ON HOLOMORPHIC CURVES IN ALGEBRAIC TORUS

MASAKI TSUKAMOTO

ABSTRACT. We study entire holomorphic curves in the algebraic torus, and show that

they can be characterized by the “growth rate” of their derivatives.

1. INTRODUCTION

Let z = x+y+/—1 be the natural coordinate in the complex plane C, and let f(z) be an
entire holomorphic function in the complex plane. Suppose that there are a non-negative

integer m and a positive constant C' such that
[f(2)] < Clz[™, (2] 2 1).

Then f(z) becomes a polynomial with deg f(z) < m. This is a well-known fact in the
complex analysis in one variable. In this paper, we prove an analogous result for entire
holomorphic curves in the algebraic torus (C*)" := (C\ {0})".

Let [z9 : 21 : -+ : z,] be the homogeneous coordinate in the complex projective space
CP"™. We define the complex manifold X € CP"™ by

X={[l:z1::2]€CP"%z#0,(1<i<n)}=(CH"

X is a natural projective embedding of (C*)™. We use the restriction of the Fubini-Study
metric as the metric on X. (Note that this metric is different from the natural flat metric

on (C*)™)
For a holomorphic map f: C — X, we define its norm |df|(z) by setting

(1) \df|(z) == V/2|df(8/0z)| for all z € C.

Here 0/0z = 1 (9/0x—+/—10/9y), and the normalization factor v/2 comes from |9/9z| =
1/v2.

The main result of this paper is the following.

THEOREM 1.1. Let f : C — X be a holomorphic map. Suppose there are a non-negative

integer m and a positive constant C' such that
(2) |df|(z) < Clz]™, (]2 = 1).
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Then there are polynomials g1(2), ga(2), -+, gn(2) with deggi(z) < m+1, (1 <i < n),
such that
(3) F2)=[1: e en@) ;.. oo,

Conversely, if a holomorphic map f(2) is expressed by (3) with polynomials g;(z) of
degree at most m + 1, f(z) satisfies the “polynomial growth condition” (2).

The direction (3) = (2) is easier, and the substantial part of the argument is the
direction (2) = (3).
If we set m = 0 in the above, we get the following corollary.

COROLLARY 1.2. Let f : C — X be a holomorphic map with bounded derivative, 1i.e.,
|df|(z) < C for some positive constant C'. Then there are complex numbers a; and b;,
(1 <i<mn), such that

f(Z) — [1 . ea12+b1 . eazz-i—bz Cas eanz—i-bn ]
This is the theorem of [BD, Appendice]. The author also proves this in [T, Section 6].

REMARK 1.3. The essential point of Theorem 1.1 is the statement that the degrees of
the polynomials g;(z) are at most m + 1. Actually, it is easy to prove that if f(z) satisfies
the condition (2) then f(z) can be expressed by (3) with polynomials g;(z) of degree at
most 2m + 2. (See Section 4.)

Theorem 1.1 states that holomorphic curves in X can be characterized by the growth
rate of their derivatives. We can formulate this fact more clearly as follows;

Let ¢1(2), g2(2), -+, gn(2) be polynomials, and define f : C — X by (3). We define
the integer m > —1 by setting

(4) m + 1 := max(deg g1(z2), deg ga(2), - - - ,deg gn(2)).
We have m = —1 if and only if f is a constant map. m can be obtained as the growth
rate of |df|:

THEOREM 1.4. If m > 0, we have

. max. |, log |df[(z)
1m sup log - m

COROLLARY 1.5. Let A be a non-negative real number, and let [A] be the mazimum
integer not greater than A. Let f : C — X be a holomorphic map, and suppose that there
s a positive constant C' such that

(5) df|(2) < Cl21Y, (l2l > 1),
Then we have a positive constant C' such that

[df1(2) < Oz, (l2] > 1).
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Proor. If f is a constant map, the statement is trivial. Hence we can suppose f is not
constant. From Theorem 1.1, f can be expressed by (3) with polynomials g;(z) of degree
at most [A] + 2. Since f satisfies (5), we have

" max|.|—, log |df|(2)
im sup

<\
00 log r -

From Theorem 1.4, this shows deg g;(z) < [A] + 1 for all g;(z). Then, Theorem 1.1 gives
the conclusion. O

