizations of differential operators of Fuchsian type with
three singular points and splitting operators. In Ref. [2], we presented an algorithm for
factorizations and also an algorithm for finding splitting operators from factorizations.)
Then, we can express solutions of the differential equation under study in terms of Riemann’s
P-equations.

Calculations in this section can be verified by Mathematica. First, take differential oper-

ators defined in this paper from the website:

http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/operators.txt
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Then the equalities in theorems below can be verified by the programs at the website:
http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/theorems.txt
The other calculations in this section also can be verified by the programs at the websites:

http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/section3.txt
http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/exponents.txt

3.1. The case a #0 and b # 0
(i) A single-component differential equation for h(z)

We can transform the system of differential equations given in (5) into a single-component
differential equation of 6-th order for the function h(z).

First, we eliminate f(z) from (5.1) and (5.3). Since b # 0, we obtain the following relation
between ¢(z) and h(z):

ab g(z) = —423 (2 — 1)3S(a, b, \)h(z),  (6)

where we define
2

S(a,b,\) = z%l(l — 2)773}71(@, b,A\)z2(1 — 2)2 Py(a, b, \) + Zz_l(z —1)7% (7)

By direct computation, we see

At 3(—1+22) &
T S 2 i 1
dz* * 2(z—1) dz? (7.1)

+—a2 — 1324 a’z — b%2 4+ Az + 1322 + b22 ﬁ

S(a,b, \)

222(z —1)? dz?
+—a2 + 224 a%2 4+ b%2 — Az — 322 — 36222 + 223 + 2b2%28 i
423(z — 1)3 dz

1
* 16z4(z — 1)4
+at2? + 20727 — 4620222 + b12? — 2027 + 202 A2% — 202022 4 \22 - 223
+2a%2° — 4?27 + 2a’0°2° — 20127 + 202% 4 26° 2% 4 2 4 26720 + b2,

(—8a® + a* + 22a%z — 2a*z + 2a*V*z — 2a* Nz — 16a4%2>

Next, since ab # 0, by eliminating f(z) and g(z) from (5.2), (5.3) and (6), we obtain the
following equation which A(z) must satisfy in the present, a # 0, b # 0 case:

X(a,b,\h(z) =0,  (8)

where X (a, b, \) is a differential operator of 6-th order defined by
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2

X(a,b,\) == 2% (1 — 2) 3 Py(a, b, \)23 (1 — 2)3S(a, b, \) + %2_4(,2 —1)Py(a,b, N, (9)

If we express X(a,b, \) as

6 d6—k
X(a, b, )\) :kzoAkW, (91)
then the coefficients Ay (k =0,...,6) are given by
AO - 1,
-1
A = 9(—1+ 2,2)7
z2(z—1)
A — 72 — 3a® — 388z + 3az — 3b%z + 3\z + 38722 + 3b?22
2 42%(z — 1)? ’
1
Ay = ————(—12+3a® + 200z — 124z + 6b%z — 6z — 5252 + 9a?2? — 18b%27
223(z — 1)3
+9A22 + 3482° + 120%2°),
1
Ay = ———(—12a® + 3a* — 2242 + 80a’z — 6a*z — 24b%z + 6a?b*z + 24Xz — 6a* Nz
16z4(z — 1)4

+15722% — 146022 + 3a* 2% + 2006%2% — 12a2b%2% + 3b*2% — 104X2% + 60> \2*
—6b2\z% + 3\%2% — 26722° + T8a%2® — 3500°2° + 6a%b?2* — 6a’2® + T8z + 662\ 2°
+13232* + 174b%2* + 3b*2Y),

As = 1625(21_1)5(—12a2 + 3a* + 24a*z — 6a*z — 282% — 6a*2? + 3a*2® — 320727
+6a2b%2% — 30122 + 822 + 6b2A2% — 3A22% 4 11223 — 120223 + 1246223 — 12426223
+120%2% — 1202 — 120°X2% — 1372* + 602" — 1520%2" + 6ab*2* — 15b% 2% 4 6A2*
+6b2\2* 4 542° + 60b%2° + 6b*2°),

Ag = M(—Ma? +20a* — a® + 208a*z — 64a*z + 3a°2 + 12a*b*z — 3a*b*z
—12a®Az + 3a* Az — 240a%2% + Tla*z? — 3a°2% — 44a*?2% + 9ab*2* — 3a®b*2*
+32a*\2% — 6a* 2% 4 6a2b*\2? — 3a®M\22? — 162° + 116a%2° — 30a* 2 + 2% — 200723
+58a%b*2% — 9a*b?2® — 120*2° + 9a%b*2® — b°2% + 4AN2® — 26a°\2° + 3a* A2 + 8b7 NP
—12a%62 22 + 36123 4+ AN222 + 302 M223 — 30PN223 + N33 + 282 — 23422t + 3at2?
+60b%21 — 32a%b%2" 4 3ab?2? + 350" 21 — 9a2b 2" + 30521 — 82t + 6a? Azt — 146721
+6a%? N2t — 66" N2t + 3Nt + 302Nt — 282° 4 3a%2° — 59720 4 64’V 25 — 34b12°
+3a%b*2° — 3b%2° 4+ 3A2° 4+ 602 N\2° + 3bN2° 4+ 928 4+ 190720 + 116120 + °29).
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The differential equation (8) is of Fuchsian type with regular singularities at z = 0, z = 1

and z = oo. Its characteristic exponents are

o g Ha L (z-0), (10)
° 1:|:\/227>\’ 3:|:\/227)\’ 2:|:\/237)\ (Z _ 1)’ (11)
° 71il2>\/jlj 1ib§/jl7 Sib;/jl (Z _ OO) (12)

We can check them by carrying out the programs at the website:
http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/exponents.txt

By direct computation, it can be verified that the theorem below holds.

Theorem 3.1.1. For any a,b, A\ € R, the differential operator X (a,b, ) can be factorized

as
X(a7b> /\) = P6<a7b7 )\)P5(Cl,b, )\)P4(CL, b’ )\) (13>
= Ps(—a,b,\)Ps(—a,b,\)Py(a,b,\), (14)
where we define
2 /1 1 \d a’ b’ +1 At
Piya,b,\) = — - — | 5
4((1, , ) dZ2+<Z 2_1) dZ+<4Z2(2_1>+4Z(Z—1)+4Z(Z_1)2>’
d? 2 4 d a(a+2) b* + 25 A+T7
Ps(a,b,\) = — - -
5(a,0,4) R (z Tz 1) . (47;2(2 —1)  dz(z—1)  4z(z-1)?)°
d? 6 6 d (a—6)(a+4) b*+121 A+ 23
FPs(a,b,\) = — - - '
6(a,0; ) dz2+<z+z—1> dz+ ( 422(z — 1) 4z(z — 1) +4z(z—1)2

It can be checked that the following relationship between Py(a, b, A), Ps(a, b, A) and FPs(a, b, A)
holds.

Theorem 3.1.2. Define

P(ab)\)—diz (3+3>d+ CL2—4 1 b2+25 4 A+1
T\W, Yy T dZ2 z Z—l dZ 4Z2<Z—1) 4Z(Z—1) 42(2_1>2 .

Then, if A # 2, the following equality holds for any a,b € R,

P4(a’7 b? >\) 22(2 o 1)4P7(CL,Z), )‘)_

22(z — 1)*Ps(a, b, \)Ps(a, b, \) = 1. (15)

2—A 2—-A

By Theorems 3.1.1 and 3.1.2, we find that the operator 5% 2%(z — 1)*Pr(a, b, \) provides

a splitting of the short exact sequence of the D-modules

0 — D/DPsPs — D/DX — D/DP; — 0,
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where the operators Pj(a,b,A\) and X (a,b, \) are abbreviated as P, and X, respectively.
In fact, the following corollary provides the decomposition of the solution space of the
differential equation Xw(z) = 0 corresponding to this splitting of the short exact sequence
of the D-modules.

Corollary 3.1.3. Assume that a # 0 and X\ # 2. Then, for any b € R, each solution of the
differential equation
X(a,b,\)w(z) =0

can be written as

w(z) = u(z) + 22(z = 1)*Pr(a, b, \)(vT(2) + v (2)),

2—-A
where u(z), v (z) and v~ (z) are solutions of the equations Py(a,b, \)u(z) =0,
Ps(a,b,\)vT(z) = 0 and Ps(—a,b,\)v(z) = 0, respectively. Conversely, if u(z), vt (z)
and v~ (2) are solutions of the equations Py(a,b, \)u(z) = 0, Ps(a,b,\)vT(z) = 0 and
Ps(—a,b,\)v=(2) =0, then
4

2— A
satisfies the equation X (a,b, \)w(z) = 0.

22(z — D*Pr(a, b, \) (v (2) + v (2))

Proof. We write the operators P;(a,b,\), Pi(—a,b,A\) and X(a,b,\) as P;, P, and X,

2

respectively. We can rephrase Theorem 3.1.1 as X = FsPsP, = Fy P Py. By Theorem
3.1.2, we have

4 4
. )\zz(z - 1)41361351342 —

4 4
= 5= /\zQ(z — 1)*PsPs (2 — )\22(2 — 1)*PsPs + 1) v(2)
4

4
= (2 — )\22(2 — 1)*PsPs + 1) 5 /\22(2 — 1)*Ps Psv(2).

