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ABSTRACT. In this paper, we propose the modular height of an abelian variety
defined over a field of finite type over Q, and prove its bounding property, that
is, the finiteness of abelian varieties with bounded modular height.

INTRODUCTION

The modular heights of abelian varieties and their bounding property played a
crucial role in Faltings’ first proof [2] of the Mordell conjecture. Although many
important results concerning finiteness properties over number fields (conjectures
of Tate, Shafarevich and Mordell among others) are now available over arbitrary
fields of finite type over Q, a similar generalization of the aforementioned theory of
Faltings does not seem to have been explicitly formulated. In this paper, we propose
a definition of the modular heights of abelian varieties and prove the finiteness of
abelian varieties with bounded modular height over a general field of finite type
over Q.

Let K be a field of finite type over Q. In order to properly define the height
function over K, we have to fix a polarization of K (see [9]). A polarization of K
is, by definition, a collection of data (B; Hy, ..., Hg), where

e B is a normal and projective scheme over Spec(Z) such that its function
field is isomorphic to K; o
e d=tr. degQ(K) and Hq,...,Hy are nef C*°-hermitian line bundles on B.

Let A be an abelian variety over K. By use of the Néron model of A over B defined
in codimension one (see Section 1.1), the Hodge sheaf A\(A/K; B) attached to A
is canonically defined as a reflexive sheaf of rank one on B. Moreover it carries a
locally integrable singular hermitian metric || - ||pa induced by the Faltings’ metric
on the good reduction part of the Néron model of A. The arithmetic first Chern
class ¢1(A(A/K; B), || - ||ra1) is represented by a pair of a Weil divisor and a locally
integrable function. We define the modular height h(A) of A as the arithmetic
intersection number of ¢ (A\(A/K; B), || - ||pa1) with Hy,..., Hg:

h(A) = deg (@ (Hy) -1 (Ha) - &1 (MA/K: B), | - k) -

The main objective of the present paper is to show the following finiteness result:
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Theorem A (cf. Theorem 6.1). Assume that the arithmetic divisors Hy, ..., Hq
are big. Then, for an arbitrary fized real number c, the set of K-isomorphism classes
of the abelian varieties over K with h(A) < ¢ is finite

This theorem can be viewed as an Arakelov geometric analogue of a result of Moret-
Bailly [8], where the ground field K is replaced by a function field over a finite field
and the height is defined by means of the ordinary intersection theory.

In our proof, we have to look at the compactified moduli space of abelian varieties
and the local behavior of the Faltings metric around the boundary. We do not
need, however, strong assertions due to Faltings-Chai [4]; basic facts stated in [12]
together with a lemma of Gabber are sufficient for our purpose.

The present paper is organized as follows. Basic notions and facts are prepared
in Section 1. In Section 2, we study height functions of singular hermitian line
bundles with logarithmic singularities. In Section 3, we observe some properties
of the Faltings modular height. The proof of the bounding property is done from
Section 4 through Section 6.

Finally we would like to express hearty thanks to the referee for a lot of comments
to improve the paper.

1. PRELIMINARIES

1.1. Néron model. Let B be a noetherian normal integral scheme and K its
function field. Let A be an abelian variety over K. A smooth group scheme A — B
is called a Néron model of A over B if the following two conditions are satisfied:
(a) The generic fiber A x g Spec(K) of A — B is isomorphic to A over K;
(b) (Universal property) If X — B is a smooth B-scheme and X its generic
fiber, then any K-morphism X — A uniquely extends to a B-morphism
X — A
If B is a Dedekind scheme, then there exists a Néron model of A over B (cf. [1]).
When B has higher dimensional, we still have a partial Néron mode A of A defined
over a big open subset U C B (i.e. B\ U is of codimension > 2), and we call A a
Néron model over B in codimension one:

Proposition 1.1.1. There exists a Néron model of A over a big open set U of B.
Proof. Let us begin with the following lemma:

Lemma 1.1.2. Let S be a noetherian normal integral scheme and K its function
field. Let A be an abelian variety over K, and let A — S be a smooth group scheme
over S such that, for each point x of codimension one in S, the restriction of A — S
to A x g Spec(Os,) is a Néron model of A over Spec(Og ). If X — S is a smooth
S-scheme and X its generic fiber, then any K-morphism X — A uniquely extends
to an S-morphism X — A.

Proof. This follows from the universal property of Néron models and Weil’s
extension theorem (cf. [1, Theorem 1 in 4.4]). O

Let us go back to the proof of Proposition 1.1.1. First of all, we choose a non-
empty Zariski open set Uy of B and an abelian scheme Ag — Uy whose generic fiber
is A. Let x1,...,x; be points of codimension one in B\ Uy. Then there are open
neighborhoods Uy, ..., U; of x1,...,x; respectively, and smooth group schemes A;
over U; of finite type with the following properties:
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(i) z; ¢ U, for all i # j.
(ii) The restriction of A; — U; to A Xy, Spec(Op,s,) is a Néron model of A
over Spec(Op ;) for all 4.
(iii) A; — U; is an abelian scheme over U; \ {z;} for all i.

For each i = 0,...,I, let A; be the generic fiber of A; — U; and ¢; : A — A;
an isomorphism over K. Note that z1,...,2; € U; NU; for i # j. Thus, by
Lemma 1.1.2, the isomorphism ¢; o ¢, 1.4 — Aj over K extends uniquely to an
isomorphism ¢;; : Ai|UmU,- — AJ'|UmUj over U; NU;. Clearly, ¥g; 0 ¥ji = Yp.
Thus, if we set U = UyUU; U- - -UU;, then we can construct a smooth group scheme
A over U of finite type such that A|U,; is isomorphic to A; over U;. The universal
property of A — U is obvious by Lemma 1.1.2. O

1.2. Semiabelian reduction. Let B be a noetherian normal integral scheme and
K the function field of B. Let A be an abelian variety over K. We say A has
semiabelian reduction over B in codimension one if there are a big open set U of
B (i.e., codim(B\ U) > 2) and a semiabelian scheme A — U such that the generic
fiber of A — U is isomorphic to A.

Proposition 1.2.1. Let B, K and A be same as above. Let m be a positive integer
which has a factorization m = myms with mi,mg > 3 and my1 and mq relatively

prime (for ezample m = 12 = 3-4). If Aim|(K) C A(K), then A has semiabelian
reduction in codimension one over B.

Proof. Let x be a point of codimension one in B. Then there is m; which is not
divisible by the characteristic of the residue field of Op .. Moreover, A[m;](K) C
A(K). Thus, by [11, exposé 1, Corollaire 5.18], A has semiabelian reduction at x.

Let Uy be a non-empty Zariski open subset of B over which we can take an
abelian scheme Ay — Uy whose generic fiber is A. Let x1,...,2; be points of codi-
mension one in B\ Uy. Then there are open neighborhoods Uy, ..., U; of x1, ...,
respectively, and semiabelian schemes A; over U; with the following properties:

(ii) A; — U; is an abelian scheme over U; \ {z;}.