2. PROOF OF (3) = (2)

Let f: C — X be a holomorphic map. From the definition of X, we have holomorphic
maps f; : C — C*, (1 <i < n), such that f(z) =[1: fi(2) : -+ : fu(2)]. The norm |df|(2)
in (1) is given by

©  PE = g (163 mer), a= Sy E a2
47 — ’ ’ 0x2  Oy? 0207

Suppose that f is expressed by (3), i.e., fi(z) = exp(g;(z)) with a polynomial g;(z) of
degree < m + 1. We will repeatedly use the following calculation in this paper.

1 A Soici g = g PIAPLE 1P
d 2:_ 7 J
A [ SRR R e AT A
1 1|2 g — G511 f 2 1
- ST X THAE L R bR |
L P (fi/ 1)
~ | T +Zl+|fz/fg ]
= S WP+ /AP
1<J
Here we set
@il = =L gy ) = =

Val+Ifil? VEL+If P

These are the norms of the differentials of the maps f;, f;/f; : C — CP".

We have f;(2) = exp(g:(2)) and f;(2)/f;(2) = exp(g:(2) — g;(2)), and the degrees of the
polynomials g¢;(z) and g;(z) — gj(z) are at most m + 1. Then, the next Lemma gives the
desired conclusion:

|df1(z) < Clz[™, (2] = 1),

for some positive constant C'.
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LEMMA 2.1. Let g(z) be a polynomial of degree < m + 1, and set h(z) := e9*). Then
we have a positive constant C' such that

L WOl e

PrRoOOF. We have

9] . _
vV |dh| = ESDE < |¢'| min(|h[,|A]7") < |g'].

Since the degree of ¢/(z) is at most m, we easily get the conclusion. O

3. PRELIMINARY ESTIMATES

In this section, k is a fixed positive integer.

The following is a standard fact in the Nevanlinna theory.

LEMMA 3.1. Let g(z) be a polynomial of degree k, and set h(z) = ¢9%). Then we have
a positive constant C' such that

"dt
/ —/ (b2 (z) dedy < CF%, (r > 1),
1t S
PROOF. Since |dh|* = =Alog(1 + |h|?), Jensen’s formula gives

" dt 1 1
/ 7/H |dh|? dxdy = E/| log(1 + |h|?) df — — log(1 + |h[?) db.
1 z|<t z|l=r

AT =1
Here (r,0) is the polar coordinate in the complex plane. We have
log(1 + |h|?) < 2|Reg(2)| +1log2 < CrF, (r:=|z| > 1).
Thus we get the conclusion. O

Let I be a closed interval in R and let u(x) be a real valued function defined on I. We
define its C'-norm |wller(ry by setting
[uler(r) == sup [u(z)] + sup |u'(z)].
zel xel

For a Lebesgue measurable set £ in R, we denote its Lebesgue measure by |E|.

LEMMA 3.2. There is a positive number € satisfying the following: If a real valued
function u(z) € CH0, 7| satisfies

Ju(z) — coszferp - < &

then we have

lut([—t,1])| < 4t for any t € [0,¢].
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PRrROOF. The proof is just an elementary calculus. For any small number 6 > 0, if we

choose ¢ sufficiently small, we have
ut([~t,t]) C [7/2 —6,7/2 + ).

Let z; and 5 be any two elements in u~!([—¢,¢]). From the mean value theorem, we have
y € [1/2 =6, m/2+ d] such that

w(@i) — u(zz) = u'(y) (21 — 22).
From sin(7/2) = 1, we can suppose that

u'(y)] = 1/2.
Hence
1 — x| < 2|u(zy) — u(xs)| < 4t.
Thus we get
lu=t([—,1])| < 4t.

Using a scale change of the coordinate, we get the following.

LEMMA 3.3. There is a positive number € satisfying the following: If a real valued
function u(z) € C*0, 27| satisfies

|u(z) — cos kx”cl[o,zw] < ¢,

then we have
lu=t([~t,t])| < 8 for anyt € [0,¢].
PROOF.