22(z —1)*P(2)

Then, if PsPsv(z) = 0 holds, so too does PsPsPy55z%(z — 1)*Pru(z) = 0. Thus we can
define the mapping

O {u(z); Pau(z) = 0} @ {v(2); PsPsv(z) = 0} — {w(z); Xw(z) =0}

by

O(u(z),v(z)) :=u(z) + 5 f )\22(2 —1)*Pru(2).

Now, assume that u(z) + 5552%(z — 1)*Pro(z) = 0. Then

0 = —P4U(Z):P42 2\

A )\ZQ(Z — 1)*P(z) = < 22(z — 1)*PsPs + 1) v(z) = v(2),
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which implies that u(z) = 0 also. This shows that ® is injective. Therefore ® is a lin-
ear isomorphism, because the two spaces {u(z); Pyu(z) = 0} & {v(z); PsPsv(z) = 0} and
{w(z); Xw(z) = 0} are both dimension 6.

By uniqueness of decomposition of differential operators in the ring of operators, we have
FPsPs = Py Py . Now, define the mapping

U {ot(2); Psot(2) =0} & {v ™ (2); Ps v (2) = 0} — {v(2); PsPsv(z) =0}

by
U(vt(2),v () =01 (2) + v (2).

If v7(z) + v~ (2) = 0, then from the relation P5~ — P5 = ;7—;, we obtain

— Do) — —() — a o N a -
0—p5U (Z)——P5U (Z)— <Z2(1_2)—P5)/U (Z)—m@ (Z)
Hence, since a # 0, we find v~ (z) = 0. This implies, by the above assumption, that v*(z) =
0. We thus find that ¥ is injective. Therefore, because the two spaces {vt(z); Psv™(z) =
0} @ {v(2); P; v (2) = 0} and {v(z); PsPsv(z) = 0} are both dimension 4, ¥ is a linear

isomorphism. Combining this and the result for ®, we conclude that

Po(1dW) : H{u(z);Pu(z) =0} @ {vT(2); P (2) =0} ® {v (2); Py v (2) =0}
— {w(2); Xw(z) = 0}

is also a linear isomorphism. O

(ii) A single-component differential equation for ¢(z)

We can also obtain a single-component differential equation for g(z) by eliminating f(z)
and h(z) from the system of differential equations in (5) as follows.
First, since a # 0, eliminating the function f(z) from (5.1) and (5.2), we obtain the

following relation between g(z) and h(z):
ab h(z) = =425 (2 — 1*T(a,b, \g(z),  (16)

where we define
2

T(a,b,\) = 27%(1— z)_T3P1(a, b, \)z*(1 — z)%Pg(a, b, \) + %2_4(2 —1)7% (17)

By direct computation, we see

4 -9 3
' 3(-2+32) & ar)

T(a,b,\) = —+ ——+=
(a,5,2) clz4+ 2(z—1) dz?
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+13 —a? =492+ a2z — b*z 4+ Az + 3622 + b2z2i2
222(z —1)2 dz?

—2+2a% 4+ 292 — 54z + 4b%2 — 4z — 502% + 3a22?

1

+4z3(z - 1)3(

d
—9b%2% + 3X\2% 4 2427 + 5b223)d—
z
1
+m(1 —2a® +a* — 2z +4a*z — 2a*z — 2672 + 2a%b*z + 2\z
—2a* Mz — 2a*2% + a*2® + 160°2% — 4a?b* 2% + b*2? — 2027 + 2a% N2 — 20° 22
+ 2222 — 22072°% 4 2a%b% 2% — 26723 + 20727 + 8b7 2t + bt2Y).
Next, since ab # 0, by eliminating f(z) and h(z) from (5.2), (5.3) and (16), we obtain the
following equation which g(z) must satisfy in the present, a # 0, b # 0 case:

Y(a,b,\)g(z) =0, (18)

where Y (a, b, \) is a differential operator of 6-th order defined by

5 b
Y(a,b,A\) =22 (2 — 1) Ps(a,b, /\)zg(z —1)°T(a, b, \) + szl(z — 1) Py(a, b, \). (19)
If we express Y (a,b, \) as

6 d6—k
k=0

then the coefficients By (k =0,...,6) are given by

By = 1,
B, - 3(—4+ 72)’
z(z—1)
147 — 3a® — 6282 + 3a*z — 3%z + 3\z + 55222 + 3b?22
B2 = ’
422(z — 1)?
1
By = ———— (=54 +6a®+ 5252 — 18a*z + 9?2 — 9z — 11202% + 12a%2* — 24b°2?
223(z —1)3
+12X2% 4 6602° + 156%2%),
1
By, = ———————(27—30a®+ 3a" — 1376z + 206a*z — 6a"z — T8b*z + 6a’b*z + T8)\z
1624(z — 1)*

—6a’ Mz + 637222 — 3440222 4+ 3a*2? 4+ 4346727 — 12a%b%22 + 3b* 22 — 248\ 22
+6a°Xz% — 662022 + 3X\22%2 — 905622 + 16822 — 65622 + 6a%b%2% — 6b*2% + 168123

+6b62 227 + 40322* + 3006%2* + 3b*21),

1
By = ———(29 —32a% + 3a* + 6b* — 6a*b* — 6\ + 6a*\ — 504z + 112a*2 — 6a’z
1624(z — 1)5
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—148b%2 + 24a’b*2 — 6b? 2 + 64Xz — 12a* Nz + 126* Xz — 6%z + 150022 — 1284?22
+3a*2? + 4586722 — 30a%b? 2% + 21b% 2% — 104022 + 6a*\z? — 24b°X\2% 4 3M\%2% — 160023
+48a%2% — 4966723 + 12a%V? 2% — 2402 + 4802 + 120°\2% + 5762% 4 1800%2* + 9b*2*),
Bs = 6426(21_1)6(9 —19a® + 11a* — a® — 282 4 594z — 34a*z + 3a°z — 3b%z + 6a%b*~
—3a*b?z + 3\z — 6a*\z + 3a* Az + 2827 — 60a%2% + 35a*2% — 3a°2% + 23b%27
—32a20%2% + 9a’b?2* + 30" 2% — 3a%b*2% — 8M\2? + 14a®A2? — 6a* A2 — 662 N\2? + 6a’bP 22
430222 — 3a2M2%2% — 1623 4+ 206222 — 12a* 23 + %2 — 1160223 + 584%b%2% — 9a*p?2?
—30b%2% + 9a%b* 2 — 1023 + 4N — 8a®A\2® + 3a* A2 4 2602 M\2% — 120702\ 2% + 36\ 2P
AN 430 N22% — 302A%23 + N384+ 240072 — 44a*b? 2t 4 3atb? 2t + T1K 2t — 9a%bt !
+3692% — 320% A2t + 6ab* N2t — 6b* A2t 4 307 N% 2 — 208b%2° + 120”7 2° — 64b*2°
+3a%b*2% — 3b%2° + 1262027 + 36" \2° + 64b%2° + 206" 25 + 0°29).

By direct computation, we can verify the following theorem.

Theorem 3.1.4. For any a,b,\ € R, the differential operators X (a,b,\) and Y (a,b, \)
satisfy the equality
Y(a,b,A) =27 X(a,b,\)z2.  (20)

The differential equation Y (a,b, A)g(z) = 0 is of Fuchsian type with regular singularities

at z =0, z =1 and z = co. Its characteristic exponents are as follows:

L4 712:‘:&7 ktTa7 % (Z - O)? (21>
° lj:\/22—>\, 31\/22—)\7 2ﬁ:\/23—>\ (Z — 1)7 (22>

o & b\/2—717 Qib;/jl’ 4:tb£/jl (Z: OO) (23)

We can check them by carrying out the programs at the website:

http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/exponents.txt

We have the following two theorems:

Theorem 3.1.5. For any a,b,\ € R, the differential operator Y (a,b,\) can be factorized

as
Y(CL, b, )\) = Plo((l, b, )\)Pg(a, b, /\)Pg(a, b, )\) (24)

= Pila, =b, A\)Po(a, =b, ) Fs(a, b, A), (25)
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where we define

d? 2 d a®—1 b? A+1
Ps(a,b,\) = —
(a5, 1) dz? (z > dz (422 (z—1) * 4z(z — 1) N 4dz(z — 1)2> ’
d? d
Py(a,b,\) = - —
9(0’7 ) ) dZ2 ( >
n a? 9 —I— (6 4+ bv/—1)(8 —b\/—l)jL AT
422 (z—1) 4z(z —1) 42(z—1)2)°
6
Puoa, b,4) = dz2 * (z T 1>
N 225 N (12 4+ b/ —1)(10 — by/—1) A+23
422(2 —1) 4z(z — 1) dz(z—1)2 )
Theorem 3.1.6. Define
d? 7 8 d a’+2by/—1—-35  b*+ 196 A+43
P byA\) = — - -
11(a, 0, 4) dz? * < + > dz * ( 422(z — 1) * 4z(z — 1) * 4z(z — 1)2>
d? 3 5 d
P12(CL7b,)\) = d2’2+<z 1 %
n a? + 2by/— —3+(6+b\/—1)(8—b\/—1)+ A+13
422(z — 1) 42(z —1) 42(z—1)2 )
Assume that X\ # 2. Then, for any a,b € R, we have
4 4
Ps(a, b, )\))\ 223(2 —1)*Pa(a, b, ) — 3 223(7; — 1)*Piy(a, b, \)Py(a, b, \) = 1. (26)

By Theorems 3.1.5 and 3.1.6, we obtain the following corollary.