Thus, as in Proposition 1.1.1, if we set U = Uy UU; U --- U U;, then we have our
desired semiabelian scheme A — U. O

Lemma 1.2.2 (Gabber’s lemma). Let U be a dense Zariski open set of an integral,
normal and excellent scheme S and A an abelian scheme over U. Then there is a
proper, surjective and generically finite morphism 7 : 8" — S of integral, normal
and excellent schemes such that the abelian scheme A xy 1~ Y(U) over n=Y(U)
extends to a semiabelian scheme over S’

Proof. In [12, Théoréem and Proposition 4.10 in Exposé V], the existence of
m: 8" — S and the extension of the abelian scheme is proved under the assumption
m: S8 — S is proper and surjective. Let S,’7 be the generic fiber of 7. Let z
be the closed point of S;z and Z the closure of z in S’. Moreover, let S; be the
normalization of Z. Then m; : S; — Z — S is our desired morphism. O
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1.3. The Hodge sheaf of an abelian variety. Let G — S be a smooth group
scheme over S. Then the Hodge line bundle A\g/s of G — S is given by

Aays = det (" (Qys))

where € is the identity of the group scheme G — S.
Let B be a noetherian normal and integral scheme and K its function field. Let
A be an abelian variety over K and let A — U be the Néron model over B in
codimension one (see Section 1.1). The Hodge sheaf A\(A/K; B) of A with respect
to B is defined by
MA/K;B) = v (M) s

where ¢ : U — B be the natural inclusion map. Note that A(A/K; B) is a reflexive
sheaf of rank one on B.

From now on, we assume that the characteristic of K is zero. Let ¢ : A — A’ be
an isogeny of abelian varieties over K. Since there is an injective homomorphism

6" M(A'/K; B) = A(A/K: B),
we can find an effective Weil divisor D, such that

A(NA'/K: B) + Dy = ct(NA/K: B)).
The ideal sheaf Op(—Dy) is denoted by Z,.

Lemma 1.3.3. Let ¢V : AV — AY be the dual of ¢ : A — A'. We assume that
B is the spectrum of a discrete valuation ring R and that A, A’ have semiabelian

reduction over B. Then Ty - Zgv = deg(¢)R.

Proof. Let R’ be an extension of R such that R’ is a complete discrete valuation
ring and the residue field of R’ is algebraically closed (cf. [7, Theorem 29.1]). Then,
by [12, Exposé VII, Théroem 2.1.1], (Zy - Zgv )R’ = deg(¢)R’. Here R’ is faithfully
flat over R. Thus Z, - Zyv = deg(¢)R. O

1.4. Locally integrable hermitian metric. Let M be a complex manifold and
L a line bundle on M. A singular hermitian metric || - || of L is a C'*°-hermitian
metric of L[, where U is a certain dense Zariski open subset of M. If || - [|o is an
arbitrary C'°°-hermitian metric of L and o # 0 is a local section of L around x, the
ratio u = ||o||/|lo|lo of the two norms is independent of o, and hence p is a positive
C*>-function defined on U. A locally integrable hermitian metric (or Li. -hermitian

metric) is a singular hermitian metric such that the function log(y) on U extends
to a locally integrable function on M (of course this definition does not depend on

the choice of the C*°-hermitian metric of || - ||o).
Lemma 1.4.1. Let M be a complex manifold and (L, ||-||) a hermitian line bundle
on M. Let s be a non-zero meromorphic section of L over M. Then the hermitian
metric || - || is locally integrable if and only if so is log||s||.

Proof. Let | - |0 be a C*°-hermitian metric of L. Then

log |[s[| = log([| - [I/1l - [lo) + log [|sllo-

Note that log ||s||o is locally integrable. Thus log ||s|| is locally integrable if and
only if so is log(|[ - [[/I| - [lo)- o
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Lemma 1.4.2. Let f : Y — X be a surjective, proper and generically finite mor-
phism of non-singular varieties over C. Let (L,| - ||) be a singular hermitian line
bundle on X. Assume that there are a non-empty Zariski open set U of X and a
hermitian line bundle (L', ||-]|') on'Y such that (L', ||-||") is isometric to f*(L, | -||)
over f=YU). If || - || is locally integrable, then so is || - ||.

Proof. Shrinking U if necessarily, we may assume that f is étale over U. We
set V. = f1(U). Let s be a non-zero rational section of L. Note that there is
a divisor D on Y such that L' = f*(L) ® Oy (D) and Supp(D) C Y \ V. Thus
f*(s) gives rise to a rational section s’ of L’. Then log ||s’||" is locally integrable
by Lemma 1.4.1. Since f*(log||s|)|,, = log||s’||'|\,, we can see that f*(log ||s||) is
locally integrable. Let [f*(log||s||)] be a current associated to the locally integrable
function f*(log||s||). Then, by [5, Proposition 1.2.5], there is a locally integrable
function g on X with f.[f*(log|s||)] = [g]. Since f is étale over U, we can easily
see that

(flv)=[Cfly )" (log Is]l[)] = deg(f)[log [Is]l|/]-

Thus g = deg(f) log ||s|| almost everywhere over U. Therefore so is over X because
U is a non-empty Zariski open set of X. Hence log ||s| is locally integrable on
X. O

1.5. Hermitian metric with logarithmic singularities. Let X be a normal
variety over C and Y a proper closed subscheme of X. Let (L, || -||) be a hermitian
line bundle on X. We say (L, || - ||) is a C°°-hermitian line bundle with logarithmic
singularities along Y if the following conditions are satisfied:
(1) |- |l'is O over X \'Y.
(2) Let || - |lo be a C°°-hermitian metric of L. For each z € Y, let f1,..., fm
be a system of local equations of Y around z, i.e., Y is given by {z € X |
fi(z) = -+ = fm(2) = 0} around z. Then there are positive constants C
and 7 such that

e { L LY < (S5
tlo” 111l i=1

Note that the above definition does not depend on the choice of the system of local
equations f1,..., fm. Moreover it is easy to see that if (L, || - ||) is a C°°-hermitian
line bundle with logarithmic singularities along Y, then || - || is locally integrable.

around .

Lemma 1.5.1. Let 7 : X' — X be a proper morphism of normal varieties over C
and'Y a proper closed subscheme of X. Let (L, || -||) be a hermitian line bundle on
X such that || - || is C over X \Y. If n(X') €Y and (L,| - ||) has logarithmic
singularities along Y, then so does ©*(L,|| - ||) along 7=1(Y). Moreover, if m is
surjective and 7 (L, || - ||) has logarithmic singularities along 7=1(Y'), then so does
(L,]| - ]|) along Y.

Proof. Let {f1,..., fm} be a system of local equations of Y. Then
{7 (f1)s- s (fm)}

is a system of local equation of 7=1(Y"). Thus our assertion is obvious. a
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1.6. Faltings’ metric. Let X be a normal variety over C and let f: A — X be
a g-dimensional semiabelian scheme over X. We assume that there is a non-empty
Zariski open set U of X such that f is an abelian scheme over U. Let A4,x be the
Hodge line bundle of A — X i.e.,

>\A/X = det (6* (QA/X)),

where € : X — A is the identity of the semiabelian scheme A — X. Via the natural
isomorphism p : Aa, —— fo.(det(Q4,)) at each € U, we define the Faltings
metric || - [|[pa of Aa/x by

(tene? = (Y1) [ oo n @)

The Faltings metric is a C'°°-hermitian metric on U and hence it is a singular
hermitian metric on X. Furthermore this metric is known to have logarithmic
singularities along the boundary X \ U (cf. [12, Théorém 3.2 in Exposé I]) and in
particular a locally integrable hermitian metric.