2k—1

u_l([_t7t]> = U u_l([_t’t]) n [jﬂ/h (] + 1)7T/k]

=0

Applying Lemma 3.2 to u(x/k), we have
lut([—t,t])) N[0, 7/k] | < 4t/k.
In a similar way,
lut([—t, ) N [jn/k, (j + D)7 /k]| < 4t/k, (j=0,1,---,2k—1).
Thus we get the conclusion. O
Let E be a subset of C. For a positive number r, we set
E(r) := {0 € R/27Z|re? € E}.

In the rest of the section, we always assume k& > 2.
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LEMMA 3.4. Let C be a positive constant, and let g(z) = 2* + a1z 1+ -+ + ai, be a

monic polynomial of degree k. Set

E:={z € C||Reyg(z)| < C|z|}.
Then we have a positive number ry such that

|E(r)| <8C/r*t,  (r > 1ry).
PROOF. Set v(z) := Re (a12" ' + a22*"2 + - - + a;). Then we have
Reg(re?®)| < Cr <= |coskd +v(re)/r*| < C/rF 1.
Set u(0) := cos kf + v(re')/r*. Tt is easy to see that
|u(0) — cos kb pigor) < const/r, (r=>1).

Then we can apply Lemma 3.3 to this u(#), and we get

[E(r)] = [u™ ((=C/r™ 1 O <8C /5, (r> 1),

The following is the key lemma.

LEMMA 3.5. Let g(2) = agz® + a2 1 + -+ -+ ay be a polynomial of degree k, (ag # 0).
Set

E:={z € C[[Reg(2)| < |z[}.

Then we have a positive number ry such that

B < —2

> ‘Clol?”_kfl’ (T > To).

PROOF. Let arg ag be the argument of ag, and set o := argag/k. We define the monic
polynomial g;(z) by
1 )
g(2) = —gle™™@2) = 2" ...
|aol

Then we have
|Reg(rei9)| <r <= |Reg1(7’ei(9+a))| < r/|ag|.

Hence the conclusion follows from Lemma 3.4. O

LEMMA 3.6. Let g(z) be a polynomial of degree k, and we define E as in Lemma 3.5.
Set h(z) := e9%). Then we have

/ |dh|?(2) dxdy < oo.
C\E
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PROOF. Since |h| = e®°9, the argument in the proof of Lemma 2.1 gives
V7 |dh| < |¢'| min(|h], |k|7Y) < |g'| e Redl,

¢'(2) is a polynomial of degree k — 1, and we have |Reg| > |z| for z € C\ E. Hence we

have a positive constant C' such that
dh|(z) < Clz[*te ) if 2 € C\ E and |2| > 1.

The conclusion follows from this estimate. O

4. PROOF OF (2) = (3)

Let f=1[1:f1:fa:-: fa] : C— X be a holomorphic map with |df|(z) < C|z|™,
(Jz| > 1). Since exp : C — C* is the universal covering, we have entire holomorphic
functions g;(z) such that f;(z) = e%(). We will prove that all g;(z) are polynomials of
degree < m + 1. The proof falls into two steps. In the first step, we prove all g;(z) are
polynomials. In the second step, we show degg;(z) < m + 1. The second step is the
harder part of the proof.

Schwarz’s formula gives'

ark g (0) = k! Re (gi(2)) e V=140 = k!/ log | fi(z)] e *V=14d0, (k> 1).

7
|z|=r |z[=r

We have
llog | £il| < log(|fil + |£il ™) = log(1 + | fi[*) — log |fi] <log(1+ >_ I£;I) —log|fil.

Hence

g™ (0)] < k! /

|z|=r

log(1+2|f]~]2)d9—k‘!/ log | f:| d6.

|2l=r
Since log | fi| = Regi(z) is a harmonic function, the second term in the above is equal to
the constant —2mk! Re ¢;(0). Since |df|* = =Alog(1+ > |f;|?), Jensen’s formula gives

"d
i [ o i [ o S an= [ jare) ey

|z|=r |z|=1

Thus we get
k Tdt
(8) 7a—gi(k)(oﬂ S/ —/ |df |*(2) dxdy + const.
4k! 1t S

Since |df|(z) < C|z|™, (]z] > 1), this shows g(k)(O) =0 for kK > 2m + 3. Hence g;(z) are

i

polynomials.