Corollary 3.1.7. Assume that b # 0 and X\ # 2. Then, for any a € R, each solution of the

differential equation

Y(a,b,\)r(z) =0

can be written

r(z) = p(z) + (2 = 1) (Piaa,b,\g" (2) + Pra(a, =b, N (2)),

4
A—2
where p(z), ¢*(z) and g~ (2) are solutions of the equations Ps(a,b, \)p(z) =0,
Py(a,b,\)qt(z) = 0 and Py(a,—b,\)q () = 0, respectively. Conversely, if p(z), q*(2)
and q~(z) are solutions of the equations Ps(a,b,\)p(z) = 0, Py(a,b,A\)q"(z) = 0 and
Py(a,—b,\)q (2) =0, then

r(z) = p(z) + 2z = 1)" (Praa, b, \)g* (2) + Praa, b, \)g~ (2))

A—2
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satisfies the equation Y (a,b, \)r(z) = 0.

Proof. We write the operators Pi(a,b, \), P;(a,—b,\) and Y (a,b,\) as P;, P, and Y. By

Theorem 3.1.5, we have Y = PjgPyPy = PPy Ps. Also, if Pyg™(2) =0 and Py ¢ (2) = 0,
then, by Theorem 3.1.6, we have

Y 2z — D) (Pragt (2) + Pag (2))

4
A—2
= PioPyFy ()\ — 223(2 — 1)*Prag™ (2) + P 223(2 - 1)4P1_2q_(2))
4 4
= P)yP, ((/\ — 223(,2 —D)*PL Py + 1) g (z) + ()\ — 27;3(2 — )PPy + 1) q‘(z))

- (Plopg

4
(2= 1'Pu+ Po) Pug(2) + ( PPy 52 = D*Pi + P ) Pra () =0.

4
A—2 2

Then we can define the mapping
Q:{p(2); Pep(z) = 0} & {q"(2); Pog " (2) = 0} @ {q (2); Py ¢ (2) = 0} — {r(2); Yr(2) = 0}

by

Qp(2).47(2).47(2)) = p(2) + ;57" (2 = V* (Pag"(2) + Piag™(2)).

Now, assuming that p(z) + 1752°%(z — 1)*(Pi2¢™(2) + Pio¢™ (2)) = 0, we have

4
0 = —Bplz) = P8>\

223(2 — 1) (Pag™ (2) + Prg™ (2))

o= DR +1) 0 () = a7 () + a7 (2).

_ 4 5 1 + (4
= ()\—QZ(Z 1)P11P9+1>q(z)—|— Tk

Then from the relation Py — Py = =0/=1 " we obtain

2(z—1)

—byv/—1 —byv/—1

Z(Z\i_l) - Pg‘) ¢ (2) = Z(Z\i_l)q‘(Z)‘
Hence, because b # 0, we find ¢~ (z) = 0. This implies that ¢ (z) = 0 also. We thus find
that Q is injective. Thus, because the two spaces {p(z); Psp(z) = 0} @ {¢"(2); Pogt(2) =
0} & {q (2); Pyq (2) = 0} and {r(2);Yr(z) = 0} are both dimension 6,  is a linear

isomorphism. O

0=Pog"(2) = —Poq(2) = <

3.2. The case a =0 and b # 0

As stated at the beginning of Sect. 3, the results obtained in Sect. 3.1 reduce in the a — 0
limit to those in the present case.

In this case, (5.2) becomes the differential equation

Py(0,b,\)g(2) =0. (27)
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This is Riemann’s P-equation and can be solved. Since b # 0, as in the case of Sect. 3.1 (i),
from (5.1) and (5.3), we obtain the following differential equation of 4-th order in h(z):
S(0,b, \)h(z) = 0. (28)

The operator S(0,b, A) is described concretely as follows:

dt 3(—1+422) & 13-+ N+ 132+ b2 d°
S(0,b,\) = +M7+ TAtloz¥ otz a7

dz* 2(z—1) dz3 2z(z —1)2 dz?
2+ 0% — X\ — 3z —3b%2 + 222 + 2b%2% d

i 120z — 1) dz
(=2 = b2+ X+ 2+ 022)(=b* + A + 2 + b%2)

- 1622(z — 1)4 '

The differential equation (28) is of Fuchsian type with regular singularities at z =0, z = 1
and z = oco. Its characteristic exponents are as follows:

e 0,0, 1, 2 (z=0), (29)

° 1:|:\/22—>\’ 2:|:\/23—)\ (Z _ 1)7 (3())

° 71il;\/jlj 1ib§/jl (Z _ OO) (31)

We can check them by carrying out the programs at the website:

http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/exponents.txt

Now we have

Theorem 3.2.1. For any b, A € R, the differential operator S(0,b, ) can be factorized as
S<07b7 /\) = P5<07b7 /\)P4(07b7 )‘) (32)

Proof. First, it can be shown that

e
222(z — 1)

ot

27 (2 — 1) Py(a,b,\)2% (2 — 1) — Pyla,b,\) = (32.1)
Then, in the particular case where a = 0, we have
Ps(0,b,A) = 27 (2 — 1) 3 Py(0,b, \)22 (2 — 1), (32.2)
From the definition of X (a,b, ) and the equality (32.2), we obtain
X (0,b,\) = Ps(0,b,X)S(0,b, \). (32.3)
Next, by Theorem 3.1.1, we have

X(0,b,A) = Ps(0,b, \)P5(0,0, \)Py(0,b, ). (32.4)
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Hence, by uniqueness of decomposition of differential operators in the ring of operators, we
obtain the desired result from (32.3) and (32.4). O
In analogy to Corollary 3.1.3, by Theorems 3.2.1 and 3.1.2, we obtain the following.

Corollary 3.2.2. Assume that A\ # 2. Then, for any b € R, each solution of the differential
equation

S0,b, Nw(z) =0

can be written as

4
w(z) =u(z) + 5 )\22(2 —1)*P;(0,b, v (2),
where u(z) and v(z) are solutions of the equations Py(0,b, \)u(z) = 0 and
P5(0,b, \)v(2) = 0, respectively. Conversely, if u(z) and v(z) are solutions of the equations
Py(0,0, \)u(z) = 0 and Ps(0,b, \)u(z) = 0, then
w(z) == u(z) + 5 )\22(2 — 1)*P;(0,b, \)v(z)

satisfies the equation S(0,b, \)w(z) = 0.

3.3. The case a # 0 and b= 10

As stated at the beginning of Sect. 3, the results obtained in Sect. 3.1 reduce in the b — 0
limit to those in the present case.

In this case, (5.3) becomes the single-component differential equation
Ps(a,0,\)h(z) =0. (33)
Like (27), this is Riemann’s P-equation and can be solved. Because a # 0, as in Sect.

3.1.(ii), from (5.1) and (5.2), we obtain the following differential equation of 4-th order in
9(2):

T(a,0,\)g(z) = 0. (34)

The operator T'(0,b, A) is described concretely as follows:
d* 3(—2+3z2) &

dz* 2(z—1) dz?
13—a2—492+a22+)\z+36z2d72

T(a,0,\) =

22%(z — 1)? dz?
n —2+2a® 429z — 5a?z — 4z — 5022 4+ 3a%2% + 3Nz + 2423 d
423(z — 1)3 dz

+(1 —a?+a’z+22)(1 —a® — 22+ a2 + \2)
1624(z — 1)4
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The differential equation (34) is of Fuchsian type with regular singularities at z =0, z = 1

and z = oco. Its characteristic exponents are as follows:

o Sl i, _q) (35)
° 1i\gﬁ’ 2+ 237)\ (Z _ 1>’ (36)
e 0,0, 1, 2(z=00). (37)

We can check them by carrying out the programs at the website:

http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/exponents.txt

We have

Theorem 3.3.1. For any a, A\ € R, the differential operator T(a,0,\) can be factorized as
T(a,0,\) = Py(a,0,\)Ps(a,0, ). (38)

Proof. First, it can be shown that

=5

bv—1
22 (z — 1) Ps(a,b, A)zg(z —1)* - Pyla,b,\) = ———

1) (38.1)

Then, in the particular case where b = 0, we have

ot

Pio(a,0,)) = 22 (2 — 1) P3(a,0,\)23 (2 — 1), (38.2)
From the definition of Y (a,b, ) and the equality (38.2), we have
Y(a,0,\) = Pio(a,0,\)T(a,0,N). (38.3)
Next, by Theorem 3.1.5, we have
Y (a,0,\) = Pio(a,0,)Py(a,0,\)Ps(a,0,\). (38.4)

Hence, by uniqueness of decomposition of differential operators in the ring of operators, we
obtain the desired result from (38.3) and (38.4). O
In analogy to Corollary 3.1.7, by Theorems 3.3.1 and 3.1.6, we obtain the following.