Lemma 1.6.1. Let X be a smooth variety over C and Xy a non-empty Zariski open
set of X. Let Ay — Xo be an abelian scheme over Xy. Let A be a line bundle on
X such that )\|X0 coincides with the Hodge line bundle X 4,,x, of Ao — Xo. Then
Faltings’ metric || - |ra1 of Aa,/x, over Xo estends to a locally integrable metric of
A over X.

Proof. By virtue of Lemma 1.2.2 (Gabber’s lemma), there is a proper, surjective
and generically finite morphism 7 : X’ — X of smooth varieties over C such that
the abelian scheme Ay x x, 7~ (Xy) over 771 (Xp) extends to a semiabelian scheme
'+ A" — X' Let Mg/ x+ be the Hodge line bundle of A" — X" and | - [|f,; Faltings’

metric of Ag//x/. Then (Aar/x, |- ||%al)|X{) is isometric to 75(Aay/x,, || - [|Fa1)s
where X}, = 771(X() and 7 = 7T|X(/). Therefore, by Lemma 1.4.2, || - ||pa extends
to a locally integrable metric of \ over X. O

1.7. The moduli of abelian varieties. In order to deal with the bounding prop-
erty of the modular height, we need a reasonable compactification of the moduli
space of polarized abelian varieties. For simplicity, an abelian variety with a polar-
ization of degree 12 is called an [-polarized abelian variety.

Theorem 1.7.1. Let g, | and m be positive integers with m > 3. Let Ag; m.q be
the moduli space of g-dimensional and l-polarized abelian varieties over Q with level
m structure. Then there exist

(a) normal and projective arithmetic varieties Ay ;. and Y™ (i.e., Ay, and
Y* are normal and integral schemes flat and projective over 7.),

(b) a surjective and generically finite morphism f :Y* — A

(¢) a positive integer n,

(d) a line bundle L on A}, .. and

(e) a semiabelian scheme G — Y*

with the following properties:

(1) Aguim,q s a Zariski open set of Ay | . o = A
ample on A7 .

xz 3pec(Q) and L is very

*
g,l,m
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(2) Let A\gyy- be the Hodge line bundle of the semiabelian scheme G — Y'*.
Then f*(L) = )\g;‘y* on Y =Y xz Spec(Q).

(3) Let Ug — Agimq be the universal g-dimensional and l-polarized abelian
scheme with level m structure. Let Yg be the pull-back of Agimo by
fo:Yg = AL 0 i-es Yo = (fo) ' (Agima). Then Gg — Yg is an ex-
tension of the abelian scheme Ug X4, , ,, o Yo — Yg. (Note that G|y, — Yo
18 naturally a g-dimensional and l-polarized abelian scheme with level m
structure.)

(4) L has a metric || - || over Ag i m o(C) such that f*((L,|-|)) is isometric to

(Agyve Il - ||Fa1)®n over Yo(C). Moreover, ||-|| has logarithmic singularities
along Ay 1, o(C)\ Ag1m.a(C).

Proof. Let Uy — Ay 1m,q be the universal I-polarized abelian scheme with level
m structure. By [12, Théoréme 2.2 in Exposé IV], there are a normal and projective
variety Ay, . o, a positive integer n and a very ample line bundle Lg on A7, . o
with the following properties:

(1) Agim,o is an Zariski open set of A} ;| o.

(ii) By Gabber’s lemma (cf. Lemma 1.2.2), there is a surjective and generically
finite morphism hg : Sb — A;l’m}Q of normal and projective varieties over
Q such that the abelian scheme Ug x4, . o h@l(Agﬁhm,Q) — h@l(Ag,Mn,@)
extends to a semiabelian scheme G — Sp. Then hg(Lg) = /\%g /85"

Since Lq is very ample, there is an embedding AY mo < Pg in terms of Lg. Let

A}, be the closure of the image of

* N N
Ag,l,m,@ — IEDQ — ]P)Z .

Let L be the pull-back of Opy (1) by the embedding A7, | — P2. We have obvious
isomorphisms A}, . o~ A7, xzSpec(Q) and Lg ~ L|,. o Let S’ denote the
[EMAS] (el g,t,m,

normalization of A} ;  in the function field of Sp. There exists an open subset S
of S’ such that G’ is an abelian scheme over S and G’ xg S, — S|, coincides with
the abelian scheme Ug X4, , .. o h@l(Ag’l’m’Q) — h@l(Ag,l’m,Q) over Q. Thus, using
Gabber’s lemma again, there are a surjective and generically finite morphism of
normal and projective arithmetic varieties hy : Y* — S’ and a semiabelian scheme
G — Y* such that G — Y* is an extension of G’ x g hy *(Sh) — hy*(Sp). Thus,
over Y5 = Y™ xz Spec(Q), the semiabelian variety G is equal to G, X Yg — Y5
by the uniqueness of semiabelian extensions. Thus, if we set f = h - hy, then
(L) = )\%7},* over Y§.

Finally, since Lg| Agima = A& , if we give Lg a metric arising from the

Un/Ag,t,m,0
Faltings metric of Ay, a, , . o, then assertion of (4) follows from Lemma 1.5.1 and

[12, Théorem 3.2 in Exposé I]. O

1.8. Arakelov geometry. In this paper, an arithmetic variety means an integral
scheme flat and quasi-projective over Z. If it is smooth over Q, then it is said to
be generically smooth.

Let X be a generically smooth arithmetic variety. A pair (Z,g) is called an
arithmetic cycle of codimension p if Z is a cycle of codimension p and g is a current
of type (p—1,p—1) on X(C). We denote by ZP(X) the set of all arithmetic cycles
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on X. We set
CH'(X) = 27 (X))~
where ~ is the arithmetic linear equivalence.
Let L = (L, || - ||) be a C*°-hermitian line bundle on X. Then a homomorphism

p+1

a(@)-:CH (X) - CH (X)

is define by
a(L)-(Z.g) = (div(s) on Z,[~log(||s|%)] + c1(L) A g) ,

where s is a rational section of L|, and [—log(]|s[|%)] is a current given by ¢ —

- fz(c) 1Og(||5H2Z)¢
When X is projective, we can define the canonical arithmetic degree map

—— —dim X
deg : CH (X)—R
given by
— 1
deg (Z npP, g) = an log(#(k(P))) + 5/ g
3 3 X(©
Thus, if C*°-hermitian line bundles L, ..., Lgim x are given, then we can get the
number
deg (¢1(L1) -+ -€1(Laim x)) 5
which is called the arithmetic intersection number of L1, ..., Laim x -

Let X be a projective arithmetic variety. Note that X is not necessarily gener-
ically smooth. Let Ly, ..., Lqim x be C*-hermitian line bundles on X. By [6],
we can find a generic resolution of singularities p: Y — X, ie, p:Y — X isa
projective and birational morphism such that Y is a generically smooth projective
arithmetic variety. Then we can see that the arithmetic intersection number

deg (21 (1" (T1)) -+ 21 (1" (Laimm x)))

does not depend on the choice of the generic resolution of singularities p: Y — X.
Thus we denote this number by

d/é\g (/C\l(zl) o '/C\l(zdimX)) .