IThe idea of using Schwarz’s formula is due to [BD, Appendice]. The author gives a different approach
in [T, Section 6].
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Next we will prove deg g;(2) < m+1. Wedefine E;, E;; CC, (1 <i<n,1<i<j<n),
by setting
deggi(z) <m+1= E; =10,
deggi(z) = m + 2= E; := {z € C||Regi(z)| < |z},
deg(gi(z) — g;(2)) <m+1= Ej; =0,
deg(gi(2) — g;(2)) 2 m +2 = Ej; := {z € C|[Re (¢:(2) — g;(2))| < [2]}.
We set £ := |J; E; UU,; Eij- Then we have E(r) = U, Ei(r) U U,; Ei;(r) for 7 > 0.
From Lemma 3.5, we have positive constants ry and C” such that

(9) [E(r)] < C'/r™, (r 2 ).

We have

/ T ke duy
Jel<t
dt
/ / \df (= da:dy+/ / \df |(2) dxdy.
En{|z|<t} Een{|z|<t}

Using (9) and |df|(z) < C|z|™, (|z| > 1), we can estimate the first term in (10) as follows:

t
/ \df |(2) dzdy < Cz/ r? 1 drdf) = 02/ r2™ B (r)|dr.
En{1<|z/<t) B{1<]zl<t} 1

If t > ry, we have

t t C/ C/
/ r*" T B(r)|dr < C’/ My = ———™ T — —
m+ 1 m+ 1

To To

Thus
’ dt 2 m—+1

(11) — |df|“(z) dedy < const - ™" (r>1).
1t JEnq<ty

Next we will estimate the second term in (10) by using the inequality (7) given in
Section 2:

|df|* < Z dfi* + ) ld(fi/ )P

1<j

If deg g;(2) < m+ 1, Lemma 3.1 gives

"dt "dt
/ —/ |dfi|?(2) dxdy < / —/ \dfi|*(2) dwdy < const - r™t?
1 U JEengz<ty 1 U<

If deg g;(z) > m + 2, Lemma 3.6 gives

/ |dfi]?(z) dedy < / |dfi|*(2) dxdy < const.
Ecn{|z|<t}

Benf|z|<t}
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The terms for |d(f;/f;)| can be also estimated in the same way, and we get
"dt

(12) / —/ \df |*(2) dzdy < const - ™, (r > 1).
1 U JEeenglzi<ey

From (10), (11), (12), we get

/ @/ |df|?(2) dzdy < const - r™ ', (r > 1).
1t S«

From (8), this shows g(k)(O) = 0 for & > m + 2. Thus g¢;(z) are polynomials with

i

deg gi(z) < m+ 1. This concludes the proof of Theorem 1.1.

5. PROOF OF THEOREM 1.4 AND A COROLLARY

5.1. Proof of Theorem 1.4. The proof of Theorem 1.4 needs the following lemma.

LEMMA 5.1. Let k > 1 be an integer, and let § be a real number satisfying 0 < § < 1.
Let g(z) = apz® + a1zt + -+ + ap be a polynomial of degree k, (ag # 0). We set
h(z) := e9%) and define E C C by

E:={z € C|[Reg(2)| < |2[’}.

Then we have

/ dh|? < oo,
C\E
and there is a positive number ry such that
8
|E(r)] < Tag[rF=" (r > o).
PROOF. This can be proven by the methods in Section 3. We omit the detail. 0
Let g1(2), g2(2), -+, gn(2) be polynomials, and define the holomorphic map f : C — X

and the integer m > —1 by (3) and (4). Here we suppose m > 0, i.e., f is not a constant
map. We will prove Theorem 1.4.
From Theorem 1.1, we have

|df[(2) < comst - [2]™, (|2 = 1).