Corollary 3.3.2. Assume that X\ # 2. Then, for any a € R, each solution of the differential
equation
T(a,0,\)r(z) =0

can be written as

N\ — 223(2 - 1)4P12(a7 07 )‘)Q(Z)a
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where p(z) and q(z) are solutions of the equations Ps(a,0,\)p(z) =0 and
Pg(a, O, A

)q(z) = 0, respectively. Conversely, if p(z) and q(z) are solutions of the equations
PS(av Oa )‘)p(z)

=0 and Py(a,0,\)q(z) =0, then

2°(z = 1) Pia(a, 0, N)q(z)

satisfies the equation T'(a,0, \)r(z) = 0.

3.4. The casea=0and b=0

As stated at the beginning of Sect. 3, the results obtained in Sect. 3.1 reduce in the
a,b — 0 limit to those in the present case.

In this case, the three equations in (5) become the three single-component differential

equations
Pi(0,0,0)f(z) =0,  (39)
P(0,0,A\)g(z) =0, (40)
P3(0,0,\)h(z) =0, (41)
respectively.

4. Fundamental systems of solutions to the system of differential equations

In this section we present fundamental systems of solutions to the system of differential
equations in (5) by making use of the solutions of the single-component differential equa-
tions obtained in Sect. 3. As described in Sect. 3, the system of differential equations in
(5) depends on whether a and/or b is zero. We obtain fundamental systems of solutions
separately in the four cases a Z0 and b #0,a =0and b# 0, a # 0 and b =0, and a = 0
and b = 0. Then, we construct a particular representation of the fundamental system of
solutions for the case a # 0 and b # 0 such that the results in this case reduce to those
obtained in the other three cases in the limits that the appropriate paramater(s) goes (go)
to zero.

All the equalities described in lemmas of this section are verified by Mathematica. First,

as in the Section 3, get the differential operators from the website:
http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/operators.txt
Then the equalities in the lemmas can be verified by the programs at the website:

http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/section4.txt
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4.1. The case a #0, b# 0 and \ # 2
(i) System of solutions obtained from X (a,b, \)h(z) =0

For a solution h(z) given by Corollary 3.1.3, the corresponding functions f(z) and g(z)
are obtained from the relations (5.3) and (6), respectively. These relations are expressed
in terms of the operators Ps(a,b, A) and S(a,b, \), whose orders are 2 and 4, respectively.
We now show that each of these operators can be reduced to an operator of lower order
and then use these new operators to derive a simple expression of solutions to the system of
differential equations in (5).

By (5.3) and (6), the components of the solution (f(z), g(z), h(z)) that corresponds to a
solution bu(z) of the equation Py(a,b, \)u(z) = 0 are given by

flz) = 22%(1—@%133(@, b, \)bu(2),

b
o(z) = ;;123(2—1)35(@@,»@@),
h(z) = bu(z).

Here, we have

Lemma 4.1.1. Define
1 1 d ]_
ST TSRS e
& (1= 2) <dz 2(z — 1))’
Q1(a,b,\) := —423(z — 1)3Pi3(a, b, \),

with setting

Pafabn) = & <2+ - >d+ R L M R
B\ D A) = 2 1) dz 422(2 — 1) 4z(z—1)  4z(z—1)2)

Then, for any a,b, X € R, the following equalities hold.

223(1 — 2)3Py(a, b, \) = 223 (1 — 2)3 Py(a, b, \) + Ry,  (42)
—423 (2 — 1)3S(a,b,\) = Q1(a, b, \) Py(a, b, \) + a?z72. (43)

By Lemma 4.1.1, we obtain

f(2) = Ryu(z), g(z) = az_%u(z) and h(z) = bu(z).
Note that solutions (f(z), g(z), h(z)) of this form satisfy the relation bz2g(z) = ah(z).
Next, we derive a representation of solutions that correspond to solutions of the equations
Ps(a,b,\)vT(z) = 0 and Ps(—a,b,\)v~(z) = 0. First, note that the composed mapping
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® o U defined in the proof of Corollary 3.1.3 is an isomorphism into its image:

oW : {v(2); Ps(a,b, v (2) =0} & {v(2); Ps(—a,b,\)v ™ (2) =0} 20T (2) + v (2)

4
5 )\22(2 — 1D)*Pr(a, b, \) (vt (2) + v (2)) € {w(2); X(a, b, \Nw(z) = 0}.
Then, by (5.3) and (6), the components of the solution (f(2),g(z),h(z)) that corresponds
to a solution %N(z) of the equation Ps(a,b, \)vT(z) = 0 are given by
2 1 4 2—-\)b
flz) = 525(1 — 2)2P(a, b, )\)2 — )\22(2 —1)*Ps(a, b, )\)( 1 ) vt (2),
—4 s 4 (2—=M)b
- _ -1 3 2 -1 4P \= MY+
g(2) abz2(2 )°S(a, b, )\)2 7 (z—1)"Ps(a,b,\) T (2),
4 4 (2—=MN)b
= — 1P *(2).
h(Z) 9 _ >\Z (Z ) 7(0’7 b7 >‘) 4 v (Z)
Here, we have
Lemma 4.1.2. Define
1 i d ala+2) 3a—a*-V?
b) = —22(1—2)7 (a—
Rofab) = —=i(1—2) (“dﬁ ]
1 d ala+2) 3a+A—2
= 23z -1 [a"
Rs(a, \) 22(z — 1) ( dz+ 5y + 20— 1) ),
d a+2 3
= bz 132
Ry(a,b) bz(z — 1) <dz t—, -t 20— 1)> :
Qo(a,b,)) = 223(1—2)2 Py(a,b,\),
1
Qs(a,b,\) = —47:%(2 - 1)7{]316(@, b, \)Pi5(a, b, \) — §z_2(z —1)72
2 _ _ _ 2 _ 9h2 _
" (a+%\/_—1)i+a + 2a + 8by/—1 + aby/ 1+ a® + 9a — 2b% + 14by/—1 |
dz 2z 2(z—1)

with setting

d? 6 7\ d (a+4)(a—6)  b*+143 A+33
P b,\) = — - -
14(a, 0, 4) dz2+(z+z—1> dz+< 422(z — 1) 42(2—1)+4Z(2_1)2 ’
d? 6 7 d
P, b = — - -
15(0'7 a)‘) dZ2+<Z+Z_1> dz
N (a+4)(a—6) N (11 +b/—1)(13 — by/—1) N A+33
42%2(z — 1) 42(z — 1) 42(z —1)%2 )’
d? 6 11 d a’? — 24 b* — 2by/—1 + 255 A+ 97
Piola,b,)) = ~— 4 (= " '
16(0, 0, A) a2 " (z z— 1) dz <4z2(z - 1) * 4z(z — 1) 4z(z — 1)?
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Then, for any a,b, A\ € R, the following equalities hold.

222(1 — 2)2 Py(a, b, \)22(z — 1)*Ps(a, b, \) = Qa(a, b, \) Ps(a, b, \) + Ra(a,b),  (44)
—423(2 - 1)3S<a7 b, )‘)Z2<Z - 1)4P7<a7 b7 )‘) = Q3(OJ7 ba )‘>P5<a7 b’ )\) + aR?’(a’ )\>’ (45)
b2%(z — 1) Ps(a, b, \) = bz*(z — 1) P5(a, b, \) + Ry(a,b). (46)

Then, by Lemma 4.1.2, we obtain
f(z) = Roa,b)v™(2),  g(2) = Rs(a,\)v"(z) and h(z) = Ra(a,b)v"(2).
Note that solutions of this form satisfy the relation

(2= (b27(1 = 2)7 f(2) — ah(2)) = (a® +1?) (b22g(2) — ah(2)).

In the same manner, with noting that Ps;(—a,b,\) = Ps(a,b, \), S(—a,b,\) = S(a,b, \)
and Pr(—a,b, \) = P;(a,b, ), we show that the components of each solution (f(z), g(2), h(z))

that corresponds to a solution %v*(z) of the equation Ps(—a,b, \)v~(z) = 0 can be rep-

resented in terms of the operators Rz, R4 and Rj as follows:
f(Z) - R2<_aa b)’U_(Z), g(Z) = _R?)(_a) /\)U_(Z), h(Z) = R4(—CL, b>U_ (Z)

Summarizing the above, we have the proposition below.

Proposition 4.1.3. Let {u1(2),uz2(2)}, {vi(2),v5(2)} and {vi(2),v5(2)} be fundamen-
tal systems of solutions of the equations Py(a,b,\u(z) = 0, Ps(a,b,\)v"(z) = 0 and
Ps(—a,b,\)v~(2) = 0, respectively. For each i € {1,2}, define
(£:(2),0i(2), hi(2) = (Ruuwi(2), 027 2us(2), bus(2))
(fi+2(2), giv2(2), hisa(2)) = (Rala,b)v](2), Rs(a, \)v]" (2), Ra(a, b)vi (2)),
(fira(2), 9iva(2), higa(2)) = (Ra(=a,b)v; (2), —Rs(—a, A)v; (2), Ra(—a,b)v; (2)).
Then, in the case where a # 0, b # 0 and X # 2, the set of 6 triples {(f;(2), 9;(2), h;(2)); 7 =

1,...,6} forms a fundamental system of solutions to the system of differential equations in
(5) on the domain C — A.