Let L,...,L; be C*-hermitian line bundles on a projective arithmetic variety
X. Let V be an [-dimensional integral closed subscheme on X. Then

deg (&1(Ly)---&1(L0) | V)
is defined by
d/e\g (El(fﬂV) o '/C\l(zl‘V» :
Moreover, for an I-dimensional cycle Z =", n;V; on X,
deg (&1(Ly)---a1(Lh) | 2)
is defined by
> nideg (€(Th) - a(Th) | Vi) -

3
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1.9. Notions concerning the positivity of Q-line bundles on an arithmetic
variety. Let X be a projective arithmetic variety and L a C'*°-hermitian Q-line
bundle on X. Let us introduce several kinds of the positivity of C°°-hermitian
Q-line bundles.

eample: L is ample if L is ample on X, ¢; (L) is positive form on X (C), and there
is a positive number n such that L®" is generated by the set {s € H°(X, L®") |
Islloup < 13-

enef: L is nefif c;(L) is a semipositive form on X (C) and, for all one-dimensional
integral closed subschemes I' of X d/é\g (a(L)|T) > 0.

ebig: L is big if rkz H*(X, L®¥™) = O(m¥™X2) and there is a non-zero section
s of HO(X, L®") with [|s]|sup < 1 for some positive integer n.

eQ-effective: L is Q-effective if there is a positive integer n and a non-zero
s € HY(X, L®™) with ||s]|sup < 1.

epseudo-effective: L is pseudo-effective if there are (1) a sequence {L, }>; of
Q-effective C*°-hermitian Q-line bundles, (2) C*°-hermitian Q-line bundles E1, ..., E,
and (3) sequences

{al,n}vozozla R {ar,n}?:1

of rational numbers such that

a@)=a(L.) + Y ainci(E)

i=1

—1 — —R)—
in CH (X)®Q and limy,_,00 a4, = 0 for all 4. If L1 ® L? s pseudo-effective for
C®°-hermitian Q-line bundles L;, L on X, then we denote this by L; = L.

1.10. Polarization of a finitely generated field over Q. Let K be a field of
finite type over the rational number field Q with d = tr.deggy(K). A polarization

B of K is a collection of data B = (B; Hy, ..., Hy), where

(1) B is a normal and projective arithmetic variety whose function field is
isomorphic to K;
(2) Hy,...,Hg are nef C*°-hermitian line bundles on B.

Here deg(B) is given by

Namely,

o [KQ] if d =0,
deelB) = {deg«fm@ - (Ha)q) on B xzSpec(Q) it d > 0.

If B is generically smooth, then the polarization B is said to be generically smooth.
Moreover, we say the polarization B = (B; Hy,..., Hy) is fine (resp. strictly fine)
if there are (a) a generically finite morphism 7 : B’ — B of normal projective
arithmetic varieties, (b) a generically finite morphism p : B — (P})? and (c) ample
C*>-hermitian Q-line bundles L1, ..., Ly on P} such that 7*(H,;) ® p*(p}(L;))® !
is pseudo-effective (resp. Q-effective) for every 4, where p; : (PL)¢ — P} is the
projection to the i-th factor. Note that if H1, ..., H, are big, then the polarization
(B;Hy, ..., Hy) is strictly fine. Moreover, if B is fine, then deg(B) > 0.
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Proposition 1.10.1. Let B = (B; Hy,...,Hg) be a strictly fine polarization of K .
Then, for all h, the number of prime divisors I' on B with
deg(ci(Hy)---c1(Hq)|T) < h
is finite.
Proof. Let us begin with the following lemma.

Lemma 1.10.2. Let7: X' — X be a generically finite morphism of normal and
projective arithmetic varieties. Let Hy,..., Hg be nef C*°-hermitian line bundles
on X, where d = dim Xq. Then the following two statements are equivalent:

(1) For all h, the number of prime divisors T' on X with
deg(@y(H,) -+ @1 (Ha) |T) < h
is finite
(2) For all b/, the number of prime divisors I on X' with
deg(@y (n* (H1)) - @1 (" (Ha)) | T') < I
is finite.

Proof. Let Xy be the maximal Zariski open set of X such that X is regular
and 7 is finite over Xy. Then codim(X \ Xo) > 2. We set X}, = 7~ 1(Xp) and
o = 7r|X6. Let Div(X) and Div(X’) be the groups of Weil divisors on X and X’

respectively. Define the homomorphism 7* : Div(X) — Div(X"’) as the composition
of natural homomorphisms:
Div(X) — Div(Xo) — Div(X}) — Div(X’),

where Div(X) — Div(X)) is the restriction map and Div(X()) — Div(X’) is defined
by taking the Zariski closure of divisors. Note that m.n*(D) = deg(w)D for all
D € Div(X).

First we assume (1). Note that the number of prime divisors in X'\ X| is finite,
so that it is sufficient to show that the number of prime divisors IV on X’ with
I'"Z X'\ X{ and

deg(@ (" (H1)) @ (n" (Ha)) |T") < W
is finite. By the projection formula,
deg(@ (x"(H1)) @ (n" (Ha)) |1') = deg(@ () -~ (Ha) | ma (1)),

Thus, by (1), the number of (m.(I"”));eqa is finite. On the other hand, the number
of prime divisors in 771 (7, (T)eq) is finite. Hence we get (2).

Next we assume (2). Let T’ be a prime divisor on X with
deg(@(Hy) -+ @1 (Hy)|T) < h.
Then
deg (@1 (" (H1)) -+~ (x" (Ha)) | 7*(T))
= deg(m)deg(¢L(H1) - & (Ha) | T) < deg(n)h.
Thus, by (2), the number of 7*(T")’s is finite. Therefore we get (1). O
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Let us go back to the proof of Proposition 1.10.1. We use the notation in the
above definition of strict finiteness. By Lemma 1.10.2, it is sufficient to show that
the number of prime divisors IV on B’ with

deg(@y (7" (H1)) -+ & (w* (Ha)) | T') < h

is finite for all h. B B
There are Q-effective C'*°-hermitian line bundles @4,...,Q, on B’ with

m(H;) = w* (0} (L:) © Q;
for all z. Note that
deg (@ (n* (H1)) - &(n* (Ha)) |T')
= deg (1 (1* (pi (L)) -+ @1 (u* (05(La))) | T')+

d
Zd/eTg(El(u*(p’{(fl))) e (1 (Lic)) - 61(@):

ci(m*(Hit1)) - e (m*(Ha)) | T).

Moreover, since @), is Q-effective, the number of prime divisors IV with

deg(@ (1" (pF (1)) - @ (" (971 (L)) - 1(@Q)-
a(r*(Hitr)) e (n(Ha)) | T') <0
is finite for every i. Thus we have

deg (€1 (" (H1)) -+~ eu(7" (Ha)) |T') = deg(er (1™ (97 (L1))) -+ C1(n* (3(La))) [ T7)
except finitely many IV. On the other hand, by [10, Proposition 5.1.1], the number
of prime divisors I on (P})¢ with

deg(C1(pi(L1)) -+ - C1(pa(La)) IT") < h
is finite. This completes the proof. O

Remark 1.10.3. Let X be a normal and projective arithmetic variety of dimension
n. Let Hy,..., H,_5 be nef C*®-hermitian line bundles on X and L a C*°-hermitian
line bundle on X. If L is pseudo-effective, then we can expect the number of prime
divisors I' on X with

deg(@(Hy) -+ & (Hns) - &(L)|T) <0

to be finite. If it is true, then Proposition 1.10.1 holds under the weaker assumption
that the polarization is fine.