It follows

i max|.|—, log |df|(2)

1m sup <
r—00 log r

We want to prove that this is actually an equality. Suppose

max .| log |df|(z) <m
=+

lim sup ]
00 ogr

Then, if we take £ > 0 sufficiently small, we have a positive number ry such that

(13) |df[(2) < =[5, (lz] = 70).
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Schwarz’s formula gives the inequality (8):

k T
(14) T—|gl(k)(0)| < / ﬁ/ |df |*(2) dzdy + const, (k> 0).
4k! 1t S

Let 6 be a positive number such that 0 < § < 2e. We define E; and E;j, (1 <i<n, 1<
i < j <mn), by setting

deggi(z) <m = E; =10,

degg;(2) =m+ 1= E; == {z € C||Re g:(2)| < |2|°},

deg(gi(z) — g;(2)) <m = Ej; := 0,

deg(gi(2) — g;(2)) =m + 1= By := {z € C|[Re (g:(2) — g;(2))] < |2’}

We set £ :=J, E; UlJ,_; Eij. Then, if we take r( sufficiently large, we have

i<j
(15) |E(r)| < const/r™1=0 (1 > ry).

We have
/ a / (df (=) dxdy
1t S«

" dt " dt
— / a / 0P (=) dady + / d / (df (=) dudy.
1t Jenga<n 1t JEengz<n

From (13) and (15), the first term can be estimated as in Section 4:
"dt
/ —/ |df)?(2) dzdy < const - ™ H1=(2==0) (- > 1),
1t ngasy

Using Lemma 5.1 and the inequality |df[* < Y7, |dfi]* + >, [d(fi/ f;)|?, we can estimate
the second term:

"dt
/ —/ |df|*(2) dzdy < const - logr + const - ™, (r > 1).
1 b gz

Thus we get

"dt 2 m+1—(2e—9)

— |df|“(z) dzdy < const - , (r>1).

1 b engasy

Note that 2 — 4 is a positive number. Using this estimate in (14), we get
67(0) =0, (k=m+1).

This shows deg g;(z) < m. This contradicts the definition of m.

REMARK 5.2. The following is also true:

i max|.|<, log |df|(z) B
im sup log =m
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PrRoOOF. We have

e maxi.|—, log |df[(z) _ . max|.|<, log |df|(2)
m = lim sup < lim sup .
And we have |df|(z) < const - |z|™, (]z] > 1). Thus

. max, < log |df|(2)
lim sup 1 <m
r—o00 ogr

O

5.2. Order of the Shimizu-Ahlfors characteristic function. For a holomorphic map
f:C — X, we define the Shimizu-Ahlfors characteristic function T'(r, f) by

"d
R A N CLE T

The order p; of T'(r, f) is defined by

: log T'(r, f)
pf = limsup ————.
00 log r

py can be obtained as the growth rate of |df|:

COROLLARY 5.3. For a holomorphic map f: C — X, we have

max|.|—, log |df|(2) e

pf < 00 <= limsup log
r—00 ogr

If these values are finite and f is not a constant map, then we have

max| .|, log |df|(z)

ps = limsup + 1.

r—00 log r

PROOF. If py < oo, the estimate (14) shows that f can be expressed by (3) with

polynomials ¢1(2), - -+, gu(2). Then we have
y max|.|—, log |df|(2)
im sup < 0
o0 log r
The proof of the converse is trivial.
Suppose p; < oo. Then we can express f by f(z) = [1 : e : ... : e9(3)] with
polynomials g;(z), -+, gn(2). We set fi(z) := €% and define the integer m by (4).

Theorem 1.4 gives

max|;|—, log |df[(z) +1=m+1.

lim sup ]
r—00 ogr

The estimate (14) gives
m+1<py.

Since |df| = =Alog(1+ > | fil?), Jensen’s formula gives

1) = g [ s YU~ [ s+ S 1) a0

|z|=1
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Since deg g;(z) < m + 1, we have
log(1 + Z |fi]?) < const - ™ (r>1).

Hence
pr <m+ 1.

Thus we get
max|. |-, log |df|(2)

pr =m+ 1= limsup + 1.

o0 log r

O

REMARK 5.4. Of course, the statement of Corollary 5.3 is not true for general entire
holomorphic curves in the complex projective space CP". For example, let f : C — CP!
be a non-constant elliptic function. Since |df]| is bounded all over the complex plane, we

have
Y max|.|—, log |df|(2)
im sup

= 0.
o0 logr

And it is easy to see

max|;|—, log |df|(z)

py = 2 # limsup + 1.
r—00 log r
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