Proof. The mapping
Do(1W) © {ulz); Pu(z) = 0} & {v* (2); Pt (2) = 0} & {v~ (); Pyv™(2) = 0}
— {w(z); Xw(z) = 0}

given in the proof of Corollary 3.1.3 is a linear isomorphism. We have assumed that A\ # 2

and b # 0. Then the functions h;(z) are linearly independent. Therefore the 6 triples
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(fj(2),9i(2), h;(2)) are also linearly independent and thus form a basis of the space of the
solutions of (5). O

(ii) System of solutions obtained from Y (a,b,\)g(z) =0

We now obtain another fundamental system of solutions to the system of differential
equations in (5) by making use of the solutions to the single-component differential equation
(18), expressed in terms of the function g(z), that are given in Corollary 3.1.7.

By (5.2) and (16), the components of the solution (f(z), g(z), h(2)) that corresponds to a
solution ap(z) of the equation Ps(a,b, A\)p(z) = 0 are given by

flz) = z22(1—z)gP2(a,b,)\)ap(z),

9(2) = ap(2),
hz) = ;lj‘z3<z—1)3T(a,b, Aap(2).

Here, we have

Lemma 4.1.4. Define

[NIES

d 1
Rs = —22(1 — z) <dz - 22(2_1)>,
Qula,b,\) == —423(z — 1)3Piz(a, b, \),

with setting

d? (4 4 )d ( a*—9 b? + 48 A+T7 )

P, = — -
17(a7b7 )‘) dz2 P >—1/) dz 42’2(2 _ 1) + 42(3 — 1) + 42(2 — 1)2

Then, for any a,b,\ € R, the following equalities hold.

2:2(1 — 2)2 Py(a, b, \) = 22%(1 — 2)2 Ps(a,b, \) + Rs,  (47)
—423 (2 — 1)®T(a,b,A) = Qu(a, b, \)Ps(a,b, \) + b2z2. (48)

By Lemma 4.1.4, we obtain

f(z) = Rsp(z),  g(z)=ap(z) and  h(z) = bz2p(2).

Note that solutions (f(z), g(z), h(z)) of this form satisfy the relation bz2g(z) = ah(z).
Next, we derive a representation of solutions that correspond to solutions of the equations

Py(a,b,\)g*(z) = 0 and Py(a, —b,\)q~(z) = 0. First, we note that, by Corollary 3.1.7, (5.2)

and (16), the components of each solution (f(z),g(z), h(z)) that corresponds to a solution
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(’\_42)“q+(z) of the equation Py(a,b, \)gt(z) = 0 are given by

2 (A=2)a

fe) = ~2(1- 2)2 Py(a, b, Ny 57 (2 = D' Praa. b, 0) =" (2),
o) = 052z~ 1)*Pulab, )\)()\_42)aq+(z),
h(z) = ;;lzg(z —1)*T(a, b, )\))\ — 223(z —1)*Pyy(a, b, \) (\ _42)aq+(z).

Here, we have

Lemma 4.1.5. Define

Re(a,b) = 2*(1— z)% <b\/—_ljz +

d by—1+3 3
b) = 2z—1)3 | —
R7(a,b) az“(z — 1) <dz t— 20— 1)> ;

a® + 3by/—1 n 3byv/—1 —a?® — b?
2z 2(z—1) ’

5 br/— _b2 _9 bo/—T — )
RS(b,)\) = 2;5(2_1)3 b£+3\/_ + )\ +3\/_ - |
dz PAVESE 27/ —1(z— 1)
Qs(a,b,\) = 22°(1—2)> Pig(a,b,)),

Qs(a,b, ) = —4z2 (2 —1)"{Ps(a,b,\)Pio(a,b,\)
byv/—1 (d 5 by/—1 9+b\/—_1>}

+2,22(,2 —1)2 \dz

dz * 2z * 2(z—1)

with setting

27

).

d? 6 9 d a?+2bv/—1—-25  b*+196 A+ 61
P =2 (2 @
18(a, 0, A) P (z+ z—1> " < 422(z — 1) +4Z(Z—1) +4z(z—1)2
d? 6 9 \ d a® —25 b* + 196 A+ 61
P =2 (2 4
19(a; 0, A) dz? (z z— 1) a <4z2(z —1) i 4z(z —1) * 42(z—1)2)"
d? 11 11 d a’+2by/—1—-99  b* + 440 A+ 97
P S @ .
20(a, b, A) iz ( z 22— 1> dz ( 422(z — 1) * 42(z — 1) - 4z(z —1)2

Then, for any a,b, X € R, the following equalities hold.

222(1 — 2)2 Py(a, b, \)23(z — 1)*Pia(a, b, \) = Qs(a, b, \) Py(a, b, \) + Rg(a,b),
az3(z — 1)*Py(a, b, \) = az®(z — 1)*Py(a, b, \) + Ry(a,b),

—4Z%<Z - 1)3T(CL, ba A)Z3(Z - 1)4P12(a7 b> )‘) = Q6(CL> ba >‘>P9(a7 b> )‘) + bRB(b’ )\) (51)

Then, by Lemma 4.1.5, we obtain

f(z) = Ro(a,b)q"(2), g(z) = Ri(a,b)g"(z) and h(z) = Rs(b, \)q" ().



28 M. Fujii, H. Ochiai

Note that solutions of this form satisfy the relation
(2= MV=T (az(1 = 2)7 f(2) + bV/=T122g(2)) = (a* + b%) (b22g(2) — ah(z)) .

In the same manner, with noting that Py(a, —b, A) = Py(a,b,\), and T'(a, —b, \) = T'(a, b, \),
it can be shown that the components of each solution (f(z), g(z), h(z)) that corresponds to

(A—2)a
4

a solution g~ (2) of the equation Py(a, —b, \)qg~(z) = 0 can be represented in terms of

the operators Rg, R; and Rg as follows:

f(Z) = R6(a> —b)q_(Z), g(Z) = R7(a’ _b)q_(z)’ h(z) = _R8(_b7 /\)q_(z)

Summarizing the above, we have the proposition below, analogous to Proposition 4.1.3.

Proposition 4.1.6. Let {pi(2),p2(2)}, {a(2),q3 (2)} and {q; (2),q5 (2)} be fundamen-
tal systems of solutions of the equations Pg(a,b,\)p(z) = 0, Py(a,b,\)g"(z) = 0 and
Py(a,—b,\)q (2) = 0, respectively. For each i € {1,2}, define

(fi(2), 9i(2), hi(2)) = (R;,pz-(z),api(z),bz%pi(z)) ;

(fiv2(2), gira(2), higa(2)) = (Re(a,b)qi (2), Rr(a,b)q; (2), Rs(b, \)gi (2)),

(fi+a(2), gira(2), hiva(2)) = (Re(a, =b)g; (2), Rr(a, —b)q; (2), —Rs(—=b,N)g; (2))-
Then, in the case where a # 0, b # 0 and A # 2, the set of 6 triples {(f;(2), g;(2), hj(2));7 =
1,...,6} forms a fundamental system of solutions to the system of differential equations in
(5) on the domain C — A.

4.2. The case a =0, b# 0 and \ # 2

As discussed in Sect. 3.2, the system of differential equations in (5) is equivalent to the
two single-component differential equations (27) and (28). The equation (27) for g(z) can
be solved independently. It is seen that the case of Sect. 4.1 reduces to this case, when the
parameter a goes to 0.

By Corollary 3.2.2, (5.3) and (42), the functions f(z) and h(z) that correspond to a
solution bu(z) of the equation P,(0,b, \)u(z) = 0 are

f(z) = iz%u ~ 3P0, b, Abulz) = Ruul),
h(z) = bu(z).

The functions f(z) and h(z) that correspond to a solution #=2y(z) of the equation

1
P5(0,b, \)v(2) = 0 are

o) = (2—=X)b

v(z),

: 4
22(1— 2)2P5(0, b, Ny (z = 'Pr(0.b,3)

SN
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Me) = 5os 2 - 1PP0.D) o(2).

also by Corollary 3.2.2 and (5.3). Then, by (44) and (46), we obtain

(2= M\)b
4

f(2) = R2(0,b)v(2) and h(z) = R4(0,b)v(2).

Summarizing the above, we have the following, which should be compared with Proposition
4.1.3.

Proposition 4.2.1. Let {ui(2),us(2)}, {vi(2),v2(2)} and {mi(z),m2(z)} be fundamental
systems of solutions to the equations Py(0,b, \)u(z) =0, P5(0,b, \)v(z) = 0 and
Py(0,b, \)m(z) = 0, respectively. For each i € {1,2}, define

(fi(2),9:(2), hi(2)) = (Riui(2),0,bui(2)),
(fir2(2), giva(2), higa(2)) == (0,mi(2),0),
isa(2), 0i1a(2), hisa(2)) = (Ra(0,b)ui(2), 0, Ra(0, byui(2).
Then, in the case where a =0, b # 0 and X # 2, the set of 6 triples {(f;(2), 9;(2), h;(2)); 7 =
1,...,6} forms a fundamental system of solutions to the system of differential equations in
(5) on the domain C — A.