2. HEIGHT FUNCTIONS IN TERMS OF HERMITIAN LINE BUNDLES
WITH LOGARITHMIC SINGULARITIES

Let K be a finitely generated field over Q with d = tr.degg(K). Let B =
(B;Hy,...,Hy) be a fine polarization of K. Let X be a projective variety over K
and L an ample line bundle on X. Moreover, let Y be a proper closed subset of
X. Let (X, L) be a pair of a projective arithmetic variety X and a hermitian line
bundle £ on X with the following properties:

(1) There is a morphism f : X — B whose generic fiber is X.
(2) The restriction of £ to the generic fiber of f coincides with L.
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(3) L is ample with respect to the morphism f: X — B.
(4) Let Y be a closed set of X such that ) gives rise to Y on the generic fiber
of X — B. Then the hermitian metric of £ has logarithmic singularities
along Y(C).
For x € X(K) \ Y(K), we denote by A, the Zariski closure of the image of
Spec(K) — X — X. The height of x with respect to B and L is defined by

By SO M) - ) 3(E,)
[K(@): K]

z
Note that since L| A has logarithmic singularities along J(C) N A, (C), the number

deg(@ (f*(Hy)|, ) a(f*(Ha)| ) @(Z] )

is well defined. Then we have the following proposition.

Proposition 2.1. (1) Given a positive integer e, there exists a constant C
such that
#{z e X(K)\Y(K) | hE(z) < h, [K(z): K] <e} < C-hiH
for h > 0.

(2) There is a constant C' such that h%(w) > ' forallz € X(K)\Y(K).

Proof. 'We denote by || - || the hermitian metric of £. Let @ be an ample C*°-
hermitian line bundle on B. Then

hZg e oy (@) = hE (@) + ndeg(2(Q) - &1 (H1) -+ -1 (Ha)).
and we may assume that £ is ample on X without loss of generality. Replacing £
by a suitable Z®n, we may furthermore assume that Zy ® £ is generated by global
sections, where 7y, is the defining ideal sheaf of V. Let s1,...,s, be generators
of HY(X,Zy ® £). We may view s1,...,s, as global sections of H°(X,£). Then
Y={z e X|si(z) =" - =s.(x) = 0}. Here we choose a C*°-hermitian metric

Il - llo of £ such that ||s;]|o <1 for all i =1,...,r. We denote (L, || - |lo) by .
We claim

(K@) KIo(o) = - [ o (maxllsilo} ) er (7 () A+ A (7 (L)

x

Indeed we can find s; with s;[, # 0, so that

K (2) : KIWD, () = deg(e(f* (Hy)) -+ e (f*(Ha)) | div(s;] )

- / g lsslo)er (7 (Hu) A+ Aer( ()

x

Then our claim follows from the following two inequalities:

deg(@,(f*(H1)) -+~ (f*(Ha)) | div(s;l,. ) = 0
and
Isjllo < max{]siflo} < 1.
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Set g = || - ||/|| - llo- Since || - || has logarithmic singularities, there are positive

constants a, b such that

|1og(9)| < a -+ blog (~log(max{lsillo}))

Moreover

12w - 12| < e /. o 1B @) A Aea(7 ()

Note that

/ a(fH @) A Aer(f*(Ha)) = [K(2) : K] deg(B),
Az (C)

where deg(B) = / ci(Hi) A--- Aei(Hyg) as in Section 1.10. Thus
B(C)

‘hE(m) — KB, (x))
: deg(§§ = ot

a(f*(Hy)) A he(f"(Ha)

i (tostmestindo) 2 G R

On the other hand,

a(f*(H)) A Ae(f*(Ha))
(K (x) : K]deg(B)

/AI(C) log (— log(mlax{ || ||0}))

< log (/Aw(c) —log(mzax{HSz‘Ho}) [K(x) : K]deg(B)

Hence we obtain

[1Z(@) — Z, @) hE, (x)
TR

a(f* (M) AmAcl(f*(Hd))) |

Note that there is a real number ¢y such that a + blog(t) < t/2 for all ¢ > t;. Thus

h%, () < max {deg(ﬁ)to7 2h§(m)} .

Therefore, if h > deg(B)ty/2, then h?(:p) < h implies hgo (z) < 2h. Hence we get

the first assertion by virtue of [10, Theorem 6.4.1].
Next let us check the second assertion. Since

b
Isill = gllsillo < exp(a)llsillo <1Og(mjax{||5jllo})> < exp(a)|siflo (—log(|lsil0))”



14 A. MORIWAKI

and the function ¢(—log(t))® is bounded from above for 0 < t < 1, there is a
constant C' such that ||s;[| < C for all i. Thus, if we choose s; with s;|,_# 0, then

K (z) : KIWE () = deg(@ (f*(H) - (f* (Ha)) | div(sila.)
—j o sy D s (7 (F) A=A (7 ()

x

E—M@AngWMNWMﬂmD

= —log(C) deg(B)[K (z) : K].
Thus we get (2). O

3. THE FALTINGS MODULAR HEIGHT

Let K be a field of finite type over Q with d = tr. degQ(K) and let B =
(B;Hy,...,Hy) be agenerically smooth polarization of K. Let A be a g-dimensional
abelian variety over K. Let A(A/K; B) be the Hodge sheaf of A with respect to B
(cf. Section 1.3). Note that \(A/K; B) is invertible over By because By is smooth
over Q. Let || - ||pa; be Faltings’ metric of A\(A/K; B) over B(C). Here we set

~Fal
A (A/K;B) = (MA/K; B), || - [lpa),
which is called the metrized Hodge sheaf of A with respect to B. In the case where a

Néron model A — U over B in codimension one is specified, XFal(A/ K; B) is often

denoted by XFal(A/U). By Lemma 1.6.1, the metric of XFal(A/K;B) is locally

integrable. The Faltings modular height of A with respect to the polarization B is
defined by

BEA(A) = deg (a1(Fy) @ (Fa) - & (N (A/K: B))

Even if we do not assume that B is generically smooth, we can define the Faltings
modular height with respect to B as follows: Let p : B’ — B be a generic resolution
of singularities of B. We set B = (B';u*(Hy), ..., u*(Hqg)). Then, by (1) of the
following Proposition 3.1, hgl(A does not depend on the choice of the generic

resolution p : B’ — B, so that h (A) is defined to be hgl(A). In the following,
B is always assumed to be generically smooth.

Proposition 3.1. Let 7 : X' — X be a generically finite morphism of normal and
projective generically smooth arithmetic varieties. Let K and K’ be the function
field of X and X' respectively. Let A be an abelian variety over K. Then there is
an effective divisor E on X which has the following two properties:
(1) me (N (A x i Spec(K") /K’ X')) + (B,0) = deg(m)er (N " (A/K; X)).
Further, if w is birational, then E = 0.

(2) For a scheme S, we denote by SV the set of points of codimension one in
S. Then

{z € XY | A has semiabelian reduction at z} C (X \ Supp(E))®.

Moreover, if A x i Spec(K') has semiabelian reduction over X' in codimen-
sion one, then

{z € XU | A has semiabelian reduction at z} = (X \ Supp(E))®.
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Proof. (1) Let X be the maximal Zariski open set of X such that X is reg-
ular and 7 is finite over Xy. Then codim(X \ Xo) > 2. We set X} = 7~ 1(Xp)
and 7y = W\Xé. Let Div(X) and Div(X’) be the groups of Weil divisors on X
and X’ respectively. A homomorphism 7* : Div(X) — Div(X’) is defined as the
composition of the natural homomorphisms:

Div(X) — Div(Xy) —% Div(X}) — Div(X"),
where Div(X) — Div(Xp) is the restriction map and Div(X()) — Div(X’) is defined
by taking the Zariski closure of divisors. Note that m.7m*(D) = deg(m)D for all
D € Div(X).

Let X7 (resp. X1) be a Zariski open set of X (resp. X') such that codim(X \
X1) > 2 (resp. codim(X'\ X1) > 2) and that the Néron model G (resp. G’) exists
over X (resp. X}). Clearly we may assume that X; C Xy and 7-1(X;) C X|. We
set U' = 7~ 1(X;) and G};, = G'|;,. Since Gy, is the Néron model of A x g Spec(K”)
over U’, there is a homomorphism G xx, U’ — Gy, over U’. Thus we get a
homomorphism

g g
(311) [0 6,* (/\QGb//U/> — 7'('*64< (/\QG/X1>

where € and € are the zero sections of G and G’ respectively.
Let s be a non-zero rational section of A\(A/K; X). Then

~ ~Fal .
(X (A/K; X)) = (div(s), — log [1sllra)-
Moreover, since 7*(s) gives rise to a non-zero rational section of

A(A xk Spec(K")/K'; X'),

7

U’

we obtain
A (N (A x i Spec(K') /K X)) = (div(r* (s)), —* (log |s]|pa),

where 7*(log || s||a1) is the pull-back of log ||s||pal by 7 as a function on a dense open
set of X(C). Let I'y,..., T, be all prime divisors in X’ \ U’. Note that 7.(T';) =0
for all . Then, since (3.1.1) is injective, there is an effective divisor E’ and integers
ai,...,a, such that

div(m*(s)) + B’ = n*(div(s)) + Z a;T;.

Note that £/ =3 _, lengthy , (Coker(a),){z'}, where 2"’s run over all points of
codimension one in U’. Thus, since

(7 (div(s)), = (log ||| rar)) = deg(m)(div(s), — log ||| ar),
we have
A (N (A e Spec(K') /K X)) + (m.(E'),0) = deg(m)a (X (A/K; X)),

yielding the fisrt assertion of (1). If 7 is birational, then U’ — X is an isomorphism,
so that £/ = 0.

(2) Assume that there is an open neighborhood U of x such that G°|, is
semiabelian. Then G°|;; xy 7 }(U) is semiabelian so that it is isomorphic to

(G’|r1(U)) . This shows that © & Eyeq. Conversely, if & & Froq and AX g Spec(K)
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has semiabelian reduction in codimension one, then there exists an open neighbor-
hood U C X; of x such that the homomorphism

g 9
a:e’ (/\ QG/U’/U/> — e (/\QG/X1>
is an isomorphism over 7= 1(U). Thus the natural homomorphism
¢ (Qay,7) = 7 (Qayx,)
must be an isomorphism over 7=(U) and so is the morphism
G° xx, U — (Gy)°

over 7~ 1(U), which means that G° is semiabelian over U. O

U’

Proposition 3.2. Let ¢ : A — A’ be an isogeny of abelian varieties over K. Then
deg (@(Hy) @ (Ha) - &1(X " (4'/ K B))
~ dog (&) & (Ha) - & (N (A/K; B))
= 1 los(dea(s)) des(B) — deg (é1(H) -+ &1 (Fa) | D)
where Dy is an effective divisor given in Section 1.3 and

deg(B) = /B(C) ci(Hy) A+ Aei(Hy)

as in Section 1.10.
Proof. This follows from the fact that
—Fal
A (A'/K;B) ® (Op(Dy),deg ()] - |can)

is isometric to XFEI(A/K; B). O

Proposition 3.3. If an abelian variety A over K has semiabelian reduction in
codimension one over B. Then

e P . ,~Fal
deg (&1(H) -+ (Ha) - &1(N " (A/K B))
- [~ 5= ~ T ~ ,~Fal
— deg (@1(T) - &1 (Ha) - & (N (4Y /K B) ),
where A is the dual abelian variety of A.

Proof. Let ¢: A — A be an isogeny over K in terms of ample line bundle on
A. Let ¢V : A — AV be the dual of ¢. Then, by Proposition 3.2,

2deg (@(Hy) @ (Ha) - &1(X " (AY /K5 B))
— 2deg (&(71)) @ () - & (X (4/K; B))

— log(deg(¢)) deg(B) — deg (¢1(H1) -~ &1 (Ha) | Dy + Dygv) -

On the other hand, by Lemma 1.3.3, Z, - Zyv = deg(¢)Op. (Op(Dg+Dgv), | |can)
is thus isometric to (Op,deg(¢) 2| - |can), Proving the assertion. O
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Let A be an abelian variety over a finite extension field K’ of K. Let m be a
positive integer such that m has a decomposition m = mymgy with (mq,mg) = 1
and mj,ms > 3. Let us consider a natural homomorphism

p(A,m) : Gal(K/K) — Aut(A[m](K)) ~ Aut((Z/mZ)?9).
Then there is a Galois extension K (A4, m) of K’ with Ker p(4,m) = Gal(K /K (A, m)).
Note that
Gal(K(A,m)/K’) = Gal(K/K)/Ker p(A,m) — Aut((Z/mZ)*9).
Let B” be a generically smooth, normal and projective arithmetic variety with the
following properties:

(i) The function field K" of B” is an extension of K (A, m).
(ii) The natural rational map f : B” — B induced by K — K" is actually a
morphism.

Then we have the following.

Proposition 3.4. (1) The number

d/eTg (/C\l()\(A X g Spec(K")/K"; B") - ¢y (f*(Hy)) - - /C\l(f*(ﬁl)))
[K// . K]

does not depend on the choice of m and B”, so that we denote it by hmod (4).
(2) hBoq(A) < hE,(A).

mod

Proof. These are consequences of Proposition 1.2.1, Proposition 3.1 and the
projection formula. O

Proposition 3.5 (Additivity of heights). For abelian varieties A, A" over K, we
have

hFal(A xx A') = Fal(A) + hia(A"),
mod(A XK A ) mod(A> + hmod(A )
Proof. Let A and A’ be the Néron models of A and A’ over By, where By is a

big open set of B. Then A x g, A’ is the Néron model of A x i A" over By. Thus

—Fal —Fal —Fal
C1(Aax sy ar/8,) = 1(Aaym,) +C1(Aur/,)-

Hence we get our lemma. O

4. WEAK FINITENESS

Let us fix positive integers g, [ and m such that m has a decomposition m =
mimg with (mq,mg) =1 and mq,me > 3. Let Ay mao, f:Y — A; L, n and
G — Y be as in Theorem 1.7.1.