Note that the operator Rz(a, \)Ps(a,b, \)Rs(a, A\)™ reduces to the differential operator
P5(0,b, \) appearing in (27) as a — 0. This demonstrates the compatibility of the solution

m; in Proposition 4.2.1 with the corresponding solution in Proposition 4.1.3.

4.3. The case a #0, b=0 and \ # 2

As discussed in Sect. 3.3, the system of differential equations in (5) is equivalent to the
two single-component differential equations (33) and (34). The equation (33) for h(z) can
be solved independently. It is seen that the case of Sect. 4.1 reduces to this case, when the
parameter b goes to 0.

By Corollary 3.3.2, (5.2) and (47), the functions f(z) and g(z) that correspond to a solution
ap(z) of the equation Ps(a,0,\)p(z) =0 are

f() = 2201 - 2Py 0, Nap(z) = Rep(2),
g9(z) = ap(z).
The functions f(z) and g(z) that correspond to a solution @q(ﬁz) of the equation
Py(a,0,\)q(z) =0 are
F2) = 2201 2Py, 0,0 2z — 1) Pag(a,0,0) 2T 2% (),

a A—2 4
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o(z) = )\i223(z—1)4P12(a,0,)\)<)\_42>a

also by Corollary 3.3.2 and (5.2). Then, by (49) and (50), we obtain

q(2),

f(2) = Re(a,0)q(2) and 9(z) = Rz(a,0)q(z).

Summarizing the above, we have the following, which should be compared with Proposition
4.1.6.

Proposition 4.3.1. Let {pi(2),p2(2)}, {q1(2),q2(2)} and {ni(z),n2(2)} be fundamental
systems of solutions to the equations Py(a,0,\)p(z) =0, Py(a,0,\)q(z) =0 and
Ps(a,0,\)n(z) = 0, respectively. For each i € {1,2}, define

(fi(2),9:(2), hi(2)) = (Rspi(2),api(2),0),
(fi+2(z)vgi+2(z)ahi+2(z)> = (Rﬁ(avO)qi<z)>R7(avO)qi<z)>0)v
(fixa(2), giza(2), hixa(2)) = (0,0,m;(2)).

Then, in the case where a # 0, b =0 and X # 2, the set of 6 triples {(f;(2), 9;(2), h;(2)); ] =
1,...,6} forms a fundamental system of solutions to the system of differential equations in
(5) on the domain C — A.

Note that —Rg(—b, ) Py(a, —b, \) (—Rs(—b, \)) " reduces to the differential operator Ps(a, 0, \)
appearing in (33) as b — 0. This demonstrates the compatibility of the solution n; in Propo-

sition 4.3.1 with the corresponding solution in Proposition 4.1.6.

4.4. The case a =0, b =0

As discussed in Sect. 3.4, the system of differential equations in (5) is equivalent to the
three single-component differential equations (39), (40) and (41). It is seen that the case of
Sect. 4.1 reduces to this case when both a and b go to 0. Independence of (39), (40) and
(41) leads to the following.

Proposition 4.4.1. Let {l1(2),12(2)}, {mi(2),ma(2)} and {ni(z),n2(2)} be fundamental
systems of solutions to the equations Py(0,0,\)l(z) =0, P5(0,0,\)m(z) =0 and
P5(0,0,\)n(z) = 0, respectively. For each i € {1,2}, define

(fi(2), 9i(2), hi(2)) = (li(2),0,0),
(fir2(2), giv2(2), higa(2)) = (0,my(z )70)
(fi+a(2), Gira(2), hiva(2)) = (0,0,n:(2)).
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Then, in the case where a = 0 and b = 0, the set of 6 triples {(f;j(2),9;(2),h;(2));] =
1,...,6} forms a fundamental system of solutions to the system of differential equations in
(5) on the domain C — A.

5. Explicit expressions of the fundamental systems of solutions

In this section we derive explicit expressions of the fundamental systems of solutions to the
system of differential equations in (5), which are given implicitly in the propositions in Sect.
4. These expressions are obtained in terms of hypergeometric functions by stipulating the
parameter a to be “generic”. We say that a is generic if it is not an integer (see Assumptions
5.1.1, 5.1.3 and 5.3.1).

All the numbered equalities in this section are verified by Mathematica. First, as in the

Sect. 3 and Sect. 4, get the differential operators from the website:
http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/operators.txt
Then the equalities can be verified by the programs at the website:

http://www.math.kyoto-u.ac.jp/~mfujii/harmonic/section5.txt

5.1. The case a # 0, b # 0 and \ # 2

We now obtain an explicit expression of the fundamental system {(f;(z), g;(2),h;(2));j =
1,...,6} of solutions to the system of differential equations in (5) presented implicitly in

Proposition 4.1.3 and Proposition 4.1.6.

(i) Explicit expression of solutions in Proposition 4.1.3

In the present case, the characteristic exponents of the equations Py(a,b, N)u(z) = 0,
Ps(a,b,\)vT(2) =0 and Ps(—a,b, \)v~(z) = 0 are

o & 8 (z=0); 2—&-\/23—)\’ 2— 23—,\ (z=1); —1+I;ﬁ7 —1—gﬁ (z = 00),
o 5 5P (2=0) TR SER (p= 1) MR AL (2 = o00),
o P (r=0) PEER AR (o= 1) HEEL S (2 = o0),

respectively. The differences between the two exponents at z =0 are a, a + 1 and a — 1 in

the three cases.

Assumption 5.1.1. The parameter a is not an integer.
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This assumption is equivalent to the assumption that none of the values a, —a, a+1, —a—1,
a —1 and —a + 1 is a negative integer. Under this condition, we can choose fundamental
systems of solutions to the three equations above in {z € C — A ; |z| < 1} explicitly. First,
define

v(z,a,b,\) =22(1—2) == (‘”2”’\/?“ 22 “H*b\/?h 20 4 2; z) ,

where F'(«, 3;7; z) is the hypergeometric function. Then we choose the fundamental systems

as follows:

ui(z) = wu(z,a,b,\)

— 21— z)@F (a+1+b\/?+\/ﬁ’ a+17b\/?+\/3ﬁ; a+1; z),
us(2) = wu(z,—a,b,\)

. z)2+\/2ﬁF (7a+1+b\/2771+\/377)\, fa+17b\/2771+\/3*7)\; —a+1; 2)7
v (2) = wv(z,a,b N

— 31— 2)*?’%@]; (a+2+b\/?+\/ﬁ7 a+2—b\/?+\/ﬁ; at 2 z),
vy (2) = wv(z,—a—2,b,)\)

_ (1—2) —SHYER (—a—f—b\/—;l—i—\/ﬁ’ —a—b\/?er/ﬁ; —a; z),
vy (2) = wv(z,—a,b,\)

_ Z_Ta(l —2) =22 (—a+2+b¢f+m’ —a+2—b€+m; —a+2; 2)7
vy (2) = wv(z,a—2,b,))

a=2 =34v2-X /T4 a—by/—T+v/2=X
= 27 (1—2)" 3 F(a+b ;+2)\’ab ;”2)‘;(1;2),

Remark. Without Assumption 5.1.1, it may be necessary to use a standard procedure in the
theory of hypergeometric functions, in which logarithmic terms are employed in constructing

the fundamental systems of solutions (see Ref. [5]).
Then, by Proposition 4.1.3, with use of the formula

d o
dZF(Oé,ﬁ;%Z)—fF(aJrl,ﬂJrl;’Hl;Z), (52)
and employing Assumption 5.1.1, we obtain the following explicit expression for the funda-
mental system of solutions in {z € C — A ; |z| < 1} to the system of differential equations

in (5):
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fi(z) = Ryui(z) = Riu(z,a,b,\) = fi(z,a,b,)\), (53)
01(2) = azzuy(z) =azzu(z,a,b,\) = gi(z,a,b,\), (54)
hi(z) = bui(z) =bu(z,a,b,\) = hi(z,a,b,\), (55)
fo(2) = Ryus(z) = Riu(z,—a,b,\) = fi1(z,—a, b, \), (56)
g2(2) = az%lug(z) = az%lu(z, —a,b,\) = —g1(z, —a, b, \), (57)
ha(z) = bus(z) = bu(z, —a,b,\) = hi(z, —a,b, \), (58)
fS(Z) = R2(aab)vf(2) = R2(a’ b)v(z,a,b, )‘) = f3(z7avb7 )‘)7 (59)
g3(2) = Rs(a,\)v(2) = Rs(a, \v(z,a,b,\) = g3(2,a,b,\), (60)
hi(z) = Rya,b)v(2) = Ry(a,b)v(z,a,b,\) = hs(z,a,b,\), (61)
f1(z2) = Rola,b)vy (2) = Ro(a,b)v(z, —a —2,b,\) = fi(z,a,b,\), (62)
g1(2) = Rsz(a,\)vy(2) = Rs(a, \v(z, —a — 2,0, \) = ga(z,a,b, \), (63)
ha(z) = Ry(a,b)vy(2) = Ry(a,b)v(z,—a —2,b,\) = hy(z,a,b, \), (64)

fs(2) = Ra(—a,b)vy (2) = Ra(—a,b)v(z, —a,b,\) = f3(z, —a,b,\),

(65)
g5(2) = —Rs(—a, vy (2) = —Rz(—a, \)v(z,—a,b,\) = —g3(z, —a, b, \), (66)
hs(z) = R4(—a,b)vy (2) = Ry(—a,b)v(z, —a,b,\) = h3(z,—a,b,\), (67)
fe(2) = Ra(—a,b)vy (2) = Ra(—a,b)v(z,a —2,b,\) = fu(z,—a,b, \), (68)
g6(2) = —Rs(—a, vy (2) = —Rs(—a,\v(z,a — 2,b,\) = —g4(z, —a,b,\), (69)
he(z) = R4(—a,b)vy (2) = Ry(—a,b)v(z,a — 2,0, ) = hy(z, —a, b, \), (70)

where we define

fi(z,a,b,\) =

g1(z,a,b,\) =

hi(z,a,b,\) =

27 (1—2)
< F (a+1+b\/?+\/37)\’ a+1fb\/?+\/3f/\; a+1; z)