Let K be a field of finite type over Q with d = tr. degQ(K) and let B =
(B;Hy,...,Hy) be a generically smooth polarization of K.

Let A be a g-dimensional and [-polarized abelian variety over a finite extension
K’ of K with level m structure. The abelian variety A naturally induces a morphism

J4,mo

x4 : Spec(K') — A}, ., which in turn induces y4 : Spec(K') — A%, xzSpec(K).
Let A 4 be the closure of the image of y4 mAglmsz Letp: AglmszﬂAglm
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and ¢ : A*, Xz B — B be the projections to the first factor and the second factor

g,l,m
respectively. The number

WBiA) — deg (e1(q* (1) 5,) -+ 2u(a" ()| o) - (" (D) )
deg(A4 — B)

is the height of ya € (A%, | xz Spec(K))(K) with respect to L and B, of which

the behavior is controlled by the following proposition.

Proposition 4.1. There is a constant N(g,l,m) depending only on g,l,m such
that

(W (A) —nhE 4 (A)| < log(N(g,1,m)) deg(B).

for every g-dimensional and l-polarized abelian variety A over K with level m struc-
ture, where

deg(B):/B(C) Cl(Hl)/\"'C1(Hd).

Proof. Let A be a g-dimensional and [-polarized abelian variety over K with
level m structure. Let K’ be the minimal finite extension of K such that A, the po-
larization of A, the level m structure of A are defined over K'. Let 4 : Spec(K') —
Ay, be the morphism induced by A. Moreover let ya : Spec(K') — Ay, Xz B
be the induced morphism by z 4.

Let Spec(K1) be a closed point of Y XAz, Spec(K”). Then we have the following
commutative diagram:

Y Spec(K7)
| l
AL -~ Spec(K’)

Here, two I-polarized abelian varieties A X g+ Spec(K1) and G Xy Spec(K7) with level
m structures gives rise to the same K;-valued point of A7 ; .. Thus Ax g/ Spec(K7)
is isomorphic to G Xy Spec(K7) over K as l-polarized abelian varieties with level
m structures because m > 3. The above commutative diagram induces to the
commutative diagram:

Y xz B Spec(K1)
AL 1 m Xz B A Spec(K")

Let By be a generic resolution of singularities of the normalization of B in Kj.
Note that a generic resolution of singularities (a resolution of singularities over Q)
exists by Hironaka’s theorem [6]. Then we have rational maps By --» Y xz B and
By --» A4 such that a composition By --+ Ay — A;Lm X7 B of rational maps
is equal to By --» Y Xz B — A;m Xz B. Thus there are a birational morphism
By — B of projective and generically smooth arithmetic varieties, a morphism
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By — A4 and a morphism By — Y xz B with the following commutative diagram:

By <1 B, S .Y xzB
ml la fxidi
B A4 L A;l’m x7 B
Then
R GIGIGIL) ;(g(iqA (f%))) A (¢ (H)))
_ deg (B0 (" (D)) - @10 (- (q" () - - @ (0 ( (¢ (H1))))
deg(By — B)
_ deg (2u(8*((f < id)* (v" (2)))) - &1 (7" (w5 (1)) - - &1 (7" (w5 (H1))))
deg(By — B) '

On the other hand, since f*(L) = /\273, over Y xz Spec(Q), there is an integer N

depending only on ¢, [ and m such that
NfHL) € AG)y € (1/N) (L)

on Y. Thus
NB*(f xid)"(L) € (Aax,B/vx,8) " S (1/N)B*(f x id)*(L).

Therefore

 deg(@ (v (x5 (Hy))) @ (v (wf (H1))) | (V)

deg(By — B) + hg(A)
_ e (0% payp,) A0 (m (1) 210" (1))
- deg(B2 — B)
S deg(clw*(wf(Hé?g)(éQ- al m;)(wf(Hl))) (), 454

Note that
deg(e1(y* (wf (H1))) -+ &1 (v (x5 (H1))) | (N)) = log(N) deg(B2 — B) deg(B).

By Proposition 1.2.1, we can see that A X Spec(K7) has semiabelian reduction
in codimension one over By. On the other hand, by Proposition 3.1,
. ~Fal ~ ,~Fal
V(€1 AGxy BayBy)) = (A (A Xk Spec(K1)/Kq; Br)).

Therefore we get

RB(A) = nhE 4(A)| < log(N) deg(B).

T mod
O

Corollary 4.2. Letl and e be positive integers and let K be a field finitely generated
over Q. Put d = tr.degg(K) and fix a generically smooth and fine polarization
B=(B;Hy,...,Hy) of K. Then

(1) There exists a constant C = C(B,l,g) such that hB_ (A) > C for an

mod\“>/ =
arbitrary l-polarized abelian variety A of dimension g over K.
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(2) There exists a constant C' = C'(B,l,e,g) such that the set

A is a g-dimensional and
l-polarized abelian variety

A x g+ Spec(K) | over a finite extension /
K' of K with [K' : K] <e
and hB_,(A) < h.

mod

has cardinality < C" - h%*Y for h>> 0.

Proof. Let us fix a positive number m such that m has a decomposition m =
mimsg with (mqi,ms) = 1 and my, ms > 3. Then any Il-polarized abelian variety
over K has a level m structure. Thus (1) is a consequence of Proposition 2.1 and
Proposition 4.1.

Let A be an I-polarized abelian variety over a finite extension K’ of K. Let K"
be the minimal extension of K’ such that A[m|(K) C A(K"). Then [K" : K'] <
#(Aut(Z/mZ)?9). Thus, by using Proposition 2.1 and Proposition 4.1, we get (2).

O

5. GALOIS DESCENT

Let A be a g-dimensional abelian variety over a field k. Let m be a positive
integer prime to the characteristic of k. Note that a level m structure o of A over
a finite extension k&’ of k is an isomorphism « : (Z/mZ)%9 — Alm|(k'). If k' is a
finite Galois extension over k, then we have a homomorphism

e(k'/k, A, a) : Gal(k'/k) — Aut((Z/mZ)%)
given by e(k'/k, A,a)(c) = a~! - 04 - a, where

ida ><((7'71

) X 1. Spec(k’)

is the natural morphism arising from o. Note that (- 7)4 =04 - Ta.

o4 A Xy Spec(k’)

Lemma 5.1. Let k be a field, k' a finite Galois extension of k and m > 3 an
integer prime to the characteristic of k. Let (A,€) and (A’,£') be two polarized
abelian varieties over k and let o, ' be level m structures of A, A’ defined over k'.
If a k'-isomorphism

¢+ (A,8) xk Spec(k') — (A',£') x). Spec(k’)
as polarized abelian varieties over k' satisfies

(a) ¢-a=a' and
(b) e(k'/k, A, o) = e(K' [k, A", ),

then ¢ descends to an isomorphism (A,&) — (A’, &) over k.
Proof. For o € Gal(k'/k), let us consider a morphism
¢y =04 ~¢-0a: Axy Spec(k’) — A x, Spec(k').