2

1+\/ﬁ(z%—az—l— V33— Az —a)

. (a+1+bﬁ+M)(a+1_bﬁ+M)Za;1 (1- z)3+ ERD)

2

2(a+1)

< F (a+3+b\/?+\/3—>\’ a+3—b\/?+\/3—/\; a+2; Z) ’

az"T (1 —2)"2

b2z (1 — 2)

2

+v3-A
2

24+v3=X — — b/ — —
Ja (a+1+b\/21+\/3 ,\’ a+1l b\/21+\/3 ’\;a + 1; z) ’

a+14+bvV/—=1+V3=X a+1—bv/—1+V/3=). .
F ( 5 , 3 sa+1; z) ,

33
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following proposition.

fg(Z, a, b, )\)

93(Z7 a, ba )‘)

hs(z,a,b, \)

fa(z,a,b, )

ga(z,a,b,\)

hy(z,a,b, \)

M. Fujii, H. Ochiai

1251 - )P (—2a2 — a2 + b2z — av/2 — Az + 2a + 2a2)

< F (a+2+b¢jl+\/2—k a+2—b\/?1+«/2—,\_ ca+2:z

_a(at2+4by/—1+v2-N)(a+2— b\/i—l-\/i) a+1(1_2
4(a+2)
><F(“+4+b\/§+v )‘,“+4_b\€+v =0+ 3; z),

44+/2=X
)72

%zagl(l — z)1+2ﬁ(22 —2az — 24’z — av/2 — Az — Az + 2a + 2a?)

< F (a+2+bF+m a+27b\/j+\/f_ ‘a4 2: z)
_‘_a(a+2+b\/7+\/7)(a+2 bFJrﬁ) “+1(1 _ z)3+

4(a+2)
< F (a+4+b\/§+\/ A) a+4—b\/§+\/ g+ 3; z) ’

2

br8(1— z)@(—zz —2az — V2 — A2+ 2+ 2a)

‘T (a+2+b¢j1+m a+2—b\/?1+m- a+ 2 z)
| blat24by/=THvI ) (at2- b\ﬁ“ﬁ) a+2(1 — 2

1(at2) 2
x F (“*“b‘/?*ﬁ, “*4’b‘/?+ﬁ; a+3; z) ,

>

_wzﬂl_l (1 . 2)@
XF(*a+b\/7+\/7/\ —a— b\/7+\/7 —a: z)
+& a+bF+ﬁ)( a— br+ﬁ) (1_2

XF( a+2+bf+\/ ,\ —at2— bFJr\/ —a+1; z)

>4+ 227)\

2-A-ay/2-X =41 IEVPEDY

f (1 — Z) 2

XF( a—&-b\/i—&-v >\ —a— b\/i-l-v —a; Z)
(= a+b\/7+\/ )( a— bF—h/ ) (1 N )

XF( a+2+b\ﬁ+\/ /\ —a42— bFJm/ —a+1; z)

34+v2=X
2

b\/i (1 . Z) 1+\/2ﬁ
XF(ﬂHbfﬂ/ /\ —a— bFJm/ —a; z)
_b(— a-H?f-i-F)( a— b\/i-l-\/i) (1_2)3+ 2=

2

><F( a+2+br+\/ )\ —at2— bFJm/ —a+1; z)

Recalling that the parameters a and b are real numbers, it is easy to demonstrate that the
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Proposition 5.1.2. If A € R with A < 2 and z € C — A, then, for eachi € {1,...,6} we

have

fi®) = fi(2), 9:i(z) = gi(2), hi(Z) = hi(2).
In particular, if 0 < z < 1, then for each i € {1,...,6} we have fi(2), gi(z), hi(z) € R.

(ii) Explicit expression of solutions in Proposition 4.1.6

We give another expression of the fundamental system of solutions in the case a # 0, b # 0
by making use of the solutions to the single-component differential equation Y (a, b, A)g(z) =
0 presented in Proposition 4.1.6.

In this case, the characteristic exponents of the equations Ps(a,b, A\)p(z) =0,
Py(a,b,\)gt(z) =0 and Py(a,—b,\)qg (z) =0 are
) B, 20 (o = 1) 8T, b (s = o)

[ ] %, 7(1271 (Z =0 )
° anz’ —a—3 (z = 0); —3+\2/2—>\’ —3—\2/2—>\ (z=1); 6+b£/jl’ 8—b£/j1 (2 = 00),
° aT{),, fazfs (z=0); —3—1—\2/2—)\’ —3—\2/2—>\ (z=1); 8+b;/jl’ &bﬁ (z = o0),

respectively. In each case, the difference between the two exponents at z =0 is a.
Assumption 5.1.3. The parameter a is not an integer.

Under this condition, we can choose fundamental systems of solutions in

{z€ C—A; |z| <1} explicitly. First, define

p(2,a,b,8) 1= 2T (1= 2)*05 7 F (SHECIREER b loWEDEEX ),
q(z,a,b,\) = za?_:;(l — z)%F (”24’*/?“27’\, “er‘/j;” 20 4 1; z).

Then we choose the fundamental systems as follows:

p1<2) = p(Z,CL,b, /\)
_ Z%(l _ Z) 2+\éﬁF (a+1+b\/?+\/ﬁ7 a+17b\/?+\/37)\; a+1; Z)

1
= ng(»Zaaa b) A)v

pe(2) = p(z,—a,b, )
_ Z_GQ_l (1 _ Z) 2t 237)‘F (—a—i—l—i—b\/2—71—i-\/ﬁ7 —a+1—b\/2—71+m; —a+1; Z)
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" (z) = q(z,a,bN\)
¢ (2) = qlz,—a,b))
_ z—a2—3<1_z)73+fmF<—a+2—b\/2—T+m —a+bf+ﬁ —a+1; z)
0 (2) = q(z,a,-b,})
g (2) = Q( —b,4)

_ = (1_2) 3+2VfF( a+2+bF+\/ ,\ —a— bFJm/ —a+1; z)

Then, by Proposition 4.1.6, with use of the formula (52), and employing the assumption
above, we obtain the following explicit expression for the fundamental system of solutions

in {z € C—A; |z] <1} to the system of differential equations in (5):

fi(z) = Rspi(z) = Rsp(z,a,b,\) = fi(z,a,b, ), (71)
91(z) = api(2) = ap(z,a,b,A) = g1(z,a,b,A), (72)
hi(z) = bzipy(z) =bz2p(z,a,b,\) = hi(z,a,b,)\), (73)
fQ(Z) - R5p2(z) = RSP(Z’_CL7 b’ )‘) = fl(z7_avbv /\)7 (74)
g2(2) = apa(z) = ap(z,—a,b,\) = —g1(z, —a, b, \), (75)
hao(z) = bzpy(z) = bz2p(z, —a, b, \) = hy(z, —a, b, \), (76)
f3(2) = R6<a7b)Q1+<Z) = RG(&a b)Q(Z7aﬂb> )‘) = ]?ZS(ZaC%ba )‘)7 (77)
gS(Z) R7(avb)QT—(z) = R7(a7 b)Q(Z7avb7 )‘) = §3(Z’ a, b’ )‘)7 (78)
h3(2) = R8<b> /\)er(z> = RS(bv A)Q(Zuav b7 )‘) = 713(276% b7 )‘)7 (79)
f4(2) = RG(av b)q;<z) = RG(a7 b)Q(Z7 —a, b’ )‘) - f3<z7 —a, b’ /\)7 (80)
94(2) R7(a,b)qy (2) = Rz(a,b)q(z, —a, b, \) = i§3(z, —a,b,\), (81)
h4(Z) - R8(b7 )‘)q;_(z) = RS(b> )\)(](2’, —a, bv >‘) = hS(Z7 —a, ba )‘)7 (82)

f5(2’) = R6<a7_b)Qf(z> = R6(a7_b)Q(Zaa7_b> )‘) = fS(Za@»_ba )‘)7 (83)
95(2’) = R?(av _b)(h (Z) = R?(a7 _b)Q(zv a, _b7 )‘) = 53(27 a, _bv )‘)7 (84)
hS(Z) = _RS(_b7 )‘)q;(z) = _R8(_b7 )‘)Q(Zvav_bv )‘) = _ES(Zaav_bv )‘)7 (85)
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fe(2) = Reg(a,—b)gy (2) = Re(a, —b)q(z,—a,—b,\) = fg(z, —a,—b,\), (86)
g6(2) = Rz(a,—b)qy (2) = Rs(a,—b)q(z, —a,—b,\) = —§3(Z,~—a,—b, A), (87)
he(z) = —Rs(—=b,A)gz (2) = —Rs(=b,\)q(z, —a,—b,\) = —hs(z, —a, —b, \), (88)

where we define

fs(z,a,b,\) = %ZGT_I(l - z)2+\/2ﬂ(a2 + aby/—1 — aby/—1z + b?z2 — by/—1/2 — \2)
< F (a+2—b¢j1+\/2—A a+b¢j1+\/2—A, a+ 1z
Jrb\ﬁ(a+2 b\/i—&-\/i)(a—&-b\/i—&-\/i) ot 21—z
4(a+1)
X (SHTEX a2t CTER o)

4+vV2—X\
)2

g3(z,a,b,\) = %z%(l —2) 1+¢2ﬁ(—a —bv—1+az+by/—1z24+ V2 - Az)
< F (a+2—b¢?1+m a+b\/?1+m. a+ 1z
_afat+2— b\/7+\/7)(a+b\/7+\/7) atl o 322
ot > (1—2)"
< F (a+4—b¢?+\/ /\’ a+2+b\/§+\/ 24 2;2) :

Eg(z,a,b,/\) = —@z%(l—z)Lém

X(2—aby/—1+b* — A+ aby/—1z — b*2 + by/—1v2 — \2)
< F (a+2 bF+ﬁ a+bF+\/* a1 z)
_ bla+2— br—i-\/i)(a—kb\ﬁ-h/i) a+2(1 B 2)@

4(a+1)
< F (a+4—b\/§+\/7/\, a+2+b\€+\/f; a+2: z) _

5.2. The case a =0, b# 0 and \ # 2

In this case, the characteristic exponents of the equations P;(0,b, A)u(z) = 0,
P5(0,b, \)v(2) = 0 and P»(0,a, \)m(z) =0 are

o 0,0 (z=0); 2P 28 (z = 1) SHREL ST (2 = o),
0 1 (Z — 0)’ 73+\2/27)\ 737\/27/\ ( — 1)
b

. 5+b§ﬁ7 54)2@ (z = 00),

I

V-1 =b/-1

hd s R T

—1 (z — 0); 1+\/227/\ 1— \/ (Z o 1)

(Z - m)?

respectively. In each case, the difference between the two exponents at z = 0 is an integer.

Then, we can take explicitly the functions u;(z), v1(z) and m;(z) given in Proposition 4.2.1.
Define

m(z,b,\) = 22(1 — 2) P2 (2+bx/f§+\/2fx, be\/jé+\/2f)\; 2. z)
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Then, we take u;(z), v1(2) and my(z) as follows:

wi(2) = u(z,0,b,0) = (L= 2) 0T F (MRS e ),
Ul(z) = U(Z, 07 bv )‘) = (1 - Z) 73+;/ﬁF (2+b\/?é+ 2_>\7 Q_b\/?é—i_ 2_>\; 27 Z)a
mi(z) = m(z,b,\) = z%(l —2) 2 (2+b¢?12+v2—A7 2—b¢?12+\/2—A; 2: z)

The other functions uy(z), v2(z) and my(z) given in Proposition 4.2.1 might contain loga-

rithmic terms.

As in Sect. 5.1, applying Proposition 4.2.1, we have

fi(z) = Ryui(z) = Riu(z,0,b, ) = fi(2,0,b,\),

gi(z) = 0,
hl(z) = bul(z) :bu<z707b>)\) :hl(zaovba)\)a

f3(z) = 0,
g3(2) = my(z) =m(z,b,\) = % 93(2,0,0, \),
hs(z) = 0,

f5(z) = Ry(0,b)v1(2) = Ro(0,b)v(z,0,b, ) = f3(2,0,b,\),

95(z) = 0,
hs(z) = R4(0,b)vi(2) = R4(0,b)v(z,0,b,\) = hs(z,0,b, \).

5.3. The case a #0, b=0 and \ # 2

Here, the characteristic exponents of the equations Ps(a, 0, \)p(z) = 0, Py(a,0,A)q(z) =0
and P3(a,0,\)n(z) =0 are

o Gl TGl (z=0); TP B (2 =1): 0, 0 (2 = 00),
o G S5 (2=0) TR, TP (2 =1); 3, 4 (2= 00),

2 (5= 0); ZZ, =8 (1), 4, 5L (2 = 00),

respectively. In each case, the difference between the two exponents at z = 0 is a.

Assumption 5.3.1. The parameter a is not an integer.

Under this condition, we can choose fundamental systems of solutions in {z € C—A; |z] <

1} explicitly. First, define
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n(z,a,)\) = 22(1 — z) a1 (“+2+2V 228 atvASA g 4 T z).

Then, we choose the fundamental systems as follows:

a=1 2+V3-X - -
= % (1—z) 5 F(a+1+2\/3 >\’zz+1+2\/3 ’\;a—i—l;z)

- *91(27%0; )‘)7
a
pg(Z) = p(27 CL?O?)\)
= TR (1) P (/B eV )
1
- _791(27 —CL,O,A),
a
(_I1(Z) = Q(Z,CL,O, >‘)
— Z“T_R’(l_z)%%mF (“*22@,““22”;&%—1;2),
@(z) = q(z,—a,0,))

= 25 (1-2) ey (_‘”2;”2_’\, —ahV2SA g 4 1; z),

ni(z) = n(z,a,N\)
= 25(1- )T P (22580 e ),

n2<Z) = n(Z,—a,)\>
= 2 T(1 - o) T (FHZE endB 1),

Then, by Proposition 4.3.1, with use of the differential formula (52), and employing As-
sumptiuon 5.3.1, we obtain the following explicit expression of the fundamental system of

solutions in {z € C — A ; |z| < 1} to the system of differential equations in (5):

fl(z) = RE)pl(Z) :RSP('Z?aaOa)‘) :fl(zaa?ov)‘)a
g1(z) = api(2) = ap(z,a,0,\) = g1(2,a,0,\),
hl(Z) = 0,

fQ(Z) = R5p2(2) =R5p(z,—a,0,)\) :f1(27—a,0,)\),

g2<2) = CLpg(Z) = CLp(Z, —CL,O,)\) = _91(27 —CL,O,)\),

hQ(Z) = 07

Rg(a,0)q(z,a,0,\) = fé,(z,a,O,)\),
R7(CL, O)Q(Z, a, Oa >\) = 53(27 a, 07 >\)7

f3(z) = Re(a,0)q(2)
93(2) = Re(a,0)q1(2)
hs(z) = 0,
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fa(2) = Re(a,0)qa(2) = Re(a,0)q(z,—a,0,\) = fg(z, —a,0, ),
R7((I, O)q(z7 —a, 07 >‘) = _53(27 —a, 07 >\)a

Q
Ny
—~
N
SN——
=
g
~
“@
(@)
N—
(1=
[\)
N
S—
I

he(z) = na(z) =n(z,—a,\) = —25v/—1 hs(z, —a,0,\).

Proposition 5.3.2. If A\ € R with A < 2 and z € C — A, then, for each i € {1,...,6} we

have

[i(Z) = fi(2), 9:(z) = gi(2), hi(z) = hi(2).
In particular, if 0 < z < 1, then for each i € {1,...,6} we have fi(z), ¢:(z), hi(z) € R.

5.4. The case a =0, b= 0

Here, the characteristic exponents of the equations P;(0,0,A)l(z) = 0, P»(0,0,\)m(z) =0
and P5(0,0, \)n(z) = 0 are

o 5GP (p=0) AR X (1) LSl (2= o),
o 1 F(z=0) A ISR (2= 1); 0, 0 (2 = 00),
o 0,0(z=0); P2 2222 (2= 1) §, S (2= 00),

respectively. In each case, the difference between the two exponents at z = 0 is an integer.

Then, we can take explicitly the functions [;(z), my(z) and n;(z) given in Proposition 4.4.1

as follows:
W(z) = L(zA) = 23(1—2)" 9 F (30453 13X, ),
mi(z) = mi(z,A) :==m(z,0,\) = z%(l —2) o (2“22_’\, 222, 9, z),
ni(z) = ni(z,N) =n(z,0,\) = (1—2) S (L 2R V2R l;z).

The other functions l5(z), ma(z) and ny(z) given in Proposition 4.4.1 might contain loga-
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rithmic terms. In particular, if A = —2, we have

fiz) = L(z)= bz -2) = 25(1 - 2) 37 F (358,145, 9:),

g93(2) = my(2) =mi(z,—2) =m(z,0,-2) = z%(l - z)_Tl,

hs(z) = ma(z) =m(z,—2) =n(0,-2) = (1-2)7,
and we can obtain the other independent solutions of P»(0,0, \)m(z) = 0 and
P5(0,0,M)n(z) = 0 explicitly as follows:

94(2) = ma(z) = 2_71(1—2)7(1+z10gz),

=1

he(z) = no(z) :=(1—2)2 (2 —logz).
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