First of all, ¢, is a morphism over k’. We claim that ¢, - & = o/. Indeed, since
_ -1
atoqa=0a'" -0o4 -, we have

_ _ _ -1
bpop-a=0y d-a-atiopgra=0y a7 oa-d =d
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Thus ¢, preserves the level structures of A X Spec(k’) and A’ xj Spec(k’). Hence,
since m > 3 and ¢,-¢~! preserve the polarization £ of A over k' (hence (¢, -¢~ 1) =
id for N > 1), by virtue of Serre’s theorem, we have ¢, = ¢, that is,

¢-oa=0a-¢

for all o € Gal(k'/k). Therefore ¢ descends to an isomorphism (4,&) — (A’,¢)
over k. O

Proposition 5.2. Let B be an irreducible normal scheme of finite type over Z and
let K denote its function field. Fiz a polarized abelian variety (C,&c) of dimension
g defined over K. Then the set

(A, &) is a polarized abelian variety over K with
S=< (A8 (A€ xx Spec(K) ~ (C,&c) and A has semiabelian
reduction over B in codimension one.

modulo K -isomorphisms is finite.

Proof. For (A,&) € S, let B4 be a big open set of B over which we have a
semiabelian extension Xy — By of A. Let BR(A) denote the set of points x of
codimension one in By such that the fiber of X4 over x is not an abelian variety.

Claim 5.2.1. For any (4,€),(A",¢') € S, BR(A) = BR(A').

Since A x g Spec(K) ~ A’ X Spec(K), there is a finite extension K’ of K with
AxgSpec(K') ~ A" x g Spec(K'). Let m : B — B be the normalization of B in K.
Then X4 xp, 7 1(B4) is isomorphic to X/ XB 7Y (Bar) over 71 (B4 N Ba),
so that 7~} (BR(A)) = 7~ 1(BR(A’)), yielding the claim.

Let us fix a positive integer m > 3 and (Ag, &) € S. We set

U =B\ | (B xzSpec(Z/mZ)) USing(B)U | ) {z}
x€BR(Ao)

Then U is regular and of finite type over Z. The characteristic of the residue field of
any point of U is prime to m. For (A,&) € S, let U4 be the maximal Zariski open set
of U over which X4 is an abelian scheme. By the above claim, codim(U \ Us) > 2.

Claim 5.2.2. There exists a finite Galois extension K' of K such that every m-
torsion point of A is defined over K' whenever (A,€) € S.

For (A,€) € S, let K4 be the finite extension of K obtaining by adding all m-
torsion points of A to K. Let V4 be the normalization of U in K 4. It is well-known
that V4 is étale over Uy. Moreover, by virtue of the purity of branch loci (cf.
SGA 1, Exposé X, Théreme 3.1), Vy is étale over U because codim(U \ Uy) > 2.
Let M be the union of the finite extensions K’ of K such that the normalization
of U in K’ is étale over U. By construction, M is a Galois extension of K. Since
K C M, we have a continuous homomorphism

pa: Gal(M/K) — Aut(A[m](K)) ~ Aut((Z/mZ)*)

such that ker(ps) = Gal(M/K,). Since Gal(M/K) = m(U), by [3, Hermite-
Minkowski theorem in Chapter VI|, we have only finitely many continuous homo-
morphisms

p: Gal(M/K) — Aut((Z/mZ)%).
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Thus there are only finitely many choices of Galois subgroups Gal(M/K,) C
Gal(M/K) and of subfields K4 C M. This shows our claim.

Claim 5.2.3. For any (4,§),(4",¢&) € S, (A§) xk Spec(K') ~ (A,¢) xk
Spec(K').

There is a finite Galois extension K” of K’ such that an isomorphism

¢ : (A,€) xx Spec(K") — (A',¢) x i Spec(K")

is given over K”. Let a be a level m structure of A over K" and o/ = ¢ - a. Then
e(K"/K', A xk Spec(K'),a) = e(K"/K', A’ X Spec(K'),a’) = 1 because all m-
torsion points of A and A’ are defined over K’. Thus A x i Spec(K") — A’ xg
Spec(K") descends to an isomorphism (A4, ) X i Spec(K') — (A, £’) Xk Spec(K')
by Lemma 5.1.

Finally, let us see the number of isomorphism classes in S is finite. Fix (Ap, &) €
S and a level m structure ag of Ay over K’'. Let ¢4 : (Ao,&0) Xk Spec(K') —
(A, €) x i Spec(K') be an isomorphism over K’. We set a4 = ¢a - ag and ¢4, =
dar - d);‘l : A X Spec(K') — A’ x i Spec(K') for (A,¢),(A’,¢') € S. Then ay =
qﬁﬁ, - 4. Here let us consider a map

v:S — Hom(Gal(K'/K), Aut((Z/mZ)%*))

given by y(A4) = ¢(K'/K,A,a4). By Lemma 5.1, if v(A) = y(A’), then (A4,§) ~
(A", ¢") over K, while Hom(Gal(K'/K), Aut((Z/mZ)?9)) is a finite group. This
completes the proof. O

6. STRONG FINITENESS

In this section, we give the proof of the main result of this paper.

Theorem 6.1. Let K be a finitely generated field over Q with d = tr.degg(K).
Let B = (B;Hy,...,Hy) be a strictly fine polarization of K. Then, for any num-
bers c, the number of isomorphism classes of abelian varieties defined over K with
hB (A) < ¢ is finite.

Proof. Considering a generic resolution of singularities 1 : B — B, we may
assume that B is generically smooth.

Let us consider the following two sets:
(A, ¢€) is a principally polarized abelian variety
S =< (A =
o(c) {( »¢) over K with hZ_,(A) < 8¢

mod
S(e) = {A | A is an abelian variety over K with hEI(A) < c}

By Corollary 4.2, {(A,¢) x Spec(K) | (A,€) € So(c)} / ~5 is finite. If A is an
abelian variety over K, then (A x AY)* is a principally polarized abelian variety
over K (Zarhin’s trick; see [12, Exposé VIII, Proposition 1]). By Proposition 3.3
and Proposition 3.5,
himoa (A x AY)Y) = 8hyjqa(A).

Thus, if A € S(c), then (A x AY)* € Sy(c). Here the number of isomorphism
classes of direct factors of (A x AV)* x i Spec(K) is finite (cf. [12, Exposé VIII,
Proposition 2]). Thus {A X g Spec(K) | A € S(c)}/~ is finite. In particular, there

is a constant C such that C < hB_ (A) for all A € S(c).
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Let K4 be the minimal finite extension of K such that A[12](K) C A(Ka.).
Then [K4 : K| < # Aut((Z/12Z)29). Let Ba be a generic resolution of singulari-
ties of the normalization of B in K4. By Proposition 1.2.1, A xx Spec(K4) has
semiabelian reduction over B4 in codimension one. Thus, by Proposition 3.1, there
is an effective divisor F4 on B with

_ deg(@(H)---@1(Ha) | Ea)
(K4 : K| '
Here hgod (A) > C for all A € §(c). Thus we can find a constant C’ such that
deg(é1 () -+ @ (Ha) | Ea) < '

for all A € S(¢). Therefore, by virtue of Proposition 1.10.1, there is a reduced
effective divisor D on B such that, for all A € S(¢), A has semiabelian reduction
over B\ D in codimension one. Hence, by Proposition 5.2, we have our assertion.

O

hE(A) — hE 4 (A)

mod

Remark 6.2. If the problem in Remark 1.10.3 is true, then Theorem 6.1 holds
even if the polarization B is fine.
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